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ABSTRACT. We use invariance theory to determine the coefficient afn':‘_;l m

the super trace for the twisted de Rham complex with absolute boundary
conditions.

in

1. INTRODUCTION

Let (M, g) be a compact m dimensional Riemannian manifold with smooth, non-
empty boundary OM. Let Dp be the realization of an operator of Laplace type
on M with respect to a suitable local boundary condition B and let f € C*(M)
be a smooth smearing function. The Greiner-Seeley calculus [14, 19] can be used
to show that the fundamental solution of the heat equation e *P# is an infinitely
smoothing operator and that the smeared heat trace has a complete asymptotic
expansion as t | 0 of the form:

Trrz(fe *P8) ~ 3 S anm(f, D, B)tn=m)/2,

The heat trace invariants a, m(f, D, B) are locally computable. Let V% f be the
kth covariant derivative of f with respect to the inward unit normal on M. Let
dr and dy be the Riemannian elements of volume on M and on M, respectively.
There exist local invariants an,m (2, D) and ap,m,k(y, D, B) which are defined on M
and on OM, respectively, so:

an,m(faDaB) = fM f(x)an,m(x,D)dx

+ Zk faM (vfnf(y)) an,m,k(ya DJ B)dy

The interior invariants anm(z,D) vanish if n is odd; the boundary invariants
Gn,m.k(y, D, B) are generically non-zero for all n > 1. The presence of the smearing
function f localizes the problem and permits the recovery of divergence terms which
would otherwise be lost. The presence of terms involving V¥, f indicates that the
kernel function for e~tP5 behaves asymptotically as t | 0 like a distribution near
the boundary. We refer to the discussion in Section 2 for further details.

This formalism can be applied to index theory. Let ¢ € C°°(M) be an auxiliary
smooth function called the dilaton. Let dy := e~ ?de® and let §, , := e?d,e~? be
the twisted exterior derivative and the co-derivative, respectively, on the space of
smooth differential forms. The twisted or Witten Laplacian is given by:

Ag,g = d¢(5¢’9 + 5¢,gd¢, on COO(AP(M)) .
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2 GILKEY ET. AL.

This operator appears in the study of quantum p form fields interacting with a
background dilaton [13, 21]. It has also been used in supersymmetric quantum
mechanics [5] and in Morse theory [23].

We impose absolute boundary conditions B,, see [12] for details, motivated by
the Hodge-de Rham theorem:

ker(Af , 5.) = HP(M).
We shall not consider relative boundary conditions B, since [13]

n,m (5 Ag,g,Ba) = an,m(f, Ar—ndhi )-

We define the local supertrace heat asymptotics by setting:
agfn (6, 9)(@) := 3 (= 1)Panm(z, AL ),
:lztg k(¢a )( ) = Zp(_l)pan,m,k(y;Ag’g;Ba)-

We set f = 1. We also assume ¢ satisfies Neumann boundary conditions, i.e.
the normal derivative of ¢ vanishes on M. This ensures that dy and dg4 4 interact
properly with absolute boundary conditions. The cancellation argument of McKean
and Singer [16] then generalizes to this setting to yield a formula for the Euler-
Poincaré characteristic x(M):

¥, (~DPTrpa(e”Bo0me) = x(M);
see [13] for details. Equating terms in the asymptotic series then shows:

Lemma 1.1. Let ¢ satisfy Neumann boundary conditions. Then
(L) In=m, [y arti(é,9)@)de + [, anln o(6:9)(w)dy = x(M).
@) I m, [y 46,90 @0do + [y, a2 o(6,9)(5)dy = 0.

The local index density has been computed in this setting [13]. Let indices i, j, ...
range from 1 to m and index a local orthonormal frame for the tangent bundle of M;
let R;;i; be the associated components of the Riemann curvature tensor with the
sign convention that Rizs; = +1 on the unit sphere $2 C R%. Near the boundary,
normalize the choice of the orthonormal frame so e, is the inward unit geodesic
normal. Let indices a, b, ... range from 1 to m—1 and index the induced orthonormal
frame for the tangent bundle of the boundary; let L,; be the components of the
second fundamental form.

We proved the following vanishing theorem [13] generalizing previous results of
[1, 10, 11, 18] to the twisted setting.

Theorem 1.2.

(1) If n is odd, then a®tl(¢,9) =
(2) If m is odd, then ad“L‘S (0, g) = 0
(3) If n < m, then ad‘HS (¢, g) =

(4) Ifn+k<m, then ad""S (¢, ) =

n,m,k

Let el := g(eu, A ... A€y, €u; A ... Aey,) be the totally anti-symmetric tensor.
Let I and J be m tuples of indices indexing an orthonormal frame for T'(M). Let
A and B be m —1 tuples of indices indexing an orthonormal frame for T(OM). Set:

It

Ris = Rijiirjorrio-Bisvivjije-s>
At

Rst = Rasas+1bs+1bs"'Rag_latbtbt_lj

At
ACB”S = Lasbs ---Latbt .

We set ’Rﬂ’; =1, Ré”i =1, and [,é’,i =1ift<s.
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We adopt the Einstein convention and sum over repeated indices and refer to
[13] for the proof of the following result which identifies the local index density in
the twisted setting;:

Theorem 1.3.
. 1,
(1) If m = 2m is even, a%tl (¢,9) = mngﬁ”.

d+0 _ 1 ApA2k pAm—1
(2) agmo(9,9) = 2 TR T2 Nol S T2 € B RE1 LBk i1

The fact that the local index density was not dependent on the dilaton field
had important physical consequences [13]. One can also combine Lemma 1.1 and
Theorem 1.3 to obtain a heat equation proof of the Chern-Gauss-Bonnet theorem
[8, 9] for manifolds with boundary:

X(MP™) = [y gy R da

8™ m!

1 ApA2k pAm—1
+ 2w Joumr ﬂ’“S’“k!(m—1—2k)!v01(5’m—1—2k)EBRB:1 LB ok+19Y;

2m+1 _ 1 ApA2k pAm—1
x(M ) = i Joum SR m=T=2k) oIS == B KB LBak19Y-

By Theorem 1.2, the first non-trivial ‘divergence’ terms can first arise in the
supertrace when n = m + 1. Let ‘;’ denote multiple covariant differentiation with
respect to the Levi-Civita connection on M. By Theorem 1.2, a®*? (4,g) = 0

m+1,m
if m is even. Furthermore afnﬁfl’m,k(qﬁ, g) = 0if k > 2. The following is the main
result of this paper:

Theorem 1.4.
(1) If m = 2m + 1 is odd, then afnﬁfsl’m(qb, g) = ﬁmﬁﬂ%uﬁﬁ”-

d+6 — 1 1 A A2k+1 pAm—1
(2) im0 = 2k U5 Te Rz ol == E 8Pt Ry LBlapya-

d+6 _ 1 /T ApA2k pAm—1
() @ m1 = 2ok TR vorEE R @z €8 RB1 LB 2kr1-

Let M be a closed manifold. The local index density for the untwisted de Rham
complex was identified in dimension 2 by McKean and Singer [16] and in arbitrary
dimensions by Atiyah, Bott, and Patodi [1], by Gilkey [10], and by Patodi [18]. The
case of manifolds with boundary was studied in [11]. We also refer to [2, 3, 17] for
other treatments of the local index theorem.

Patodi’s approach involved a direct calculation analyzing cancellation formulas
for the fundamental solution of the heat equation. Atiyah, Bott, and Patodi used
invariance theory to identify the local index density for the twisted signature and
twisted spin complexes. They then expressed the de Rham complex locally in
terms of the spin complex twisted by a suitable coefficient bundle. Neither of these
approaches seemed particularly well adapted to the twisted setting. In particular,
since the operator dg4 relies on the Z grading of the de Rham complex, it is not
described in terms of an operator on the twisted signature or spin complexes. Thus
we choose in [13] to generalize the approach of [10] to determine the local index
density for the twisted de Rham complex.

There are explicit combinatorial formulas [6, 7, 15] for the invariants a,, . (f, D, B)
for n < 5, see the discussion in Section 2 for further details. However, these formulas
become very complicated and it seems hopeless to prove Theorem 1.4 by an explicit
computation. Instead, we proceed indirectly. In Section 3, we establish some func-
torial properties of these invariants. In Section 4, we discuss H. Weyl’s results on
the invariants of the orthogonal group. We introduce the following notation:

oy 1 _ A A2k+1 pA,m—1
Definition 1.5. (1) Fhk, = EBPia1t RE> ' LEopta
2k . A A2k+1 pA;m—1
(2) ‘7:m,m = 5B¢;a1¢;b1RB,2 EB,2k+2’
3.k . A A2k pAm—1
(3) fm,m = EBRa1a2b2b1§mRB,3 ‘CB,2k+1’
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(4) f;ln’fcm = 6§Ra1mmblelgk+1£g:g’;c:—12?

(5) fg{fcm = EéRaﬂnbgh Razasmbgng:ik+1£g’7%112;
(6) ffn:fcm = EéLachcmRé’;k—i_lﬁg:gﬂ—lﬂ

(7) on’{cm = EéLalcRCszblRgzgk‘cgzgz_ﬁl)

(8) frsn’fcm = EéRawbzhRazaacb3Rg:z21k+l‘cg’,$g;12'

In Section 5, we use the results of Sections 3 and 4 to prove:

Lemma 1.6. There are universal constants so:
1,
(1) aftd 1 (6,9) = cmt1,mes s Ry for m odd.
d+6 i i
(2) am++1,m,0(¢7g) = Ei,k c;ﬁkjm}-:r’fm'
d+6 A2k pAm—1
(3) am++1,m,1(¢ag) =2 cfn+1,m,18§RB,l 'CB,;nkH'

This is an enormous simplification in that it reduces the proof of Theorem
1.4 to the evaluation of the relatively small number of undetermined coefficients
{emitm, €F sk 1 1} In Section 6 we evaluate the constants ¢mq1,m and ciF,
and in Section 7 we evaluate the constants ¢& ., ;.

The approach taken by Gilkey in [10] suffered from the disadvantage that the
techniques involved were rather ad hoc and cumbersome as they did not make full
use of the machinery of invariance theory developed by H. Weyl [22]. In the present

paper, we use both the first and second main theorems of invariance theory; this
enters in a crucial way in the proof of Lemma 1.6.

2. FORMULAS FOR THE HEAT TRACE ASYMPTOTICS

We summarize some properties of the heat trace invariants which we shall need
and refer to [6] for the proof:

Lemma 2.1.
(1) Let (M,D,B) = (M; x My, Dy ® Id + Id ® Do, B) where OM; = (), where
D; are operators of Laplace type on M;, and where B arises from structures
on Ms. Then

a",m((xla'r?)aD) = E’nl—‘,—’ﬂgz’n Qny,my (mlaDl) *Gny,mo (m27D2); and

an,mk((z1,y2), D, B) = Zn1+n2:n any,my (21, D1) - Qg ms k (Y2, D2, B).
(2) Let D, := e~ 2Dy and let B. := e~/ By. Then

Ocle=0an (1, D¢, Be) = (m — n)an(f, Do, Bo)-

Let D be an arbitrary operator of Laplace type on a vector bundle V. There is a
canonical connection V on V' which we use to differentiate tensors of all types and
a canonical endomorphism E of V' so that

Du = —(u,; + Eu);

see, for example, the discussion in [12]. Let €Q;; be the components of the curvature
endomorphism defined by V.

Let x be an endomorphism of V|sp so x? = 1. Decompose x = Iy — I where
I, := (Id £ x) are the projections on the +1 eigenspaces of x. We extend x and
IT+ to be parallel with respect to the geodesic normal vector field near OM. Let
S be an auxiliary endomorphism of II,.. We impose Robin boundary conditions
on V; := Range(Il;) and Dirichlet boundary conditions on V_ := Range(II_) to
define the mixed boundary operator:

B:={Il (Vy, +S) @I _} on-

We refer to [6] for the proof of the following result which expresses the heat trace
asymptotics in terms of this formalism for n < 3:
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Lemma 2.2.

(1) ao(f,D,B) = (4m)~™/2 [, Tr(f1d)dz.
(2) a1(f,D,B) = (4m)=(m=1/2% [ Tr(fx)dy.
(3) ax2(f,D,B) = (4r) ™/2% [\ Tr{f(6E + Rij;; 1d)}da

+(4m) /2L [0 Te{ f(2Laold + 128) + 3 f,mx}dy.

(4) as(f,D,B) = (4m)~m=1V/2 L [ Tr{f(96xE + 16xRijji + 8XRamam
+[13104 — 7I_]Laq Lpp + 2104 + 10T1_]Lgp Ly + 96S Laq + 19253
—12x:0X:a) + [fim (6114 + 30II_]Lgoq + 968S) + 24x fimm }dy.

Explicit formulas are available [6, 7, 15, 20] for n = 4, 5 in terms of this formalism
as well. What is crucial to our analysis, however, is the general form of these
expressions. They are the trace of certain non-commutative polynomials in the
covariant derivatives of the variables {R, E, 2, S, L} with indices contracted in pairs.

The following is a technical result we shall need in Section 7.

Lemma 2.3. Let D be an operator of Laplace type on a compact Riemannian
manifold M with smooth boundary OM. Let B = By,s define mized boundary
conditions.

(1) We may ezpand an,m (Y, D,B) = tp m ' Tr{S" %=1} + other terms, where
the coefficients ¢, m 1 are universal constants which are independent of the
particular admissible Weyl spanning set chosen for the space of invariants.

(2) We have tpy1.m1 = VT

vol(S™)m!"*

Proof. To proof assertion (1) we express the invariants a, , , in terms of a Weyl
spanning set — we take traces of monomials involving the variables {E,Q, R, L, S, x}
and their covariant derivatives and then contract indices in pairs; this is discussed
in more detail subsequently in Section 4. Formulas of this type are illustrated in
Lemma 2.2. However, such formulas are not unique - we can commute covari-
ant derivatives at the cost of introducing additional curvature terms and there
are additional relations, as we shall discuss presently in Theorem 4.4. However,
this indeterminacy does not affect the variables Tr{S"*~1V* f} since there are
no tangential indices present to be contracted nor is the curvature present; thus
the coeflicients of these terms are uniquely determined regardless of the particular
admissible Weyl spanning set chosen. Lemma 2.3 (1) now follows.

Let M be a compact m dimensional Riemannian manifold with smooth boundary
OM . We take Robin boundary conditions B for the scalar Laplacian D. Let O be a
small neighborhood of a point Py € M. We suppose that the metric is flat on O,
that OM N O is totally geodesic, that S is constant on O, and that f is compactly
supported in O. The discussion in [4] (see display (16), Section II.B) then yields:

B A vk Te(S! (I+k—m+1)/2
(2a)  Trga(fe ') ~ 3, (4m) 2 [ Y
Taking k =1 and [ = m — 1 in equation (2.a) then yields
(2.b) Crgtm,1 = (4m) M2 L

We complete the proof by expressing ¢y, 41,m,1 in terms of vol(S™); we use vol(S™)
rather than the T' function to ensure compatibility with the formulas derived pre-
viously in Theorem 1.3. We have, see, for example, [12]:

. j . i 92i+1

vol(§¥71) = (1'2_7r1)! and vol(§¥) = @

We prove assertion (2) if m = 25 — 1 by computing;:

RV — VT(E-=D! V7
Vol(82i-T1)(2j—1)! — 2mi(2j—1)! — 292i-1(2;—1)(2j—3)...1

™ — 1 — 1
PG 3G- D3 | LG | dam P
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We complete the proof by computing for m = 235 that:

v SV S VY = 1 O
vol(S27)(25)! — jlai2%FT — mi2%FIT(j+1) — 4(4m)(m-D/2T(Z 1) "

This Lemma is crucial to our investigations. Consequently, we will give a second
proof in Appendix A which is entirely self-contained.

To apply Lemma, 2.2 to the setting at hand, we must identify the structures which
are involved for the twisted Laplacian. Let ¢; : w — e; Aw be exterior multiplication
by the covector e; and let i; be the dual operator, interior multiplication by e;. Let
v; = ¢; — 1; give the Clifford module structure on the exterior algebra. Extend the
Levi-Civita connection to act on tensors of all types and let §2;; be the associated
curvature operator.

Lemma 2.4. (1) Ad),g = Ag + ¢;z’¢;i -Id + d);ji(eiij — ijei).
(2) The Levi-Civita connection is the connection associated to Ay 4.
(3) Eg,g := —2vivjQuj — ¢,idyi — ¢sjileiij —ije;) is the endomorphism for Ay .
(4) Absolute boundary conditions are defined by taking I to be orthogonal pro-

jection on the tangential differential forms A(OM) and taking S = — Lapepiq-
(5) We have x.q = 2Lap(etim + emis)

Proof. We extend the formulas d =¢;V; and §, = —i;V; to the twisted setting:
dy =e;Viteig; and b9 =—1Vi+1iid;.
We use the commutation rules e;i; + ije; = d;;, the fact that Ve = 0, and the fact
that Vi = 0 to prove assertion (1) by computing:
Apg = Ag+eViijo; +ijd eV —1iViejd;
—ej¢,;1iVi + (eiij +ijei)hid;;
Ag + (eiij + ije,' - iiej - e,-i,-)¢;jV,~ + (eiij - iiej)¢;ji + ¢;i¢;i
= A+ (i —iiej) By + iy

This shows that the associated connection does not depend on ¢ and hence is
the Levi-Civita connection [12]. Since the standard Weitzenbock formulas yield
E(A,) = —17iv;Qij, assertion (3) follows.

We refer to [6] for the proof of assertion (4). Let wi := e® A ... A e® and
w—_ := e™ Aws. We then have yw+ = +wy. We use assertion (4) to prove assertion
(5) by computing:

(Veax - Xvea)w+ = (Fabcecib + 1—‘abmemib)"‘)+ - (Fabcecib - I‘abmemib)w+

= 2Lgpemipwy,
(veax - Xvea)w— = _(Fabcecib + Fambebim)w— + (Fabcecib - Fam'zbebin'm)‘f‘)—
= 2Lgpepimw_. O

3. PROPERTIES OF THE SUPER TRACE INVARIANTS

We begin our discussion with:

Lemma 3.1. (1) For any m, ag,tf((p, g) =0.
(2) On the circle, agj‘s = %qﬁ;n.

(3) We have alt? (¢, g)(z) = (—1)™alti(—¢, g)(z).
(4) We have [,,, afjfl,m,o(oag)dy =0.
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Proof. We use Lemma 2.2 to prove assertion (1) by computing:
agt,f = (4m)~™/? >, (=1)P dim(AP(M)) = 0.

Let 8 € [0, 27] be the usual periodic parameter on the circle S1. We set ¢y := 9y,
Boo := gy, etc. We use the canonical 1 form df to identify C*°(A'(S')) with the
trivial bundle and derive assertion (2) from Lemma 2.2 by computing:

dy = 0y + ¢y, 0p = —0g + o9,
AY = — (83 + bos — 67), AL = — (05 — ¢wo — 95),
E} = ¢g0 — ¢, E} = —¢o0 — ¢3-

Since the interior invariants ad+"(¢, g) are local, we may suppose without loss of
generality that M is a closed orientable manifold in the proof of assertion (3). Let %,
be the normalized Hodge operator defined by the metric. Then, the normalizations
having taken into account the sign conventions, the usual intertwining relations
extend to the twisted context to show

¥ =id, Hgdg kg =049, and kg 0y % =dy.
Assertion (3) now follows from the intertwining relationship:

*9A¢9*9_A ¢g

We note that *, intertwines absolute and relative boundary conditions; thus we can
not conclude a similar equivariance property for the boundary invariants.

We use Theorem 1.2 (1) if m is even and assertion (3) if m is odd to see
a3 (0,g) = 0. Assertion (4) now follows from Lemma 1.1. O

am+1,m

There are useful product formulas.
Lemma 3.2. Let (M, ¢,g) := (M; x Ms, ¢1 + ¢2,g1 + g2) where OM; = 0. Then

( ) d+6 (¢7 ) - an-{-ng n glj_,inl (¢1791) ‘;d'b;i_,(an (¢27 92)7
(2) i*,,‘i k(¢a 9) = Zn1+n2 =n nl,ml (¢1,91) - fbjfz@ k(¢2792)-
(3) Ifm is even, afn—i_—fl m(¢7 ) gn—t(,sml (¢1791) m2+1 meo (¢27g2) and

zj_—fl m, k(¢7 ) gn—t?ml (¢17gl) m2+1 ma,k 2;92)-

ik (
(4) If m is Odd then a(rin—i_—gl m(¢7 ) m1+1 mi (¢lagl)agn-|;(,§m2 (¢2792) and
i (

atte (¢, 9) = gn—tz-l my (@1, 91)at m2,m2, 2,92)-

Cmt1,m,k
Proof. We may decompose

A(M) = A(My) ® A(Ms), dy =dy +da, and dp g = 61 + 02
where, on C*°(AP(M;) ® A9(M>)), we have

dy :=dg, ®1d, dy == (=1)? Id ® dy,,
01 :=0¢1,9, ®Id, 2 := (=1)P Id ® 6g,,g,-

Consequently these operators satisfy the commutation relations:
didy + dady =0, d102 + 02d; =0, §1da + dad1 =0, 0162 + 6201 = 0.
Thus the associated Laplacian can be expressed in the form:
Apg=A¢ ¢ QId+1d® Ay, g, -

Assertions (1) and (2) now follow from Lemma 2.1 (1).
We set n = m+ 1. Assertions (3) and (4) now follow from assertions (1) and (2)
and from the vanishing results of Theorem 1.3. O
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Let QM be the space of all O(m) invariant polynomials in the components of
(R,VR,V$,V2R,V?¢,...) and let Q2M be the space of all O(m — 1) polynomials
in the components of (R,L,VR,VL,V$,V2R,V2L,V?¢,...) where we only co-
variantly differentiate L tangentially. In light of Lemma 2.4 (1), we only permit
monomials which either do not involve ¢ or which involve at least two covariant
derivatives of ¢.

These spaces have a natural filtration. If A is a monomial of degree (kg, kL, k¢)
in (R,L,¢) and if ky explicit covariant derivatives appear, then the weight of A is
2kr + kL + kv. An invariant polynomial ) is homogeneous of weight n if and only
if it satisfies the scaling property:

Q(¢,c%g) = "Q(d,9) -

We use the filtration provided by the weight to decompose

Let PM  c QN and P2Y c Q9 be the subspaces of those invariants which do

not involve the auxiliary function ¢. For example,
¢;ii € Qé\{m: ¢;mm € Qg,%a and LaaRijji € P{?,% -

There is a useful restriction property that expresses the fact that the Euler class
is an unstable characteristic class. If (N, ¢n, gn) are structures in dimension m — 1,
then we can define corresponding structures in dimension m by setting

(M>¢M79M) = (N X Sl:¢NygN+d02).

If y € ON is the point of evaluation, we take the corresponding point (y,1) € OM
for evaluation. (It does not matter which point is chosen on the circle owing to the
rotational symmetry.) The restriction maps

T Qﬁ/{m — Qﬁm,l and 7r: ng‘fn — bef\,’n,l
are characterized dually by the formula:

(3.2) r(Q)(¢n,9n)(2) = Q(dn, gn + d6*)(z,1).

We can also describe the restriction map r in classical terms. In Section 4, we will
use H. Weyl’s results [22] on the invariants of the orthogonal group to show that all
orthogonal invariants are built by contracting indices in pairs. If ) is given in terms
of a Weyl spanning set, then r(Q) is given in terms of the same Weyl spanning set
by restricting the range of summation. Thus r is surjective.

Lemma 3.3. We have a2’ € ker(r) N QM and a? , € ker(r) N Q3M,

n,m,k —1,m"

Proof. The Greiner-Seeley calculus [14, 19] can be used to show that

d+6 oM d+o oM
an,m € Qn,m and an,m,k € Qn—k—l,m'

By Lemma 3.1 (1), ag1® = 0. The metric is flat on the circle. Thus if ¢ = 0,
d+s _
a

n,l

0 for n > 1. Consequently, by Lemma 3.2 (1,2),

a3 (¢, 9)(z) = 0 and a?t?  (4,9)(y) =0 on (S* x N,¢n,d6* +dsk).

n,m,k

Therefore equation (3.a) implies r(aﬁfn‘z) =0 and r(af:;g,k) =0. O



INVARIANCE THEORY 9

4. INVARIANCE THEORY

Let V be an m dimensional real vector space which is equipped with a positive
definite inner product g(-,-). Let O(V) be the associated orthogonal group. One
says that a polynomial map f : x*¥V — R is an orthogonal invariant if

fl&t, .. &%) = fo!,...,0%) VE€O(V) and V(v ..., 0%) € x*V.
Weyl’s first theorem of invariants [22] (Theorem 2.9.A) is the following:

Theorem 4.1. Every orthogonal invariant depending on k vectors (vy,...,vx) in
x¥V is expressible in terms of the k* scalar invariants g(v;,v;).

Let Zj ., be the set of all multilinear invariant maps from x*V to R, i.e.
T = Hom]g(v)(@)kv, R);

only the dimension m of V is really relevant so we suppress V' from the notation.
Given our interest is in O(V) and not SO(V) invariance, we have Z n, = {0} if
k is odd and we suppose k = 2k is even henceforth. Let X; be the group of all
permutations of the set {1,...,k}. We define a multi-linear invariant map py,, for
any permutation o € X by setting:

pk,o'('Uly ey Uk) = g(%f(l)a”a(?)) U g(va(k—l) > Uo’(k)) .
Theorem 4.2. 7}, = span,cx, {Pr,o}-

Proof. We use Theorem 4.1 to express p € Zy ,, in terms of monomials involving
the inner products g(v;,v;). Since p is multi-linear,

plevy, va, .., vg) = ep(vy, V2, ..., V) -

This implies that we need only consider monomials where the variable v; appears
exactly once because otherwise we contradict multi-linearity. A similar observation
holds for the remaining indices and these are exactly the expressions py , defined
above. |

In view of Theorem 4.2, one says ‘invariant multilinear maps are given by con-
tractions of indices’ as, relative to an orthonormal basis, the inner products involved
correspond to contraction of indices in pairs. Let {e;} be an orthonormal basis for
the vector space V and let w = wi,i,. ., €5, ®@-.- e, € @*V. We have, for example:

IZ,m = Span{wii} and I47m = Span{wiijj,wijij,wijji}.

Atiyah, Bott, and Patodi [1] applied this formalism to study the spaces P, .
In geodesic coordinate systems, all jets of the metric can be computed in terms of
the covariant derivatives of the curvature tensor and vice versa. Thus, for example,
if n =4, an invariant P € Py ,,, can be regarded as a map from a certain subspace

W C {*T(M)} @ {3T (M)}

to R which is invariant under the action of the orthogonal group; here W is gen-
erated by the algebraic covariant derivatives V2R C ®9T (M) and by the algebraic
curvature tensors R® R C ®@*T (M). As the subspace W is orthogonally invariant,
extending P to be zero on W+ defines an orthogonally invariant map to which
Theorem 4.2 applies. Thus, for example, after taking into account the appropriate
curvature symmetries, one has:

P2,m = Span{T = Rz'jji},
Pam = Span{7?, |p?| := RijjrRiur, |R|* := RijuuRijii, AT := —Rijjiskn }-
They extended this analysis to form valued invariants with coefficients in an aux-

iliary vector bundle to give a heat equation proof of the index theorem for the
classical elliptic complexes based on H. Weyl’s first main theorem of invariants.
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What is relevant to our analysis, however, is Weyl’s second main theorem [22]
(Theorem 2.17.A) as this will permit us to study the restriction map r:

Theorem 4.3. Every relation among scalar products is an algebraic consequence
of the relations

g(v1,wy) g(v2,wy) o 9(Upy1,w1)
0 = det 9(v1,w2) g(v2, w) o 9(Vmg1, w2)
91, Wmt1) g2, Wmt1) oo 9(Vmt1, Wmy1)

We remark that this relation can also be expressed in the form:
(4.a) 0=9g(v1 A cce ANUppy1, W1 A cco AWipg1)-

Let W be a vector space of dimension m —1. Choose an inner product preserving
inclusion 7 : W C V and a corresponding embedding O(W) C O(V). We define:

R: Ik,m — Ik,m—l
which is characterized dually by the property:
R(p)(wr, ., wi) = p(i(wy), -, i(w)) -

If p is given by contractions of indices which range from 1 to m, then 2R(p) is given
by restricting the range of summation to range from 1 to m — 1. (This directly
relates to the restriction map 7 in the geometric context.) Consequently, the map
%R is surjective. If £ > 2m and if o € X, define:

Tk,m’g(’ul, ...,'Z)k) o= g(’l}a(l) A oo N Vs(m)) Vo(m41) N oo A ’UO-(Qm))
X 9(Vs(2m+1)s Vo(2m+2)) " 9 Vo (k1) Vo(k))-
Theorem 4.4. Let m > 2.

(1) R:Zi,m — Li,m—1 is surjective.
(2) R:Tm — Li,m—1 1s injective if k < 2m.
(3) If k > 2m, then ker(R) N Ly, = span, ey, {Tk,m,o )

Proof. We have already verified assertion (1). To prove assertion (2), we use The-
orem 4.1 to express p € Ty ., in terms of inner products. We use Theorem 4.3,
after making an appropriate dimension shift, to see that 9(p) vanishes if and only
if it can be written as sums of terms each of which is divisible by an appropriate
determinant J of size m x m. The desired result now follows from equation (4.a)
and from the same arguments used to prove Theorem 4.2. |

5. THE PROOF OF LEMMA 1.6

We may use the Zj action ¢ — —¢ to decompose QY = QN ® QM " where

Qi = 1{Q € Qum : Q(4,9) = £Q(=4,9)}.
We use Lemma 3.1 (3) and Lemma, 3.3 to see that:

afb,*n‘z € Qﬁ’{’f Nker(r) if m is odd, and a%'° € ngk_lim N ker(r).

m n,m,k

Thus Lemma, 1.6 will follow from:
Lemma 5.1. (1) an\;[:i-_l,m Nker(r) = Span{el.i, j, R.IL;" for m odd.

(2) We have Q9M, , Nkerr = Span{eARE T LA T b

m—1,m

(3) We have Q?,%n Nker(r) = Span{ffﬁlfm}i,k-
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Proof. The same argument based on work of [1] which extends Theorem 4.2 from
the algebraic to the geometric context can be used to extend Theorem 4.4 from the
algebraic to the geometric context. One can also include ¢ and L. Consequently,
elements of Q) Nker(r) or of Q5% Nker(r) are formed by contracting some indices
using the ¢ tensor and by contracting the remaining indices in pairs.

We first consider the interior invariants. We consider a typical expression in the
covariant derivatives of ¢ and R:

A= ¢;C¥1 "'¢;au Riyjikitspr R ok to;Be
where o, and 8, denote appropriate collections of indices. The weight of A is then:

n=3 laul + 32,2+ [6])-

We form a spanning set for ker(r) N Q,’fm by contracting 2m indices using the
€ tensor and contracting the remaining indices in pairs. Thus, at least 2m indices
must appear in the monomial A. We count indices to see:

(5.a) 2m < number of indices in A =3 |au| + 3, (1] +4) =n+2v

(5.b) = =3, laul =2, 1By < 2n.

This is not possible, of course, if n < m, and this observation can be used to give
a slightly different proof of Theorem 1.2 (3) than was given in [13].

To prove assertion (1), we assume m = 2m+ 1 and n = m+ 1. Since 2m, n + 2v,
and 2n are all even, only one of the two inequalities given above can be strict. Since
we are studying Q%_ﬁ’m, u must be odd. Thus }° [a,| > 0 so the inequality in
equation (5.b) is strict and equation (5.a) must be an equality. Thus exactly 2m
indices appear in A and all are contracted using the ¢ tensor. The first and second
Bianchi identity now imply R..«x;g = 0 if we alternate 3 indices. Thus at most two
¢ indices and at most two j indices can appear in each R..x;3 variable. This shows
that all the |3, | = 0. Furthermore, the two possibilities are R;, ;,j,j, OF Ri,j,isj,; the
first Bianchi identity can then be used to express the second variable in terms of the
first. (We will apply a similar argument subsequently.) Since u < |ag|+...+|ay| = 2

Im

and u is odd, we see u = 1 and |a;| = 2. Thus the only possibility is e5¢.;,;, R}

Next we study the boundary invariants. We consider a typical expression in the
covariant derivatives of {¢, R, L} which is to be homogeneous of degree m — 1:

A= diar  Gow Rivjikatspy - Rivjokotuip Larbiom *** Lawbuiv
where |a,| > 1. We must contract 2(m — 1) tangential indices using the & tensor,

the remaining tangential indices must be contracted in pairs, and the normal index
‘m’ can stand alone and unchanged. We may therefore estimate:

(5.c) 2m —2 < number of tangential indices in A
(5.d) < total number of indices in A

= S ol £ (Bl £ 4) £ X (] +2) =t 20 4w
(5.) 20— 5, lop] = S 18] = 5, o] < 2n.

Clearly this is not possible if n < m — 1 and this observation can be used to
give a slightly different proof of Theorem 1.2 (4) than that given in [13]. Further-
more, if n = m — 1, then the inequalities of equations (5.c)-(5.e) must have been
equalities. Thus in particular there are no covariant derivatives and the ¢ variables
do not appear. All the indices are tangential and are contracted using the £ ten-
sor. After using the first Bianchi identity, we see that this leads to the invariants
EgRgﬁkﬁg”;';;ll and proves assertion (2).

We set n = m to prove the final assertion. We consider various cases. Suppose
first that 2m — 2 tangential indices appear and that no normal index appears. Then
the inequalities of displays (5.c) and (5.d) are equalities. Thus the inequality in
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display (5.e) represents an increase by 2 so there are exactly 2 explicit covariant
derivatives. We have, see for example [6],

(5f) Lc203:cl - L0163:C2 = RC1czcsm'

Since we contract every tangential index using the tensor €, we must alternate at
least 2 of the indices in L..... We use equation (5.f) to see that we may assume
|7-| = 0. Taking into account the Bianchi identities, we see |8,| = 0. Consequently

3=, leu| = 2. This leads to the invariants )% and Fp.k .

Suppose 2m — 2 tangential indices appear and that the normal index m appears
exactly once. Then the inequality given in (5.¢) is an equality and the inequality
given in equation (5.d) represents an increase by 1. Thus the inequality given in
equation (5.e) also represents an increase by 1. Consequently exactly one explicit
covariant derivative appears. If ¢ appears, the ¢ terms must have total weight at
least 2. Since there is only one explicit covariant derivative, ¢ does not appear. We
contract every tangential index using the € tensor. By the second Bianchi identity
and equation (5.f), the only possibility is ff,;f“m.

Suppose 2m — 2 tangential indices appear. If the normal index m appears twice,
the inequality of equation (5.d) represents an increase of 2 so equation (5.€) is an

equality. Thus no explicit covariant derivatives appear; we have F % and F3k .

Suppose 2m tangential derivatives appear. Then equation (5.c) represents an
increase of 2 and hence equation (5.d) and equation (5.e) are equalities. Thus the
normal index m does not appear nor are there any explicit covariant derivatives.
There is one pair of tangential indices which is contracted using the metric tensor,
the remaining tangential indices are contracted using the tensor € and we have
Fok FLE FSEk =Lk and EZF where

m,m’ Y m,m’ ,m? —m,m? “m,m
=1,k ._ _A A2k—1 pAm—1 =2k ._ _A A2k pAm—1
Epm = 6BRa1ccb1RB,2 LB,% and E0N = sBLccRR1 CB,2k+1'

We complete the proof by showing

(5.g) Ein’fm € Span{f}g{m}i,j and
(5.h) Enkn € Span{Fyl Y-

Let U = (ug, .o, um) and V = (v1, ..., v ) be m-tuples of tangential indices. Since
the indices u; and v; range from 1 to m — 1, the tensor E(‘{ = 0 and we have:

: _ .V
(51) 0 - EURUIUZ'Uz'Ul "'Ruzk—luzkv2kvzk—1 Lu2k+1'U2k+1 ""Lumvm -
We set u; = ¢ and expand equation (5.1) by replacing vy, vs, ..., and v, in turn by
the index ¢ to see:
A A2k—1 pA;m—1
0 = QEBRcalblcRB:2 EB’,Qk

A A2k—1 pA,m—1
(2k — 2)eg Reaybaby Ra2a3b3cRB,4 L:B,g;c
A A2k pAm—1
(m — 2k)e5Reaybob, LG2CRB,3 ‘CB,;’;H-I
=1,k 8,k—1 7,k
= 2=t (2k — 2)fm7m —(m-— 2k)‘7:m7m.

This establishes equation (5.g). We set usp11 = ¢ and compute, after taking into
account the sign of the permutation involved, that:

_ _A A2k pAm—1
0 = EBLCCRB,l ‘CB,2k+1
A A2k pAm—1
2kEBch1Ra1a2b2cRB’3 [’B,2k+1
A2k+1 pAm—1
(m — 2k — l)ch,lecRR2 LB,2,€+2

= 2k 4 2kFLE 4 (m -2k - 1)FSE

_|._
_|._

This establishes equation (5.g) and completes the proof. d
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6. THE PROOF OF THEOREM 1.4 (1,2)

By Lemma 1.6, there are universal constants so that:

d+6 I I,
m++1 m(¢7 ) = Cm+1 m5J¢-z’1j1RJ2m for m odd

d+3d
m++1m0(¢a )_sz mmf:nkm

We complete the proof of Theorem 1.4 (1,2) by evaluating ¢y 41, and ci;{fm

Lemma 6.1. 1) emt1,m = ﬁ . 8,ﬁ7r1ﬁm!.
l,k _ 1 1
(2) crim = V= Bm)FRI(m —2k—2)lvol(Sm—2k=72) -
(3) C’T’n’fm =0 fori>2.

Proof. We use the method of universal examples. We adopt the following notational
conventions. Let ds%, and ds%,. be the standard metrics on the sphere S# and on
the disk DY, respectively. Let r be the radial parameter on the ball; the boundary
S¥~1 = 9DV is then given by 7 = 1. The case v = 1 is a bit exceptional and we
shall always take the same structures at r =0 asatr =1if v = 1. If p =0, we
take S* to be a single point and ignore the structures here. Let 6; be the usual
periodic parameters on the torus 77 := S! x ... x St. Let ¢ = ¢(6) € C>(S1).

Let m = 2m + 1. Give M := S' x §?™ the product structures. We use Theorem
1.3 (1) and Lemma 3.2 (4) to compute:

fn—i-_‘fl m(¢7 ) = cm+1 m " Qm(m — ].)' . ¢;11
= a3+16(¢’ d02) ’ gn+61 m—1 (07 gSZ'ﬁ)
= # - gt - 2™ (m = 1)L ¢y

We solve for ¢;,+1,m to prove assertion (1).

Give M = S' x §%k x D™=2k—1 the product structures. We compute similarly:

(Tin—lfl mo(®9) = {Ciﬁkmfﬁ;n + Cfn’lfm¢;1¢;1}2k(2k)!(m -2k —2)!
= a31%(¢,d8%) - af) 1 0(0, gk pm-2e-1)
= 8’“7r’“k!(m72k7;)'vol(5m—2k—2) 2k(2k)'(m — 2k — 2)' . ﬁ(i);ll

We solve for ¢l to prove assertion (2) and to see ¢%F, = 0.

We set ¢ = 0 and consider purely metric 1nvar1ants to study the remaining
coefficients. We apply Lemma 3.1 (4):

oM ‘rin—sl m, 0(0,9)dy = 0.
Give M; := 81 x S2k x D™m—2k—1 the metric:
g1 = M af? + dsZon + dshm_sn_s for f(1) =0, f'(1) =e1, f'(1) =&3.

The relevant tensors are L1 = €1 and Ryym1 = —€2+ O(s%). The invariants fgfm
and F.J. vanish on g; since they both involve a linkage of at least 2 tangential
variables a; with the normal variable through the curvature tensor and second
fundamental form. The variables 7% and F37,, vanish since they involve a linkage
of an odd number, which is at least 3, of indices a; through the curvature tensor.
Finally, F:J, and F57 ., vanish for j 7é k since they involve the wrong partition of
tangential variables into curvature and second fundamental form terms. Thus only
.74 k and .7-"6 k survive. As only Rj,,m1 involves ea,
afj_fl,m’o(O,gl) = —2%2k)(m — 2k — 2)les - ik + .. socpk, =0

As Li; = &1, we have

afanl,m’o(O g1) = 2%(2k)!(m — 2k — 2)! -2 - cm '+ O0(e1) so 06 k. =0.
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Give My := 82 x §%k—2 x D™—2k the metric
g2 = €7 dss + dstons + dss for f(1) =0, f'(1) = &1, f'(1) = eo.
The only possibly non-zero invariants are ¢3;¥ F3k - and chF FIk because Fol
and F57  involve linking an odd number of tangential indices a; through the cur-
vature tensor. Furthermore, 737 and F7.7  vanish for j # k as they involve the
wrong partition of tangential variables into curvature and second fundamental form
terms. Only Ri221;m = —2€1€2 + ... involves €2. Thus
Am+1,m,0(0,92) = =8 - ok—1. (2k — 2)!(m — 2k — 1)!cf,’blfm6152 + ... 50 cf,’b’fm =0.
Since L11 = L22 =&,
— _A.9k—1 — 9\ _ _ 1\, L SE T,k _
m+1,m,0(0,g2) = —4-2"72(2k — 2)!(m — 2k — 1)leg Crmom T -+ 80 Cppiy = 0.
Give M3 = 83 x §2k=2 x D™~2k—1 the standard metric. As Ry, mpyp, = 0, only

Fyk . survives. Consequently,

altl n0(0,935) = =k, 2425712k — 2){(m — 2k - 2)! so ), =0.
Finally, give My = T2 x §%#72 x D™~2k~1 the metric
ga = 27193) (402 4 dB2) + db2 + dsZor—s + dshm—_sn—

for f(1,65) =0, 8,f(1,03) = eF(63). The only remaining terms of interest are
Rism1 = Rasma = —eF'(63) + O(¢?),
L1 = Ly =€F(63), and Ri331 = Rass2 = O(e?).

As we must involve all three of the indices {1, 2,3} we see:

abtd) m0(0,94) = <k F'(65)°82%2F 1 (2k — 2)!(m — 2k — 2)! + O(e®).

m,m

Since this has to integrate to zero for any function of s, ¢;* = 0. O

7. THE PROOF OF THEOREM 1.4 (3)

By Lemma 1.6, ¢ plays no role in aﬁffl’m,l so we set ¢ = 0. We also suppose
for the moment that M C R™ and set R = E = Q = 0 in the formalism of Section
2. Motivated by Lemma 2.2, we consider the set A, ,, of all non-commutative en-
domorphism valued monomials in the tangential covariant derivatives of {S,x, L}.
We contract indices in pairs, cyclically permute variables, and take the trace. For
example, we use the identities Sy = S and x? = Id to see:

Asm = {Tr(S?), Tr(LaaS), Tr(Laa LypId), Tr(Lap LapId),
Tr(LaaLosX), Tr(LabLabX), Tr(X:aX:a) Tr(XX:aX:a);
Tr(X:aa), Tr(X:aaX}-
Let S, and X, be defined by A?. By Lemma 2.4:
Xp = +1 on AP(OM), xp=—1 on AP 1(OM)Ae™,
Sp = —Lapepia, on AP(OM), S, =0  on AP~1H(OM) A e™.
In Lemma 2.3 we showed that:
anmk(Y, D, B) = ¢y m s Tr{S" ¥~} + other terms

Only these constants are crucial because as we now show the supertrace of the
‘other terms’ vanishes.

(7.a)

Lemma 7.1. Let M™ be a compact submanifold of R™ with smooth boundary.
(1) If A€ Am1,m and if A# S™ ', then 3° (—1)PTr(4,)(gm) = 0.
(2) We have % ((grr) = Cmmyo Ep(—l)pTr(Sz',"*l).

m,m,0

(3) We have am ) 1 1(90) = emiyrma 2, (~1)PTe(SPY).
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Proof. Let A € Apm—1,m and A # S™~1. Since 2, (=1)PTr(4,) € ’anl‘flim N ker(r)
and since we are setting R = 0,
Am—
S (=1)PTr(Ay)(gar) = Ce5 LT (gu) -

In particular, we may ignore all the VL terms since they contribute nothing.

By Lemma 2.4, x., = 2Lap(epim + emis)- As we are suppressing terms in VL,
multiple covariant differentiation yields an expression of the form:
(7b) X:al...ak = La1b1La2b2"'Lakbkglh...bk +

where the precise form of &, . s, is not relevant. Generically, the principle curva-
tures Ki1...k,—1 are all distinct so:

>, (=1)PTe(AP)(gm) = C(m — D)K1.com—1 .

If a x.q,... term appears, we must contract it with another index a;; equation
(7.b) contains no L,,,, term and consequently this contraction involves a different
variable and consequently must produce a ngl term and eliminates the possibility
that the monomial det(L) = ki...km—1 appears. This implies C = 0. Thus Vy
does not appear; similarly VS does not appear. Consequently A = A(L,S).

If two terms Lg,p, Lg,p, appear (it does not matter whether by = by or by # be),
then again each monomial of A must be divisible by fcgl. If the term L,, appears,
then we may factor A = L,,Aq. Since

Zp(—l)”Tr(Ao,p) € anAme Nker(r) = {0}

this possibility is eliminated. Thus the only remaining possibility is A = S™~1.
Assertion (1) follows; assertions (2) and (3) now follow from Lemma 2.3. O

The following combinatorial Lemma will be useful in our investigations.
Lemma 7.2. (1) We have Ep(—l)ppfﬁ = (=D
(2) We have 3- (=1)PTr(Sy*")(g9pm) = (m — 1)L,
Proof. We expand:
¢ _ 2
1-2)= Ep(—l)p:cpp!(zip)!.
We establish assertion (1) by computing:
l
Ep(—l)pplp!(fip)! = (-T%) (1 - Il?)l o1 = (—1)ll! .

Give M = D™ the standard metric; Loy = dq5- By Lemma 2.4, S, = —p-Id on
AP(OM). Assertion (2) now follows from assertion (1). O

We can now complete the proof of Theorem 1.4. We use Lemma 1.6, Lemma
2.3, and Lemma 7.2 to compute:

d+4 A2k pAm—1
A1 m1 (0,9Dm) = 34 i1 m1EBRET LBk = Congt,m,a (M — 1))
= cm-{-l,m,l zp(_l)pTr(S;n‘*l)(gDm) = W\/:Z)W(m — 1)'

We use Lemma 2.3 (2) to evaluate ¢;,41,m,1. We solve this equation to see

&0 — VT
m+1,m,1 = yol(S™m)m!"

Let M := %t x D™=2k We compute:

021 1 (0,930) = it - 25(2)!(m — 2k = 1)!
ag:’gk (0, gs2e )a;in+—(s2k+1,m—2k,1 (0, gpm—2r)

2k)!(m — 2k — 1)L

1 VT Qk(
8k R k! vol(S™—2F)(m—2k)!

We solve this relation to determine ¥, ,, .. ]
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APPENDIX

We conclude this paper by giving a second proof of Lemma 2.3 (2). Our purpose
is twofold. First, this gives an independent check on our computations. Equally
important, it illustrates the power of the methods we are employing. We recall
our notational conventions. Let D be an operator of Laplace type on a compact
Riemannian manifold M with smooth boundary M. Let B = B, s define mixed
boundary conditions. We expand

Anmk = Cnmk Tr(S"*71) + other terms.
Lemma A.1.

(1) Cnom,k = (47T)_(m_1)/2cn,1,k-
(2) If n > 2, then ¢pm1 = $Cnmo-
vz

(3) ¢ = et ——, ¢ = ¢ = __vI___
m,m,0 = Yol(Sm—1)(m—1)!7 “Mm,1 — Syol(§m=—T)(m—1)!7 ‘m+1,m,1 = GI(Smym! -

Proof. To prove assertion (1), we use product formulas. Let M; = T™ ! be the
torus and let D; be the scalar Laplacian. Since the structures are flat,

| (4m)~(m=172 §f p =0,
an,m—l(xlaDl) - { 0 if n>0.

Let (MQ,DQ) = ([0, 1], —8?) Let M = M1 XM2 and D = D1 +D2 Let B= Vm+8
where S is constant and where e,, is the inward unit normal; e,,, = 0, when r =0
and e, = —0, when r = 1. Assertion (1) follows from the identity:

an,m,k(y, Da B) = En1+n2:n anhm—l(xla Dl) . an2,1,k(y23 D2a B)
= (47T)_(m_1)/2a",17k(y27D27‘8)'

In view of assertion (1), it suffices to take m = 1 in the proof of assertion (2)
so M = [0,1]. We use a variational formula from [6]. Let D(¢) := —e~2/92. We
choose f so f vanishes on OM but f,, # 0 on OM. We also assume that all the
higher derivatives of f vanish on @M. To keep the boundary conditions invariant,
we set S(g) := 8o — 2efim + O(e?). Since E(e) = O(?),

an1(L,D(E) = [oucn1,0{So — 56 fimdy + O(e*)}" 1,
an,l(va) = fBM Cn,1718372f;mdy.

Assertion (2) now follows from this equation and from Lemma 2.1 (2).
We use Theorem 1.3, Lemma 7.1 (2), and Lemma 7.2 (2) to compute:

A’ - j—
agtr 0(0,9pm) = =t yesLEn (0,9pm) = sergeeTy
= Cm,m,0 Ep(—l)PTr(S;W—l) = Cmmo(m — 1)
We solve for ¢, m,0 to establish the first part of assertion (3). The second part

now follows from assertion (2). The third part follows from assertion (1) and (2)
by computing

1 1 . 1
Cmtiml = Cmtim0 = 5(47T)_(m_1)/zcm+1,1,0 =3V Ar(4m) ™ e y11,0
_ T
- \/7_rcm+1,m+1,0 — VOI(Sm)m'
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