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SUPERTRACE DIVERGENCE TERMS FOR THE WITTEN
LAPLACIAN

P. GILKEY, K. KIRSTEN, AND D. VASSILEVICH

ABSTRACT. We use invariance theory to compute the divergence term afn+f2, m

in the super trace for the twisted de Rham complex for a closed Riemannian
manifold.

1. INTRODUCTION

Let (M, g) be a compact m dimensional Riemannian manifold without boundary.
The fundamental solution of the heat equation e *P for an operator of Laplace
type D on M is an infinitely smoothing operator. Let f € C°°(M) be an auxiliary
smooth ‘smearing’ function. Work of Seeley [15] shows the smeared heat trace has
a complete asymptotic expansion as ¢t | 0 of the form:

Trp2(fe ) ~ 3,50 nm(f, D) —™72,
The heat trace invariants an ,, vanish if n is odd; if n is even, there are local
invariants an m(z, D) so that

an,m(f, D) = [, f(@)an,m(2, D) dvoly(z).

The function f localizes the problem and permits us to recover divergence terms
which would otherwise not be detected.

Let ¢ be an auxiliary smooth function called the dilaton. We twist the exterior
derivative d and the coderivative J, to define

dy := e %de® and §y,:=e%5e 7.
We denote the associated Laplacian by Ag, , on C°(AP(M)). It appears in super-
symmetric quantum mechanics [2] and in the study of Morse theory [19]. It also is
used to study quantum p form fields interacting with a background dilaton [11, 17].
Let x(M) := >_,(—1)? dim H?(M; R) be the Euler-Poincaré characteristic of M.
Arguments of McKean and Singer [12] extend to the twisted setting to show

(1.a) >, (—1)PTrps (e~*2%.0) = x(M).
We define the local supertrace asymptotics by setting:

aghn(9:9)(@) = 3, (—1)Panm(z, A7 ).

We expand the left hand side of equation (1.a) and then equate powers of ¢ to see:

@40 (¢ x(M) if n=m,
(1.b) Sy a 9)(z) dvoly(z) = { 0 it n#m,

Let R;;x be the components of the Riemann curvature tensor relative to a local
orthonormal frame for the tangent bundle with the sign convention that Ry22; = +1
on the unit sphere S? C R2. We adopt the Einstein convention and sum over
repeated indices. If I = (iy,...,%m) and J = (j1, ..., jm) are m tuples of indices, let

el i=gley N Nei e A Ney,)
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be the totally anti-symmetric tensor and let
It _ .
RJ,s = RigigrjoriieRiv_vijege—rs
we set Rg’i =1fort<s.

Theorem 1.1. (1) If n <m or if n is odd, then a'%(¢,g)(x) = 0.

(2) If m = 2m, then afhtt,(6,9)(x) = el R
(3) If m =2m + 1, then afjfl,m(d), 9)(z) = ms&ﬁ;ml Rﬂ:;’l

Assertions (1) and (2) were proved in the untwisted case (¢ = 0) by Atiyah, Bott,
and Patodi [4], by Gilkey [6], and by Patodi [13]. This provided a heat equation
proof of the classical Chern-Gauss-Bonnet [5] theorem. Assertions (1) and (2) in
the twisted setting were established in [11] and the divergence term a‘f,:ﬂfl,m was
identified in [10]. Our previous paper [10] dealt with the odd dimensional case
for manifolds with boundary. The present paper computes aﬁ:me for closed even
dimensional manifolds. This requires significantly different techniques. We note
that some information concerning aﬁ:f%m was derived earlier in [8] using an entirely
different approach.

The main new result of this paper is the following:

Theorem 1.2. Let M be a closed Riemannian manifold of dimension m = 2m.
d+5 = I, I,
am++2,m = 7rﬁ8177lfn!6.11{4m(¢§i1j1 ¢;i2RJ,;n)§j2 + f_z(RJ,;n);kk
_ I,
+  FRiviakji Ry3 )ija }-

In Section 2, we recall combinatorial formulas for the invariants ap m (2, D) for
n=0,2,4,6 [9]; formulas for ag, and for a;o are available [1, 3, 16]. These formulas
become very complicated as n increases and it seems hopeless to try to establish
Theorem 1.2 via direct computation even for m = 6 and m = 8. There are also
closed formulas available due to Polterovich [14]. However, it does not seem possible
to make a direct use of these formulas to derive Theorem 1.2. Instead, we proceed

indirectly. In Section 3, we establish some functorial properties of these invariants
and use invariance theory to prove the following result:

Lemma 1.3. If m is even, then there exist universal constants so that
d+d Ia I:
am++2,m(¢a g = cin+2,m(5§¢§i1j1 ¢;i2RJ,gn);jz + C72n+2,m(55RJ,T);kk
I I,
+czz+2,m(5JRi1i2kj1;kRJ,;n);jz'

We shall complete the proof of Theorem 1.2 in Section 4 by evaluating these
normalizing constants. The new features of this investigation are that both H.
Weyl’s first and second main theorems of invariance theory [18] play a crucial role
as does the analysis of the formal cohomology groups of spaces of p form valued

invariants [7]. Thus we expect that the techniques presented in this paper will be
useful in other similar investigations of this type.

2. LocAL FORMULAE FOR THE HEAT TRACE INVARIANTS

If D is an operator of Laplace type, then there is a canonical connection V on
the underlying vector bundle that, together with the Levi-Civita connection, we
use to covariantly differentiate tensors of all types - we denote multiple covariant
differentiation by ‘;’. There is also a canonical endomorphism E so that

D= —(Tr(V2) +E) ie. Du= _(U;ii + Eu).
Let €2;; be the curvature of the connection V. Let p;; = R;xr; be the Ricci tensor,
and let 7 = p]]

The heat trace invariants a,, ., for an operator of Laplace type can be expressed
in this formalism [9]:
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Theorem 2.1.

(1) ao,m = (47)~™/?Tr{1d}.

(2) az,m = (4m)~™/2LTr{6E + 7 1d}.

(3) asm = (4m)"™/2 L Tr{60E 1, + 607E + 180E? + (127,41, + 572
—2|p|? + 2|R|?) 1d +309ijn,~j}

(4) agm = (4m)~ m/le"{(msz + 7' T Tk Tik — 71Pij;kpij;k - %ij;npjn;k
+a Rijrtin Rijhtin + 51 TTinn — 7'kapjk nn + 1 PjkPinikn
+ 5 Rijki Rijhiinn + 2575 — 3977p° + 3977 R? — 2% 0k pjn pin
—%Pijpszikjl — 35 pjk Rjnti Rknii — %RuknRiﬂkanlp

- Rz]knRzlkpR]lnp) Id + 2= ok Qijsk + 155 Ligsi Qiksk + 55 Ligskr Lij
+%QWQ@J;M QZJQJkal - fioRkaanJle - %pjkﬂjnﬂkn
+ 75T kn Qkn + 59 Bsiijj + § BB + 15 BB + § B
+13 B Q4 + GTEkk + gokaEJk +30 Tk Bk + wEET
+a5 Bk + BT — 55 Elpl® + 155 IR}
We refer to [10] for the proof of the following results:

Lemma 2.2. On the circle, aﬁ‘s qu 11-

Lemma 2.3. Let M = (My x Ms,¢1 + ¢2,91 + g2) decouple as a product. Then
ag i (6, 9)(€1,22) = X L namnmi>mine>ms Gt ony (91, 91) (€1) - agt S, (92, 92) (22).

3. SPACES OF INVARIANTS

Let Q,, be the space of O(m) invariant polynomials in the components of the
tensors {R, VR, V2R, ...,$,V$, V29, ...}. Define a grading on Q,, by setting:
weight(R;jk1;,53) = |8 + 2 and weight(¢,5) = |5].
An element Q € Q,, is homogeneous of weight n if and only if

Q(¢,c7%g) = c"Q(4,9)-

Let Qn,m C Qm be the set of all O(m) invariant polynomials which are homoge-
neous of weight n; we then have a direct sum decomposition:

Qm = @nQn,m-
We may use the Zj action ¢ — —¢ to decompose Qy, ,, = Qf . @ O, ,, where

Qrvm = {Q € Qum : Q(—¢,9) = £Q(4,9)}.
The following natural restriction map r : Qp ;m = Qpn,m—1 Will play a crucial role.
If (N,gn, ¢n) are structures in dimension m — 1, then we can define corresponding
structures in dimension m by setting

(M, par,9m) = (N x S*, o, gn + d6?) .

If x € N is the point of evaluation, we take the corresponding point (z,1) € M
for evaluation; which point on the circle chosen is, of course, irrelevant as S* has a
rotational symmetry. The restriction map is characterized dually by the formula:

r(Q)(¢n,9n) () = Q(dn, gy + d6?)(z,1).

We can also describe the restriction map r in classical terms. H. Weyl’s [18] first
theorem of invariance theory implies orthogonal invariants are built by contracting
indices in pairs, where the indices range from 1 through m. If P is given in terms of
such a Weyl spanning set, then r(P) is given in terms of the same Weyl spanning set
by restricting the range of summation to be from 1 through m —1. Thus necessarily
r is surjective. We refer to [10] for the proof of:
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Lemma 3.1. If m is even, then aly, | € QF . Nker(r).

We use H. Weyl’s second theorem to see Q}f ., , Nker(r) is generated by invari-
ants where we contract 2m indices using the € tensor and contract the remaining
indices in pairs, we refer to the discussion in [10] for details. A direct calculation
shows, after some additional work to eliminate dependencies, that:

1, I, I I,
Q;+2 m N ker(r) = Span{€5¢’i1j1 d);izjzRJ’;na 55¢'k¢'kRJ;na 5JRk€lkRJ71n;
I, I
6J¢ vis s 31 szz]szJ 3> Ri1i2j2j1;kkRJ gn’ EJR1112]2]1,kRz3z4J413,k,R’J 5
EJRkll‘]lkRZZQJQZRJE} ] EJRk£]2]1R1112k£RJ3 ) EJszljlka’Lz‘]leJ3 I
‘C:JRkil jajr Rrjsigio Reiajs ja Rejoisis RJ,7
Although this is some gain in simplifying the question, the list of invariants is still
quite long. We shall use equation (1.b) to further reduce the number of invariants
to be considered and complete the proof of Lemma 1.3.
Let Q%1 be the space of p form valued invariants in the curvature tensor, the

covariant derivatives of the curvature tensor, and the covariant derivatives of ¢
which are even in ¢. The exterior co-derivative d, induces a natural map

. »+ —1,+
8 : O = it
Let i : N - N x {1} C N x S!. The analysis of [4] shows that p form valued
invariants are constructed by alternating p indices and by contracting the remaining
indices in pairs. The restriction map
T QITJL m Qn m—1

is defined by restricting the range of summation of the indices involved; it is char-
acterized by the identity:

r(Q)(¢n,9n) =i*Q(on, gn + db?).
One verifies that r is surjective and that
ro 69M = 6QN or

The analysis of the formal cohomology groups of the spaces of invariants of Rie-
mannian manifolds, which was given in [7], then extends immediately to this more
general setting to yield:

Lemma 3.2. (1) IfQEQnm, if [, Q(d,9) =0 for all (¢,9), and if n # m,
then there exists Q' € QLY 1,m SO that 6 Q' = Q.
(2) If Q' € Qpt,, if 6,Q" =0, and if n # m—1, then there exists Q* € o>
so that Q' = §,Q°.

n—1,m

The first assertion shows that any scalar invariant which always integrates to zero
is canonically a divergence and that any 1 form valued invariant which is co-closed
is canonically co-exact. The restriction on the weight is a technical one which plays
no role as we shall take n = m + 2 in assertion (1) and n = m + 1 in assertion (2).

We use this result to show

Lemma 3.3. If m is even, then there exists a 1 form valued invariant Q}, +1,m N
Q:nil’m Nker(r) so that §,Q}, 11 afn+f2 -

Proof. By equation (1.b) and Lemma 3.2 (1), there exists Q% ,; ,, € Qm+1 m SO

(3-2) 39 Qm1,m(9:9) = aptia (9, 9)-
Unfortunately, 7(Q%, 1 ) need not be zero and we must correct for this. Since
T(G’Z'L—‘rflm) = 0

0=r(d, Qm+1 m) =6 7'( m+1, m)-
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Thus by Lemma 3.2 (2), there exists Q2, ,,_, € Q2, ,,_; so that

T( _1n+1,m) = 69( _zn,mfl)'

We observed above that r is surjective. Thus we can find Q2, ,, € Q%% so that:

’I“( gnm) = _gn,m—l'
We complete the proof by setting Q1 ; ., == Q11 m — ,(Q%, ,,) and computing:
d+s
ég(Qin-i—l,m) =9 ( m+1, m) (53( ) =4 ( m+1, m) = am++2,m7
M(@m1,m) =1 (Qmg1,m) = (3 fn,m)) =1(Qmi1,m) = 9 (r(Q7.m))
= T(Q}n-{—l,m) - 6!] (an,mfl) =0. u
For m even, we define elements of Q-% +1,m Nker(r) by setting:
=1, 1,
‘:‘m+1,m - 6J¢K¢ Zl]l¢ zzR m€]2 (e even)7
=2,0 i
:méH,m =celg R,1,2]2]1;kRJ3me’“ (¢ even),
Ef;LJrl,m = 5§¢‘R,1,2k11,k72” e’2 (£ even),
=4, 1
Eiim = Ehdt o R T e, (¢ odd),
Em,,-l,-l,m = 5J¢ ¢ 1 RzzkkagRJ’meﬂ (f Odd)'

Lemma 3.4. If m = 2m is even, then {Qer1 .. Nker(r)} = Span{Z" m+1 mtit-
Proof. We use H. Weyl’s theorem on the invariants of the orthogonal group. Let
A= ¢ s Bran Risjikatn;pr - Risjo kot "
be a typical 1 form valued monomial where |a,| > 1 and £ + u is even. Note that:
n=23 laul + 32, (18] + 2).

We must contract 2m indices using the € tensor and contract the remaining indices
in pairs; we refer to [10] where this was discussed in some detail for scalar invariants
— the extension to 1 form valued invariants is similar. We may estimate:

(3.b) 2m < number of indices in A
= Eu|aﬂ‘+Ey(|ﬁu|+4)+1:n+2'[}+1
(3-¢) = M+1-%,lau =%, 18] <20 +1

We set n = m + 1. Since 2m and m + 1 + 2v + 1 are both even, the inequality in
equation (3.c) must be strict and represents an increase either of 1 or of 3.

Suppose first that equation (3.b) is an equality. Then all the 2m indices present
in A are contracted using the € tensor. We can commute covariant derivatives at
the cost of introducing additional curvature terms. Thus since all indices are to be
contracted using the ¢ tensor, we may assume |a,| < 2 for all g. Furthermore, by
the first and second Bianchi identity, at most 2 indices can be alternated in R;jx;3-
Thus |8, = 0 for all v so }_ , |eu| = 3. This leads to the invariants umil m-

Suppose next that equation (3.b) is not an equality. Then there are 2m+2 indices
and one explicit covariant derivative present in A; 2m indices are contracted using
the e tensor and two indices are contracted as a pair. This yields the invariants
git for i = 2, 3,4, 5 and the additional invariants:

“m+1,m
®m+1 m = 6J¢ ¢ kR1112]2kR Telt J4 Odd),

(
®m+1 m = 6J¢ ¢ vin Riskjaja RJ3 ek . (é Odd),
(-)frﬁ-l,m = 5J¢ Bsi zzkjsjszsz4J4kR mejl (€ odd),
(

4,0 1
Tr,z—',-l,m = 8J¢ R1112k12R1314J413;kRJ,5 eJ ¢ even)'
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To complete the proof, we must show the invariants oht m+1,m Play no role. Let
U and V be collections of m + 1 indices. Since ¥} = 0, we have

0=el¢ b Rys e,

We set u; = k and then set v1 =k, v =k, ..., and v,,,41 = k in turn to see:
Il I.m k V4
0 = 5J¢ ¢;kRJ1 e — m5J¢ ¢kRZ1’Lz]2kR et
Y
- ‘—‘Tr,L+1,m - ®m+l m*

We set uy = k and expand in v to see:
0 = 55¢e¢~z’1Ri2kj2j1R§’3 e* — 256 s, zzk]sz yelt
- (m- 2)5J¢ byi lsz3J2R1314J4kR 5elt
= On i+ 250 — (m = 2)0 ]
Next, we set v1 = k and expand in u to see:
0 = eho'euRyT e +meld i, Rigkjuji RY5 €

—4,¢

= ‘:m—i-l,m + m®m+1 m*

m+1,m m—+1,m*

Finally, we set v = k and expand in u to see:
0 = eh¢'ouRiiniuk Ry + 250 b, Righjuk RS €
+ (m—2)e56 b, Risig ok Riskiaa R§,5me]1
= Qirfl-l,m - Ein’fi-l,m +(m )®
We can show that

2,¢
{6 +1,m> ®m+1,m7 +1 m} C Spa’n{ +1 m}l £

m+1,m"

by computing:

14 -y,
®m+1 m E“T}"L+1,m 28 m+1 m ( )®m+1 m?
2,4 _ 1 =4, =5
®m+1,m - _E‘—‘m+1,m = -2 m+1 m + (m 2)®m+1 m*

Finally, we put u; = k in the identity

_ Z Um+1 ev
0= 5V¢ 'U«2U«3'U3'U2:U1R !

and expand in v to show

_ I .0 I,m_j
0 = 5J¢ RZ1zzjz]1,kRJ3 6 - 25J¢ Ri1i2j2k'kRJ73 et
(m 2)5J¢ R1122J3]27kR1314]4kR selt
- =30
- “m+lm = “~m4+1,m + (m 2)®m+1 m*
This establishes the lemma. O

We now prove Lemma 1.3. Let m = 2m be even. We apply Lemma 3.3 and
Lemma, 3.4 to see there exist universal constants so

d+48 =il
m++2 m(d)’ )_ Zzé m+1 m(s 1n+1 m}

where £ is chosen so ¢ appears an even number of times in each expression. Terms
which are linear in the 2 jets of ¢ and which are of total weight 2 in ¢ can arise
only from ¢ =4 and 7 = 5. Consequently we have

dt6 1,
abtly n(6,9) = = X el ey mbrk RET + s mBriain Riokkin RIS+ -

where £ is odd. Replacing ¢ by ¢ + ¢ does not change dy and dg4,4. Thus ¢* does

not appear in the formula for ai:f& m for p > 0. Consequently,

— I’m
(3.d) 0=’y mel G RET + ') mel briniy Rinkkin RY -
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We consider the expressions:
Ay = @11 Ri1921 R3443- . Ron— 1, mm,m—1, and
Ay = ¢.10R1330R3443 - - Rin— 1 mm,m—1-
We may then expand
bk RYT = 4MIA, + 045 + ...,
Grings Rigkrja RS = 4™ (m — 1)141 —4-4™ " (m — 1)!4, + ..

Consequently equation (3.d) implies cm‘fH m =0 and cfn’il,m =0.
We argue s1m11ar1y to show that if £ > 0, then
0 = m+1 m6J¢,12¢ 11J1¢ zzRJ 3 and
I,
0 = m+1 m5J¢ thtszJl,kRJ3 + Cm+1 m5J¢;j2 Rilizkjl;kRJ,gn'

This shows cinil m = 0 for £ > 0. We consider the expressions:

By := ¢;1 Ri221;1 R3443-- Rin—1,mm,m—1, and

By := ¢3R1221;3R3443-- Rin—1 mm,m—1

and expand
55¢;kRi1i2j2j1;kR§j§" = 4™(m —1)!B; +4™(m —1)!By + ...,
Eg‘f’;sziliZkhskRﬂZ? =2-4™"(m — 1)!B; + 0By +...
2,0

to see ¢y q , = 0 and & = 0 for £ > 0; Lemma 1.3 now follows. O

m+1 m
4. DETERMINING THE NORMALIZING CONSTANTS

We complete the proof of Theorem 1.2 by evaluating the normalizing constants
of Lemma 1.3:

Lemma 4.1. Let m = 2m. Then
(1) o = 22

m+2,m = TEgmml -

(2) C$n+2 m = %ﬁﬁ%’ ml e
(3) §n+2 m

Proof. We shall apply Theorem 1.1, Theorem 2.1, Lemma 2.2, and Lemma 2.3. We
use the method of universal examples. Give M = §™ 2 x S1 x S' the product
metric. Let ¢ = ¢1(61) + ¢2(02). Then:

fn—i_—fz m(d)a )_zcin+2,m2m71(m_2)!¢;m 1m— 1¢;mm
= a0 (0, gsm—2) - a55° (61, d6}) - a3} (62, db3)

= sﬁz—lnﬁzll(mfm -2 (m — 2)!%¢1;m71,m71¢2;mm-

We solve this equation for ¢, +2,m to establish assertion (1).

For the remainder of the proof of the Lemma, we set ¢ = 0 to consider only
metric invariants. We express

d+5 —

_ IplIm _ 1
U = EmmCm,m for Smm_aJRJl and cmm =

8mamml!®

If m = 2, then the invariants (EJRJ1 ):kx and (6JR,1,2k]1,kRJ3 );j, are not lin-
early independent. If (N, g ) is a Riemann surface, then we may establish assertions
(2) and (3) for m = 2 by computing:

agh’(gn) = ﬁ p(—1)PTr(EP)
ai 5’ (gn) = 72 61X, (=P Te(EP) }; e + O(R?)

= Ha35 ke + O(R?) = 22 Rijjime + O(R?).
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Suppose now that m = 4. Since }_ (—1)PTr(dim(A?)) = 0, we compute:
0=ag}’(0,9) = gaz 2, (- 1)PTx(EP),
i}’ = g X, ()P Te{3 BPEP + 5 Te(0F,0))},

d+s _ 1 1 1 1
ags” = grmz 2p(— P Tr{gg 0 Uk + 155 5 Yikse + 50 Lojinn s
+ao 2 W + §EPEL + 15 ELERY + O(RP).

We Stlldy the expressions Cl = R1221R3443 and Cz = R1221;2R3443;2 and suppress
other terms. Only the term E? can give rise to the expression Ay and only the
term EYEf can give rise to the expression A3. We prove assertion (2) if m =4 by
computing:

agjé = ﬁ Ep(—l)pTr(EpEp) +...= %R1221R3443 +...

agt = Za 5 X, (CDPIN(ERER) +. .. = phy iy 3 (- 1)PTe(EPEP) i +. ..
= 5@k + - = 55 Ruosip Raaas + - -
= 26§ 485 Rivinjojusk Rigiajajosk + - - = 64c§ 4 Ri221,2 Raaazp + ..., 80

2 =1 _1
6,4 — 12827220

If m > 4,let (M,g):= (N*xS™ 4 gn+go). Assertion (2) follows in general from:

d+6 _
Upo m (9) = M(M=1)Ch 15 €5 (Riyinjojy sk Rigiagsjask) (ON)Em—a,m—a(g0) +- .-
d+6 d+4
= ae,t (gN)am+—4,m—4(go) +...
= 20§ 4Cm—a,m—4€5 (Riviagajisk Rigiajojask) (9N )Em—a,m—a(go) + ... s0
2 — 2 1 1 . 1 —_ 1 1
Cm+2,m = W(m=1) 12 728221 ~ 7m-28m-3(m—2)] _ 12 nm8mml"

Let (M,g) = (N? x 8™ 2 gn + go). We derive a relation between the invariants
Convom and ¢ 5 and to complete the proof of assertion (3):

agtly m(9) = (2MC, 4o + Chio ) Rigjisk (9N) - Em—2,m—2(o)

_d+s d+s _ 11
= ayy (9N)an "2 m—2(90) = 37 5 Rijjizkk (IN) -Cm—2,m—2Em—2,m—2(go) S0
_ 2 3 _ 11 1 _m_ 1

2mC2,m + Cnt2,m = G Ix TEETERETHIT) 3 Rl U
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