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Abstract

In this paper, we study a generalization of the Efimov effect for three-body
Schrodinger operators to N-body ones with NV > 4. We prove the infiniteness of the
discrete spectrum under the conditions that the bottom of the essential spectrum,
Ey, is only attained by the spectra of a unique three-cluster Subhamiltonian and
its three associated two-clusters Subhamiltonians, and that at least two of these
two-cluster Subhamiltonians have a resonance at Ey. We give a lower bound on the
number of eigenvalues of the form Cy|log |\ — Ey||, when X tends to Ey. Here Cy
is a positive constant depending only on the reduced masses in the three-cluster
decomposition.

1 Introduction

The Efimov effect describes a phenomenon for three-body Schrodinger operators which
can be roughly stated as follows. When the essential spectrum of the three-particle
Hamiltonian is the positive real axis, and when at least two of its two-body Subhamil-
tonians have a resonance at zero, the discrete spectrum of the three-body Schrédinger
operator is infinite, even if the interactions are very short-range. This phenomenon is
striking if one compares it with the results on the finiteness of eigenvalues of two-body
Schrodinger operators or of N-body Schrodinger operators whose bottom of the es-
sential spectrum is only reached by the spectrum of two-cluster Subhamiltonians. See
[11, 13, 14, 34]. Since its discovery par V. Efimov in 1970 ([12]), many works are devoted
to this subject. See, for example, [2, 3, 4, 6, 9, 10, 21, 22, 25, 29, 30, 31, 32, 36]. In
particular, D. Yafaev presented in [36] the first mathematically rigorous proof of the
existence of such phenomenon and A. Sobolev established in [29] the asymptotics of the
number of eigenvalues near zero in three-body problems.

*Part of this work is done during the author’s visit to the Institut Mittag-Leffler in the special
semester “Partial Differential Equations and Spectral Theory”. He is grateful to the Institute and the
organizers for the support.



For N-body systems with N > 4, R. D. Amado and F. C. Greenwood ([5]) studied
the contribution of resonances at zero of (N — 1)-particle subsystems to the discrete
spectrum of the total system and concluded that there is no Efimov effect in the case
N > 4. The subsequent mathematical researches on this subject are mostly concerned
with the case of two-particle resonances and the bottom of essential spectrum of the
total Hamiltonian is zero. No evidence on the existence of the Efimov effect has yet been
found for N > 4. In this work, we shall prove that two-cluster resonances of Subhamilo-
nians at the bottom of essential spectrum of an N-body Schrodinger operator, N > 4,
can create an infinite number of discrete eigenvalues.

Let us introduce some notation used in this work. Let P denote the N-body Schrodinger
operator obtained after the removal of the center of mass from the total energy operator

N
1
—Z %Azj + Z VU(.’I,‘Z — iL‘j), T; € R3,0 <m; < 00, (1.1)
j=1 J 1<i<j<N

where z; and m; denote the position and mass of the j-th particle, V;; is assumed to be
real and relatively compact with respect to —A in L?(R?) and satisfies the decay

Vii(y)| < Cij <y >77, (1.2)

for y € R3. In the most part of this work, we use the assumption p > 2. But the final
result is only valid under the assumption p > 8/3, due to a technical estimate used in the
proof of Proposition 4.2. V;; is assumed to be bounded, but the LZQOC(R?’)—singularities
can easily be included. P is regarded as a self-adjoint operator in L?(X), where X is the
3(N — 1) dimensional real vectorial space: X = {(z1,---,zn) € R*"; Z;VZI mjz; = 0}.
Let A denote the set of all cluster decompositions of the N-particle system. For a € A,
let #a denote the number of clusters in ¢ and P® the Subhamiltonian associated with a.
Fori,j € {1,---, N}, we write (ij) € a if i and j belong to a same cluster in a. If a, b are
two cluster decompositions, we write b C a if b is a refinement of a. Let a be a k-cluster
decomposition a = (ay,---,a;). We denote X* = {z € X; Zl@j myz; =0, =1,---,k}
and X, = {z € X;z; = z; if (ij) € ay, for some m € {1,---,k}}. X* and X, give an or-
thogonal decomposition for X relative to the quadratic form g(z) = 3, 2mj|z;|?, z € X.
We denote by X* (resp., X**,X*) the dual space of X (resp., X% X,). X* is equipped
with the dual metric, ¢*, of ¢. In this paper, when coordinates are needed in calculus, we
always work with orthonormal basis with respect to ¢ in X and with respect to ¢* in X*.

Let 7® and 7, denote the orthogonal projection from X onto X% and X, respectively.
For z € X, let % = 7% and x, = 7,z so that we have the orthogonal decomposition:
r = %+ x, with z* € X® and z, € X,. The N-body Schrodinger operator P introduced
above can be written in the form P = Py+ V(x) where P, is the Laplace-Beltrami oper-
ator on the Euclidean space (X, q) and V(z) = >°, . 4 Va(2?®) with V,(2?) = Vij(z; — z5)
if @ is an (N-1)-cluster decomposition and (ij) C a; V,(2z?®) = 0, otherwise. Let —A®
( —Ag, resp.) denote the restriction of Py on X% ( on X,, resp.). For a € A, denote
Pt = —A%+ 5, . Vi(2?), Py = P — Ay, I(z) = ZbgaVb(mb). P?® is the Subhamilto-
nian associated with the cluster decomposition a and I, is the sum of all inter-cluster



interactions. Let 7 = Uge 4 #4>20p(P?) be the set of thresholds of P. The HVZ theorem
gives the bottom of the essential spectrum Ey = inf 0.45(P) of P by the formula

Ey= min info(P%) = min info(P?).
a€A,#a>2 a€A,#a=2
The purpose of this paper is to study the infiniteness of the discrete spectrum of
N-body Schrodinger operators in the case that Ejy is attained by a unique three-cluster
threshold, b, with b = (b, bo, b3).

inf o(P?) = Ey = inf 0¢4(P). (1.3)

Let ay = (b; U bj, by), where 4, j and k take different values in {1,2,3}. Then, we have
necessarily o(P%) = [Ep, oo[. In this paper, we assume that these are the only possible
cluster decompositions whose spectra attain the bottom of the essential spectrum of the
total Hamiltonian, i. e.,

info(P?) = Ey,a € {b,ay,a2,a3}; info(P*) > Eg,a & {b,a1,a9,a3},#a>2. (1.4)

For N > 4, by the HVZ Theorem, the assumption (1.4) implies that Fy is in the
discrete spectrum of PP, therefore necessarily, E; < 0. For simplicity, we assume that
the inter-cluster interactions related to b are attractive:

Va(z®) <0, for a Z b. (1.5)

In this work, unless otherwise stated, the conditions (1.2), (1.4) and (1.5) are always
assumed.

For ¢,d € A with ¢ C d, we define H™%%% m,_ s € R, be the weighted Sobolev space
on X% equipped with the norm

e = 100+ 282120 = Ay a2 (1.6)

If ¢ and d are just the one-cluster decomposition, the indication about the cluster de-
compositions will be dropped. For example, for #d = 1, we just write H™%¢% a5 [mSic,
Let < -> ((-++,")a,< *,+ >q, resp.) denote the scalar product on L?(X) ( on L?(X9),
L?(X,), resp.). HL 5% s > 0, to the dual space of H~1%%% with the usual L? product
as the dual product. Let L(m,s;m',s';¢,d) = L(H™SS4 H™s56d) Tt will be conve-
nient to regard P as an operator in £(1,0; —1,0).

Definition. We say that Ey is a resonance of P% if the equation P%u = Eyu has a
solution u € HY=5(X%) \ L?(X%) for any s > 1/2.

Under the assumptions (1.2) and (1.4), the analysis of threshold resonances made in
[35] is valid for P% and one knows that if Ey is a resonance of P%, then it is simple
and the corresponding resonant state u behaves like

w(z®) = 0(e™0" |z |71),  |2%] = oo. (1.7)

One can show under the conditions (1.2), (1.4) and (1.5), Ey is not an eigenvalue of P%
for j =1,2,3.



Theorem 1.1 Let the conditions (1.2) with p > 8/3, (1.4) and (1.5) be satisfied. As-
sume that at least two of the two-cluster Subhamiltonians P%, j = 1,2,3, have a reso-
nance at Fy. Let N(\) denote the number of the eigenvalues of P below A\ < Ey. Then,
there exists Cy > 0 depending only on the reduced masses of by, bs,bs such that

N(A) > Co|log |A — Eq||, A = Ep. (1.8)

Clearly, the positivity of Cj implies that there exists an infinite number of discrete
eigenvalues for the N-body Schrodinger operator satisfying the conditions of Theorem
1.1. Comparing with the known criteria for the finiteness or infiniteness of discrete spec-
trum of N-body Schridinger operators ([13, 14]), we can say that these eigenvalues
originate from the existence of resonances of two-cluster Subhamiltonians at Ey. This
phenomenon is similar to the Efimov effect known in three-body problems.

Let us make some comments on works related to the Efimov effect in N-body prob-
lems with N > 4. For N = 3, see [3, 24, 29, 31]. R. D. Amado and F. C. Greenwood
claimed in [5] that the zero resonances of (IV — 1)-particle subsystems do not produce an
infinite number of eigenvalues in N-body problems when N > 4. I. M. Sigal announced
in [27] three theorems related to the Efimov effect, including the asymptotics of the
number of eigenvalues when N = 3 and the existence of the Efimov effect in N > 4 in
a special case. No proof about the these two results has appeared. The asymptotics of
eigenvalues when N = 3 are only obtained by A. Sobolev in 1993 ([29]) and the coupling
constant limit by H. Tamura ([31]) by making use of the idea of [29]. In [33], S. A.
Vugal’ter and G.M. Zhislin proved that two-particle resonances at zero energy do not
produce an infinite number of discrete eigenvalues when N > 4. The work [18] is also
concerned with the case where the essential spectrum of the total Hamiltonian is R.
In [1], F. Ahia gave another proof of the result of S. A. Vugal’ter and G.M. Zhislin [33].
As remarked by these authors, the question of whether or not the Efimov effect exists
for N > 4 was unsettled.

We emphasize that in spite of the titles, our result is not in controversy with [5].
Different from [5], the bottom of the essential spectrum of the N-body Schrédinger op-
erator in our case is always strictly negative when N > 4. A mathematical proof of the
finiteness of discrete eigenvalues in the situation of [5] is still missing for general N > 4.

The proof of Theorem 1.1 relies heavily on the ideas and the results given in [29]
and [35]. The results of [35] are used to establish the leading term of the resolvent of
two-cluster Subhamiltonians. We follow closely A. Sobolev’s method to transform the
eigenvalue problem to a Toeplitz operator of the Fourier type ([15]). Our main task
here is to reduce the additional space dimensions to obtain an integral operator already
studied in [29]. Because of the lack of compactness, we only obtain a lower bound on
the number of eigenvalues.

The organization of this work is as follows. In Section 2, we reduce the eigenvalue
problem by the principle of Birman-Schwinger. In Section 3, the asymptotics of the
resolvent of two-cluster Subhamiltonians are derived from the results proved in [35]. In
Section 4, we give a lower bound on the number of eigenvalues.



2 A reduction

Let b and a;,j = 1,2, 3, be given in the assumption (1.4). Write I, = Zagb V, as

Iy =-W, — Wy — Ws, (2.1)
where
Wi=- > Vai=123
aZb,aCa;
Then W; > 0 and one has
Py, = B, —Wj. (2.2)

Denote R,;(z) = (Po; —2)™".
For a bounded self-adjoint operator A, we define n(\, A) as
n(u, A) = sup{dim F'; < Au,u > > p,u € F, ||u|| = 1}.

n(u, A) is equal to the infinity if 4 is in the essential spectrum and if n(u, A) is finite, it
is equal to the number of the eigenvalues of A bigger than u.

Proposition 2.1 Let A < Ey. One has

N(\) =n(1,A(N)) (2.3)
where
0 Ap(A) A1a(N)
AN = | Aa(N) 0 Ax(})
Azi1(A)  Asa(N) 0
with

A5 = (1 + WP RO)W AW Ry )W (1 4+ WP Ry (W), £ .

Proof. This Proposition is deduced by the arguments of [29]. Since P = Py, + I, and
P, — )\ is positive and invertible for A < Fjy, one has

A € 04(P) < 0 € 04(1 + Ry(N)’I,Ry(N)'/?)
and
u € D(P), < (P=Nu,u >< 0 <=< (Ry(A\)/?|I,|Ry(\)/?=1)v,v > > 0,v = (P,—\)"/w.

It follows that N(X\) = n(1, Ry(X\)/2|Iy|Ry(\)'/?). Decompose

3
Ry(N)Y2 || Ry(N)? =" Ry (W)W, Ry(N)/? = B*B,
j=1

with B : L? — (L?)3 defined by

B = (W2 Ry(\)Y2, W, /? Ry(\) Y2, W, /? Ry(N)/?) = (By, By, Bs).



Then B*B and BB* have the same non-zero eigenvalues with the same multiplicity, and
the same essential spectrum. It follows that for any u > 0,

n(u, B*B) = n(u, BB*). (2.4)

Consequently,
N(X) =n(1,BB"). (2.5)

BB* can be decomposed as BB* = D + K, where

BB} 0 0 0 BB} BB
D=| 0 BB; 0 |, K=| BB 0 BB}
0 0 BB} BsBf BsB} 0

Since o(P%) = [Ey, oo[, 1 — W,* Ry(\)W,’? is invertible and

(1 =W, 2 RyWW,; )t =1+ W /*Ro, WW,/* > 0. (2.6)

So 1 — D is invertible and positive definite. A direct calculus shows that n(1, BB*) =
n(1,(1 — D)~Y2K(1 — D)~'/2) and that (1 — D)~'2K (1 — D)~%/2 = A()). |

Note that in three-body case, the operator A()) is compact. This is no longer true
if N > 4, since for N > 4 and i # j, W'il/ 2Wj1/ 2 gives no decay in z° variables, therefore
W~1/2Raj (/\)le/2 is not compact on L?(X).

2

3 Asymptotics of the resolvent for the Subhamiltonians
near Fj

Definition. ([17]) We say that Ey is a resonance of P if the equation Pu = Eyu has a
solution u € HY=%(X) \ L*>(X) for any s > 1/2. We call Ey a regqular point of P if Eg
is neither eigenvalue, nor resonance of P; an exceptional point of the first kind (respec-
tively, the second kind; the third kind) of P if it is a resonance but not an eigenvalue

(respectively, an eigenvalue but not a resonance; both an eigenvalue and a resonance) of
P.

Note the b C a; and P? can be regarded as a two-cluster Subhamiltonian of P%.
The assumption (1.3) implies that P® is the unique Subhamiltonian (relatively to the
many-particle systems described by P% ) whose spectrum attains the bottom of the es-
sential spectrum of P%. Therefore, the condition (1.3) of [35] is satisfied for P%. The
following results proved in [35] are important in this work.

Theorem 3.1 Assume (1.2) with p > 2 and (1.8). Let ¢y € D(P®) be the eigenfunction
of P associated to E

PPy = Eopo, lpoll = 1. (3.1)



Let j = 1,2,3. If u € HY5(X%),Vs > 1/2 and P%u = Eyu, then, u is a resonant
function of P% if and only if

Wi(z%) (z)u(z ) po(z”) dz® # 0. (3.2)
X%
The resonance at Ey, if it does exist, is simple and the resonant state u has the following
behavior at the infinity

w(@%) = O(e = |01, (3.3)

The property (3.3) follows from the proof of Theorem 1.1 and Proposition 3.3 of [35]
and the known behavior of three dimensional 0 resonant state ([31]).

Let § > 0 be small. Denote Us(Ey) = {z € C; Sz > 0,|z — Ey| < §} and Us = Us(0).
Let R™(z) = (P% —2)~! and

Ry (z) = (P, —z)7L

am

— 2:)_1 = (P — A

Tam

The asymptotics of the resolvent R™(z) = (P% — 2z)~!, m = 1,2, 3, can be stated as
follows.

Theorem 3.2 Assume (1.2) with p > 2 and (1.8). Let ¢ = z — Eqy and ({)'/? be the
branch such that S(¢)? >0 for S¢C > 0. Set 1 =0 (resp., | =1,2,3 ) if Eq is a regular
point (resp., an exceptional point of the first, the second, the third kind) of P*". Then
for ky € Z, k; > —2, depending on p and | and s > 0 depending k; and p, one has the
following asymptotic expansion in L(—1,s;1,—s;b,ap,),

ky
R™z) =Y 2B +o(¢r2te), ¢ —o. (3.4)

j=—2

for some € > 0 depending on s and p. Let py = [(p+1)/2] be the integral part of (p+1)/2.
One has the following

Forl=0, ko=po—1 and

BY)

0
dm =B =0. (3.5)
Whenl =1, k1 = pp — 2,

1)

1
B( ) = O’ B(—l,m

—2,m =1 <, Uy > U, (36)
and uy, 1s an Ey resonant function of P*" normalized by
1
27 Jxam

Forl=2,3,let p>3. Then, k; = pp — 4 and

Wi (2" Yz (2% ) po (2°) dar®™ = 1. (3.7)

2 3
B(—Z),m = B(—Q),m = —Hgym, (3.8)

7



IIgym being the orthogonal projection onto the eigenspace of P associated with the
eigenvalue Ey.

If p>3 andl € {0,1,2,3}, s and € can be any positive constants satisfying (2py —
1)/2<s<p—(2p0—1)/2 and 0 < e < min{1/2, (28" — 2py + 1)/4}, for any s’ < s. If
2<p<3andle{0,1}, one can take 1 < s < p/2 and 0 < e < (s —1).

The information on € when p > 2 and [ = 1 can be derived from the Remark after the
proof of Proposition 3.7 in [35]. For N > 4, WH? does not give the weight < z;™ >~¢

uniformly in z°, needed to give the asymptotics of W,ln/ 2Rm()\) T}I/ 2. But the detailed
analysis given in [35] enables us to overcome this difficulty.

Theorem 3.3 Assume (1.2) with p > 2, (1.4) and (1.5). Let m € {1,2,3}.
(a). Ey is not an eigenvalue of P%™.

(b). Assume that Eqy is a resonance for P . Let uy, be the unique resonant state
normalized by (3.7). Put

bm = WU, v=FE;— (3.9)

Let x € C§°(R) be supported in small neighborhood of 0, 0 < x <1 and equal to 1 near
0. Then, one has

Wil 2R NWil? = X(=Ds,,)* (= Bay,, + )2 bm)am © dm) +1m(X),  (3.10)

in L(L?(X). The remainder r,,()\) is a family of bounded operators continuous in A <
Eq satisfying that for any e €]0,1/2] with € < (p — 2)/2, (—Agz, + V)2 rp(N) is a
continuous L(L?)-valued function for A < FEy.

Taym,

Proof. (a). Assume that € L?(X%") is a non trivial solution of (P% — Ey)n = 0, or
(P* = Agem — Eo)n = Wi,

Under the assumption (1.4), 7 is the ground state of P%, therefore n > 0. Let 9(zy™) =
(¢0,m)p and f(zg™) = (Wmpo,n)s- Since g is the ground state of P, we have 1 €
L(X7™) with dim X{™ = 3, and ¢(zp™) > 0. By (1.5), f(zy™) > 0. We obtain

—Awgfm'(p == f Z O

Theorem A.3.2 of [28] (with V., = 0) shows that 1 ¢ L2. This contradiction proves that
Ey can not be an eigenvalue of P%".

(b). Let ITy denote the orthogonal projection induced by the eigenfunction ¢q of P°.
Let P/, = (1 — II) P (1 — IIy). Then, (3.9) can be easily derived from (3.4) or (4.8)
of [35] (with P replaced by P%" and P® by P’) according to the cases whether Ej is
eigenvalue of P'. In the case where Ej is not an eigenvalue of P}, (3.4) of [35] says that
for z near Ej,

(P — 2)7 ' = e(2) — e (2)es—(2) te_(2). (3.11)



(2) = Ru(2) = (P, —2)'(1-1),
(2) Ry (2)Win(po ® ) + (100 ® 1),
E,(Z) = ('a‘PO)b + (WmR;n(z)"()OO)ba
(2) = (2= Eo) — (—Dyem — (Wm0, 00)s — (Wi Ry, (2)Win (0 ® ), 00)b)-
z — R! (z) € L(L?(X%)) is holomorphic near z = Ey. Therefore,
WP — )WY =~ W e (2eae () - (DWHE 4O, (312

in £(L?). Since ¢, is exponentially decreasing in |z°|, Wi 2e+(z) is continuous from
L2(Xgms < ggm >7P/2 dgim) to L*(X%;dz®). The analysis given in [35] can be
carried over to prove that

WARM (WY = WH2(z— Bo) YWY tm)ap, ®tim) +O(2— Bo| /2+9), (3.13)

in £(L?) for any 0 < € < (p — 2)/2. See Theorem 3.2 with k = 1,s = p/2 > 1. Using
(4.8) of [35], we can show that (3.13) remains true when Ej € o4(P’).

Now to prove (3.10), it suffices to introduce the decomposition

1=x(-4q,,,)* + (1= x(-2q,,,)%)

and to note that the term related to 1 — x(—Ag,, )? is uniformly bounded in £2(X) for
A in a small neighborhood of Ej. |

Remark that if Ey is not a resonance of P*», (a) of Theorem 3.3 implies that it

is a regular point and the proof of (b) of Theorem 3.3 shows that WT}/ 2Rm()\) 711/ s
bounded and continuous in A < Ey. From (3.10), we obtain the following

Corollary 3.4 Assume that Ey is a resonance of P*™. Let ¢p, = Wﬁlﬂum. Then,
(1+ Wy 2R (N W)/
1 _
= T X Ben) (B, + ) o, @ dml + QN (3.14)
m
in L(L*(X)) for A near Ey. Here Qu()\) is a family of bounded operators continu-
ous in X\ < Ey. Let F,,, denote the partial Fourier transform in x,, variables. Then,

Qm(Eam>A) = Fa Qum(N)F, s a multiplication in &,,,. For each § > 0, Qm(&a,,,A) 18
bounded in L(L?(X%™)) uniformly in |&,, | +v > & and

Qm(fam,)\)ﬂfam‘Q + V)—1/4+e/2 0
when |&,,,|?> + v — 0, for any 0 < e < min{1/2, (p — 2)/2}.

Proof. Remark that by Theorem 3.1, ¢,, € L? and is non zero, and that since 1 +

71n/ 2RT,L(/\)T/I/}}/ 2isa positive self-adjoint operator for A < Ejy, its square root exists.
Also,

((',d)’m)am ® ¢m)1/2 = @('ﬂbm)am ® d)m



Then, (3.14) follows from (3.10) and the well-known inequality ([8])
1AY? — BY?| < ||l A - B||'/?

for two positive operators A, B. [ |

4 Lower bound on the number of eigenvalues
For A\ < Ey, let v = Ey — A. Set
0 Fia(\) Fi3
FO)=| Fa()) 0  Fy
F3i(\) Fz(d) 0
with
Fyj(N) = (LW, P Ri W) 20, 2T (- gt W (10w 2 Ry OOW, )12 i £ 5.

F () is compact.
If Ey is a resonance of P%, we set

Gylv) = [ (=B (B, ) 1), © 65) (4.)

If Ey is not a resonance of P% , we just set G;(v) = 0 and Q;(\) = (1-|—W]-1/2Rj()\)Wj1/2)1/2.
Then , we have in the both cases

L+ W, RW; )2 = Gi(v) + Qj(Bo — v),

where (Q; verifies the remainder estimate of Corollary 3.4. See the remark after the proof
of Theorem 3.3. In the following, we shall only work with indices ¢ and j for which both
P% and P% have a resonance at Fy. If Ej is not a resonance of one of these two Sub-
hamiltonians, the leading term we want to study vanishes.

Let G(v) and Q(v) denote the diagonal matrices with the entries G;(v) and Q;(Eo—
v), j =1,2,3, respectively. Let H(v) be the matrix with the entries H;;(v), i,j = 1,2, 3,
where

Hij(v) =0, ifi = j; Hyj(v) = W, o(—Ay + u)—lel/Q, ifi£j. (42

FQ) =G H@)G(v) + {GWHV)Q(W) + Q) H (V)G (v) + QW) H(v)Q(v)}. (4.3)

We shall first establish the asymptotics of n(1,G(v)H(v)G(v)) as v — 04. Then
Theorem 1.1 will be deduced by a perturbation argument based on the following lemma.

10



Lemma 4.1 Let T(v) = To(v) + T1(v), where To(-) (T1(-)) is a self-adjoint compact
operator-valued function inv >0 (v > 0). Assume that there is some function f(v) with
f(v) = 0 when v — 04 such that lim, o, f(v)n(p, To(v)) = l(p), with I(u) continuous
in p. Then, the same limit exists for T (v): lim, o, f(v)n(u, T(v)) = 1(u).

For the proof of Lemma 4.1, see Lemma 4.9 of [29]).

Proposition 4.2 Assume (1.2) with p > 8/3. Then, operator G(v)H(v)G(v) (resp.,
GW)HW)Qv)+ QW)H(v)G(v)+ Q(v)H(v)Q(v)) is compact and continuous in v > 0
(resp., inv >0).

Proof. Since Wi1/2H0(—Ab + 1/)_1Wj1/2 is a compact operator on L?(X), the result for
v > 0 is clear. It suffices to show that as bounded operator-valued function,

G H(V)Q(v) + QW) H (v)G(v) + Q(v)H (v)Q(v)

can be continuously extended to v = 0. The limit operator is then necessarily compact.
Let us only consider the operator G(v)H (v)Q(v). The other two terms can be treated
in the same way. The (7,7)-th entry of this operator is G;(v)H;;(v)Q;(Ey — v) which
can be written as

LW, X(~Aa,,) e, () VAT E ()W, B0, (0) V4742 - (B4, (v) TV AH2Q;(By — v),

where

Hi ('>¢i)ai &® ¢z’> Ea(’/) = (_Aza + V)il'

1

15l
Here we assume that Ej is a resonance of P%. Otherwise, G;(v) = 0. By Corollary
3.4, Eaj(u)_1/4+€/2Qj(E0 — v) is continuous up to v = 0, for any € €0, (p — 2)/2[, if
2 < p <3, and € can be taken as 1/2 if p > 3.

It suffices to show that
1/2 — —_ —_ 1/2
VV/ "'aj (1/)1/4 e/ZHOHb(V)Hai(V)IMer/

2

is bounded and continuous in v up to v = 0. To do this, remark that the W, Il = O(<
T, >~P/2) for i # j and that since dim Xq; =3,

Ry dv =<z >7° (—Awa], = E(LQ(Xaj))

is continuous in v > 0 for s = s’ = 0 and for any s > 3/2,s’ < 3/2, since in the later
case, the operator is of Hilbert-Schmidt class for v > 0. A complex interpolation gives
that for 0 < s’ < 3/2,¢' < s,

Ry 3 v <z, > ° (<Ay, +v) ¥ € LILA(X,)) (4.4)
is uniformly bounded in v > 0. Applying (4.4), we obtain
v = W PBy, () PILE (), ()W) € L(LX(X) (4.5)

11



is uniformly bounded in v > 0, if
p>3 —e

Under the assumption (1.2) with p > 8/3, we can choose € > 0 close to (p—2)/2 so that
the above inequality is satisfied.

To see that the above operator can be continuously extended to v = 0, let xr(&)
be the cut-off x(|&[?/R), R > 1. Let x1 € C°(R) with x1(t) = 1 on supp x. Then,
applying (4.5), we obtain

W, 2Ea, () 4= To (1 = xr(Dy)E(v)Ea, () V' W} — 0, (4.6)

R — oo, uniformly in v > 0. Under the assumption p > 8/3, one can show that for each
fixed R > 1,

< Zg, >—P/2 Eaj(,,)3/4—e/4xl(_A$aj /R) € E(LQ(X%))
and
Xl(_Awai /R)Eai(V)3/4_€/4 < Zg; >—p/2€ ,C(LZ(X(M))

are Hilbert-Schmidt operators with sqare integrable kernel depending continuous on
v > 0. In particular, they are continuous in v > 0 as bounded operator-valued function.
It is clear that

v — Eq, (1) "2y g (Dy) By (1) B, (v) T2/ € L(LH(Xp)
is continuous in v > 0. Consequently, the operator-valued function
v < zq, > P12 By, () PPxR(D)E(v)Eo, () < ma; > PP€ L(LP(Xs)
is continuous up to v = 0. By (4.6), one derives that

W'l/zaaj (V)1/476/2H05b(y)5ai (V)1/4Wj1/2

2

can be continuously extended to v = 0. This proves Proposition 4.2. |

Let us now recall some results from [29] which are important in our work. Let S(o) :
(L?(S?))® — (L?(S?))? be the integral operator with the kernel

) 0 S12(t;0) 1?13(75; o)
SO,w;0) = | Sa(t;o) 0 Sos(t;o) |, t=60-w, Owe s?, (4.7

5'31 (t;o0) Sso(t; o) 0

with .
sinh(o arccos s;;t)

(1-— s%tz)l/2 sinh(mo)’

Sij(t;0) = (2m) 7166 juije’™i° i # J,-

Here §; = 1 if Ey is a resonance of P%; 0, otherwise. The constants u;;, s;j, 7;; depend

only on the ratio of reduced masses in the clusters by, by, b3. In particular, u;; > 0 and
|sij| < 1. See (4.16) and (4.23). For p > 0, define

Ulp) = /R (s, 5(0)) do (4.8)

T ir
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This function was studied in detail in [29] and is very important for the proof of the
existence of the Efimov effect. In particular, it is proved in [29] that U(-) is continuous
and that if at least two of the three §;’s are non zero,

U1)>0 (4.9)
Theorem 4.3 For iy > 0, one has
lim [logv|~'n(u, G(v)H )G (v)) = U(u). (4.10)
v—=>U4

Proof. We denote

II; = m('aqu)aj ®¢j, Tj(v) = X(~ D, )(~Da,, +2) 74

Then, H? = (-, ¢5)a; ® ¢j and G(v) = [';(v)II;(v). Define
£ j= ("¢j)aj : L2(X) - L2(X‘aj)7 and

Erj = ¢ ®-: L*(Xq;) = L*(X),

so that T3 = &£, ;€ ;. Let Fj : L*(X,;) — L2(XZ],) be the three-dimensional unitary
Fourier transform defined by

]‘ —1 Ea
Fju(a;) = W /X e t%a;E iu(zq;) diq;-
a5

Let ;(v) denote the multiplication by the function x (|, |?)(|€q; |2+v) /4. Let II (resp.,
I'(v), v(v), £+, F) denote the diagonal matrices with the entries II; (resp., I';(v), v;(v),
E+ 4, Fj, 3 =1,2,3). By an elementary argument, one can see that the non-zero eigen-
values of G(v)H (v)G(v) = IIT'(v)H (v)T'(v)II are the same as those of I'(v) H (v)['(v)I12
with the same multiplicities. The later has the same non-zero eigenvalues as those of the

operator
ET(W)HWP(W)Ey € LIL*(Xay) X L*(Xay) X L*(Xay))-

So, we obtain for > 0,
n(p, Gw)H(v)G(v)) = n(p, E-T(v)Hv)T (v)E4). (4.11)
Applying Fourier transform F, we obtain
n(p, GW)H(v)G(v)) = n(p, yv) FE_HW)ELFy(v)). (4.12)

Let
j(2%) = W;(a% )uj(@%)po(a®), j=1,2,3. (4.13)

By Theorem 3.1 and the assumption (1.2), one has

|xai|‘51/)j € L}(X%), forany 0 < § < p — 2.

13



The normalization of resonant state gives

(4, 1) / Yi(z%)dz% = —2¢/. (4.14)
For i # j, the (i,7) entry of FE_H (v)ELF* is
Fil(=Ap +v) T (Ff )b Pi)a; : LX) = L2 (Xays)-

We have the decompositions 2% = zb + wZ', & = Ea; + fb” for 2% € X%, & € Xj. Let
F' denote the partial Fourier transform in mb' variables:

. ) 1 oG 0 ; ;
Fule) = o /xe 6 ()
b

By the Parseval equality in mzj variables,

Fil(—2p +v) N (Ff - ¥i)0,hi)a; = ((|£b|2+V)*lﬂ[fi(ff',wj)b],ﬁwi)Lz(xbxxzi*)
= ((|§b|2+V)_1¢ja1[)i)L2(xZi*)-

Here o
Di(€4) = (2m) 312 / ¢ i (a%) da).
Xj

For i # j, the (i, j)-entry of the operator y(v)FE_H (v)EL F*y(v) is given by

/Xai* ryz(gla V)(|§b|2 + V)_liﬁj(fzj)iﬁz(fgz)%(fja I/)’U,(fj) d&gi*a (415)

b

for u € LZ(X;?). To determine the kernel of this operator, we reprensent &,,, and &,;
each by three coordinates in a orthonormal basis in X7 and X, respectively. We

choose (a;,8a,), @ # j, as coordinates of Xj. This is possible because X; = X7 @ XZ],.
We can calculate:

& = e+,

yo= e + bl (4.16)
1617 = diléa,|* + dija, - &a; + djléa,|?

Here cZ],bgj,cZ],bZ],d > 0,d; > 0 and d;; are non-zero constants depending only on
the reduced masses of the clusters b1, bo, bg. These constants can be explicitly calculated
using, for example, the clustered Jacobi coordinates. Since |¢|? is positive definite on
X, we have necessarily

|di;|* < 4d;d;. (4.17)

Making the change of variables §;* — &, in the integral in £;*, we see that the kernel
of the (7, j)-entry of the operator (v )]:8 H(v)ELF*y(v) is

kij = miYi(€as, v) (16]* + v) 71b5 (657 )0 (6) 75 (&, > v)- (4.18)
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Here m;; is a positive constant depending only on the masses and &, {I‘)”, £Zj are expressed
in terms of (£,;,8q;) by (4.16). Due to the cut-off x(|€a,1?) in vj(&q,,v) for 1 = 4,7,
the integral operator defined by k;; can be naturally identified with an operator from
L*(B(1,a;)) to L?*(B(1,a;)). Here

B(r,a;) = {&a; € X35 &a;| <7},7 > 0.
Note that 1@-(0) = 27127~ and

i(&7) = ;(0) +9(&7), (4.19)

where 9(£,?) is a bounded function behaving like O(|&,7|%) as &7 — 0. We now remove
the cut-off y and replace '(ij ({gj ) by zﬁj(()). Let ¢ be the characteristic function of ]1, o0].
Let
0 Kh(v) Ks(v)
K'w)=| Ku(v) 0  Kj®)
K3 (v) K(v) 0

be the operator with the entries
K3(v) : L*(B(1,45)) = L*(B(1,a;))
defined by the integral kernel k%(u)
1 _ _ _ _ _
By 0) = 5 5 0idimigs(v 2 lea (a4 2) VG +0) 1y +0) VAo ey ),
(4.20)

where §; = 1, if Ej is a resonance of P%; 0, otherwise. In (4.20), &, is expressed in terms

of the variables £,; and &,;, 7 # j. As in Proposition 4.2, it can be shown that k;; — k%(z/)
defines a compact operator continuous in v > 0. So it does not contribute to the leading
term of the asymptotics.

The rest of the proof is the same as Theorem 4.7 of [29]. By the dilation y — v'/2y,
one sees that the operator

K'(v) € L(L2(B(1,a1)) x LA(B(1,2)) x L*(B(1, a3))
is unitarily equivalent with the operator
K°(1) € L(L*(B(v™?,a1)) x L2(B(v /2, a5)) x L*(B(v~Y?, a3))).
The integral kernel k?j(l) of the (4, j)-th entry of K(1) is given by (4.20) with v = 1:
1 _ . _
k(1) = 5 0i0mijs(1€a D (€ail® + 1) 746 +1) 7 (€ P + 1) 16(1€, D).

Let Ty € L(L*(B(v='2,a1)) x L*(B(v='2,ay)) x L*(B(r~'/%,a3))) be the integral
operator whose integral kernel of the (4, j)-th entry is defined by ¢;; = 0 if ¢ = j and

1 _ _ _
tij = 5.59i0jmij< ([€a;]) €as] Y216 a1 (1€, ),
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if i # j. Replacing K°(1) by Ty again gives rise to a remainder which corresponds a
compact operator continuous up to v > 0. Let S; denote the unit sphere in XZ],. Making
use of the unitary transformation induced by the change of coordinates £,;, = €' wy,
rj € R,w; € S;, which maps the set 1 < |{,;] < v~1/2 onto the set 10, |log v|/2[xS;, one
can check that Ty(v) is unitarily equivalent with the operator

Sgr € L(L?(0,R; L?(S;)) x L?(0, R; L?(S5)) x L*(0, R; L*(S3))) (4.21)

where R = |logv|/2 and the entries of Sk are given as follows: Syr = 0 and for 7 # j,
S;j is the operator of integral kernel

Sijri —rjs i wj) = 212(d;elri—73) —I-J;(jjer(r:;]”) +djjw; - wj) (422
See the equation (4.16). Set
Ujj = S Sij = Ay :
(did;)'/? 2(dsd;)'/?
Then, |s;;| < 1 by (4.17) and
Sy =i -0y) = Lt (429

~ 4w2(cosh((r; — 1) + 7ij) + sijwi - wj)’
where )
Tij = 3 log(d;/d;).
Sr is a Toeplitz operator of the form IIzSTIg where
S € L(L*(Ry4; L*(S1)) x L?(R; L*(S2)) x L*(R; L*(S3)))

is a convolution operator in radial variables with the kernel given by (4.23) and Il is the
multiplication by the characteristic function of |0, R[. This operator is already studied
in [29]. Applying Theorem 4.5 of [29], we conclude that

lim R~ 'n(u, Sg) = 2U(u), (4.24)
R—o0

where U(p) is defined by (4.8). Note that S’ij (t,0) is related to S;j(r,t) by the Fourier
transform

A

Sij(t,0) :/ e " S (r,t) dr. (4.25)
R
Since R = §|log |, we obtain

lim |logv|~'n(u, GW)H)G(v)) = U(n).
v—04
Theorem 4.3 is proved. |

Proof of Theorem 1.1. It follows from Lemma 4.1, Proposition 4.2 and Theorem 4.3 that
lim |logv|™n(1, F(Ey —v)) =U(1) #£0.

v—04

Since I Ry(A)IIf > 0 for A < Ey, one has A(A) > F(A). Therefore,
n(1, A(\)) > n(1, F(X)). (4.26)
Theorem 1.1 follows. |

16



References

[1]

2]

[3]

[4]

[5]

[6]

[7]

(8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

F. Ahia, Finiteness of the discrete spectrum of (N > 3) N-body Schrédinger oper-
ators, which have some determinate subsystems that are virtual at the bottom of
the continuum. J. Math. Phys., 33(1)(1992), 189-202.

S. Albeverio, R. Hgegh-Krohn, T. T. Wu, A class of exactly solvable three-body
quantum mechanical problems and the universal low energy behavior. Phys. Lett.
A, 83(3) (1981), 105-109.

S. Albeverio, S. Lakaev and K. A. Makarov, The Efimov effect and an extended
Szeg6-Kac limit theorem, Lett. Math. Phys. 43(1)(1998), 73-85.

S. Albeverio, K. A. Makarov, Limit behaviour in a singular perturbation problem,
regularized convolution operators and the three-body quantum problem. Differen-
tial and integral operators (Regensburg, 1995), 1-10, Oper. Theory Adv. Appl.,
102, Birkhouser, Basel, 1998.

R. D. Amado, F. C. Greenwood, There is no Efimov effect for four or more particles.
Phys. Rev. D, 7(3) (1973), 2517-2519.

R. D. Amado, J. V. Noble, On Efimov’s effect: A new pathology of three-particle
systems. Phys. Lett. B, 35(1971), 25-27; II. Phys. Lett. D, 5(3)(1972), 1992-2002.

D. Bollé, Schrédinger operators at threshold, pp. 173-196, in Ideas and Methods in
Quantum and Statistical Physics, Cambridge Univ. Press, Cambridge, 1992.

M. S. Birman, M. Z. Solomyak, Spectral asymptotics of non smooth elliptic opera-
tors II., Trans. Moscow Math. Soc., 28(1973), 1-32.

J. F. Brasche, Generalized Schrodinger operators, an inverse problem in spectral
analysis and the Efimov effect. Stochastic processes, physics and geometry (Ascona
and Locarno, 1988), 207-244, World Sci. Publishing, Teaneck, NJ, 1990.

F. A. B. Coutinho, J. F. Perez, W. F. Wreszinski, A variational proof of the Thomas
effect. J. Math. Phys. 36 (1995), no. 4, 1625-1635.

H. L. Cycon , R. G. Froese, W. Kirsch and B. Simon Schrddinger Operators, with
Application to Quantum Mechanics and Global Geometry, Springer-Verlag, 1984.

V. Efimov, Energy levels arising from resonant two-body forces in a three-body
systems. Phys. Lett. B, 33 (1970), 563-564.

W.D. Evans and R.T. Lewis, N-body Schrédinger operators with finitely many
bound states. Trans. Amer. Math. Soc., 322(2)(1990), 593-626.

W. D. Evans, R. T. Lewis and Y. Saito, The Agmon spectral function for molecular
Hamiltonians with symmetry restrictions. Proc. Roy. Soc. London Ser. A 440 (1993),
no. 1910, 621-638.

U. Grenander, G. Szegd, Toeplitz forms and their applications, Univ. of California
Press, Berkeley and Los Angeles, 1958.

17



[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

B. Helffer and J. Sjostrand, Résonance en limite semiclassique, Bull. Soc. Math.
France, Mémoire 24/25 (1986).

A. Jensen and T. Kato, Spectral properties of Schrodinger operators and time decay
of wave functions, Duke Math. J., 46(1979), 583-611.

G. Karner, Many-body systems and the Efimov effect, Few-body Systems, 3(1)
(1987), 7-25.

M. Klaus, B. Simon, Coupling constant thresholds in nonrelativistic quantum me-
chanics II. Two cluster thresholds in N-body systems, Commun. Math. Phys.,
78(1980/1981), 153-168.

M. Klein, A. Martinez and X. P. Wang, On the Born-Oppenheimer approximation
of wave operators in molecular scattering, Commun. Math. Phys., 152(1993), 73-95.

S. N. Lakaev, On the Efimov effect in a system of three identical quantum particles.
(Russian) Funktsional. Anal. i Prilozhen. 27 (1993), no. 3, 15-28, 95; translation in
Funct. Anal. Appl. 27 (1993), no. 3, 166-175.

K. A. Makarov, V. V. Melezhik, Two sides of a coin: the Efimov effect and collapse
in a three-body system with point interactions. I. (Russian) Teoret. Mat. Fiz. 107
(1996), no. 3, 415-432; translation in Theoret. and Math. Phys. 107 (1996), no. 3,
755-769 (1997).

R. G. Newton, Noncentral potentials: the generalized Levinson theorem and the
structure of the spectrum, J. Math. Phys., 18(1977), 1582-1588.

R. G. Newton, Scattering Theory for Waves and Particles. 2nd ed., Springer Verlag,
1982.

Yu. N. Ovchinnikov, I.M. Sigal, Nmber of bound states of three-body systems and
Efimov’s effect, Ann. Physics, 123(2) (1979), 274-295.

M. Reed and B. Simon, Methods of Modern Mathematical Physics, II1. Scattering
Theory, Academic Press, 1978.

I. M. Sigal, Number of eigenvalues of many-body Hamiltonians and Efimov’s effect,
Mathematical Problems in Theoretical Physics (Proc. Intern. Conf. Math. Phys.,
Lausanne 1979), pp 57-61, Lecture Notes in Phys., 116, Springer Berlin-New York,
1980.

B. Simon, Large time behavior of the LP norm of Schrédinger semigroups. J. Funct.
Anal., 40(1981), 66-83.

A. V. Sobolev, The Efimov effect. Discrete spectrum asymptotics, Commun. Math.
Phys., 156(1993), 101-126.

H. Tamura, The Efimov effect of three-body Schrédinger operators. J. Funct. Anal.
95 (1991), no. 2, 433-459.

18



[31] H. Tamura, The Efimov effect of three-body Schrédinger operators: asymptotics for
the number of negative eigenvalues. Nagoya Math. J. 130 (1993), 55-83.

[32] S. Vugal’'ter, Absence of the Efimov effect in a homogeneous magnetic field. Lett.
Math. Phys. 37 (1996), no. 1, 79-94.

[33] S. A. Vugal'ter and G. M. Zhislin, On the discrete spectrum of Schrédinger operators
of multiparticle systems with two-particle virtual levels, Dolk. Akad. Nauk. SSSR,
267(4) (1982), 784-786.

[34] S. A. Vugal'ter and G. M. Zhislin, On the finiteness of discrete spectrum in the
n-particle problem. Rep. Math. Phys. 19 (1984), no. 1, 39-90.

[35] X. P. Wang, Asymptotic behaviors of the resolvent for N-body Schrédinger opera-
tors near a threshold, preprint, Univ. de Nantes, 2002.

[36] D. R. Yafaev, On the theory of the discrete spectrum of the three-particle
Schrodinger operator, Math. USSR-Sb., 23 (1974), 535-559.

19



