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A CLASS OF COUNTEREXAMPLES TO
THE FEFFERMAN-PHONG INEQUALITY
FOR SYSTEMS

ALBERTO PARMEGGIANI

ABSTRACT. We give here a class of counterexamples to the Fefferman-
Phong inequality for systems of pseudodifferential operators, which con-
tains Brummelhuis’s one as a particular case. The main ingredient in
the proof is the use of “localized operators” associated with the system,
and Hormander’s example of a positive-semidefinite matrix whose Weyl
quantization is not non-negative. For the considered class the Sharp
Garding inequality cannot be improved.

1. INTRODUCTION

The Fefferman-Phong inequality ([5]) states that if a = a(z,£) > 0 is a
scalar symbol in the class S?(R" x R"), then the relative pseudodifferential
operator (do in the sequel) a(z, D;) is bounded from below in L?, that is,
there exists a constant C > 0 such that

(FP) Re (a(z, Dy)u,u) > —C |uly, Yu € CP(R?).

On the other hand, when A = A* = a(z,D,) is a properly supported
classical 1do of order m, that is, its (total) symbol a(z, &) has an expansion
a(z,§) ~ am(z,&) +am—1(z,&) +. .., where a,,—; is positively homogeneous
of degree m — j in the fiber variable &, one looks for conditions on the
principal symbol a,, and on the lower order term a},_,(z,&) := am—1(z,€) +

. n
%Z 82], ¢ am(z, ), the sub-principal symbol of A, that ensure lower bound
7j=1
estimates for the L2-quadratic form (Au,u), u € Cg°, associated with A. The
reason why one looks at a,, and a;, ;| is that a,, is invariantly defined
on T*R" \ 0, and a?,_,(z,&) is invariantly defined where a,, vanishes to
second order (which is always the case when a,, > 0).
When a,, > 0 on T*R" \ 0, one has the celebrated Sharp Garding inequal-
ity (proved by L.Hormander) which states: For every compact K C R™ there
exists Cg > 0 such that

(SG) (Au,u) > =Cxc [ulfy_1y2» Vu € C(K).

I wish to thank the Institut Mittag-Leffler for the kind hospitality. I wish also to thank
N.Lerner and D.Tataru for useful discussions.
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The next step was obtained by A.Melin (see [11]), who proved the follow-
ing equivalence:

For any given € > 0 and any given compact K C R" there exists C; x > 0
such that

(M) (Au,u) > —¢ ”u"%mq)/z —Cex "u”%m72)/2’ Vu € Cg°(K)
(the so-called Melin inequality);

am(z,§) = 0, V(z,§) € T"R™ \ 0,
(1)

am(z,8) =0 = ad_(z,&) + v (F(z,&)) >0,

where Tr" (F(z,£)) is the positive trace of the fundamental matriz F(z,§)
defined by the identity

<Q(w,§)’v’w>T(x,§)T*Rn = U('U’ F(:C, ‘f)w)a v, w € T(w,{)T*Rna
Q(c,6) being the Hessian of a5, /2 at (z,€) and with o = 377, d§; A dz;
the canonical symplectic form on T*R". Explicitly, Tr* (F(z,£)) = Y >0 B
with iu € Spec(F(z,§)).
It is important to remark here that the Hessian Q;¢) and the positive
trace Tr (F(z,¢)) are invariantly defined on the set where a,, vanishes

to second order. Observe also that in conditions (1) above, no assumption
on the geometry of the characteristic set

Y= {(z,&) € T*R* \ 05 am(z,&) =0}

is made. In fact, supposing that:

(1) X is a smooth sub-manifold of T*R™ \ 0,

(17) o has constant rank on the connected components of ¥, i.e. .3 p —
dim(TpZﬂTpZ”) is locally constant, where T,3° is the symplectic orthogonal
of T,%,

(148) ap,(z, &) vanishes exactly to second order on X,

Hormander proved in [7] the following result: Conditions (1) above is equiv-
alent to

For any given compact K C R" there exists Cx > 0 such that

(H) (Au,u) > ~Cr ul?,,_y 5, Yu € C(K).

Condition (ii) above can also be rewritten as a,,(z, &) ~ |¢|™dists (x, £/|€])?,
where disty (z,£/[£|) denotes the distance of (z,&/[€]) to X.

It is important to remark the following fact, that we state already for
matrix-valued ¥do’s.

Remark 1.1. If A(x,D,;) € OPS™(R*;CN) (the set of classical, prop-
erly supported, N x N matrices of classical 1pdo’s of order m) has symbol
Az, &) ~ A (2, 8)+Am—1(z,&)+. .., where Ap,_; is positively homogeneous
of degree m — j in &, and Az, &) = A(x,&)* (that is, A(z,€) is a Her-
mitian matrix of classical symbols), then (A(z,Dy) + A(z, Dz)*)/2 =:
Re(A)(z,D;) = AV (z, D;) (the Weyl-quantization of A(x,§)), with the total



A CLASS OF COUNTEREXAMPLES TO THE ... 3

symbol A(x,€) of Re (A)(x,D;) computed by the formula (see [10], Vol.ITI)
Az, €) = eiD=De)/2 A(x ). Hence, at the level of the L2-quadratic forms,
one always has Re (A(z, Dz)u,u) = (AY(z, Dy)u,u). We shall hence work
with the Weyl-quantization of a classical symbol. In particular, for the sub-
principal symbol A3 of Re (A)(z, D), one has A3(z,€) = Ay (x,§).

As regards the vector-valued case, the Fefferman-Phong inequality (FP)
is in general false. In fact, in [2] R.Brummelhuis exhibited an example
(homogeneous of degree 2) for which (F'P) fails. There was already a clue
that problems might arise in vector-valued situations. L.Hormander, in [8],
showed that the Weyl-quantization of positive-semidefinite matrices may be
not non-negative. The purpose of this paper is to introduce (building upon
the examples of Hormander and Brummelhuis) a class of counterexamples
to the Fefferman-Phong inequality (F'P) that is geometrically characterized
(see Section 5 below). Indeed, for such a class, only the Sharp Garding
inequality holds (and no improvement of the kind (W H) below, as suggested
by the result of [12], is possible).

We recall that conditions for Melin’s inequality (M) to hold in the case of
systems were obtained by Brummelhuis [3], Brummelhuis and Nourrigat [4],
and by Parenti and Parmeggiani [12] (under conditions on the symplectic
type of the characteristic manifold ¥).

As regards Hormander’s inequality (H) for N > 2, conditions in the
case of systems with double characteristics (that is, ¥ = {(z,€) € T*R" \
0; det(am(z,£)) = 0} is a manifold on which the symplectic form has con-
stant rank, det(an,(z,£)) ~ |¢|N™disty(z, £/|€)%, and dimKer a,,(p) = ¢,
for all p € ) were given by Hormander [7] (case of £ = 1), and by Parenti
and Parmeggiani [12] (any £ with 1 < £ < N and ¥ symplectic). It is worth
noting that, as shown in [12], another inequality that can be obtained by
relaxing a bit the hypotheses is the following (Weak-Hormander): For any
given compact K C X there exists a constant Cx > 0 such that

WH)  (Au,w) 2 ~Cic lulfy_gj2y)2+ Vo € CF(KGCY).

Inequality (W H) is already interesting in its own right.
Hence, inequality (W H) shows that when (F'P) (equivalently (H)) fails,
there might be room for intermediate inequalities of the following kind.

Definition 1.2. Let AV (z, D,) = A% (z, D;)* € OPS™(R"; CN), with prin-
cipal symbol A, (z,€) > 0 in the sense of Hermitian matrices in CN. Let
s €[0,(m —1)/2). We will say that AV (z, D;) satisfies inequality (Is) if for
any given compact K C R" there exists a constant Ck s > 0 such that

() (A" (2, D), u) > ~Cie,s Jul?, Vu € G5 (K;C).

The reason why we take s € [0, (m —1)/2) is that inequality (I(;m—1)2) is the
Sharp Garding inequality, which already holds true for such an AY.
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Remark 1.3. When considering inequalities such as Fefferman-Phong’s in-

equality for A(z, D) € OPS%(R™;CN) (that we also called Hormander’s in-

equality, because of the presence of homogeneity), one is concerned only with

the behavior of As(x,&) + Ai(x,§), for the remainder gives rise to a term
S 2

which is already O(|ul;).

From now on, for definiteness and to relate more clearly the various in-
equalities to the Fefferman-Phong one, we shall consider m = 2.

In Section 2 we will describe the fundamental example by Héormander of
a non-negative matrix whose Weyl-quantization is not non-negative, which
is a model for the class we will construct.

In Section 3 we will recall Brummelhuis’s counterexample Ap to the
Fefferman-Phong inequality. It will be clear in the sequel that the fail-
ure of Ap to fulfill inequality (F'P) is caused by the fact that the “localized
operator” of Brummelhuis’s system Ap at the point (0,29,0,1) is unitarily
equivalent in L2 (but also equivalent in S and S') to Hérmander’s operator
Ap, and therefore it cannot be non-negative. Since the non-negativity of
the localized operator is a necessary condition for all the inequalities (I;),
s € [0,1/2) (see Section 4 below), it follows that inequality (F'P) (as well as
any of the (I;), s € [0,1/2)) cannot hold for Ap.

In Section 4 we will recall what a localized operator associated with the
system A(z,D,) at a characteristic point is. As recalled earlier on, its spec-
tral properties give necessary, and in some cases sufficient, conditions for
the inequalities we are concerned with to hold.

We will describe the class of pseudodifferential systems that fail to satisfy
the Fefferman-Phong inequality in Section 5 and Section 6 below. The class
is roughly described as the Weyl-quantization of the quadratic form

As(z,€) = p(2,£)*0 @ v + 2p(z,&)q(z, §)Re(? @ w) + q(z,£)*D @ w,

where v,w € CV are orthonormal vectors, and p and ¢ are real and vanish
in a “finite-type” fashion on a symplectic (conic) manifold. For this class,
it will also be seen at once that the Sharp Garding inequality cannot be
improved, not even to the weaker (W H) inequality above (and in fact, to
none of inequalities (I;) for all s € [0,1/2)).

We close this introduction by giving some examples (or, better, counter-
examples).
Example 1.4. The first one is a 2 x 2 example in R3. For k € Z, and
d €10,1), let

& + 588 —2mb16s (& — 2285) (€ + 217 1E)
AQ(CL‘,S) = ] ?

(&1 — 22&3) (62 + 23T1Es) €& + 21722 + 223716045

0
Ai(w,€) = g(l + 2k +Dat* )& [ Z

1 0
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Then for AV(z,Dy), A(z,&) = Az(z, &) + Ai(z,§), the Fefferman-Phong
inequality does not hold, and the Sharp Garding inequality cannot be im-
proved.

Example 1.5. The second one is a 3 x 3 example in R?. Let
(&1 + z1&2)? —i(& +:162)? V2(EF - 38))
A& =7 | i+ me)? (@ +ne)?  WAE -5
V2(&f - 23€6) —iv2(§ —218) 26 — 11&2)?

Example 1.6. The third one is a 4 x 4 example in R?. Tt is very close to
Brummelhuis’s example. Let

& —121£182 &1(& —&2) §1(& +&2)

1| mé&iée z3€3 ir162(§1 — &2)  im1&a(& + &2)
3la(e—6) —imba(t—&) (61— E)? & -8

§1(&1 +&2) —im1&a(6r + &o) & -8 (&1 +&)%

Example 1.7. The last one is a 2 x 2 example in R?. It is another kind of
generalization of Brummelhuis’s example. Let &k > 1 and let

3 —izh&&s
, % ¢2
irhé s 2REl

Then in all the above examples, the Fefferman-Phong inequality does not
hold for AY(z, D,), and the Sharp Garding inequality cannot be improved.

A(IE,&) =

oo |

2. HORMANDER’S NON-POSITIVITY EXAMPLE

Consider the system

22 z

(2) Ap(,€) = L -

Then (Ag(z,&)v,v) > 0 for all (z,£) € R? and v € C2. In spite of this,
Hormander proved that the the Weyl-quantization A}; is not non-negative.

“1] € S(R;C?) and Dy = —idy,

], (z,6) e Rx R

In fact, one has, with u = [
U2

(AVI;(.’II, Dm)u,u) = "xul + Dﬂcu?"g —Im (ul,u2)'

If one chooses, following Hormander, u; = v, ug = i(v — zv'), for v €
C§{°(R;R), then the term |zu; + Dwu2||3 = 0 and the right-hand-side be-
comes

—Im (u1,up) = (v",0 —2v") = _% ”'U,”(Q) <0.

It is important to notice that det(Ag(x,£&)) = 0 on the whole T*R.



6 ALBERTO PARMEGGIANI

3. BRUMMELHUIS’S COUNTEREXAMPLE TO (F'P)

Consider the system

262 im&iée

—1z1£1&2 &

One has that the operator Ag(x, D,), in spite of having non-negative sym-
bol, does not satisfy the Fefferman-Phong inequality (FP). In fact, fol-
lowing Brummelhuis, one considers x,v% € C§°(|z1],|z2| < 1) such that
I x(z1,22)1¥(0,29)dz1dzs = 1. Take then p > 0 a parameter to be picked
sufficiently large, and define

(3) Ap(z,§) = [ ] , (z,6) € R? x R

u(z1,m2) = /pe P2 x(pz1,12),  v(T1,T2) 1= e H20(z1, T5).

Then [ulg + [v[§ = Ix|g + [+ . Writing (recall that Dy, = i1,

Re (AB(w, D.) [“] , [“] ) = |iDy, v + 21 Dgyu)? + Re (Dayu, v)
v v

it easily follows that there exists C' > 0 and pg > 1 such that for all u > pg

Re (4n(o,02) 2] [2] ) < —ovm(hls + 1082)

It is interesting to notice that also in this case det(Ap(z,€)) = 0 on the
whole T*R2.

4. THE LOCALIZED OPERATOR

In this section, we shall define the localized operator of a pseudodifferential
system in a simple case tailored to our purposes (see [1], [3], [4], [12] for more
general situations). Suppose we are given A(z,&) = A(z,£)* ~ As(x, &) +
Ai(z,€)+..., an Hermitian N x N matrix of second-order classical symbols.
Suppose that det(Aa(z,£)) = 0 for all (z,£) € T*R™\0, and let X be a closed
conic symplectic submanifold of 7*R"™ \ 0 of codimension 2v > 2 such that
Ker (A2(p)) = CY for all p € X. Then, for w,w’ € CV, define

' (z,€) = ay (z,€) + " (z,€) =
= <A2($a£)wawl> + <A1("E7§)wawl>a (-’E,6) € T*R" \ 0.

Since a5’ > 0 on T*R" \ 0 (w = w'), it follows by polarization that a;”,’w
vanishes to second order on ¥ for all w,w’ € CV. Hence we may consider,
for it is invariantly defined then, with py = (z¢,&y) € %, |§o] = 1 and { =
(y,m) € Ty, T*R", the N x N Hermitian-valued quadratic form @ 4, (po;¢) =

(Hess(A2/2)(p0)C; O, T Rn-

Definition 4.1. (See, e.g., [3]) In this framework, the localized operator
L% (po) of AV at py € ¥ is the Weyl quantization

L% (po3y, Dy) == Q%, (po;y, Dy) + A1(po),
thought of as a formally self-adjoint unbounded operator in L?(R*;CN).
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We then have the following proposition, which provides a necessary con-
dition in order for inequality (I;) to hold for some s € [0,1/2).

Proposition 4.2. Let A(z,£) = A(z,&)* ~ Ag(x,€) + Ar(z,€) + ... be an
Hermitian N x N matriz of classical symbols of order 2. Suppose that at
some py = (wo,&) € T*R* \ 0, |&| = 1, one has Ker (Aa(po)) = CN. If
AV (z,D;) = A¥(z,D,)* € OPS%(R™;CN) satisfies inequality (I,) for some
s €[0,1/2), then

(4) (£5(0i, Dy)f,£) 20, Vf € SR TY).

Proof. The proof is classical. One just tests inequality (I5) as t — +oo
on a cut-off function of the kind ™ (@00 (¢(x — 1)), where t > 1, 9 €
C§°(R™;CN). A Taylor-expansion finishes the proof. O

On the other hand, since T, T*R" = T, X @ T,,X° (symplectic orthog-
onal direct sum) and ¢ € T,)¥ = Qua,(po;¢{) = 0, one may reduce
matters to considering only ¢ € T,,3°. In fact, one may use a homogeneous
symplectomorphism x to locally near py flatten ¥ into {(y',v",7n',n") €
R x R*™" x R” x (R*” \ {0}); ' =n' =0, n" # 0}, whose Jacobian ma-

trix hence coordinatizes T),, X% as RY x (R)* (such a symplectomorphism

exists by Thm. 21.2.4 of [10]). Then, by using the invariance of the Weyl-
Calculus under linear symplectomorphisms it easy to see that (4) above
implies, with

L (po) := Q%,0y-1(po; T, Dy) + A1(po),
that
(5) (L% (po)fs f) > 0, Vf € S(R;CY).

This latter necessary condition will be used in the proof of Theorem 5.1
below.

5. THE CLASS OF COUNTEREXAMPLES

Let v > 1, and consider real classical symbols on T*R" \ 0, «;,; ho-
mogeneous of degree 0, and pj,q; homogeneous of degree 1, respectively,
j=1,...,v. Set

p(‘raf) = Zaj(xag)pj(mag)a Q(‘Taé) = Zﬂ]($,£)Q]($7£)

j=1 j=1
We suppose that
Y1={(z,§) e T"R"\ 0; p1(z,&) = ... = pu(2,£) =0},

and
Yo ={(2,&) e T"R"\ 0; q1(z,&) =... = q(x,€) =0},
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are closed conic manifolds of codimension v with transversal intersection
Y. = X1 N X9, that has therefore codimension 2v. Suppose

{dp;(p)}1<j<v are linearly independent Vp € %,
(H1) {dg;(p)}1<j<v are linearly independent Vp € ¥,

{pjapk}|21: {QjanHEZ: 0, Vj,k=1,...,v,
and

(H2) the matrix ({pj, qk}(p)> <ipe is invertible for all p € X.
<jk<v

Hence, by (H1), ¥; and X2 are involutive manifolds, and by (H2), ¥ is
symplectic. Moreover, (H2) yields that the differentials dp;, dgy, 1 < j,k < v
are linearly independent on X.
Next, with (-,-) the canonical Hermitian product in CV and |- | the relative
norm, fix orthonormal vectors vy,v3 € CV, and complete {v;,v2} into an
Hermitian basis of CV. Let {v;-‘}jzl,___,N be the relative dual vectors, so
that v} (w) = (w,v;), j = 1,..., N. (Hence, when thinking of v; as column
vectors, the v are the complex-conjugate row vectors.) Let then, for (z,£) €
TR \ 0,
(6) Liw,6): C— ", L(w,&): 2 — 2(p(z,&)v1 + alw,€)v2), 2z € C,
and the related linear form
(7) L(z,6)*: CN — C, L(z,8)*: w+— (w, L(z,£)), we CN.
Define hence the matrix-valued second-order classical symbol As(x, &) by
(8) A2($a£)w = (w,L(w,{))L(m,f), Vw € (CN'
Hence Ay(z,&) = As(x,&)* >0, for

{As(z, &)w,w) = |(L(z,€),w)|*, Ywe CV.
Moreover, since (CV)* ® CN ~ Homc(CY,CV) (® = ®c) by the isomor-

phism that acts on decomposable elements as v* ® w — (u = v*(u)w =

<u,'u)w), we shall write

AQ(waf) = L(wvf)* ® L($,§) = L(:L',é‘)L(.’B,f)*,
where the last equality is understood when thinking of L as a column vector
and L* as the relative complex-conjugate row vector.
It is clear that
det Ay(z,€) =0, VY(z,&) € T*R™ \ 0,
(9)
Ker Ay(p) =CN, Vpe X.

One has the following theorem.
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Theorem 5.1. Suppose hypotheses (H1), (H2) are satisfied, and consider
the classical symbol A(x,&) = A(z,&)* ~ As(z, &) + A1(z, &) + ... with Ag
defined in (8). Suppose that there ezists py = (z9,&0) € X, || = 1, such
that

v

{p.a}(po) = Y j(p0)B;(po){ps> ax}(po) # 0,

Gk=1
and that there exists & € [0,1) such that (notice that Ai(z,&) = Ai(z,&)*
for all (z,§) € T*R™\ 0)
(A1(po)w,w) <6 {p,q}(po) (Tm (v} ® v1)w,w), ¥w e CV.

Then AV (z,D,) does not satisfy the Fefferman-Phong inequality (FP), and
the Sharp Garding inequality cannot be improved, that is, none of inequalities
(I;) above, with s € [0,1/2), may hold.

Proof. To prove the theorem, we just compute the localized operator (ac-
tually, a unitary equivalent of it) LY at py and show that it is not non-
negative. This latter point is based upon Hormander’s example recalled
earlier in Section 2. As it is well-known, hypotheses (H1) and (H2) ensure
that there exists a conic neighborhood I'y of pg in T*R™ \ 0, a conic neigh-
borhood T of (0, &, = (0,0,...,0,1)) in RY, x Ry x Ry, x (R Y\ {0}) =
T*R” x (T*R* ¥ \ 0), and a smooth symplectomorphism, homogeneous of
degree 1 in the fibers, x: Tg — T such that x(pg) = (0,&,), and

x(ToNE1) ={(y,n) €5 o =0, " # 0},
X(ToNa) = {(y,m) €T3 ¢ =0, 0" #0},
xTon%) ={(y,n) €T; ¢ =n' =0, 1" #0}.

As a consequence, on I'" we have

14
(pjox y,m) = Z ajk(y,m)Mk, ajr homogeneous of degree 0,
k=1

(g0 x () =1 > bir(y,n)yk, bjr homogeneous of degree 0,
k=1

and for (z,&) € Ty N X, with (y,n) = x(z,£),

{pjr ak} (@) = "D aje(y, m)ber (v, m)-

r=1

Localizing L(x,£) at py by means of the coordinates (¢, 7) gives

Ly (t, 1) == (ZU: djrj>v1 + (ZV: Bjtj)v2a
j=1 j=1
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where
aj =Y ar(po)ari(x(po));, Bj:="Y_ Br(po)br;i(x(po))-
k=1 k=1

aq B
Hence, witha = | : | and B=|:|eR, wehave

ay 3,
(10) > a8 =: (@, B) ) = {p,q}(po) # 0.

j=1
Consider now a rotation R of R” such that R& = |G| e1, where e; =

t(1,0,...,0) € R and &l = (@, 64)%2 Then we get a symplectomorphism
P R xR 5 R X R, @2 (t,7) — (|l *Rt, |l RT) = (2,0),
such that
G103 Lo (2:€) = (Lo 0 671)(2,0) = [&1J5 (Cuon + (7 2y,

where we have put v := Rf. Hence we obtain that in these coordinates the
localized symbol of As at pg € ¥ is (writing again (¢, 7) for (z,())

(1) Apo(t,7) = 1@l Lpo (8, 7)* ® Lo (£, 7) = | () Lo (¢, 7) Lo (2, 7).

We may hence compute
T T % T T i - T T x T T *
(12) LpoiLp, = Lpo Ly, — 9 Z(aﬁ' Lpo0; Lipy — 8th»0067ij0) =
Jj=1

T Tk = T * T x T i * *
= Ly = 2AEpes L = Ly ® Ly — 2m (v @1 — v} @ vs).

Remark 5.2. Notice that

i
5(1}’5 Qv — v} ®v2) = —Im (v; ® v1) = Re i(v3 ® v1),

is the quadratic form introduced by Hormander in [6] (see also [9]).

Upon Weyl-quantization, since to linear symplectomorphisms of R¥ x R”
there correspond (up to factors of modulus 1) unitary transformations in
L?(R") that are also automorphisms of S(R”) and S’(R”), we obtain, using
(11) and (12), that the localized operator of A at pg € X is unitarily equiva-
lent, through a unitary transformation U ® Idewy of L2(RY;CN) ~ L2(RV) ®
CY, which is also an automorphism of S(R”;C") and of S'(R";CYN), to

Ts - i
A3 (8, D1) = |6l | L (6 DOL, (8, De)* + 571 (v © 01 = v} @ v ),
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N
and hence, with f = ijvj € S(R”;CM),
7j=1

(436, D0 1,7) =16y (| B & D 1|+ it (11, 12)) =

= [&[() (\|Dt1f1 + (%t)(u)f2\|§ + 7Im (f1,f2))-

Now set t = (t1,t'). Following Hormander’s example, we find fi,fo €
C§°(R”) such that

Dufi+ (1,8 fa=0, and mwlm(fy,f2) <O0.
We choose f2 € C§°(RY) of the form fo(t1,t") = g (t1)g2(t'), for real valued
g1 € C§°(R) and go € C§°(R¥~1), so that

1
fl(tlat,) = _Z/ <’Y’ (S,tl)>(y)f2(3,tl)d8 =

—0o0

= =i((1 D w9h (1)g2(¥) — g1 (1) ga(t) ) € CF(RY).
A computation then gives
1 2
(f1, f2) = —5M ”95”0 lgal -

Hence, for f = fiv1 + fove, fi, fo chosen as above,

(43¢, Do), 1) = Iy (Tm (03 © 1), 1) = @l @ymTm (1, fo) =

1. 2
= —§|04\(u)’7% H!ﬁ”o ||92||g <0
provided «y; # 0, which is true by hypothesis, for we have
|&| ) = (|&lwe1, RB)w) = (Ré, RB) ) = {p,a}(po) # 0.

Finally, since (U ®Idcew )* A1 (po) (U @Iden ) = A1(po), the localized operator
of A% (z, D) at pg is unitarily equivalent to Ay (t, Dy)+A1(po), so that using
again f constructed above, one has

([A5 ¢ Do) + A1(00)) £. 1) = (41(00) 1, 1) = (-} (o) (Tm (5 © 01) 1, )

< (1= 8){p. 4} (po) (Im (0 @ 01) . ) < 0.

Hence the necessary condition (5) is not fulfilled and this concludes the proof
of the theorem. O
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6. A SLIGHT GENERALIZATION

When v = 1, we may handle cases with “finite-type” degeneracy (but
with no subprincipal term). Let p,q be real homogeneous symbols of order
1in T*R" \ 0. Let £; be the simple-characteristic set of p, that is

%1 =A{(2,§) e T"R"\ 0; p(z,¢) =0}

with dp(p) # 0 for all p € 24, and let X5 be another involutive closed conic
smooth manifold of T7*R"\ 0 of codimension 1, that intersects transversally
31 into a symplectic submanifold 3 = 31 N 3s. Suppose that for a fixed
k>2,

(H3) Hjqls, =0, Vj=0,....k—1 and Hyg(p) #0, Vp € X.

Consider then, for L and L* defined as in (6) and (7) above, the second-order
homogeneous symbol

= p(,€)*0} ® v1 + 2p(z, €)g(z, E)Re (vf ® v2) + g(,€)*v5 @ vy.

Theorem 6.1. Suppose hypothesis (H3) be satisfied. Take py = (xg,&) €
%, |&| = 1. Then A¥(z, D) does not satisfy the Fefferman-Phong inequality
(FP), and the Sharp Gdrding inequality cannot be improved, that is, none
of inequalities (I5) above, with s € [0,1/2), may hold.

Proof. We immediately recall that AY (z, D) = (Az2(z, Dg)+ Aa(z, Dy)*)/2,
so that no subprincipal term is present. Let now x: (z,£) — (y,n) =
(y1,9',m1,7") ERXxR* 1 xR x (R* !\ {0}) be a symplectomorphism that
locally flattens 31, 39 and X near py € . We may then suppose x(pg) =
(0,0,0,n;), and

Pox H(y.n) =m, (gox N(y,n) = aly,n)yinl,

where « is homogeneous of degree 0 in 7, and «(0,7',0,7") # 0. Let F be
a properly supported unitary, scalar Fourier integral operator associated
with the graph of x~!. Consider @, (z) := Fep,(y), where v > 1 and

i1, ot
Oy (y1,y') = €7 Y Mgy (yy b1 (i),

with ¢, € Cg°(Ry "5 C) and 41 € C§°(Ry,;CV). Then @, € Cg°(R™;CN).
Supposing (I,) holds for some s € [0,1/2), testing (I,) on ¢, and taking the
limit as v = +o00 gives

(4%t D01, ) > 0, Vf e S@®EY),

where this time Af,"o (t, Dy) denotes the Weyl-quantization of the quadratic
form

Ly (t,7)" ® I~/p0 (t,7), where I~/p0 (t,7) = Tv1 + (0,0,0, nf))tkvg,
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(t,7) € R x R. In other words, we consider

Apo (t,7):= Z

J/k+h=2

j'h‘ (8.1]/1 6771 A2)(Oa 0,0, né)thh,

where Ay(y,n) is the principal symbol of F*Ay(z, D;)F. This because no
subprincipal term is present in As(x, D,) at ¥ (since that is the case for
(p*)¥(z, Dy), (¢*)¥(z,D;) and (pq)¥(z, D;)). We hence obtain

A, (t,7) = 720 ® vy + 2at*TRe (v] ® vo) + & t%F v} @ va,

where we have set & := «(0,0,0,7(). As before, with f = > fivi €
S(R; CY), we have

(flffo(t,Dt)f, f) = Hth1 + &tkaHZ +kaTm (571 f1, fo).

We now prove that A‘[’,"O (t, D;) cannot be non-negative in L2. In fact, we
choose ¢ € C§°(R;R) and consider

fat) == o (@), fi(t) = —i / QRCECEIRIN

-0

It follows that fi, fo € C§° and that for f = fiv1 + fove € CP(R;CN) we
have

(43¢, D)f, ) = kaTm (L f1, fo).

A computation yields

5 0=alg p  + HEED er

+Mk—D%k—%/}“%ﬂ”Nﬂ([fs“%ﬁ”Nﬁ@)ﬁ}

t
Since t — / sF=3pk=(5)ds € C3°(R;R), integrating by parts gives
—0o0

t i
/tk—3(p(k—1)(t) (/ sk—Q(’O(k—l)(s)d3> dt — % H/ F3(k=1) (5)ds

Hence, recalling that (H{fq)(po) = k!a, we obtain

2

0

(430 D01.7) = =55z EEa) )2 |2 |+ k0= 1) o420
2 bokes (e-) ?
+mk—n(k—miﬁws o (g@0]<o

Therefore the necessary condition does not hold and this completes the proof
of the theorem. O
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7. THE EXAMPLES OF THE INTRODUCTION

We now show how the examples mentioned in the Introduction fit in the
framework we developed. We let v1 = e1, vo = ey be the canonical vectors
of C?, and consider, for a fixed k € Z, the symbols

p(wa‘f) = 51 - -%'253’ Q(w,f) = 62 + x%k+1§37 ("L"E) € T*R?’

Notice that for £ = 0, p+1iq is the symbol of —iLg, where Ly is the celebrated
Lewy operator (which is non-solvable)

Ly = i + ’Li + i(.’El + l.Tz)i
a.’L‘l 8562 3.7,‘3
Then
% ={(2,8) € T*R*\ 0; & = 203, & = —aF11g5},

so that (z,£) € ¥ = &3 # 0, and hence
(#,6) €% = {p,a}(w,€) = ((2k + V)t +1)¢& #0.

In the case of Example 1.4
§1 — x283

& + 23t
and A(z,&) = As(x,&) + Ar(x,§), where

As(z,8) = L(z,§)L(z,£)" =
(&1 — 2283)? (&1 — 7283) (&2 + 95%“153)]

(&1 — 22&3) (& + 2T577E3) (b2 + 27F11e;)?
and, for some fixed ¢ € [0,1),

L($a£) = p(];af)el + Q($,£)62 =

] 7 ("L'7 5) E T*R37

0 —2
Av(a,€) = 8{p, 0}z, &)Im(e @ ) = & ((2k + D +1)8 [ . ] -

1

In the case of Example 1.5, (z,&) € T*R2, p(z,&) = &1, q(z,€) = 21&9, B is
defined by Il = 51 = O, fg 7é 0,

1 1 . 1 &1+ 162
L(z,8) = 551 i+ 530152 | = 3 (& +zé) |,
V2 —V?2 V2(& — 11&)

and A(z,§) = Az(z,§) = L(z,£) L(z, §)".
In the case of Example 1.6, (z,&) € T*R?, p(z,€) = &1, q(z,€) = 21&, T is
again defined by 1 =& =0, & # 0,

1 0 &1
1 o] 1 i| 1| i
L(w,f)—\/gfl 1 +\/§$1€2 T A la-6
1 1 §1+ &
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and A(.’E,f) = AQ("Eag) = L($,€)L($,§)*
In the case of Example 1.7, (z,£) € T*R?, p(z,€) = &1, q(, &) = 2¥ée, k > 1,
3 is again defined by 1 =&, =0, & # 0,

L&) =6 o] + ot

and A(z,€) = Ay(2,€) = L(z, ) L(x,)".
Theorems 5.1 and 6.1 yield that all the above AY(z, D,) do not satisfy the
Fefferman-Phong inequality and that the Sharp Garding inequality cannot
be improved in these cases.

We leave it to the reader to write down other possible examples.

- &

i iz
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