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Abstract

The superconductivity behavior is described by the properties of the
minimizers of the Ginzburg-Landau’s functional. These properties are
linked to the estimate of the fundamental state for the Schrédinger oper-
ator with intense magnetic field for which the superconductivity appears.
So we are interested in the asymptotic behavior of the energy for the
Schrédinger operator with a magnetic field. A lot of papers are devoted
to this problem, we can quote works of Bernoff-Sternberg [3], Lu-Pan
[15, 16], Helffer-Morame [9, 10]. These papers deal with estimates of the
energy in a regular domain and our goal is to establish similar results
in a domain with edges. Although this problem is often mentioned in
the physical literature [6, 21], there are very few mathematical papers.
We only know the contributions by Pan [17] and Jadallah [12, 13, 14]
which deal with very particular domains like a square or a quarter plane.
Physicists such like Brosens, Devreese, Fomin, Moshchalkov, Schweigert
and Peeters [6, 8, 21] propose a non optimal upper bound for the energy.
Here, we present a more rigourous analysis and give an asymptotics of the
smallest eigenvalue of the operator in a sector Q, when « is closed to 0,
an estimate for the eigenfunctions and we use these results to study the
fundamental state in the semi-classical case.

Acknowledgements I am deeply grateful to Bernard Helffer for his help, sug-
gestions and attention to this work.

I also would like to thank Ari Laptev (KTH Stockholm), Victor Guillemin (MIT)
and Bernard Helffer (Orsay) for their invitation to stay at the Mittag-Leffler In-
stitut in Stockholm and to participate to the workshop in Partial Differential
Equations and Spectral Theory. A part of this work was prepared at the Insti-
tute and I have benefit of discussions with other participants and particularly
with U. Smilansky who explains me his work with K. Hornberger [11].



1 Introduction and main results

Let Q C R? be an open, simply connected domain with lipschitzian boundary
and let v be the unit outer normal of the boundary I' = 99 when it is well
defined. We define I as the set of the points of I" where the normal exists. We
want to determine the bottom of the spectrum of the Neumann realization of
the operator Py 4,0 defined by :

Py = —Vi 4, with Vi a4 =hV —iA4, (1.1)
on the domain :
DN (Pya0):= {u € L*(Q)|Vpau € L*(Q),V; qu € L*(Q),v - Vi au), =0}

The vector field A is a magnetic potential whose magnetic field is equal to
B = curl A and h a semi-classical parameter. We denote by g 4,0 and ap, 4,0
the quadratic and sesquilinear forms associated to the operator Pj, 4,0. These
forms are defined on Hj 4(Q):= {u € L*(Q)| Vi au € L*()}.

It is well known that the spectrum of the operator Pj 4.0 is invariant by
gauge transformation. So, when (Q is simply connected, the spectrum of P, 4.0
depends only on the magnetic field and not on the choice of the corresponding
magnetic potential. Then, we denote by u(h, B,) the bottom of the spectrum
of Ph’A,Q.

Bernoff-Sternberg [3], Helffer-Morame [9, 10], Lu-Pan [15, 16] have already
given several informations in the case of regular domains and our aim is to
establish similar results for domains with edges. To analyze the case of a non
smooth domain, we consider first a new model : the operator —Vao in an
angular sector and with a constant magnetic field of intensity equal to 1. We
denote by Q, a sector with an angle equal to @ and by u(a) the bottom of the
spectrum for —V% in Qq. If a = 7, we write :

O¢: = p(m). (1.2)

We will prove that u(a) is bounded from above by ©¢. The main result of this
paper is the construction of an asymptotics for u(a) as a tends to 0 :

Theorem 1.1. There exists a real sequence (m;);en with mo = % such that :

o0
ula) ~ « ija” as a — 0. (1.3)
=0

To establish this result, we first determine the bottom of the essential spec-
trum and then construct a regular function whose Rayleigh quotient is less than
the bottom of the essential spectrum.

The analysis of the model —Vilo in Q, is useful to approximate the case of the
operator Pp 4,0 with a small parameter h, a non constant magnetic potential
and domains with corners, as we see in the following theorem :



Theorem 1.2, Let Q be a bounded open set with a finite number of vertex

S1,--+, SN, B be a non constant positive magnetic field and let us define :
b= inf B d V= inf B(z). 1.4
inf B(z) an nf B(z) (14)
We denote by a1,---,an the angles for each vertex. Then, for h small, the

smallest eigenvalue u(h, B,Q)) for the Neumann’s realization of —(hV — iA)?
admits the following asymptotics :

w(h,B,Q) = h inf (b, Qob', inf Nu(aj)B(Sj)) + O(h®*). (1.5)
J

=1,--,

We notice that for regular domains, Theorem 1.2 gives the same estimate of
u(h, B, ) as Helffer-Morame [10], p. 617-621. The condition (1.5) takes in the
case of a constant magnetic field a simpler form :

Corollary 1.3. For B constant, we have

wu(h, B,Q) = ( inf ,u(aj)) Bh + O(h®/*).

Jj=1,\N

2 Some remarks about 9

2.1 Link with D? + (¢ — {)?> on R"

The real ©¢ has an important place in the study of regular cases. It appears
for the study of the bottom of the spectrum of the operator —Vilo on a disk (cf
[2], p. 24 and [19]) and for the estimate of p(h, B,) given by Helffer-Morame
(cf [10], p.617-621).

We recall some results about ©g, introduced in (1.2), which we use in the
following. These results are due to Dauge-Helffer [7].

Proposition 2.1. Let Ag(¢) be the bottom of the spectrum of the Neumann
realization in L?(RY) of the operator H(() defined for ( € R by :

H(Q) = D + (t - ¢)*.

There exists an unique (o such that Ag({p) = Oo, Au(C) is decreasing from
] — 00, (o] onto ]+ 00, ©¢] and increasing from [(o,+0o[ onto [Og,1[. We denote
by ¢ the normalized eigenvector associated to Ag({p), then :
o0 AII
[ @i =0 and o0 = 22, (2.)
0 2Go
We just give few details to show how the operator H({) appears in the
analysis of the operator —Vio defined on R x Rt. We notice that by a gauge
transform, we have to study the new operator :

(Dg, — 22)> + D2, on R x R", with Neumann condition on z» = 0.

Now, we make a partial Fourier transform according to the first coordinate. The
operator —Vilo is also unitary equivalent to :

(& —32)* + D2, = H(&).



So the study of the operators family H(() is linked to the Neumann realization
of —V%_ on R x Rt.

Furthermore, the bottom of the spectrum, ©g, is in the essential spectrum and
there is no point spectrum for the realization on R x RT.

2.2 Bottom of the essential spectrum

Let Q, C R? be an angular sector with angle a. The Persson Lemma (cf [18])
may be generalized for unbounded domains of R?> and Neumann realizations :

Lemma 2.2. (Persson) Let Q) be an unbounded domain of R? with lipschitzian
boundary and V be a semi-bounded from below regular function. Then denoted
by inf gess(—A 4 + V') the bottom of the essential spectrum :

inf oess (—AA+ V) = li)m S(-A4+ V1), (2.2)
with :

SCA+Vorke  inf Jo (IVas@)F +V(@)|¢(a)) da
(F4a%+ 7T)'_¢ecg°(§1rrwlcsr),¢7éo Jo lo(x)]? dx

We use this lemma to determine the bottom of the essential spectrum of the
Schrédinger operator in an angular sector:

Proposition 2.3. The bottom of the essential spectrum of the Neumann real-
ization of —Vilo in an angular sector Q, is equal to O.

Proof : We estimate X(—A 4,,7) for r > 0 and show that it tends to ©¢ when
r tends to infinity. We use a partition of the unity which shares the sector in
three subdomains and we compare to the models R? and R x Rt according to
the support of the cut-off functions.

Let » > 0 and ¥ be a regular function defined from R into [0, 1] such that :

0 for p <0,
= 1 forp>1, (2.3)
IX'(p)] < 2 VpeR

=<
Yy
s
N N
Il

( 3
SO = 1, voe[-3,4],
j=1
{ x@) = 0 foro¢[-5, 5], (2.4)
x2(0) = 0 foré¢ |-5,5],
xs(0) = 0 for6¢ |-%,%],
| X)) < 2 VOeR j=1,23

We define a cut-off function in polar coordinates :

V(p, 0) < R+ X]O,a[, X;,a’p(ﬂ(p7 0) = )2 (g) )2](0)7 .] = 172737 (25)



. . . . . 1
and the associated functions in cartesian coordinates : x7* = x;*"*. We
notice that :

3
Z|X;’a|2q§=q§0n QnCs,. (2.6)
j=1

Furthermore, it is easy to prove the relation :
3 3
1Va8llZ22) = D [IVAG D[22(0) = D NVNG llie- (27
j=1 j=1

By construction, we have immediately :

3
IVadlliz) > Z IV AOG L2y — > ||¢||2L2(Q)- (2.8)

It is well known that the bottom of the spectrum of _Vilo is invariant under
rotation or translation of the domain 2. So, using the fact that ©y < 1 and the
definition of ¥(—A_4,,7), we deduce :

6
E(_AAoar) > Qg — 2 (29)
This implies, taking the limit » — 400 and using (2.2) :

inf gess (—A4y) > Op.

Now, we establish the upper bound. Let € > 0 and 9; € C§°(R x Rt) be a
function such that :

\Y 2
[IVavullf, (RXRY g 4 .

0 < (2.10)

||¢1||L2(R><R+)

By translation and rotation from ¢;, we define a function ¢ € C§°(Q N (S,)
such that : ) )
||VA7/)1||L2(R><R+) _ ||VA¢||L2(Q)

Y S 7 (21
It is enough to take the limit as r tends to infinity and € to 0 to achieve the
proof. |

Using this proposition and a result of Jadallah [12], we see that the bottom
of the spectrum for —Vilo in a quarter plan is an eigenvalue. Indeed, Jadallah
constructs a quasi-mode whose Rayleigh quotient is less than ©g.

Remark 2.4. It would be interesting to show that p(a) is strictly bounded from
above by Qg for a €]0, [ and equal to Oy for a € [, 2.

2.3 First upper bound

We establish a first upper bound following the idea of Pan [17] who constructs
a quasi-mode in order to show that :

(3)<on



We use the same notations as in Proposition 2.1. Adapting the idea of Pan, we
construct a trial function, u, in polar coordinates :

u(p,8) = ePsin? ¢ (Tp sin (% + 0)) 0] (Tp sin (% - 0)) , (2.12)
with v = 2T§+% and 7 = m We obtain the following result :

Proposition 2.5. For every a €]0,7/2] :

©o cosa 4
< — . 2.1
ula) < sin o 4sina¢(0) (2.13)
Furthermore, for every a € ] % — 2arctan (%0):) 5 [, u(a) is an eigenvalue.

Proof : We make a change of coordinates sending the sector onto a quarter

plane @ :
pd : [e3 [o3
(2)=r(m5 8 )(x), "
Y SIHE —COSE Y

The expression of u in the new coordinates is :

@(%, ) = exp (z (& - 17)) d(#)(H) = e Dy(@)p(5).  (2.15)

27 cos 5

After computing 0,u, Oyu, yu and zu, we can write for every (Z,9) € @ :

(7 — idoyu(z )P = (( j‘ga)2+(w— “y)> BE1H(5)

471 cos 5 47 8in 5
+7%(¢'(2)76(5)” + ¢(2)¢' ()°)
—27% cosag' (Z)$(2)¢' (§)H(7)- (2.16)
With the choice v = wfﬁ’ we notice that v — 4f;1rfg = (& ;i)s';fio_g), SO :
2 2 2
o~ 2 |~ 2 -~ 2, /=~ 2 ~ -
— + _ (=€) +(—C0)+2 —C0)(@=¢
We replace this expression in (2.16) with the choice of 7 and obtain :
7 * 2 2 2 = 2
=  — z '"(Z)?) dz 9)|° d
a0 = —([T@-arearo@r @ [ 6@P d

[ (G- + @D di [ 6@P dr
e ([ -woer ar [ -G d
1 [ wary @ [Toewy ).
With the choice of ¢ and according to Proposition 2.1, we obtain :

272 72 cosa

4
= — . 2.1
01,40, (1) rsina 0 2rsina ©) (2.17)



Furthermore, ||u||ig(9a) = ﬁ”ﬂ”%%@ = —— 50, using the min-max prin-
ciple :
2
q1,40,Q, (U T2 COS O cos «
(o) < 55— () _ 270 — #(0)* = #(0)*. (2.18)

B ||U||iz(9a) sina  4sina

To establish the last result of Proposition 2.5, it is enough to solve the inequal-
ity : 20 _ cosa 4(0)4 <« @,. With Proposition 2.3, we know that pu(a) is an

; sina  4sina
eigenvalue in this case. But :

O cos a
sina 4sina

#(0)* < Og <= Og(1 —sina) < — " cosa.

We notice that 1—sina = 2sin® (T — 2) and cosa = 2sin (I — ) cos (F — ),
S0 :
(SN Cos o

sina 4sina

#(0)* < @ < tan (% - %) < ﬁ(g)):.

O

If we know numerically the value of ¢(0), we will deduce more explicitly an
interval |no, 7 /2[ where u(a) is an eigenvalue.

According to computations of C. Bolley, we have the estimate ¢(0) ~ 0.88.

With this estimate and the estimate ©¢ ~ 0.59 (cf [20]), we deduce that p(a)

is an eigenvalue for a € |1.10, %[ since Z — 2arctan (M) € [1.04,1.10] if

2 40
(0) € [0.87,0.89] and O € [0.58, 0.6].

3 Reduction to a domain independent of «

We are interested in the behavior of the bottom of the spectrum, u(a), accord-
ing with the angular a. The shape of the domain Q, suggests to use polar
coordinates (p, ) €]0,+oo[x |-, [. We denote by Q%°" the domain :
o o o
Qg l::]0,+oo[x ]—5, 5 [

This change of variables leads to study the new quadratic form :

5 2, 1 P
Q(u) = /ngl |6pu| + F 8¢+Z ? u

To have an easier Neumann condition, we use a gauge transform and define :

2
) p dp do.

2
wlp. )= exp (1%5:6) ulp. o), ¥(p.) € 2.
So we deduce a new quadratic form :
~ . 1
Gur):= /onl (|8,,u1 —1i pd u1|2 + p_2 |6¢u1|2) p dp do.

We make a last change of variables and another gauge transform to obtain
a quadratic form depending on a but defined on a domain independent of «,



whereas at the beginning, we had a constant operator on a a-dependent domain

We use the following change of variables

n :.

t al
We denote by Qg the constant domain : Qo:= R" x |—1,1[. We also make a
gauge transform :

V(t.n) € o, alt,m): = e Zi(t,n). (3.1)
Therefore, we have to study a family of quadratic forms g, defined by
ga(u) = / <2t|Dtu —nul+ > dt de. (3.2)
Qo

The form domain of g, is VY with

VA {u € L*(Qo)| \/_8 u € L2 (D), V(0 —in) € Lz(QO)} )
We remark that we can follow the form domains by change of variables, scaling
and gauge transforms and we exactly obtain VV. We define the sesquilinear
form a, associated to g, on YV

aq(u,v) = /Qo (Zt(Dt —n)u (Dy—n)v+

Notice that the bottom of the spectrum of the operator P, associated to the

form a, on Qg, A(a), satisfies the relation :
wla) = ai(a). (3.4)

&,fu%) dt dn. (3.3)

We can be more precise about the spectrum
o(=V%,) = ao(Py).
— :Ao (if

Furthermore, v is an eigenfunction associated to the first eigenvalue of —V?2
it exists) if and only if ¢, is an eigenfunction associated to the first eigenvalue

of P,. Moreover ¢ and 9, are linked by
Y(t,n) € o, alt;n) = €59 (/2 cos (a (n+4)) /2 sin (a (n+ 1))

Remark 3.1. From the expression of the form q,, we immediately see that
(3.5)

a — ap(a) is increasing,
o @ is decreasing. (3.6)

It would be interesting to show the monotonicity of u from ]0,x] onto |0, Og]

As we know by Dauge-Helffer [7], Helffer-Morame [10], Lu-Pan [16] and as

we recalled in Section 2.1, u(w) = ©g, then :
u( ) > ©o 3.7)
™



4 Analysis of the two key-operators

4.1 Presentation

In the expression of a,, in (3.3), two forms (and two associated operators) appear.
The first one is £ (with associated L) which will be defined just below and the
second is associated to the Neumann realization of —82 in | — 5, +4[. We define
the sesquilinear form /¢, on :

V= {u € L3(Q0)| VH(D, —n)u € I2(Q0)} |
by :
L(u,v) = / 2t(Dy — n)u(Dy — n)v dt dn, Yu,v € VI". (4.1)
Qo

Let P S (R+) be the space of polynomial functions in 7 whose coefficients are
in S(R*+). We define the operator
L:=2(D¢ — n)t(D¢ — )
on P @ S(R*), and verify :
Vu e P®@SRY), Yo e VY, £(u,v) =< Lu,v >r2(0q) - (4.2)

The form ¢, contains a term in % So when trying to minimize it, it is quite
natural to begin with studying the restriction of the form to functions which
are independent of 7.

4.2 A new key operator L™"

We define the form £™¢" which appears naturally when we restrict £ to functions
independent of 7. Then the sesquilinear form ™" ig defined on :

Viean: = {f € L*(RY)| Vtf € L*(R"), VtD,f € L*(R")},
by :

0 N 1
Kmean(u’,u) — /0 2 (_Dtu Div + Euﬁ) t dt , VU,’U S Vr]nvean . (43)

The associated operator
t
Lmea.n = 2DttDt + 6

is self-adjoint and its domain can be characterized (cf [4]) as being Wi (R*): =

{u € HY(R")| tu € H*(R")}. Its spectrum is discrete and the eigenvalues are

simple and given by 2:‘;%1, n > 0. Moreover each eigensubspace is included in

S(R+). Let us give the expression of the normalized eigenvector u¢2* associated
to the first eigenvalue of L™¢*" denoted by A***" and equal to \/Lg :

umen ) = y%exp (_%) _ (4.4)

We can use the function u*" as trial function to bound from above u(a)
as follow :



Proposition 4.1. For a < /30y, the bottom of the spectrum of —Vio s an
eigenvalue p(a) wich satisfies :

p(a) < (4.5)

S

Furthermore, we deduce by standard Fredholm theory and regularity ([4]),
the following lemma :

Lemma 4.2. Let (AT"**", u"**") the fundamental state of L™". For all f €
S(RY) orthogonal to u"®®®, there exists an unique u € S(RY) such that :

(Lmean )\mean)u — f,
{ o msha - o (0
Purthermore, if u is given by (4.6), then for all functions v € VN, :
L7980 (u, v) — AT < u,v >p2000)=< f,0 >12(qp) - (4.7

In the case when the second member of (4.6) has the form Pu*", we can
explicit the solution as follow.

Lemma 4.3. Let P = Zpktk be a polynomial of degree n such that :
k=0

n

> (V3)k Kl p = 0.

k=0

We define the polynomial of degree n, P € P(RT), by its coefficients py, :

o= _112_07
Vk:z:"'ana ﬁk = i l(k_l)vk—l_pk—l )
2%2 n( 3 ) (4.8)
Po = =Y (V3)* k! pr.
k=1
Then @ = Pu{“ean is the unique solution for the problem :
(Lmean Amean ) ,l’l —_ Pulinean ,
{ [ ey dt = 0. (4.9)
Proof : We first notice that :
oo
Vk €N, / th[umean ()2 dt = (V3)* k. (4.10)
0

We deduce immediately that :

n

D (V3)F kg =0 4:»/ qutﬂumean( )2 dt = 0. (4.11)

k=0

Relation (4.11) applied with g, = pr determined by Relation (4.8) shows that
@ is orthogonal to u!¢2" and so the second condition of (4.9) holds.

10



According to (4.11) with g = pg, we see that Pu®*® is orthogonal to ui®".
Lemma 4.2 establishes that the problem :
(Lmean )\mean)u — ‘pu;r-nea,n7
JoS u(tyupean(t)y dt = 0,

has an unique solution. So it is enough to prove that the function @ = Pui’“eaﬂ
fills conditions (4.9). With the expression of u["**" given in (4.4), we get :

N . ) - .
(Lmean — \pean) (P yjpean) = yrean (-26;13 + —_10,P — ztafp) _

V3
According to (4.8), we see that the constant coefficient of —28,P + \%t@tﬁ -

2t(‘3,52]5 is equal to —2p; = po and the coefficient of t*¥ for k = 1,--- n is equal
to :

2 2
—2(k + 1)Prt1 + —=kpr — 2 — 2k(k + 1)pry1 = —2(k + 1)°pry1 + —=kpr, = pr.-
( )Pr+1 /3 Pk ( )Prt1 ( ) Pr+1 /3 Pk = Pk
So, the first equation of (4.9) holds. O

4.3 Study of —0;

An elementary study of the Neumann realization of —6,27 leads to the following
lemma, :

Lemma 4.4. Let f be a polynomial in n with coefficients in S(RT) such that
_ 1 _
for allt € R*, [2, f(t,n) dn =0. Then there exists an unique & € P ® S(RT)
2
such that :

i = 2,
6nﬁ|,7=_1 =0 and flutn) dn = 0. (4.12)

1
)

Then, for all v € VV, we have :

/ /l —0pul,U dn dt = / /l fo dn dt. (4.13)

As below, we have an explicit solution of problem (4.12) :

Lemma 4.5. Let
P(t,n) = > _ (0§ (&) (in)** + pp(t) (in)** )

be polynomial in n such that p € P(R"), p; € P(R") and :

i 2k+1
Vt € RY, Z 2k+1 ( ) =0. (4.14)

11



Then the polynomial S defined by :

_ . p;(t) . \2k+2 2
St = Ztim((’") - e

n)2k+3 i2k+37) (4.15)
+2tZ ,
2k -|- 2 2k +3 22k+2
is the unique solution for the problem :
—63,5 = 2tP,
OnS),__yy = 0 (4.16)
f2 (t,n) dn = 0.

Remark 4.6. The expression (4.15) shows that S has the same parity as P.
Furthermore, if p§, and pj, are real, then S is a polynomial in the variable (in)
with real coefficents in P(RT).

Proof : We first notice that the condition (4.14) means exactly that :

’ P(t,n) dn=0.

_1
2

According to Lemma 4.4, we know that the problem (4.16) has an unique solu-
tion denoted by S. It is enough to prove that the explicit polynomial S given
by (4.15) fills conditions (4.16).

We first remark that [ 2, 5 S(n) dn = 0 for every t € RT.
2
For every (t,n) € Rt x |—3,1[, we estimate 9,S(t,n) :

:2k+3,,0
_ 1p (¢ )2k CPPR(E) [ apae 1
6 t = 2t _— - .
") Z (2k 1 T k2 92k+3

.\ 2k+1
t
According to the condition for p}, we have 2t Z 5% 5_)1 (l> =0. So we

deduce, that for every t € RT :

1 1
8,75 (t, —5) =0 and 8,75 (t, 5) =0.

We just verify the third condition. Let (t,n) € R x |1 1] then :

a28(t,m) = —2t Y (pr(®)(im)** + pp(t)(in)*+) = —2tP(t, ).

5 Construction of a formal solution

5.1 First terms of the construction
We look for two sequences : (my)ren € RY and (uk)ken € (P ® S(R+)) such
that, for all n € N, if we introduce U™ = Z o**uy, and p(™ (a Z a**my,

k=0

12



then, modulo O,,(a®"*2), we have :
ae(UM™ v) = p™(a) < UM v >12(00), YV E AN

For the moment, we look for a formal solution U(>) and p(*). We expand the
equation in powers of a and express that the coefficients of a?* (k > —1) should
cancel.

The cancellation of the coefficient of Elg gives :

1
Vv e VN, / ~ 0oy dt dn = 0. (5.1)
Qo

The unique condition coming from this relation is that u¢ depends only on ¢.
The vanishing of the coefficient of a?*, for k > 0, gives :

(ug,v) + 3 Jo, 10nuk+10,T dt dn = [o (Z?:o ijk_]') vdtdy, VveVN.
(Cr)

This determines uy and my, recursively as we see in the following.

Now, we look at the relation coming from the vanishing of the constant
coefficient. Relation (Co) gives :

1
;6,,1;18,,5 dt dn = mougd dt dn, Yo € VN, (5.2)
Qo

1
L(ug,v) + =
2 Q0

We begin with restricting the relation (5.2) to functions only depending on ¢
and so we obtain a new relation :

V0 € Vi ean> 0™ (0, v) = mo < o, v >r2(00) - (5.3)

So we determine ug and mg by solving the spectral problem L™®%yy = mgug
and we can choosing the fundamental state (A", ujre2").

We return to the initial relation (5.2) and we have now a relation where the
only unknown is u; :

1 1
Yo e VN, 3 / Onu10,0 7 dt dn =< A" uy™* v > 1) —L(u ", v).
Qo

_ (5.4)
We know that u***" € S(Rt), so :

Yo € VNV, L(uPem, v) =< LuP®" p >12(Q0) -
We define the function vy by :
vo(t,m): = (AT — L)ui™™)(¢,n).

We can choose a function u; such that u; = u9 + @; with u? € S(RT) free and
11 only determined by Lemma 4.4 with f = vg.
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5.2 Algorithm for the determination of the coefficients

This method can be applied at every order to determine the other coefficients
and we will indeed prove the following proposition :

Proposition 5.1. We can determine recursively coefficients u; € P ® S(R*)
and m; € R such that, formally :

oo oo oo
P, E Py | = E a®im; E Pl | . (5.5)
Jj=0 Jj=0 =0

For all j > 1, we can choose m; and uj = uj + i;, with u) € S(RF) uniquely
determined by the relations :

mj; =< aijurlnean >L2(Q) - (R])

j—1

—83,aj = 2t <Z mj_1—iUk — LUjl) > (R )

i=0 J

6,]aj|n= =0 and f_%% @ dn =0.

11
2°2

(Lmean _ )\xlnean)ug

J
1
PR o
_ff% Laj dn + E MEU; (R?)

=1
o ud(t) upean(t) dt = 0.
Proof : To prove Proposition 5.1, we expand in power of a? the relation (5.5),
cancel the coefficients of a?* for k > —1. We have already studied the case
k= -1 and k¥ = 0. We now look at Relations (Cy) for k > 1. We denote by
P(k), for k € N*, the property :
P(k) :  “the cancellation of the coefficient a*, given by the relation (C}),
determines the functions u%, Gig4+1 and the real my which are
given by solving (Ry), (R}) and (Rp41)”.
We now prove that P(k) holds for every k € N*.

We look at conditions coming from the cancellation of the coefficient in o?
by assuming mo = A", 4y = u"**" and 4, determined by (R1). The relation
we obtain by canceling the coefficient of o? is (Cy) :

1 1
Yo € VN, U(uy,v) + —/ ¥617U26T,6 dt dn = / (A% + myu )T dt dn.
Qo Qo

2
(5.6)
We have already determined @; by the vanishing of the constant coefficient
and we choose ug only dependent on t. We notice that @; have precisely been
determined by (R;1). So the choice v = u®" leads to determine m; by :

e ea
my =< ul,Lu‘f‘ n >L12(Q0) -

This is the condition (R1).
We return to the relation (5.6) and restrict it to functions v € VN . By the

14



regularity of the functions already determined, the part integration are justified
1
and if we define vy (t): = [2, La(t,n) dn, we have to solve :
2

N mean (,, 0 mean 0 _ mean
Yv € Vieans £ (ug,v) = AT <uy, v >p2(00)=< miup ™™ — v1,v >r2(q) -

L (5.7)
If we define f = myuP®® — vy, we remark that f € S(R*) is orthogonal to
uiean Lemma 4.2 gives u§, solution of (5.7) and so u{ is uniquely determined

by (RY).
We now come back to the relation (5.6). We have to find @2 such that, for all
veYN:

1
Z@,,uga,,ﬁ dt dn = (2(mour + miuo — Lu1),v) 12(q,) » (5.8)
Qo

after noting that the integration by parts is right since u; € P ® S(R*) by
constuction. We just have to apply Lemma 4.4 with f = mou; + miug — Luy
il 1
since f € P®S(RT) and [2, f(t,n)dn = 0. By this way, we uniquely determine
2
fio solving (Ry) and us are decomposed as u + @, with uJ € S(R').

We have establish that the vanishing of the coefficient of a? determines m;y, u$
and 4y and so we have shown that P (1) holds.

Let k¥ € N*. We assume that the property P(j) holds for any j < k. So,
by induction, we have determined wug, mg, the functions 4, u‘;, the reals m;

satisfying relations (R;), (R9) and (R;) for j = 1,---,k and the function @1
solving (Rpy1)-

We write Relation (C41) obtained by the vanishing of the coefficient of a2¥+2 :
1 dt k+1
Yuv € VN, L(upy1,v) + —/ 8T,uk+26nﬁ —dn = / ijuk_{_l,j v dt dn.
2 Qo t 20 j—0

(5.9)
We choose v = uj**" to determine my.1. By the regularity of «j***", the decom-

. 1
position u; = @;+u} with @ , u) solving (R;), (R) such that [, a; dny = 0 and
2
u? orthogonal to u*", and by the property P(k) (particularly the expression
of Gg41 given by (Rg41)), we determine :
Mpt1 =< Ug41, Lurlnean >L2(Q) - (5.10)

This relation is exactly (Rg41)-

We now restrict Relation (5.9) to functions v € VX

nean and since for every integer

1
J from 1 to k + 1, the integral ff% @ij dn is equal to 0, we have to find uf
independent of 1 such that :

oo [k+1
Yo € VN oans 7% (ud,q,0) = —E(ﬁk+1,v)+/ ijug_Hfj vdt. (5.11)
0 :
Jj=0
) k

We define the function f = — ff% Liigyq dn+ kaﬂ,ju?. By regularity of

=0
k41 and assumptions on u? for j =0,---,k, it is easy to prove that f € S(Rt+)

15



and f is orthogonal to uw[**®*". We apply Lemma 4.2 with f and so obtain an
unique u)_ , satisfying the spectral problem (4.6) and so Relation (5.11). We
see that ug , solves (R} ).

We now come back to Relation (5.9). We have to determine @42 such that for
every v € VN :

k+1
1
;8171“94_26"5 dt dn =2 <E mjijug41—5 — Luk+1, 1)> .
L2(Q0)

Q0 iz

k+1
We apply Lemma 4.4 with f = ijukﬂ,j — Lugt1. Then f € P ® S(RY)
§=0
1
and it is easy to show that for every ¢t € R*, [2, f(t,n) dn is equal to 0
2

Jmean _

1
(since [2, 4jdyp =0 for j =0,---,k + 1 and with the expression of (
2

APea™)ud ). So we choose iy is uniquely determined by Relation (Rpgz)-
Then we have established that P(k + 1) holds.

Then P(k) holds for every integer k > 1 and Proposition 5.1 is also established.
O

Remark 5.2. Proposition 5.1 gives an explicit algorithm for determining m;,
i; and u(; for all integer j. This will permit to use Maple for solving these

relations (R;), (R;) and (R?) as we will see in Annex A.

5.3 Particular form of the coefficients in the asymptotics

We can determine an explicit expression for every coefficient given by Proposi-
tion 5.1 and (R;), (R;), (RY).
Just before, we make an easy remark about u]"*".

Remark 5.3. The application
®: P (uineam)_1 L(Pufe")

n

IfP = Zpk(t)(in)k with pp(t) € P(RT), then ®(P) = Z;ﬁk(t)(in)k with
Pr(t) € Pk(:I9&+) such that for k=0,---,n : =

_ 1 t 2t , " t )
=(—=—= —p, — 2t 2(1— —pr_ 4t — 2tpy_
Dk (\/3 6) Pk + \/gpk Dy + \/gpk 1]+ Pr—1 Pk—2,

with p—1 =0 and p_o = 0.
So we deduce immediately that if px are real for every k < n, then Py are real.

Looking at Remark 5.3 and the two last lemmas 4.3 and 4.5, the following
result is quite easy :

Proposition 5.4. For every integer k € N*, we consider @y, and u) deter-
mined by Relations (Ry) and (R}). Then there exist two polynomials Py €
P (Rt x|-1,%[) and P € P (]-1%, %) such that :

T2 2 2732

G = Pru™®™ and uf = PPu®™®,
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and Py, has the form Py, = Zﬁj(t)(in)j with p; € P(R") real.
=0

Proof : This result can be proved by induction on k.
For k equal to 1, Proposition 5.1 gives the expression of u? and 4; in rela-
tions (R;) and (RY). So @, is the unique solution for the problem :

—02 = 2u(upen — Ljupe,
Oyin,
-2

=0 and fél 4y dn = 0. (5.12)

Using Remark 5.3 with P = 1, we see that there exists polynomial Q =
de(in)'c such that (uPea® — L)uean = Qui"e" and g, real. So, it is suf-
k>0

ficient to use Lemma 4.5 with P = @ to get that there exists a polynomial P
such that 4; = Plurlnea“. Remark 4.6 achieves to clarify coefficients of p.

The function «? is uniquely determined by :

l ~
o(oLmean _ )\inean)u(lJ — _I—Q% Lu1 dn_*_Tnluineam7 (5.13)
o uf(t) wpean(t) dt = 0.

But we have seen that 4; = Islu‘f‘ea“, so, using Remark 5.3, there exists a poly-
nomial @) such that L(Pu®") = Qu**". We just have to apply Lemma 4.5
to conclude that there exists a polynomial P such that vy = PPuirean.

Let £ > 1. We assume that, for every j < k, functions @; and u? can be
writen :

~ __ pD.,mean 0 _ p0, mean
G = Pju™®® and uj = Pyu®,

with P; and P? polynomials such that P; has the form P; = Z P (in)* with

‘ £>0
Py, real.
The function i is uniquely determined by :
k
—6%’L~Lk+1 = 2t ka,ju]‘ — Luyg, |,
j=0 (5.14)
1
Oplgy1, ., =0 and [?)dpq dp=0.
n==35.3 2

By induction and using Remark 5.3, there exists a polynomial Q = Z G (in)t
1>0

such that g, are real. So, it is enough to apply Lemma 4.5 with P = (). Then

there exists a polynomial Py sucb that @41 = Pry1u®®". Remark 4.6 gives

informations about coefficients of Py, : coefficients of (in)' are real.

The function u) 41 is uniquely determined by :

ea ea 0 % - 0
m n m n i r
(L —)\1 )uk+1 = _ffé Luk+1 dn + E MU 14,

; (5.15)
Jj=1
J32 e (6) =) de

0.
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By induction and construction of @1, we can use Remark 5.3, and so, there
exists a polynomial @ such that L(Pyyiu®®) = Qpy1u**". Lemma 4.5 gives
the existence of a polynomial P, such that u,, = Py, uf®". O

6 Upper bound for the asymptotics of u(«)

Proposition 6.1. Let n be a positive integer and my, be the reals determined
by Proposition 5.1, for k < n. We define :

p™ = Za%mk. (6.1)
k=0
Then there exists ag > 0 and a positive constant ¢ such that :
Va €]0.a0], p(e) < ap™ + ca® 3.

Proof : We consider the functions u and the reals my, determined by Proposi-
tion 5.1 and define for every integer n > 1 :

uvn = Zazkuk, (6.2)

We want to estimate the Rayleigh quotient for U(™). Let v € VN, then, by using
Proposition 5.1, the vanishing of the coefficient of ¥ for k < n, given in (Cy),
and the definition of ug, we have :

1
ag(UM™ v) = — 2t6 u®*9,T dt dn + a*™l(up,v)

+Za2k ( U, U + 6 Uk+10,0 dt dn)

= Z ok / Z mjug—; | T dt dn+ o™ l(un,v). (6.3)
k=0

Qo =0

We wish to compare a, (U™, U™) with u(® < UM UM >, So in the last

k
expression (6.3), we write the sum ijuk_j by using p™MU™ .
7=0
n)U(n) — Zazk nguk i+ Q22 Z a2k Z Mgt ;- (6.4)

j=k+1

To establish an asymptotics for a close to 0, we assume that a < 1. We

estimate the remainder by bounding from above a by 1, m; by sup |mg| and
=, n
[1ws]]22(020) by sup ||ux||L2(q,)- So we define the a-independent constant C' :
=0,...,n

C:=n> sup |mp| sup [luk|lrz(0,),
k=0,...,n k=0,...,n

18



and, after insertion of the expression (6.4) in (6.3), we deduce the upper bound
for every v € VN :

‘aa(U(n),’U) - ,u(") < U("),’U >L2(Qo) < 042" K(un,v) - ij < Up—j,V >L2(Qo)
7=0

+CO¢2"+2||’U||L2(QO). (6.5)
For using the min-max principle, we choose v = U™ in (6.5) and estimate
n

L(un,v) — ij < Un—j,V >r2(0,)- We notice that :
i=0

U, U™) = £(t, wiP®") + Z ¥ (un, up) = my, + Z a (un, ur),
k=1 k=1

0

according (R,) and since u;

is orthogonal to u**?" and
(T, u™*") =< iy, Luy™ ™™ >p2(qg) -
Now, since u}*®?" is normalized, we deduce :
n
K(un, U(n)) - ij < Un—j, U(n) >L2(Q)

Jj=0

a?* K(un,uk) — ij < Up—j, Uk >L2(Q)

1 =0

n n
k=

According to the expression of uy given in Proposition 5.4 and Remarks 4.10
and 5.3, we deduce that there exists a constant only dependent on n, denoted
by ¢, such that :

n
Ly, U(")) - ij < Up—j, U >r2(Q0)| < e (6.6)
§=0

Using this upper bound (6.6) and the expression (6.5), we get a constant C),
such that :

ao (U™, UM) — puM < U™ U™ > 60| < Cra®t2. (6.7)

To apply the min-max principle, we just have to bound from below the norm
[lU™)]|2(0,). We notice that :

a

0z 21— sup henllizen) 7= o5+

FRETL L]

So there exists ap < 1 and a constant Cy > 0 such that for every a €]0, o] :

||U(n)||L2(QO) > C() > 0. (68)
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From (6.7) and (6.8), we see that there exists a constant ¢ > 0 such that, forall
a €]0,ao] :
ao (U™, UM)
T2 00

By using the min-max principle and a change of variables, we establish the
upper bound :

< u™ 4 ca® 2. (6.9)

Vn € N, Jag,3e > 0 s.t. Ya €]0, a0, p(a) < ap™ + ca?m+3.

This estimate and the spectral theorem shows that there is for a small enough
at least one eigenvalue with the asymptotic expansion (1.1). O

7 Some estimates of eigenfunctions

7.1 Decay of eigenfunction

We give a priori estimates on the decay of the first eigenfunction. By using
Agmon’s paper [1], we show the localization of eigenfunctions :

Theorem 7.1. Let a; small enough such that u(a) < ©¢ for every a €]0,ay].
We design by u, o normalized eigenfunction associated to u(a). For all € €

0,00 — sup p(a) [, there exists a constant C. such that, for all a < oy :
a€]0,a1]

/ 2VBo—ile)=< Il 1y ()2 dz < C.. (7.1)
Qq

By a change of variables z € Q4 — (t,n) € Qq, this theorem gives us the
behavior of the first eigenfunction @, associated to A(a) for the operator P,
and so there exists as < a; and a positive constant § such that :

Va<ay [ eVEatn)f dtdy < Co (7.2)
Qo

Remark 7.2. We notice that Theorem 7.1 can be generalized to every eigen-
value below the essential spectrum.

7.2 Main lines of the proof

We just give the main ideas of the proof for the a priori decay of the eigenfunction
given in Theorem 7.1. Under the assumptions of Theorem 7.1, we define the
function ¢ on Q, by :

$(@): = /0o — p(a) — € |a].
We see immediately that:
[Vg[* = 09 — p(a) —e. (7.3)
It is easy to prove that :

Re < (=%, Jua e > +1| V6] el Baga) = IV to e [F2(a - (74)
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By assumptions on u, and Relation (7.3), we get :
(@0 =€) lle®uallfo@,) = 1,40,0.(%ua). (7.5)

So, we have to estimate q1,4,,0. (€?uq). To do that, we use a partition of unity
to localize the problem in disks with a constant radius. Let x; be a partition of
unity such that the support of function are included in disk with a radius equal

to 1 and let C be a constant such that Z |Vx;|> < C. Let R > 0, we define :
J

T

Vo € Qu, XT(2) = X5 (E) .

So, we deduce a new expression for g1, 4, 0. (€%uq) :

1
01,402 (€%Ua) = Y @1, 45,0, (XJ€%Ua) — 2l D llefua (VXTI (720, (7:6)
J J

We estimate the remainder for every R > Rg: = 4/ % :
1 €
EZHe‘i’ua VG T2 < 5lleuallizga,)- (7.7)
J

We now share the indices j of the partition of unity according to the property
that the support of Xf is close to 0 or not. So we define :

J» = {j| suppxj’ C B(0,3R)}  Ji=J;. (7.8)

Applying the min-max principle on Q, N CB(0, R), the estimate given in (2.9)
and the definition of J;, we get :

6
Z qA(xfe‘Z’ua) > (@0 - ﬁ) / e??|ug |? de. (7.9)
jeT B(0,3R)e
This lower bound (7.9) and the estimates (7.5), (7.6) and (7.7) give :

6
(f _ _2)/ elug|Pde < @0/ e*ug|* dz.  (7.10)
2 R?) JBosr):- B(0,3R)

For every R > R;:= max (Ry,2%), we bound from below e? in B(0,3R) and
notice that ©9 < 1, we can also deduce from (7.10) :

/ eX|ug|?dr < (é + 1) BTV Oo—n(a)—¢ (7.11)
Qq €
O

7.3 Estimate for eigenfunction of P,

Using the change of variables, the scaling and the gauge transform introduced
in Section 3, we deduce from (7.1) an estimate for the first normalized eigen-
function, 4, associated to A(a) :

/ VI G R drdy < C (7.12)
Q
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We define p*: = max p(a) and §: = /©g — p* — ¢, then we get :

a€]0,a1]
/Q 2V E gt dtdp < C.. (7.13)
But, for every ¢ > 0, if a < qp:= (%)2, then ¢ < % and so, for a <
min(ag,aq) :
/Q Vi ot dtdy < C. (7.14)

8 First term of the asymptotic expansion

8.1 Weak lower bound
3
Theorem 8.1. u(a) = Ht O(a?).
Proof : According to the relation (6.1), it is enough to prove that :

dap > 0, AC > 0 s.t. Va €]0, ap[, p(a) > 2 Cal. (8.1)
V3

The proof of (8.1) consists of comparing the eigenvalue of the operator P, with
the first eigenvalue of L™®" by using min-max principle and estimates of the
decay of the first eigenvector of P,.
Looking at the operator P,, we see that the term % is difficult to analyze when
t becomes very large. So, we avoid this problem by dealing with new operators
defined on a bounded domain Qg:=]0, R[x] — 1/2,1/2], estimate the bottom
of the spectrum for these new operators and compare with the old. We begin
with some lemmas preparing the proof of the lower bound for the estimate of
Theorem 8.1. As we will see in the following, remainders coming from the cut-off
are very small and we will estimate the error.

8.2 The mean operator LmeamR

We show that the bottom of the spectrum of L™¢" is very closed of the bottom
obtained from the realization of L™" on a bounded domain. We define :

Veang = {u€L*(0,R)| VtDwu € L*(0,R), u,_, =0},
e Ry p) = (M (y,v), Yu,v € Vﬁean,R,
mean, R
Miean 1= g o (w) (8.2)

UEV o R U0 ||u||2L2(]0,R[) '

Lemma 8.2. There erists a positive constant ¢ such that :

__R_
Amean < AEn < Amean + G 2V3. (8.3)

Proof : The proof is very easy. By the inclusion Vgean’R c VN..., we have
immediately Amean < AZ,,,- For the second inequality, we use the eigenvector
ug of L™" which is exponentially decreasing and a cut-off function x with

support in Qr. We estimate the Rayleigh quotient W to achieve the
L2(QR)

proof. a

22



8.3 The operator PF on a truncated sector

In order to compare A(a) and A\E., | we introduce a new operator instead of P,.
We denote by Af(a) the bottom of the spectrum of the Neumann realization of
the operator PE associated to the form a4, restricted to g, with a Dirichlet
boundary condition at t = R :

1
VRo = {u € L*(Qg)| W6nu € L*(Qg), VtDw € L*(QR), uj,_,, = 0} ,
R ; a5 (u) 1 R 2
A a) = inf  ——%"—— with ¢, (u) = |V Aul|® dt dn. (8.4)
UEVR,O,’M#O ||u||L2(QR) Qr

Lemma 8.3. With the notations of Section 7, there exists a constant ¢’ such
that for every o €]0, a2 and R > 1, we have :

AMa) < M (a) < Aa) + e Ve (8.5)
Proof : By inclusion of the form domain, we extend the functions of Vﬁ o by 0
to define new functions in V¥ and so, we deduce the lower bound :

AR () > Aa). (8.6)

To establish an upper bound, we use a cut-off function to define new functions
in the form domain V}{ o from functions in the domain VN and estimate the
error coming from a cutting.

We consider a regular real cut-off function x, defined on R*, with support in
[0,1] and equal to 1 on [0,1/2]. For R > 0, we define the cut-off function xr
on R* by xr(t) = x (%) . We define vF:= xr u, where u, is a normalized
eigenvector associated to A(a) and remark that v € v}{ o- It is easy to prove
that :

a¥wk) = Re (x% Paua,ua>L2(QR) + | |VXR|ua||%2(QR). (8.7)
By assumption on u, and construction of g, there exists a positive constant ¢
independent of o and R such that :
c
) < Mo)wdlFaeq + ﬁ||Ua||i2(]R/2,R[x]—1/2,1/2[)- (8.8)
We now have to estimate ||ua||%2(]R/2 Rix]—1/2,1/2])- On Qr, we can bound from

below oV = by €° %, and so, according to (7.2), there exists C' > 0 such that :

VA, (8.9)

||ua||%2(]R/2,R[><]_1/2,1/2[) < 06_6
We deduce from (8.9) and (8.8) that :

cC _5 /2R
W) < Ma)vgllzaen + 7V " - (8.10)
The relation (8.9) and the construction of xg lead to :
—6y/ZE
0E|[72(0p) > 1— Ce Ve, (8.11)

The min-max principle combined with the relations (8.11) and (8.10) and the
lower bound (8.6) give :

Aa) < AE(@) < Ma) + e VE.
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8.4 The regularized operator P%r

To avoid the singularity on P, with the term % which tends to 0 when ¢ tends

to infinity, we deal with the operator PZ and we can bound from below § by &
which is a constant. So it is quite natural to introduce the self-adjoint extension
PEr to the form af* defined on Vi'" as follow :

VRt = {ueL*Qg)| (Dy —n)u € L*(Qr), Dyu € L*(Qg), u),_, =0}
a®?(u,v) = / (Zt(Dt —n)u(Dy —n)v + gDnuD—nv) dt dn. (8.12)
Qr

We will choose p = —+= and R = a~3 to compare p(c) and Amean-
We denote by (R, p) the bottom of the spectrum of Pf* defined on DV:P (PE-+)

pNL(pRey .= {u e V') (Dy — t(Dy — n)u € L*(Qg), Du € L*(Qr),
tDuj,_o =0, Dyup,—r1 = 0} ,
p
PR .= 2(D;—n)t(Dy — 1) + §D§. (8.13)

Lemma 8.4. We assume that R > 1 and that there exists a positive constant
M such that = < M then there ezists C such that :

~ R
V(R, p) < Amean < V(R,p) +C 7 (8.14)
Proof : By the inclusion V mean, R C VR , we immediately see that :
(R p) < )‘meana VP 2 0. (815)

We denote by ugr,, a normalized eigenvector associated to v(R, p). Combining
(8.3) and (8.15), we can bound from above v(R, p) by C': = Apean + &, but :

(R, p) = /Q (#12(D: = mur,p (&, M + &1 Dyur,, (&) dt dn,
R
SO :
2
1Dsun sl < /20 (3.16)

As in the case of the upper bound, we use the continuous, bounded and self-
adjoint projector Il :

My: L2(Q) = L2QR), [ [ f(t,n) da, (8.17)

1
and we write ug,, as a sum of two functions u% , and up, , such that :
u%,p =o(ur,) and u}z’p =UR, — u%p. (8.18)
We identify the range of Iy with L2(0, R) :
HO(LQ(QR)) - L*(0,R)

Mo(f) = gst gt)= [', f(t,n)dn, "t € (0, R)
and L2(0, R) - IIo(L*(Qr))
= Io(f) with f(t,n) = g(t),VY(t,n) € Qr.
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By definition of u% , and uj, ,, it is easy to see that :
1/2

||D77uR p||L2(QR) < \/— /1/2 t 77) d77 =0, D’ﬂuR | netl =0. (819)

The properties (8.19) show that uj, , is orthogonal to constant functions and
since 7 is the smallest positive eigenvalue for —92 on ] — 1, 1[, we deduce that :

IDgug ll2@n) = luk,ll2@q)- (8.20)

By definition of v(R, p) and u}{’ ,» the relation (8.20) and the upper bound of
v(R, p), we establish the upper bound :

(R p) cr_ ¢

lu,pllz2(0m) <

< (8.21)
77\/_ R
Since |[uf ,|720n) =1 = [k ,ll72(0y), the relation (8.21) leads to :
é//
1- s < luk ,llz2@r) < 1. (8.22)
We know that :
2D, —MHDy —nur,y + £ Dur, = v(R, pun,y- (8:23)

We apply the projector Iy to the relation (8.23) and so :

1
2
Lmean,Ru%,p +/ . 2(Dt - n)t(Dt - n)u}%,p d77 = V(RJ p)u(l)%,p'
-2

We take the scalar product with u0R7 , and obtain, after simplifications :

mean,R_ 0 0
(L 0 W) 120, mp

= (R, )l 2o — 20 / nuky, u dt di
R

+2/ ntDyup,, u% ,dt dn — 2/ tn’up,, u ,dt d.  (8.24)
Qr Q

R

We now estimate each term of (8.24) :
* |‘fQR nug, uh , dt dn‘ < CTI; according to (8.21) and (8.22).
* “fQR thu}%’p u%’p dt d??‘ < R||u}2’p||Lz(QH)||u%,p||L2(QR) < RC_\/ﬁ

* For the third term, we use an integration by parts and then :

okl C”\/_
ntDyul ul, dt dn‘ < —+4+
/QR fop TR VN

ul o u p>L2(]0 gy and remark that :

||x/EDtu%,pIIL2<]o,RD-

We define C(R, p): = (L™eam R

IVtDu% |22 0,5y < VC(R, p).-
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Then Relation (8.24) and our previous estimates of each term lead to the upper
bound :

Ch 201 vR
C(R,p) < v(R, p)+2R—+4— VC(R,p
We assume that R > 1 and that there exists a finite constant M such that % <

M. Then C(R,p) is finite and there exists a constant C'(c0) > 0 independent
of R and p such that : C(R,p) < C(o0) < 400. Using (8.22), we bound from
above AE . and also Apean according to (8.3) :

Amean < Miean < ¥(R,p) +C (8.25)

/=

O

8.5 Proof of the lower bound on Theorem 8.1

According to the definitions of A%(a) and v(R, p) and the relation (8.5), we can
write :

1
Ma) + eV "> M) >v (R, ﬁ) . (8.26)
We take p = -1z and R = a~3, then \/_ = /a. We notice that % i

uniformally bounded by v/27 and so we can apply Lemma 8.4. Using (8.5) and
(8.26), we deduce :

_2 _2
AMa) > AF(a) — e V20278 > (a5 a7 3) — eV D (8.27)

It is enough to use the relations (8.25), (8.27) and the relation between A(«)
and p(a) to obtain :

(@) > aAmean — Cak.

This last relation achieves the proof of Relation (8.1) and also of Theorem 8.1.
O

9 Behavior of eigenvectors

It is easy to deduce of the proof of the relation (8.1) the behavior of the eigen-
vectors of P# and L™ea™R a5 follow.

Proposition 9.1. We denote by uR,p the first normalized eigenvector associ-
ated to P™? and define the function uRp = Ily(ur,,) on ]0,R[. We denote by
ull .., the first normalized eigenvector for L™ Then, there exists a constant
C such that :

1 R
4, — tmeam llZs0m) < c(;+ﬁ). (0.1)

for R large enough, uy, , — ul o tends to 0 in L*(]0, R[) when p tends to +oo.
Furthermore, if R = a~% and p=a” 3 , then :

1
||u(IJ%,p - ugean”LZ(]U,R[) = O(a2)' (92)
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Proof : We decompose u}, , according to a basis of eigenvectors for LmeF
,
0o _ R -0
UR, = Q0Umean + UR,p> (9'3)

with @ , orthogonal to ufl.,,. We estimate < L™*™Ful, ul  >p20.m) by
using (8.24), Relation (8.15) and the expression (9.3). Then there exists a
constant A independent of R and p such that if R > 1 and £ is uniformly

v
bounded, then :

R
va
We denote by A, .., the second eigenvalue for L™®*™# and apply the min-max
principle, then :

< Loy o uf, >020,8) S Mvean (@8 + 18R, |72(0,m)) + A (94)

< Lmean’Ru(I)%,pJ u%,p >L2(0,R)Z /\lezleanag + Agmean||ﬁ%,p||i2(0,R)' (95)
From (9.4) and (9.5), we deduce that :
R

()‘g,mean - )‘ﬁean) ”a%,p”%%O,R) < A% (96)
We can bound from below A$, ... by A2,mean and according to (8.3), we have :
1 1
R R S — ®r -
)‘2,mean - ’\mean )\Q,mean — Amean — €€ 2V3

Then, there exists Ry and A independent of p such that for all R > Ry :
- R
~0 |2
lig,llT200,m) < A_\/ﬁ' (9.7)

This shows that [|@% ,[|72 (g r) tends to 0 when p tends to oo.
We use the decomposition of u ,, the relations (8.22) and (9.7) to obtain :

1—C—H—A£§agg1. (9.8)
P VP
This gives :
0 2 2 ~0 |2 c” i B
||uR,p - Umean,R||L2(0,R) =(1-ag)+ ||“R,p||L2(0,R) < 7 + QA%. (9.9)
To achieve the proof, we choose R = a~% and p= a8, O

We also can have informations about the first eigenvectors for L™" and
Lmean,R .

Proposition 9.2. Let uj mean be the normalized eigenvector associated to Amean,
uﬁmean be the normalized eigenvector associated to AE_.. and @B, its exten-

sion by 0 fort > R. Then :

l[41,mean — @ meanl| 12 +) = O(e”73) for R — +oo. (9.10)
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. ~R .
Proof : We decompose 41’ ,eqy, a8 :

-R -
U] mean = A0U1,mean T V1,

with v; orthogonal to %1 mean, then :
||afmean||i2(p+) =1=aj + |[vil[72m+)-
Furthermore :

R _ mean~R ~R 2 2
)‘mean =<L U1, mean’ U1, mean >L2(R+)Z ao)\mean + /\Z,mean||U1||L2(R+)-

(9.11)
So :
()‘2,1116311 - Aﬁean)”vl||i2(]1¥+) < a%(/\rlrzlean - Amean)
S )‘ﬁean - )\mean-

From Lemma 8.2, we deduce :
. __R_ 9 . __R_
()\Z,mean — Amean — C€ 2‘/§)||1)1||[,2(]R+) < ce 2v3,

But observing that A2 mean — Amean = %, we get, :
2
loillfomsyy < ———=

__R_ __R_
So ||”1||i2(11e+) = O(e 2v3) and a9 = 1+ O(e 2v3) when R tends to infinity. To
achieve the proof, we just have to write :

|[u1,mean — @'meanlT2@sy = (1 —a0)? |81 meanll72@+) + 0172 @+)-

~ D __R_
SO ||u1,mean - u{%mean”iZ(R-{-) = 0(6 2‘/§). O

10 Splitting between the two first eigenvalues

10.1 Main proposition

We establish a lower bound of the splitting between the two first eigenvalues of
—Vao on (1, :

Proposition 10.1. For a small enough, the smallest elements of the spectrum
of =V%4 on Qq are eigenvalues. We denote by p1(a) and ps(c) the two first.
Furthermore, denoting by AT"®*" and \3*°*" the smallest eigenvalues for L™,
then there exists oy and C > 0 such that for a €]0, ao] :

p2(a) = p (@) > (ADean _ ymean) _ C’a% (10.1)
e
This estimate shows that there exists at most one eigenvalue with the asymp-
totics (1.1) and achieves the proof of Theorem 1.1.
To prove Proposition 10.1, we will use the same operators as for the proof
of the first term of the asymptotics.
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10.2 Estimates of the second element of the spectrum

We use the index 2 to indicate the second element of the spectrum. We have
an expression of A2 () according to the min-max principle :

A2(a) = sup inf 7%2(”) : (10.2)
veL2() ueVN ulv ||u||L2(Qo)
By the same principle, we have expressions for Aj'(a), A2,mean; Ajmean and
v2(R, p). So we deduce that :
AP > Aa(a), (10.3)
Ma) > Aafa), (10.4)
)‘g,mean > )\Q,mean; (10.5)
Mimean > v2(R,p), (10.6)
1
R
M) > n (R, ﬁ> : (10.7)

Due to the relation (10.3), we can bound from above Ay(a) by a positive con-
stant and so p2(a) = alx(a) tends to 0 with . Then there exists a; such
that for all a < a1, pa(a) < ©p. By Lemma 2.3, we have established that the
bottom of the essential spectrum of —V? ~on €, is equal to ©p and so, uz(a)
is an eigenvalue as soon as us(a) < 0.

10.3 Comparison between v, and Aj mean

We now choose R = a™%, p = a% . To simplify the notations, we define

ppean: = [meank and A eani = Mimean for R = a7%, v(s):= v(a™%,a°?).
We establish :

Proposition 10.2. There exists a constant ¢ such that :
V2(8) > A3 mean — ca' 2. (10.8)

Proof : Let ug, us,s the normalized eigenvectors associated to v(s), va(s). We
define ud: = Tlou,, uf ;: = Ious,s and uy = us —ud, uy , = Uz s — u9 ,. As we
establish (8.22), we show that there exists a constant C' independent of a and

s such that :

s

lusllL20,0-0) < C'@™ %, [Jug 4l|L2(0,a-4) < C'a’ 73,
(10.9)
1-C'a?8 < ||u2||L2(0’a—s) <1, 1- C'a?® < ||ug,s||L2(0,a—s) <1.

3 0 _ s ~0 3 ~0 s :
We wr21te uz’8 —Zalul,mean + @y ; with @3 ; orthogonal to uf ;.- We notice
that ai + ||@3 4|[72(0,5) < 1, 80 |az]| < 1. Since < uzs,us >12(0p)= 0, we can
estimate < u ,,ud >r2(0R) :

0 0
< ’U/Q,S,’U/S >L2(0,R)
1 1 1 1
= < WUy Us >r2(p) — < U g Us >L2(Qg) — < U2,s, Us >L2(QR£10.10)

a1+ < @147 mean + ﬂg,s,ug — U mean >L2(0,R) - (10.11)
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Due to (9.2), we know that |[u — 4} jeanllz2(0,a-e) < Cal™2°. We use rela-
tions (10.9) to bound from above | < uj ,,us >12(0z) | and | < ug s, uy >r2(04) |

s

by C'a'"2 and | < uj ,,u} >r2ea,) | by C?a’ 7. We put these estimates in
(10.10) and (10.11) (note that |a;| < 1) and we deduce :

lar| < 20a'™3° +2C"a "% + C2a2™. (10.12)
So, for o small enough, there exists a constant C; such that :
la;| < Cia' s, (10.13)

This relation means that ug,s associated to vo(s) is “almost” orthogonal to

U§ mean- Furthermore, we using (10.9) and (10.13), there is a constant C such

that :
1—-C%a'™2 <, |I720,m) = I1u2,6llZ20,1) — 01 < 1. (10.14)
Similarly, we get for < L™eanRyd 4% > 12 g :

_3
< L;“ea“ug’s,ug’s >L2(0,a—s) < V2(8)Hug,s||%2(0,R) + Cal 25, (1015)

and :

mean,, 0 0 248 s ~0 2
< Ls Ug,s) U2 s >L2(0,a_5) > aj 1,mean + )‘2,mea,n||u2,s||L2(0,R)(10'16)

Relations (10.9), (10.13), (10.14), (10.15) and (10.16) lead to :
v2(8) > A3 mean — ca' 30 (10.17)

O

10.4 Comparison between )\y(a) and M\ ()
We recall that we choose R = a™*.

Proposition 10.3. For every positive constant c, there exists a1, Ry and a
constant C' such that, for every a €]0,a4] :

(@) = da(@)] < Ce VR, (10.18)

Proof : Theorem 7.1, Relation (7.2) and Remark 7.2 allow to be specific about
the behavior of us o. So, there exists oy and a constant C' such that for every
a €]0,a1]

/ Vi, (L) dt dy < C. (10.19)
Q

As for the first eigenvalue, we show that A2 (a) is closed to Af*(a) by using spectal
theorem. We define v = xpguz,, and estimate |[(PE — Xy())vE||12(qp)- For
(t, ’I’]) € Qg :

ngf(tv 77) = Pavg(ta 77)

XRPau2,a(t7 77) + [PaaXR]UQ,a(t’ 77)

Ao (@)vg (t,m) + (8tDyus,a — 4(i + tn)ua,o) Dexr(t,n) + 4tuz, o Dix (8, 1)
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By assumption, there exists C' such that |[Dyxg| < % and |D?xg| < %. With
(10.19), we show that :

lL2qrp Rt /ooy < Cem VR, (10.20)
So, with an integration by parts for the term ||[¢Dyua,4Dixr||, we deduce :

(12+4R)C  12C
TR R

[[u2,a

||(PE - Az(a))UfHLz(QR) < ( ) CeVE. (10.21)

As |l 2ip 2 Iufalliz(e, . = 1 Iudall2m 2,1 ooix)—1/2,1 /21> and (10.20),
there is ¢ such that :

loflr2ny > 1—ce VR, (10.22)

We apply spectral theorem and Relations (10.21) and (10.22), so there exists
Ry and AE(a) € o(PE) such that for every R > R :

AE(a) = ha(@)] < e VE. (10.23)
We show that k > 2 by contradiction. We assume k = 1. It is easy to see that :
22(@) = Mmean < 267V
But, due to (10.7), we deduce :
V3(8) = Al mean < ce—°VE,
We apply Proposition 10.2 and Relation (10.5) to establish the upper bound :

s _ 1S
2,mean 1,mean

< e VE 4 calm3s. (10.24)

Since the gap between Amean and Az mean is equal %, Lemma 8.2 and (10.5)
show that :

2 3 R
~ 1—3 . —_R_
—= = )\2,mean - )\l,mean < cée VR +eca 2% 4 e 23,

V3

which is false for a small enough. So k > 2 and then A\F(a) > M (a). We
deduce, using also (10.4) :

0< M (a) = Xa(@) < Ce VR (10.25)
O

10.5 Proof of Proposition 10.1
Relations (10.25) and (10.7) give us :

1
Xo(a) > (R, ﬁ> — Ce VR, (10.26)
We take the lower bounds (10.26) and Proposition 10.2, then, since Aj(a) <

)\l,mean :

A(@) = Ai(@) > A5 mean — Momean — Ce VE —cal™25, (10.27)

So :
A2 (Ot) - M (a) > ()‘2,mean - Al,mean) - éaligs- (1028)
O

31



11 Estimate in the semi-classical case

11.1 Estimate of u(h, B,Q)

As in [10], p. 617-621, we can give a lower bound and a upper bound for the
fundamental state of the Schrodinger operator with a non constant magnetic
field and a non smooth domain.

We consider a magnetic potential 4 with a non constant and positive asso-
ciated magnetic field B, and a bounded open set Q C R? with C* boundary
except at vertex Sp,---, Sy with corresponding angles ay,---,ay and we as-
sume ay, €]0,7[. For each vertex Sy, the boundary is locally C'-diffeomorphic
to a sector €, . We define b = inf B(z) and b' = inf B(z).

z€Q €O
Theorem 11.1. Under these assumptions, there exists ho > 0 and two positive
constants C and C' such that, for h < hg :

~Ch*/* < p(h, B, Q) — h inf (b, Qob', _inf Nu(aj)B(S,-)) < 'R,

=1,

To prove this last theorem, we use the same technics as Helffer-Morame [10].
A partition of unity permits to treat independently the contribution of every
vertex and the size of the partition’s support is of order AY, with v = % for the
lower bound and v = % for the upper bound. If the support is in 2, we compare
with the model R?, if the support meets the boundary, we make a change of
variables in order to compare either with the model R x RT, either with the
sector’s model Q.
Let us give more details about the proof.

11.2 Localization thanks to a partition of unity

The idea of the localization to compare the model cases R?, R x Rt and €,
comes from the following proposition :

Proposition 11.2. Let 0 < p < 1. There exists a constant C such that one
can find a partition of unity X? of Q0 satisfying :

MG =1, (11.1)

J
SIVXP < cnt, (11.2)
j

either supp(x}) N o =0,
either z; € 0Q2 and (11.3)

h . hHP
supp(xj) C B(zj,h?) s.t. supp(ch) N {Si,k = 1, N} = 0!
or z; = Sj.

(with the choice of index j such that z; = S; for j=1,---,N).

We notice immediately :

Z XH(Vxh) =o0. (11.4)
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To compare with the three models R, R x Rt and €, we share indices in three
parts :

cor:={j| zj = S;} bd:={j| z; € 02\ {Sk,k=1,---,N}} int:={j| z; € Q}.

Using this distribution, we deduce for every u € H}L’ 4(€2) that :

gna0®) = Y anaoldu) +Y anaodu) + D anao(iv)
int bd cor
=B | [Vx) lul72(0)- (11.5)
i

We see two kinds of errors : errors coming from approximation which suggest
the choice p large and errors from localization at the opposite.

11.3 Proof of the lower bound

We have to estimate each term of (11.5).
By assumptions on the partition, we deduce :

WY VX ullla) < OB~ |[ullisq)- (11.6)
i

This estimate shows that for p = %, this leads to hi.

Using commutators, we notice that [hD;, — A;,hD,, — As] =i h B and
deduce the estimate :

Y anan0w > 1Y [ Baus) s, (11.7)
int int Q2
where we have used that supp x? C Q, for j € int.
We have now to estimate the terms localized at the boundary. Let j €

cor U bd. By a change of variables, we send locally the domain onto R x R or
Q. There exists a constant C such that, for every v with support in B(z;, h?),

(1 — Cleohp)qh,j,ga (’l~)) < qh’A@(U) < (1 + Cleohp)qh,fi,ﬂa (’ﬁ) (11.8)

So it is enough to analyze g, 7 o_(7). We now omit the tilda due do the change
of variables. We make a gauge transform such that the linear term in the
magnetic field is equal to A“":= B(z;)Ao. We denote by A’ the remainder :
A = A — A% A small calculation gives :

arA0(V) > gpacin (V)

—2TIm / ((h@zl — i Alinyy ATy + (hdy, — AL ATU) dz.
Q
A Cauchy-Schwarz inequality leads to :

h29 . 1 lin 2 h_26 12
<— |(h@w,c — 1Ay )v| dx + |Apv|” dx.
Q 2 Ja

2
(11.9)

‘/ (h8y,, — iA™ v Al vdx
Q
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But, by a Taylor expansion, we see that |A}| < Clz — z;| < Ch” since v has
a support in B(z;, h?). Using this estimate, taking account of the error due to
the change of variables (11.8) and choosing v = X;-”u, we get :

ana0(xtu) > (1 — h* — C1h?)hu(a;) B(z;) /Q X" ul? do — C2R* =20 ||y | .

(11.10)
The estimates (11.6), (11.7) and (11.10) give the following lower bound for

qn,A0(u) :

qn,A,0(u)
> 1Y [ Bl do - Chulf
int
+(1— b — Ch?)hOe Y B(2;) / Xl do — 247203 [xhul
Q

bd bd

+(1= 1 = CHOWY e B(S;) [ Ibul do = G2t~ S hul

cor cor

We choose p = % and § = é, so there exists a positive constant C' and hg > 0

such that for every h €]0, ho], we have the lower bound :

Yu € HY(Q), qn,a0(u) > (hmin (b,@ob', _ inf /.L(aj)B(Sj)) - C’oh5/4) [[a]]?.

]:1’...’N

We apply the min-max principle and get :

w(h, B,Q) > hmin (b, Oob', inf p(aj)B(S]-)) — Coh®/*. (11.11)

j=1, N

O

11.4 Proof of the upper bound
We establish three upper bounds :

1. u(h, B,Q) < hb+ Coh?/2.
2. p,(h,B,Q) < hb'©qg + Coh3/2.
3. u(h,B,Q) <h inf pu(a;)B(S;) + Coh®/2.

j=1,N

Let 2! € Q such that B(z!, h2) C Q. We consider the function u defined by :

u(z) = i(:g)exp(—B(%‘)((ézlh)u(éxz)z)), (11.12)
i(x) = exp (z@) u(z), (11.13)

with ¢ which realizes a gauge transform such that the linear expansion of A+V¢
is equal to Ap.
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We use a cut-off function to localize @ in B(z!,hz) and we make a Taylor

expansion of A at the first order. We also get :
u(h, B, Q) < hB(zh) + Coh®/2. (11.14)

This relation is available for every z! € Q such that B(z%, h?) C Q. Now,
let z; € Q such that B(zi,h2) N Q # 0. We consider zl as below such that,
furthermore, |z, — zf| < h% and, by a Taylor expansion of B(z;) and deduce :

w(h, B,Q) < hB(z1) + Coh®/2. (11.15)

So, we have : B
vz € Q, p(h, B,Q) < hB(z) + Coh®/2. (11.16)

It is enough to choose x such like B(x) = b and we get :
w(h, B, Q) < hb+ Coh®/2. (11.17)

Now, we have to deal with the boundary. Let xy a point of the boundary.
We localize in a small neighborhood B(zy, h%). We use a change of variables to
send locally Q onto €, or R x Rt with an error on O(h?) as we have already
seen in (11.8).

If @; is such that p(a;) < O, then we use the the associated eigenfunction and
the estimates of its a priori decay (given in Theorem 7.1) and we get :

w(h, B,Q) < hB(S;)u(a;) + ch?. (11.18)

We now assume that p(a;) > 0. If a; = 7, we use the same proof as Helffer-
Morame [10] and a good quasi-mode gets the upper bound :

Vzo € 89, p(h, B,Q) < OghB(zo) + Ch*/2.
We immediately deduce that :
w(h, B,Q) < Oohb' + Ch3/2. (11.19)

We have now to deal with the case a; < 7 and p(a;) = ©g. We notice that we
wish this case never happens since we make a conjecture that u(a) is strictly
increasing from ]0, 7] onto ]0, ©¢] but it is not proved for the moment. To deal
with this case, we use the estimate in a point g € 9Q\ {Sk, k =1,---, N} such
that d(zo,S;) < h% and make a first order Taylor expansion for B to deduce :

u(h, B,Q) < hulay)B(S;) + O(h*2). (11.20)

Taking account of relations (11.17), (11.18), (11.19) and (11.20), we get the
upper bound :

w(h,B,Q) < hinf(b,@)ob’, ianp(ak)B(Sk))+Ch3/2. (11.21)

=1,--,

35



12 Conclusion

Some physicists [6],[21] were already interested in the smallest eigenvalue for
the Neumann realization of the Schrédinger operator with a constant magnetic
field in an angular sector €, and in its behavior according to a. They gave
estimates but these results are formal, rough and without rigorous proof. The
relation (1.1) gives an expansion at any order and goes far beyond the works of
Brosens-Devreese-Fomin-Moshchalkov [6] who mention only the first term i
and a paper of Schweigert-Peeters [21] who propose on the basis of numerical
computations a two-terms formula. As usual in the physical literature, the best
one can hope through their technics is an upper bound of pu(a) because they
only construct quasi-modes. We emphasize that we have the asymptotics and
a control of the splitting between the first and the second eigenvalue. We also
give some upper bounds of p(a) and show that the bottom of the spectrum is an
eigenvalue for sufficiently small angulars and in a small domain |7/2 — €, 7/2[,
with an explicit e.

An open problem is to prove the monotony of u(a). Computations by physi-
cists [21] confirmed by our own computations based on a finite elements method
seem indeed to suggest that p(a) is increasing with a.

This paper also completes the results of Helffer-Morame [10], Jadallah [12], Pan
[17] by dealing with the case of the Schrddinger operator with non constant
magnetic field in piecewise C>° domains.

Another point to establish is the localization of the ground state in the semi-
classical case. The aim is to prove that this state is localized at the corners
where the eigenvalue is the smallest. We hope to come back to this point in a
future paper.

A Some coefficients of the asymptotics

The aim of this appendix is to show how one can explicitly determine the coef-
ficients via Maple which is adapted for formal computation.

A.1 Determination of coefficients with Maple

Proposition 5.1 gives an expression of all the coefficients m;, @; and uJ. Ac-
cording to Proposition 5.4, we know that there exist polynomials ]5J and PJ‘-)
such that @; = Pjug and u} = PPug. So we deduce an algorithm to determine
Pj, P]Q and m; recursively. Maple is adapted to this algorithm because we use
formal computation to give the expression of 13j and P]p. By this way, we can
determine successively P?, P, my, ..., P?, P;, mj for every j € N.

Furthermore, we can give an upper bound of the error between u(a) and ap(™ (a)

n

by using (™ = z o (P + Pjo)uo as a trial function, so if we define :

=0
(n)
da n
€n = Qa W — l,l,( )(a) 5 (A.].)
L?(Q0)
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we have :
(@) — op'™(a) < e,,¥n € N.

Let us give the first terms of the asymptotic expansion. At the first order, we
have :

mo= 2=, P(t)=1, Po(t,))=0, er=0.
For the second term :
N 23
YT T 353
19 23 11 2
Pt) = ——+——t+ —t>— t3
1) 42 70\[ 210 189+/3
. 7 t 2 2 2 . 2
Pt = —¢ 1+ — ) -4t — =42 4—
1 (t,m) 20 +in5 ( +\/§> g tin |3 33 +n

a®V/3 28161000 + 92524632
1155 44100 + 36571a*

e =

We give also the third term :

m—@?)
2 7 539

811247 31627 35747 , 10973

Pot) = - t— t° —
2 (%) 485100  32340/3 485100 436590v/3
7253, 17 2
- + t
1746360 173253 107163
. 3 451 12547 1
P (t — _tz 3 4 _ £
) (,7) 280" 21600v3 | 72576000 972043

(t+ 211 1993 5 1639 4_i>

56 840\/_ 10080 30240+/3 567
1 121 1

+n2( Tp g 93 t5>

84’ 315f 30240 567v/3
zn3<3 228 , 2903, 2689 , 4 t5)
63 315\/ 7560 226804/3 1701
4o 631 5 1223, 2 t5)
7 630v3 151200 567V3
( 2t+— Ht 3y 1 4)
15

5
903
4 1
= —t3 —
( 9 +45[ 18 )

+

+n

| 2084343127a 1 - a2 — cpat + cza
165540375v/3 1+ csa* —csa +c¢ a8’
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with ¢ = 4345222 5 20434 Co = 12 5104 558 3 1 Ca = 20 44 52 0 23
1 = 251 848 553085 ° 2 — 74583 20 5 448240 ’ 3 — T1 4883020 8381 ’
c_351 c_32584213 c_41 035 5812
4 = 44100 5 = 21 1500 ° ~ 10401232842000 -

We can go further to get more coefficients with the same algorithm.

A.2 Estimates of u(a)

We can collect all the bounds that have been obtained for p(a).

Figure 1: Localization of u(«)
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Proposition 2.3 : Ve €]0,27[, up(a) < O, (1)
Relation (2.13) : Va €]0,5[, u(@) < =& — =240 (2)
Relation (3.7) :  Va €)0,7], ple) > ©02, (4)
Proposition 4.1, Ve €0,2a], ma) < . (3)

We use the upper bound (2) with the estimate ¢(0) 0.88 according to compu-
tations of C. Bolley and ©¢  0.59 for the picture. These estimates are drawn
on Figure 1. So we are convinced that the energy pu(a) is localized in the domain
limited by the curves (1), (2), (3) and (4).

Furthermore, if we denote by (z , ) and (z , ) the coordinates of points
A and B, we see that x+ < z and we deduce that u(a) is an eigenvalue for
a€)0,z [Usz 3]
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