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Abstract

We consider the Schrédinger operator H in the space Lo(R?) with a magnetic
potential A(z) decaying as |z|~! at infinity and satisfying the transversal gauge
condition < A(z),z >= 0. Such potentials correspond, for example, to magnetic
fields B(x) with compact support and hence are quite general. Our goal is to
study properties of the scattering matrix S(A) associated to the operator H. In
particular, we find the essential spectrum oss of S(A) in terms of the behaviour
of A(z) at infinity. It turns out that oess(S(A)) is normally a rich subset of the
unit circle T or even coincides with T. We find also the diagonal singularity of
the scattering amplitude (of the kernel of S(\) regarded as an integral operator).
In general, S(A) is a sum of a multiplication operator and of a singular integral
operator. However, if the magnetic field decreases faster than |z|~2 for d > 3
(and the total magnetic flux is an integer times 27 for d = 2), then this singular
integral operator disappears. In this case the scattering amplitude has only a weak
singularity (the diagonal Dirac function is neglected) in the forward direction and
hence scattering is essentially of short-range nature. An important point of our
approach is that we consider S()\) as a pseudodifferential operator on the unit
sphere and find an explicit expression of its principal symbol in terms of A.

1. INTRODUCTION

Let the Schrodinger operator H be defined by differential expression
H=(V+A@)*+V(z),

where the scalar function V' (z) and the vector-valued function A(z) = (A;(z), ..., A4(z)),
d > 2, are real valued and called the electrostatic and magnetic potentials, respectively.
We assume that the potentials are C'*°-functions satisfying the estimates

0% A(z)| + |0°V ()| < Ca(l+[2[)7, p>1/2, (1.1)

for all multi-indices . Then H is a self-adjoint operator in the space H = Lo(R?)
on domain D(H) = D(H,) of the “free” operator Hy = —A. Under assumption (1.1)



stationary scattering theory for the pair Hy, H was constructed in the paper [11] where it
was supposed that A = 0. For the general case where V' and A satisfy (1.1) for arbitrary
p >0, see [8].

Our goal is to study the scattering matrix (SM) S(\) = S(H, Hy; \), A > 0, for the
operators Hy, H. Actually, we discuss two different but intimately connected problems.
The first is a description of the diagonal singularity of the kernel s(w,w’; A) of the SM
(known as the scattering amplitude) regarded as an integral operator on the unit sphere
S91. The second problem is a localization of the essential spectrum of the SM.

Let us recall first of all the well-known results. Under assumption (1.1) the scattering
amplitude is a smooth function off the diagonal w # w’ but might be very singular as
w—w' — 0. In the short-range case (p > 1 in (1.1)), S(A) differs from the identity
operator I by a compact term (see, e.g., [12]). To be more precise, the kernel of this
term is O(|Jw — w'|?7%) as w — w' — 0. This implies that in the short-range case the
spectrum of S(\) consists of eigenvalues accumulating at the point 1 only.

In the opposite, long-range case, when V() and A(z) are, for example, asymptotically
homogeneous potentials of degree —p, p < 1, the diagonal singularity of the scattering
amplitude s(w,w’; A) is very wild (see, [11, 13]). It turns out that for long-range poten-
tials, it is more convenient to study the SM as a pseudodifferential operator (PDO) on
the unit sphere. Under assumption (1.1) its principal symbol (defined on the cotangent
bundle to the unit sphere) is determined [11, 8] by the expression

plw,z; ) = exp(i@(—k‘lz,kw)), westl zeR, <w,z>=0, A=k k>0,

(1.2)

where
Oz,6) =27" /_O:O(V(tg) — V(@ +1t8) +2 < Az +16) — A(t€),€ >)dt, £#0. (1.3)

We emphasize that the function ©(z,£) does not depend on the projection of z on the
direction of €. Below this function is always considered off some conical neighbourhood of
the set z = 7€, v € R, where O(v¢, &) = 0. Moreover, we can replace in (1.2) the function
O(—k™12,kw) by its asymptotics Oy (—k 'z, kw) as |z| — oo which is determined by
the asymptotics of V' (z) and A(z) as |z| — oco. For homogeneous potentials of degree
—p, p € (1/2,1), the function O, is homogeneous of degree 1 — p, so that for long-range
potentials O, (—k 'z, kw) — oo as |z| — oo. This implies [11] that the spectrum of the
SM covers the whole unit circle T, that is

o(S(\) =T. (1.4)

Note that for short-range potentials the principal symbol of PDO S()\) equals 1 which
corresponds to the Dirac-function in the scattering amplitude. The intermediary case p =
1 is also essentially long-range since for such potentials the function ©, has, generically,
a logarithmic growth as |z| — oo, and hence again the spectrum of the SM covers the
whole unit circle T.

The main goal of this paper is to study the SM in the critical, but physically very
important situation, where a magnetic potential A(x) is asymptotically homogeneous of
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degree —1 and satisfies, additionally, transversal gauge condition

< A(z),z >=0. (1.5)
Such potentials correspond, for example, to magnetic fields

B(z) = curl A(x) (1.6)

(we use always three-dimensional notation although, strictly speaking, for d > 3 one has
to consider A as a 1-form and B = dA as a 2-form) with compact support and hence
are quite general. Everywhere, except the last section, we assume V(z) = 0. Then the
usual wave operators

WL(H,Hy) =s— tlim e Hte=tHot (1.7)

—+oo
exist [6], so that the SM can be defined in their terms.

Alternatively, our paper can be considered as devoted to a study of the Aharonov-
Bohm effect [1, 9] in a sufficiently general framework and in all dimensons d. From
mathematical point of view this effect consists exactly in unusual properties of the SM
for magnetic potentials A(z) such that

A7) = a(2)(—22, 1) /|2]>, & =zx|z|”", T€R, (1.8)

for sufficiently large |z|. Here a is C°°-function on the unit circle. Actually, for d =
2 formula (1.8) gives all magnetic potential which are asymptotically homogeneous of
degree —1 and satisfy (1.5). For potentials (1.8) the essential spectrum o.ss of S(A)
consists of two complex conjugated (and perhaps overlapping) closed intervals of the unit
circle. These intervals were explicitly calculated (but complete proofs were omitted) in
[7] in terms of the function a. In particular, if a(Z) = « = const, then ges(S(A))
consists of the two points e¥™®. As far as the singilarity of the scattering amplitude is
concerned, it is a sum of a multiplication operator and of a singular integral operator
(but the latter disappears if the total magnetic flux is an integer times 27). This is of
course qualitatively different both from short-range and generic long-range cases.

It seems to be a common belief that exotic properties of the SM for potentials (1.8)
are related to the equality curl A(z) = 0 satisfied by these potentials. We argue that
similar phenomena hold in any space dimension and for all magnetic potentials which
are asymptotically homogeneous of degree —1 and satisfy, additionally, transversal gauge
condition (1.5).

Our approach to the study of the SM relies on a consideration of S(\) as of a PDO
on the unit sphere. Actually, we proceed from general results of [13] where all necessary
information about the SM is collected. Under our assumptions on A(x), function (1.3) is
asymptotically homogeneous of degree zero in both variables. It turns out (Theorem 4.4)
that in this case the essential spectrum o,z of the SM S(\) does not depend on A\ and
coincides with the image of the function exp (i@oo(z,w)) for all w,z € %! such that
< z,w >= 0. Thus, in general, relation (1.4) is violated. Next, making the Fourier
transform of function (1.2) of the variable z in the hyperplane orthogonal to w, we find
(Theorem 4.5) the leading diagonal singularity of the scattering amplitude s(w,w’; A).
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As for potentials (1.8), in the general case the singular part of the SM is a sum of a
multiplication operator and of a singular integral operator.

However, if
B(z) =o(|z[?), zer!, d>3, |z o0, (1.9)

(of course, the left-hand side here can be replaced by 0A4;/0x; — 0A;/0x; for all i, j)
then this singular integral operator disappears. This result is particularly transparent if
B(z) = 0 for sufficiently large |z| and hence A(z) = gradU(z). So for decay (1.9) of a
magnetic field, properties of the SM are quite close to those for short-range potentials.
Note that if a magnetic field B(z) is created by a sufficiently well localized electric
current J(z), that is curl B(x) = J(x), then it always satisfies (for d = 3) the condition
B(z) = O(|z|3) as |z| = oo (see, e.g., [5]). The cases when (1.9) is fulfilled or violated
are called, respectively, regular or singular in the paper. In the case d = 2 the singular
part of the SM reduces to a multiplication operator if the total flux is an integer times
27. Thus, a long-range behaviour (as b(Z)|x|2) of a magnetic field for d > 3 plays the
same role as a topological obstruction (non-integer magnetic flux) for d = 2.

Our results show that the essential spectrum of the SM, as well as the leading diagonal
singularity of its kernel, are determined by the asymptotics of A(x) at infinity only; in
particular, values of A(z) for bounded z are irrelevant. We emphasize that the SM is not
determined by a magnetic field only; its behaviour with respect to gauge transformations
is discussed in subs. 3.4.

Similar results are obtained (see the last section) for odd electric potentials V' (z) with
the asymptotics at infinity v(2)|z|™!.

2. PSEUDODIFFERENTIAL OPERATORS

2.1. We start with an elementary result on the Fourier transform (in the sense of
distributions) of homogeneous functions of degree zero.

Lemma 2.1 Let f € C®(R? \ {0}) and f(tx) = f(z) for t > 0. Then the Fourier
transform

fO) = (Fn© = en " [ e )

£(&) = M) £,6(€) + £1(6),

where §(-) is the Dirac function,

fo=1s7 [ Fw)dy,

sd—1

and

f1(&) = @m) (=i d-1)! [ () = fo)(< € > —i0) “ay.  (21)

sd—1
In particular,

/Sdil file)dp = 0. (2.2)



Proof. — Let fi(x) = f(z) — fo- The Fourier transform of fy equals of course
(27m)42 £,6(€). Thus, it remains to find

fu(€) = (2m) 2 /S L h@)( /0 iy gy, (2.3)

where we have used that fi(r¢)) = fi(¢). Integrating here first in the variable r and
setting o =< 9, & >, we see that

O i< e>, d—1  ipa d—1 gq 011 oo e
e ’r_drz/ e~ “dp =1 /e_ d
/0 0 P P dad—1 Jo P
d—1

2 0
Jod 1

= —j (@ —1i0) "t = (=i)%(d — 1) (o — 30) %
Plugging this expression into (2.3), we obtain formula (2.1) for f;(€). According to (2.1),
up to a constant coefficient, integral (2.2) equals

/Sd—1 dofi(p) /Sd_l d(< 9, > —i0) ™%

Since the integral over 1 does not depend on ¢, equality (2.2) is true because the integral
of f; over S* ! is zero. O

Clearly, the function f (£) is homogeneous of degree —d. It is correctly defined as a
distribution. Actually, for a test function u(£), the integral (fi,u) is understood in the
sense of the principal value which is possible due to condition (2.2).

We need also the following technical assertion. Below C' are different positive con-
stants, whose precise values are of no importance.

Lemma 2.2 Let f € C°(R?) and
0°f(2)| <CL+ |z, pe(0,1], |af<d

Then R ,
FE < ClEl~™7, Vo' <p, €] <1 (2.4)

Proof. — Let us choose a coordinate system such that, for example, the first axis is
directed along & so that & = £. Then integrating d times by parts in the variable z;, we
find that

o0

/_ °; ¢TI<EE> [ (), = /_ °; e~ f () day = (i) / e 8 () (1) dzr.  (2.5)

Since ©
[ @@y =,

the right-hand side of (2.5) can be estimated by

7 [l <o 1)1+ [al) ey < 617 [ ol (L4 ). (26)

o0
—00 —



Integrating (2.5) and (2.6) over s, ..., x4, we obtain (2.4). O

2.2. We need some elementary facts (see, e.g., [2] or [10]) about PDO. PDO on a
domain ¥ C R? is defined by the equality

(PF)(@) = 2m) 2 [ <6op(a,€) f(e)de,

where a function f is from the class C§°(X). We denote by ST the class of symbols
p € C*®(X x R?) satisfying, for all multi-indices o and §3, the estlmates

050 p(,€)| < Cap(1+ [z])=P el

Moreover, we assume that p(z,&) = 0 for sufficiently large [£|. We always suppose that
12p>1/2>520andset5m28{70.

In view of our applications, we also consider PDO P acting on the unit sphere
For any wy € S%71, let I1,,, be the hyperplane orthogonal to wp, and let = Q(wy,7) C
S%! be determined by the condition (w,wy) > v > 0. We denote by ( = »(w) the
orthogonal projection of w on Il ; in particular, we assume that »(wy) = 0. We denote
by ¥ the orthogonal projection of {2 on the hyperplane II,, and identify points w € (2
and ¢ = »(w). The hyperplane II,, can be identified with R?*. Let us also consider the
unitary mapping Z = Z,, : Ly(2) — Ly(X) defined by

(Zu) (¢) = (1 = [¢P)V u(w), ¢=x(w).

We suppose that for every diffeomorphism s the operator P,, = Z,PZ} is a PDO on
¥ C R*! that is

SEa

(Pan)(€) = (2m) 02 [ p (G y)e 0 aly)dy, (2.7)

RA- 1
with symbol p,.(C, y) from the class S} ; = S0 ;(X x R¢"!) for some 1 > p > 1/2> 6 > 0.
It is invariant with respect to diffeomorphisms of ¥ up to terms from the class S, L +‘5.

This invariant part, considered modulo functions from 8;5’”, is called the prln(:lpal
symbol of the PDO P, and will be denoted p{?"). The principal symbol of the PDO P is
correctly defined on the cotangent bundle T*s%~! of S%~! by the equality

pw2) =P (¢ y), |wl=1, <w,z>=0, (2.8)

where ¢ = »(w) and z = !5/ (w)y is the orthogonal projection of y on the hyperplane II,,.
We emphasize that ¢ plays the role of the space variable and y is the dual one. Note
also that kernels g(w,w’) and g,.(C, (") of the operators P and P, regarded as integral
operators in Ly(€2) and Ly(X), respectively, are related by the equation

9w, W) = g N = [ =[P, w,w' e (2.9)
It is required that g(w,w’) be a C*°-function off the diagonal w = w'.

We need information on the essential spectrum of a PDO with a homogeneous symbol
of degree zero. Below, by definition, a function f € C* is called homogeneous of degree
kif f(tz) =t*f(z) for t > 1 and |z| > 1/2. Of course, 1/2 is chosen here for convenience
of notation. Actually, only the behaviour of f(z) for large |z| is essential. Let us denote
Trs®1 C T*s% ! the set of pairs (w, z) such that w,z € § ! and < w, z >= 0.
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Proposition 2.3 Let P be a PDO on S from the class 82,5 with the principal symbol
such that
p(w,2) = plw, 2), Z=zlz[T, [z[>1/2.

Then the essential spectrum o..(P) of the operator P in the space Ly(S4') coincides
with the image I' of the function p(w, z) considered on the set Tys* L.

Proof. — Let pg = p(wy, 29) for some wy, 29 € S, < wy, 29 >= 0. Let » be the
orthogonal projection of some neighbourhood €2 of wy on a part ¥ of IT,,. Up to a compact
term, the operator P, = Z,. PZ% is defined by equality (2.7) where p,.((,y) = p®7 (¢, y)
is related to p(w, z) by formula (2.8). It follows from (2.8) and the definition of uq that
o = p,(0,10) where yo = ' (w) 2. Let us set

ure(¢) = e IR f((fe)e v,
where f € CP(R?Y), ||f]| = 1. Then
ine(y) = V2 f(e(y — M)

We suppose that € — 0 and A = ¢ 7 for some 7 > (d + 1)/2. Plugging the function
Uxe(y) in (2.7), we find that

(Prune) (€) = puc(C, Ayo)une (€) + v (<), (2.10)
where
Uae(€) = (2m) (4D 2giA<v0,C> /H( Gy + Avo) = pa(C )\yo))ei<y,€>€(d—1)/2f(sy)dy‘
(2.11)

Let us first estimate the function vy .(¢). Since f € S, the integral (2.11) over the
set |y| > 7179 for any o > 0 tends to zero as ¢ — 0 faster than any power of €. In
the integral over the ball |y| < 7', we use that p,.(¢,y) is a homogeneous function of
degree zero of the variable y and hence

P(C5 Y + Ao) — Dol M) < Cly[A ™" < Ce ',

Therefore, for any N,
|oael] < Cn (g—(d+1)/2_0+7 n 5N)’

and the right-hand side tends to zero as ¢ — 0 provided o0 < 7 — (d + 1)/2. The first
term in the right-hand side of (2.10) equals for sufficiently large A

toUr () + (2:(C5 Yo) — 10, %0))un e (€)-

The Ly-norm of the second term is estimated by

max |P,.\§, - xO:
max 125(C, %0) — P(0, 90)|

which tends to zero as € — 0. Combining the results obtained, we see that

lim || P uy. — potae|| = 0.
e—0
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Since ||uxe|| = 1 and uy, — 0 weakly as ¢ — 0, we have that u, . is a Weyl sequence
for the operator P, and the point p. It follows that Z}u, . is a Weyl sequence for the
operator P and the same point po. Thus, pg € 0ess(P).

Conversely, let us prove that o..(P) C I'. Suppose that py ¢ I'. Let R(pp) be a
PDO on the unit sphere with the principal symbol

r(w,z) = (pw, 2) — o)™, |wl=1, <w,z>=0.

Since r € Sp;, the operator R(ug) is bounded in the space Ly(S%"'). The product
R (o) (P — pol) is a PDO with the principal symbol which equals 1. It follows that

R(uo)(P = pol) = I + K, (2.12)

where K is a compact operator on Ly(S?™!). Now suppose that pig € 0.ss(P). Then there
exists a sequence u, such that

lunll =1, w— lim u, =0, lim [[Pun — poun|| = 0. (2.13)
It follows from (2.12) that
[[unll < IR(o)ll[[Pun — potnl + [ Kua,

which contradicts (2.13). O

As is well known, the kernel g(w,w’) of a PDO P regarded as an integral operator
can be very singular on the diagonal w = w’. Let us find this singularity under the
assumptions of Proposition 2.3. By virtue of equation (2.9) it suffices to consider kernel
g, of the operator P,, satisfying according to (2.7) the equality

9.(¢, ¢') = (2m) =+ / L PGy, (e s (2.14)
Rd—1
The next result follows from Lemma 2.1 applied to the function p,.(¢,y) in the variable
Y.

Proposition 2.4 Suppose that the symbol p,.((,y) is homogeneous of degree 0 in the
variable y. Set

Q) =1 [, pelC, 0,
q;{(g, 6) = (Qﬂ)id_kl(_i)dil(d - 2)' /Sd_z(p%(Ca 1/)) - psi)) (C))(< 1/1,5 > —Z'O)id_'—ldﬁ(ﬂ:

so that, in particular,
/H %(C, p)de =0
S
for any ¢ € X. Then kernel (2.14) satisfies the representation
9:(¢,¢") = P(Q8(¢ = ¢) + P.V.u(¢, ¢ =€), (2.15)

up to a C*®-term. The integral operator corresponding to the second term in (2.15) is
understood in the sense of the principal value (in the variable ' — ().
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This result extends easily to PDO defined on S,

Proposition 2.5 Under the assumptions of Proposition 2.3 where p = 1, § = 0, the
kernel g(w,w") of a PDO P with principal symbol p(w, z) admits the representation

g(w,w') = pV(w)d(w,w) + P.V.q(w,w — w), (2.16)

up to terms of order O(|w —w'|~4T14Y) for any v < 1. Here §(w,w'’) is the Dirac function
on the unit sphere,

POW) =157 [ pwp)dy, 847 =50 IL,

q(w,7) = (21) " (=) (d — 2)! /Sd_2(p(w,w) — O (W) (< b, T > —i0) " 1dy,
so that, in particular,
/Sd_z q(w, p)dp =0 (2.17)

w

for any w € s41.

Proof. — Let us consider as usual the PDO P, = Z,PZ>. We have that P, =
PO 4+ PO where the symbol p") (¢, y) of PO is related to p(w, z) by formula (2.8) and
P() € S~'. Then we apply Proposition 2.4 to the operator P{®) and Lemma 2.2 to
the operator P{"). According to these assertions the kernel of P() is given by formula
(2.15) and the kernel of P is O(|¢ — ¢'|74F1*7) for any v < 1. Next we use that
kernels of the operators P and P, are related by equation (2.9). Thus, it remains to
express the functions in the right-hand side of (2.15) in terms of p(w,v), w,y € s}
< w, 1 >= 0. Without loss of generality, we may assume that wy = w so that {(w) = 0.

Then p(w,¥) = p,.(¢,¥) for ¢ € T1,, and hence p® (w) = p{9(¢). Moreover,
W-w=w<ww —w>+ ¢,

and therefore
<tpw —w>=< P, =(>, yYell,.

It follows that the expressions for ¢,.(¢,(’ — ¢) in Proposition 2.4 and for ¢(w,w’ — w)
coincide. O

We emphasize that the function ¢(w,w'—w) in (2.16) is homogeneous of degree —d+1
in w'—w, so that due to condition (2.17) the integral operator with this kernel is correctly
defined (as a bounded operator in L,(S% 1)) in terms of the principal value. Thus,
under the assumptions of Proposition 2.5, P is essentially the sum P, of the operator of
multiplication by p(® (w) and of the singular integral operator. To be explicit,

(Pof)(w) =V (w) f(w) + lim (w, W' — w)f(w')dw'" (2.18)

=0 J]w —w|>e

Remark 2.6 If d = 2, then, for each w € S, the principal symbol p(w, z) of a PDO
on S takes only two values p;(w) = p(w,w™)) and p_(w) = p(w,w)) where w(*) and
w) = —w) are obtained from w by rotation at the angle 7/2 and —7/2 in the positive
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(counterclockwise) direction. In this case integration over §%72 reduces to a sum over
two points w(*) and w(™). According to Proposition 2.5, the singular part of the kernel
of the operator P can be written for d = 2 in the form

g(w,w") = pO(Ww)s(w,w) + pM(W)P.V.|w' — w| 'sgn{w, w'},

where
POw) =2"(ps(w) +p_(w)), M (W)= (2m) "(ps(w) — p_(w))

and {w,w'} is the oriented angle between an initial vector w and a final vector w'.

3. SCATTERING MATRIX

3.1. Let us return to the operators Hy, H = (iV + A)? + V where A and V satisfy
condition (1.1). Although in this paper we are interested in properties of the SM for p = 1
only, it is convenient to describe the analytical background for all p > 1/2. To obtain
a stationary representation for S(\), we have to introduce non-trivial identifications J
(depending on the sign of t) and consider first modified wave operators

Wi =W (H, Ho; J1) = s — lim et J e Hot, (3.1)

The operators J. emerge naturally as PDO defined by the formula

(Juf)(a) = (2m) 42 [ ei<me i<, (3, 6)f(e)de. (3.2
Set
@i(xag) =< 5,115 > +(I):I:(x7§) (33)

Essentially, the symbol of the PDO J. is constructed in terms of approximate eigenfunc-
tions Wy (x,€&) = e+@4) of the operator H. Substituting ¥ = €% in the Schrédinger
equation HU = |£|*¥ and neglecting imaginary terms and the short-range term |A(z)|?,
we obtain the eikonal equation

Vo2 =2 < A, Vo >+V(z)— €7 =0, V=V, (3.4)

for the phase function ¢ = . We choose approximate solutions of this equation in the
form (3.3) where

b (z,£) = £2°! /OOO(V(x £ 46) = VI(E) — 2 < Az £ 4€) — A1), >)dt.  (3.5)

Note that for all multi-indices a, 3 and any p € (1/2,1) we have in the region + <
z,& >> k (for any k > —1) the estimates

070 @ (2,€)| < Cayplr) (1 +Jz))' 7. (3.6)
It follows from (3.4) and (3.6) that
(((V + A@)* + V() — [€1)Ps(2,8) = Ve (, O)r=(z,9),
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where
|a;(cla§/3r:|:(xa§)‘ S Ca”g(/{;) (1 + ‘x|)—2p—|a‘

in the same region of (z,§).

Following [3, 4], to get rid of the “bad” direction & = T¢, we have introduced in the
symbol of PDO (3.2) the cut-off function

(a(@,€) = o (< &8 >)(@)p(EP), E=¢/[€l, & =a/lal. (3.7)

Here 0. € C™ is such that 0.(7) = 1 near £1 and o+(7) = 0 near F1, so that it
“kills” a conical neighbourhood of the bad direction. The function n € C*°(R%) such
that n(z) = 0 near zero and n(z) = 1 for large |z| is introduced only to get rid of the
singularity of the function Z at the point z = 0. Finally, ¥ € C§°(R;) and ¥(\) = 1
for A € A C (0,00) where A is some compact interval. Thus, our considerations are
localized on a bounded disjoint from zero energy interval. Since the function ®_ satisfies
estimates (3.6) on the support of (4, the operator J. belongs to the class 5271_/). In
particular, J, is a bounded operator on H.

The following assertion is well known (see, e.g., [3, 8, 11]).

Theorem 3.1 Suppose that A and V' satisfy estimates (1.1). Then the wave operators
Wi (H, Hy; J1) exist, are isometric on the subspace Eo(A)H and the asymptotic com-

pleteness holds:
Ran (Wi (H, Hy; J+)Eo(A)) = E(A)H.

Moreover, the operators W.(H, Hy; J1) do not depend on the choice of functions oy and
n in definitions (3.2), (3.7).

3.2. It follows from Theorem 3.1 that the scattering operator
S(J-I—: J—) = W—:(Hv HO; J+)W—(H7 HO; J—)

commutes with Hy and is unitary on the subspace Ey(A)H. The diagonal representation
of Hy can be constructed in the following way. Let 9t = Ly(S%7!), § = Lo(R, ;M) and
U : H — $ be the unitary operator defined by the formula

U)X w) =27 PED2 fkw), k= A2

Since S(Jy,JJ_) commutes with Hy, the operator US(J,, J_)U* acts in the space § as
multiplication by the operator-function S(X; J.,J_) : 9% — 9N, known as the scattering
matrix (SM). The SM is defined for almost all A € (0, 00) and is unitary for almost all
A € A. We suppose that A € A.

As was already mentioned, we actually treat the SM as a PDO on the unit sphere.
A detailed study of the SM requires that an approximate solution of the corresponding
transport equation be also introduced in the symbol of the operator J.. The result
formulated below about the structure of the symbol of the SM is a very particular case
of the general result of [13] where a complete description of the amplitude of the PDO
S(A;Jy,J) was obtained for an arbitrary p > 0. Moreover, this result can also be
deduced from [11] or [8]. Let us start with a preliminary assertion.
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Proposition 3.2 Let condition (1.1) with p > 1/2 hold, and let us regard S(\; J4, J_)
as an integral operator. Then its kernel s(w,w'; \) is a C™-function off the diagonal
w=uw.

Theorem 3.3 Let condition (1.1) with p € (1/2,1) hold, and let wy € S be arbitrary.
Define for w,w' € Q(wy) the kernel

so(w,w's A) = (27) HE < wo,w > / k<Y’ =w> i0(ykw) gy, (3.8)
1

where y € 11 =11, and © is function (1.3). Let So(A\) be the operator with this kernel.
Then

where S1(A\) is a PDO from the class S;;E”p and the kernel of the operator Sa()\) is
continuous in w,w' € S

Remark 3.4 If p = 1 and O(z,£) is a homogeneous function of degree zero of the
variable x, then Theorem 3.3 remains true.

3.3. To motivate our assumptions on a magnetic potential A(z), suppose for a
moment that a magnetic field B(z) is given. Then A(z) can be constructed by standard
formulas. Let B(x) satisfy the condition

10°B(z)| < Co(14 |z]) 712 py>2, Va. (3.10)
In the case d = 2 we set
1 1
Ai(z) = acg/ B(sz)sds, Ay(z) = —xl/ B(sz)sds. (3.11)
0 0

Then 0A;(x)/0xy—0As(x)/0x1 = B(x) and transversal gauge condition (1.5) is satisfied.
It follows from (3.10), (3.11) that A(z) admits representation

A(x) = Aso(z) + Ar(2), (3.12)
where A (z) is given for |z| > 1 by formula (1.8) with
a(#) = — / ” B(s#)sds (3.13)
0

and A,(z) obeys estimates (1.1) with p = py — 1 > 1. Clearly, curl A (z) = 0.

Similar formulas are true in a high-dimensional case d > 3. For simplicity of no-
tation, we usually suppose that d = 3. If a magnetic field is given by a vector-
function B(x) = (Bi(x), Ba(z), Bs(z)) such that div B(z) = 0, then a magnetic potential
A(z) = (A1(x), As(z), As(z)) can be reconstructed by the formula

Aq(z) = /01(32(533)553 — xQBg(sx))sds. (3.14)
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Expressions for components A,(z) and As(z) are obtained by the cyclic permutation of
indices in (3.14). Then A(z) is one of magnetic potentials satisfying both conditions
(1.5) and (1.6). Moreover, A(x) admits representation (3.12) where

A (z) = |2|?(7203(8) — T302(%), 2301 () — T103(2), T102(2) — T201(2)), |T| > 1,

a;j(z) = —/ Bj(sz)sds, j=1,2,3,
0
and A,(x) obeys estimates (1.1) with p=py —1 > 1.
Thus, we are led to the following

Assumption 3.5 Let a magnetic potential A(x) admit representation (3.12) where Ay ()
1s a homogeneous function of degree —1 satisfying transversal condition

< Ax(z),z2>=0 (3.15)

and the short-range potential A,(x) obeys estimates (1.1) with some p > 1. Additionally,
we assume that the electric potential V = 0.

Of course, it suffices to impose condition (3.15) for sufficiently large |x| only. Indeed,
let n € C*°, n(x) = 0in a neighbourhood of zero and n(x) = 1 off a larger neighbourhood.
If Ao(z) = |z| 'a(Z) where < a(&), 2 >= 0 for large |z|, then A () = |z|'a(&)n(x) is
a homogeneous function of degree —1 (off a neighbourhood of zero) and satisfies (3.15)
for all 2. The remainder A, = A — A, obeys estimates (1.1) with § > 1.

Let Assumption 3.5 hold. Then the usual wave operators Wy (H, Hy) defined by (1.7)
exist and are simply related to wave operators (3.1). Indeed, let us set

(Jf)(z) = =D f(z), where Z(3)= / < A(t8), 7 > dt. (3.16)
0
As shown in [8],
Wi (H, Hy; J+) = Wi(H, Hy; J)(Hy)- (3.17)
To pass to the wave operators W, (H, Hy), we use the following

Lemma 3.6 Let ¢(x) be an asymptotically homogeneous function of degree zero, that
is, more precisely, ¢ € C*, ¢(x) = ¢o(x) + ¢(x) where do(tx) = ¢o(x) for all t > 0 and
o(z) = o(1), grad ¢(z) = o(|z| ™) as |z| = co. Then

e exp(—iHot)f = exp(—iHot) f&) + o(1), (3.18)

where
fENE) = O f(e) (3.19)

and the remainder o(1) tends to 0 in Ly(R?) as t — +oo.

Proof. — Since

(exp(—iHot) f)(z) = e/ (2it) =42 f (z/(2t)) + o(1),
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we have that
(e exp(—iHyt)f)(x) = eI/ (24t)=/2 10/ f(5/(2t)) + 0(1)
e'le?/40) (24) =42 f&) (./(21)) + o(1)
with f&) defined by (3.19). This is equivalent to (3.18). O

Applying Lemma 3.6 to the operator Jexp(—iHyt), we find that W, (H, Hy) exist
and
W (H, Ho; J) = Wy (H, Ho) F*e=F0 F.

Comparing this equation with (3.17), we see that
Wi (H, Ho)(Ho) = Wa(H, Hy; J)Fre SO F. (3.20)

Below

S =W} (H,H,)W_(H, Hy)
and S(A) corresponds to S. Equality (3.20) implies the following relations between
corresponding scattering operators and scattering matrices:

FSFY(EP) = 2O FS(J,, J_)Fre =00,
S(A) :eiE(w)S()\; J_HJ_)e—iE(—w)’ \e A (3.21)

3.4. Here we discuss the behaviour of the SM with respect to gauge trasformations
defined by the formula

A(z) = A(z) + grad ¢(z), ¢ € CH(RY). (3.22)

Then curl A(z) = curl A(7) and the Schrédinger operator H = (iV + A(z))? with mag-
netic potential A is related to the operator H = (1V + A(z))? by the formula

H=¢e*He ™. (3.23)

If A(x) satisfies Assumption 3.5 and ¢(z) is an asymptotically homogeneous function of
degree zero, then

Ay (x) = Awo(z) + grad ¢o(x)

also satisfies transversal gauge condition (3.15). Note that in the case d = 2 one may
admit that only a function €@ is defined on the unit circle (that is, ¢o(#) is defined
up to a constant from 277Z) and of course ¢,(Z) is smooth. However, we do not need
such multi-valued functions ¢,(Z).

It is easy to find a relation between the wave operators W (H, Hy) and W (H, Hy).

Proposition 3.7 Let the wave operators Wy(H, Hy) exist, and let ¢(x) be an asymptot-
ically homogeneous function of degree zero with homogeneous part ¢o(z). Then the wave
operators Wi (H, Hy) also exist and

Wi(H, Hy) = e®@W, (H, Hy) Fre o0 F. (3.24)
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Proof. — It follows from Lemma 3.6 and formula (3.23) that

Wi(ﬁ,Ho)f = lim eiﬁte_iHOtf = lim eYeiflte=i0e—tHot §
t—+oo t—+oo

= lim eid’ethe_iHOtf(i) = emWi(H, Ho)f(i)a

t—*+o0

where f*) is defined by (3.19). This proves (3.24). O

As an immediate consequence of Proposition 3.7, we obtain a relation between the
corresponding scattering operators and matrices.

Proposition 3.8 Under the assumptions of Proposition 3.7, the scattering operators for
the pairs Hy, H and Hy, H are related by the equation

FS(H, Hy)F* = €%© FS(H, Hy) Fre 1909, (3.25)
The SM S(\) = S(H, Hy; \) and S()\) = S(H, Hy; \) satisfy for all X > 0 the relations
S(\) = €@ g())emo(-w) (3.26)

or, in terms of the scattering amplitudes,
S(w,ws\) = ei‘z")(“’)_i‘i"’(_“’,)s(w, W' ). (3.27)
In particular, S(\) and S(\) are unitarily equivalent if ¢o(w) is an even function.

We emphasize that relations (3.25)-(3.27) depend only on the asymptotics ¢q of the
phase function ¢.

Formulas (3.26) or (3.27) show that the SM is not determined by the magnetic field
B(z) = curl A(x) only. This seems to contradict the following mental experiment. Sup-
pose that a quantum particle interacts with a magnetic field. Note that it is exactly a
field but not a potential which can be created by our hands. After interaction we cal-
culate the SM which depends on a potential. So it appears that a particle itself chooses
a gauge convenient for it. There could be (at least) two possible explanations of this
similar contradiction. The first is that the scattering amplitude s(w,w’; A) cannot be
measured experimentally although it is widely believed to be possible. From this point
of view only the scattering cross-section |s(w,w’; \)|* can be practically found which is
compatible with (3.27). Another point of view is that experimental devices used for
observation of a quantum particle are not harmless and fix some specific gauge.

As a by-side remark, we mention also the following consequence of Propositions 3.7
and 3.8.

Proposition 3.9 Let ¢(x) be an asymptotically homogeneous function of degree zero
with homogeneous part ¢o(x) and A(x) = grad ¢(z). Then the wave operators Wy (H, Hy)
exist and

W (H, Hy) = e Fre= 00 F

and the SM S(H, Hy, \) acts as multiplication by e*#0«)=¢0(=%) for qll X\ > 0.
Note that the SM (but not the wave operators) depends only on the asymptotics ¢g
of ¢.
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4. MAIN RESULT

4.1. Let us first discuss the structure of the SM S()) for the pair Hy, H under Assump-
tion 3.5. We proceed from Theorem 3.3. Then we replace in (3.8) the function O(z;, &)
by

O (1, £) :/_o:o < Az +16),6>dt, £#£0, (4.1)

which is the circulation of the magnetic potential Ay (x) over the straight line z + ¢£
where ¢ € R. Note that

900(‘% _f) = _Gw(xaf)- (4.2)

Lemma 4.1 Integral (4.1) converges and the function O (x, &) is homogeneous of degree
0 wn both variables, that is

Oco(2,€) = Oco(£,€), |2 21/2, £#0. (43)
Proof. — It follows from condition (3.15) that
< Aso(z 4+ 1€),& >= —t7" < A(z + t€), 7 >,

which is O(|t|™2) as |t| — oo, and hence integral (4.1) converges. Making in (4.1) the
change of variables t = |z||£|'s, we arrive at (4.3). O

Under Assumption 3.5, Theorem 3.3 can be formulated in a more concrete way.
Clearly, formula (1.3) implies that

Oz, ) = O (1, €) + /_Oo < A(z+16),& > di — /_°° < A(t6),€ > dt. (4.4)

The integral of < A, (x + t£),£ > can be omitted here since the arising error belongs to
the class S™#*! and can be included in the operator S;()). By definition (3.16),

| ‘: < A (t€),€ > dt = 5(€) — E(—4). (4.5)

Since Oy is a homogeneous function, Theorem 3.3 for S(A; J,J_) remains valid (see
Remark 3.4) for p = 1. To formulate it in terms of the SM S(A), we use relations (3.21),
(4.4) and (4.5).

Theorem 4.2 Let Assumption 3.5 hold. Define the function ©(x,&) by equation (4.1),
and let Soq be the PDO on the unit sphere with principal symbol

p(w,z;A) = exp(i@oo(—z,w)), westl zeRr, <w,z>=0.

Then

S(A) = =@ Spe =W £ G (X)) + Sy(N),

where S1(A) is a PDO from the class 8™, vy = min{p — 1,1}, and the kernel of the
operator Sa(\) is continuous in w,w' € ST
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Corollary 4.3 The operator S(A\) — =) Sye =) is compact in the space M.

Let us apply Proposition 2.3 to the PDO Sp,. We remark that the sets T7s% ! are
connected for d > 3 and 77S has two disjoint connected components 77S; and T7S_.
Indeed, T7S consists of points (w, z) where w € S is arbitrary and z = w™®. Therefore
for d > 3 the function ©,, on T75%! takes all the values between its maximum ~ and
minimum 7'. Moreover, according to (4.2) v/ = —v. If d = 2, then, similarly, ©,, on
T}S takes all the values between its maximum v, and minimum y_. According to (4.2)
the maximum of O, on 77'S_ equals —y_ and its minimum equals —v,;. Below for any
[, o € S we denote by [p1, o] the arc of the unit circle obtained as p; moves to g in
the positive direction.

Theorem 4.4 Let Assumption 3.5 hold and let A > 0 be arbitrary. If d > 3, we set

vy= max Oy (z,w). (4.6)

(w,z)€Tysd-1

Then 0es5(S(A)) = [exp(—iv),exp(iy)] if v < 7 and relation (1.4) holds if v > w. If
d =2, we set
Y+ = max On(wt,w), v = min O (W), w). (4.7)

If v, — v < 2m, then

Oess(S(A)) = [exp(i7-), exp(ivs)] U [exp(—ivs), exp(—iv-)], (4.8)

that is 0ess(S(N)) consists of the two complex conjugated and perhaps overlapping inter-
vals. If vy —~v_ > 2w, then relation (1.4) holds.

Using Proposition 2.5, we can describe the diagonal singularity of the scattering
amplitude s(w,w'; A).

Theorem 4.5 Under the assumptions of Theorem 4.2, let us set

0 _ d—21—1 . d—2 _ qd-—1
PO (w) = s /Sd_2exp(z®oo(1/),w))d¢, §9-2 = 41T, (4.9)

w

q(w,7) = (2mi) =4 (d—2)! /S 1o (3D (100 (1, w) — PO (W) ) (< ¥, 7 > —i0)"*" 1y (4.10)

and
so(w,w') = pO(w)d(w,w) + P.V.g(w,w' —w). (4.11)

Then
|s(w,w'; A) = sp(w,w’)| < Clw — w'| ¢ (4.12)

for any v < vy = min{p — 1,1}.

We emphasize that the function ¢(w,7) is homogeneous in 7 of degree —d + 1 and
satisfies condition (2.17). Therefore the integral operator in the sense of principal value
(see (2.18)) is well defined. Theorem 4.5 implies

Corollary 4.6 Let w # W', w—w' — 0 and v < vy. Then

s(w,w’s A) = q(w,w — w) + O(jw — | ~H).
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Now we can give an explicit asymptotics of the scattering cross section
Sairr(wWiwo, A) = (2m) 4N D2 5(w, we V)2, w # wo,
for incident direction wg of a beam of particles and direction of observation w.

Corollary 4.7 Let w — wy and v < vyg. Then

aiff(w;wo, A) = (QW)d_l/\_(d_l)/QW(wo, wy — w)|* 4+ O(|w — wp| 7242, (4.13)

Note that the order of singularity |w — wg| 2¢™2 in (4.13) is the same as for electric
Coulomb potentials.

If magnetic potentials A and A are related by equality (3.22), then corresponding
functions (4.1) differ by the term

/_oo < grad go(w +€),€ > dt = Jim /_i %qﬁo(a: 6)dt
= Th_{{)lo(%(x +T¢) — ¢o(z — TE)) = ¢o(§) — do(—¢) (4.14)
and hence ~
Oco(7,§) = Ooo(x, &) + $o(§) — do(—&)-
According to (4.9), (4.10), this implies that
7 (w) = p© (w)ewo(w)mpo(w), G(w,7) = q(w’T)eitbo(w)*iqﬁo(*w)’

and hence, according to (4.11), the singular parts of the SM S()\) and S()\) are related
by the equality . _
§O (w’ wl) — ez¢0(w)—z¢0(—w) SO (w’ w,),

which is of course conformal with exact equality (3.27).
4.2. In the case d = 2 the results of the previous subsection can be made more
explicit. Note first that for d = 2 condition (1.5) implies that Ay (x) is defined by

formula (1.8) with a function a € C®(S). Recall that w™*) is obtained from w € § by
rotation at the angle £7/2 in the positive direction. Set

flw) = /S o ) W ES, (4.15)

where the integral is taken in the positive (counter-clockwise) direction over the half-
circle between the points w(~) and w). Then for any w € S

F(w) + f(~w) = / a(¢)d = lim < A(z),dz >= ® (4.16)

is the total magnetic flux.

Lemma 4.8 Let O, be defined by formula (4.1), where Ay (x) is potential (1.8), and
let f be function (4.15). Then

Ouo(w, wH)) = £f(w). (4.17)
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Proof. — By virtue of (4.2), it suffices to consider the case of the upper sign. tan§, = t.

Since

< (—wp — tws™ wy + tw%ﬂ), (w%ﬂ, wgﬂ) >= wiws? — wew!™ =1,

we have that for potentials (1.8)

o0 (w + tw(+)) dt
a .
—0 V241 1241

Making the change of variables ¢t = tan ), we get formula (4.17). O

O (w, w™)) =

If a magnetic potential is given by equality (3.11), then comparing formulas (3.13)
and (4.15), we can express the function f(w) in terms of the magnetic field

flw)=— /< L, Bl

The following two assertions are immediate consequences of Theorems 4.4 and 4.5
(see also Remark 2.6).

Theorem 4.9 Let A(x) admit representation (3.12) where A () is function (1.8) (for
sufficiently large |x|) and A,(x) obeys estimates (1.1) with p > 1. Let the function f(w)
be defined by formula (4.15), and let v, = —min f(w) and v = —max f(w). Then for
all X > 0 relation (4.8) holds if v — v— < 2w, and relation (1.4) holds if v, — v_ > 2.

Theorem 4.10 Let assumptions of Theorem 4.9 hold. Let Sy be the integral operator
on Ly(S) with kernel

so(w,w') = @ )=1w)/2 (cos(@/2)5(w, w') + 7" sin(®/2)P.V.|w — w'| 'sgn{w, w'}).
(4.18)
Then estimate (4.12) is satisfied.

It follows from formula (4.18) that, up to the phase factor, the singular part of the
SM is determined by the magnetic flux ® only. In particular, if & € 27Z, then, according
to (4.16), the SM acts as multiplication by the function e/ @) where

W)= [ a)e

As we shall see in the next section, this situation is typical for dimensions d > 3. Note
also that if a(Z) is even, then, according to (4.16), f(w) = ®/2 and hence the first factor
in the right-hand side of (4.18) equals 1.

As a concrete example, let us consider the function
a(@) =a+<p,i> «a€ER pER.
Then ® = 27w« and function (4.15) equals

flw)=ma+2<pw >,
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so that the conclusion of Theorem 4.9 is true with v, = 2|p| — 7 and v, = —2|p| — 7o
In particular, relation (1.4) holds if, for example, 2|p| > 7 or, to the contrary, it consists
of the two points exp(—mia) and exp(mic) if p = 0. The phase factor in (4.18) equals
exp(2i < p,w) >).

In the case d = 2 equality (3.22) implies that
a(2) = a() + ¢} (&). (4.19)

In particular, the magnetic fluxes for potentials ® and ® are the same, ie., & = .
Conversely, if ® = &, then defining ¢¢(w) by the formula

dolw) = [ (@) () (4.20)

(the point wy € S is arbitrary but fixed) we obtain that, due to the condition o =,
function (4.20) is single-valued on the unit circle. Obviously, equality (4.19) is also
satisfied. Relations (3.27) and (4.20) show that, for a given ®, it suffices to prove
Theorem 4.10 only for one function a satisfying (4.16). In particular, we can choose
a(y) = (2m)71®, which reduces the proof of Theorem 4.10 to the case of a constant
function a.

5. DIMENSIONS LARGER THAN TWO

The three-dimensional case H = Ly(R?) (or of a higher dimension d > 3) is qualitatively
different from the case d = 2. On the one hand, the topological obstruction created
by a non-integer (modulo 27) magnetic flux disappears since the exterior of any ball
|z| < R is simply connected. On the other hand, for dimensions d > 3, all magnetic
potentials satisfying Assumption 3.5 cannot be described by a simple formula of type
(1.8). Actually, we distinguish two qualitatively different cases: the regular one when
condition (1.9) is fulfilled and the singular one when B(x) behaves as b(Z)|z|~2 at infinity.
As always, in this section Assumption 3.5 is supposed to be fulfilled.

5.1. Let us start with the regular case.

Lemma 5.1 Let condition (1.9) for B(z) = curl A(z) be satisfied. Then the function
O (T,€) =: Ox(&) does not depend on x provided < z,£ >=0, |z| > 1/2.

Proof. — By virtue of Lemma 4.1, it suffices to check that, for any &, 2y € I,
/ (< Aw(Riy +16),6 > — < A (Riry +16), € >)dt (5.1)

tends to zero as R — oo. Let us apply the Stokes theorem to a part of the lateral surface
of the cylinder RO + t&, where 6 € (Z1,Z2) C S,t € R. Then the difference (5.1) can be
rewritten as

—R/oo dt d0 < curl Ay (RO + t6),0 > (5.2)
—00 96(5?:1,:2‘2)
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where we have used the cylindrical coordinates in the three-dimensional subspace spanned
by the vectors Z;,%s and & By condition (1.9), the integrand here is bounded by
o((t> + R?)71), so that expression (5.2) tends to zero as R — oco. O

Combining this result with Theorem 4.5, we obtain

Theorem 5.2 Let d > 3 be arbitrary. Under assumption (1.9) the function ©(¢,w)
does not depend on 1, and the SM is, up to a compact term (whose kernel is bounded
by Clw — w'| ¥+ for any v < vy = min{p — 1,1}), the operator of multiplication by
the function exp(iOy(w)). In this case the essential spectrum of the SM coincides with
values of the function exp(i@q(w)) for all w € S¥=1. Moreover, the differential cross
section satisfies estimate

Yaiff(w;wo, A) = O(jw — w0|72d+2+”).

We emphasize that according to (4.2) Ou(—w) = —O(w).

Theorem 5.2 shows that under assumption (1.9) scattering has short-range nature
although the magnetic potential decays as |z|~! at infinity.

We can get a slightly different expression for the function O (w) if B € C{°(R?).
Then curl Ay (z) = 0 for sufficiently large |z|, say |z| > R. Let us standardly define (for
|z| > R) the function U(x) as a curvilinear integral

Uz) = . < Ax(y),dy > (5.3)

taken between some fixed point zy and a variable point z. It is required that ', lies
outside the ball |z| < R, so that by the Stokes theorem U(z) does not depend on a choice
of T'; (here the condition d > 3 is used). Clearly,

Ax(z) = gradU(z), |z| > R. (5.4)

Moreover, U(z) is homogeneous of degree 0. Indeed, if zo = vx;, v > 1, then, by
transversal gauge condition (3.15), Ay (z) for = € (x1,29) is orthogonal to the line
(x1,72) and hence U(z1) = U(zy). We extend U(z) as a homogeneous function to all
lz| > 1/2.

It follows from equalities (4.14) where the role of ¢, is played by U that

O (2, &) = U(&) — U(=9).

In particular, we see again that the function O (z, &) does not depend on z. Thus, we
obtain (cf. Proposition 3.9) the following

Theorem 5.3 If B € C°(RY), d > 3, and U is defined by (5.3), then the conclusion of
Theorem 5.2 remains true with the function O (w) = U(w) — U(—w).

Remark 5.4 If d = 2, then of course these arguments do not work since, by the Stokes
theorem, the integral (5.3) over the circle |z| = R tends as R — oo to the total flux @
of the magnetic field. This difficulty is inessential if ® € 27Z. Indeed, if d = 2, then
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Assumption 3.5 implies that B(z) = O(|z|7?7!) where p > 1. Therefore, again by the
Stokes theorem,
Ouo(,€) = Oco(—7,€) = lim (O (R, €) — Oug(—Ri,€)) € 27,
—00
It follows that the function exp(i©u (¥, w)) = exp(iOu(w)) does not depend on ¢ such
that < ¢,w >= 0. In this case the SM acts, up to compact terms, as multiplication by

exp(iOu(w)), so that we recover a result of subs. 4.2 (see formula (4.18)) for the case
® € 27Z.

5.2. Let us consider a concrete example of a toroidal solenoid T in the space R?
symmetric with respect to rotations around the axis x3. We do not assume that the
section of T by a half-plane passing through the z3-axis is a disc. Suppose (which looks
quite realistic) that

B(x1, %9, 23) = a(—29,71,0), « = const, (5.5)

inside of T and is zero outside. Then div B(z) = 0. Of course such a field is not smooth,
but we neglect this circumstance. According to formula (3.14) in this case we have for
large |z|
Ai(z) = —mimslz[7g(2),
Ay(z) = —wamslz|g(2), (5.6)
A3(z) = (a1 +23)l2|g(2),
where the function g € C§°(R), depends on parameters of the solenoid and z = z(x) =

r3(2? +22)~1/2. Indeed, plugging (5.5) into (3.14) and taking into account the rotational
symmetry, we find that for sufficiently large |z|

c+(2)
Ai(x) = ax1x3\x|’3/ J;) s’ds, cy(2) > c_(2),

where c4(z) are the points where the half-line s(1,0,z2), s € Ry, intersects the torus.
Components As(z) and Az(x) can be found quite similarly. Thus, we can set

9(2) = =37 a(c}(2) — . (2))

which determines the function g in (5.6). Clearly, +¢g > 0 if Fa > 0. Let suppg =
[—20, 20]. Of course, for any function g in (5.6), we have that < A(z),z >= 0 and
curl A(z) = 0 for sufficiently large |z|. Note also that A(z) = 0 if |2(z)| > |2|. In case
(5.6) a function U(z) satisfying (5.4) can be constructed by the explicit formula

U(z) = G(as(a] +23) 1%,

where

G'(2) = g(2)(z* +1)7%.
Clearly, G(z) increases (decreases) if & < 0 (o > 0) and it is a constant if |z| > |z].
We set G(z) = 0 for z < —z5. Then G(2) = G, for z > 2z, where —G| is the magnetic
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flux over a section of our toroidal solenoid. Indeed, by the Stokes theorem it equals the
circulation of the magnetic potential A(x), for example, over the closed contour formed
by the zs-axis and the line x; + &t, t € R, where £ is directed along the x3-axis. We
remark that z; is sufficiently large here and the integrals over pieces of lines connecting
these infinite parallel lines tend to zero because A(z) = O(|z|™!). As was already noted,
the integral over the z3-axis is zero. By (4.14), the integral over the line z; + £t equals
U(&) —U(=€) = Gy. Let us formulate the results obtained.

Proposition 5.5 Let a magnetic potential be given (for large |z|) by equations (5.6).
Then, up to a compact term (whose kernel is bounded by Clw — w'|~* for any p < 2),
the SM is the operator of multiplication by the function

exp (iG (ws(1 — wj) /%) — iG(—ws(1 — w)~'/%)).

If the magnetic flut —Gy over a section of our toroidal solenoid satisfies |Gy| < m,
then the essential spectrum of the SM coincides with the arc [exp(—i|Gol), exp(i|Gol)]-
If |Go| > 7, then relation (1.4) holds. The points exp(+iGy) are always eigenvalues of
infinite multiplicity.

5.3. Let us pass to the singular case. Here we consider two examples of magnetic
potentials A(x), z = (1,79, 3) € R®, homogeneous (as always, for large |z|) of degree —1
and satisfying transversal gauge condition (1.5). However, the corresponding magnetic
fields B(z) will decay only as |z|~2 at infinity, which will change completely the conclusion
of Theorem 5.2.

We define the first of these potentials by the equation
A(z) = |22 (01z9xs, oT3T1, a37179), || > 1, (5.7)
where o are constants and
o1 + o + g = 0. (58)
Let us calculate function (4.1). According to (5.7)

< Az + t€), € >= (a? + 122) /2
X (@151(532 + &) (73 + 1€3) + (w3 + t&3) (21 + 1&1) + sé3(@1 + 1&1) (72 + t&))-

This function is a polynomial of the second degree in t. The sum of terms containing ¢2
is zero due to condition (5.8). The integral over R of terms containing ¢ is zero since the
corresponding function is odd. So integrating (22 + t2¢2)~%/2, we find that function (4.1)
equals

@w(x, f) = 2|£|_1|$|_2(Of1£1$2$3 + &2£2$3$1 + O!3€3.’131$2). (59)

Let us find the essential spectrum of the corresponding SM. According to Theorem 4.4
we have to find the maximum of function (5.9) restricted to the set 77S? where |z|? =
|£]* = 1 and condition

21€1 + 2§ + 2383 =0 (5.10)
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is satisfied. We fix x and consider first (5.9) as a function of & only. The method of
Lagrange multiplies gives us the equations

Q1Tow3 = pry + V€,
QoT3X1 = UT2 =+ V§2, (511)
Q31T = puxs + v€;s.

Let us multiply these equations by x1, x2, 3, respectively, and take their sum. It follows
from conditions (5.8) and (5.10) that x = 0 and hence

V2 (2) = (q@om3)? + (z371)® + (a33122) %, (5.12)
Multiplying (5.11) by &, &2, &3, respectively, we find that
Oco(z,8) = 2v(z), (5.13)

which is the maximum (if v(z) > 0) of the function O (z, £) for fixed z. Next we have to
find the maximum of function (5.12) on the sphere || = 1. It is an easy exercise to check
that the function ?(z) attains the maximum «?/4 at the points z; = 0,22 = 23 = 27!
and, similarly, for other permutations of indices. It follows from (5.13) that

max O (z, &) = max{|ay|, |as|, |as|} = ap. (5.14)

Using now Theorem 4.4, we find the spectrum of the SM.

Proposition 5.6 Let a magnetic potential be given (for large |x|) by equation (5.7) where
the constants «; satisfy condition (5.8), and let ag be defined by (5.14). Then the essential
spectrum of the SM coincides with the arc [exp(—icy), exp(iag)] if ag < 7 and relation
(1.4) holds if g > .

The function (5.9) depends on variables x1, 9, 23, so that it can be expected that
the second term in representation (4.11) of the corresponding SM is non-trivial. Set
w = (w1, wa,ws) and

n = (w? + wd) V2 (—wy,w1,0), m=wxn= (w4 wd)V?(—wiws, —wows, w? + w?).

An arbitrary point z € S, = S2N I, can be written as x = z(f) = ncosf + msin#,
6 € [0,27), so that

zy = —(wi + wg)ﬂ/z(w cos 0 + wyws sin ),

Ty = (w? + wd)V?(wy cos @ — wowssinh), 3 = (w? + w?)Y?sin 6. (5.15)
Plugging these expressions in (5.9), we find that
O (T, w) = (W} +wd)™? (—2a3w1w2w3 cos(26)
+(on (W? — wiw?) — aa(ws — wiwd)) sin(20)) = A(w) sin(20 + 6y (w)) (5.16)
where

1/2
Aw) = @3 +6d) ™" (dodududu? + (oa(w? — whwl) — ao(w} — wdud)?)
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and

tan Oy (w) = —2a3wiwows(ay (wf — w%wg) — ag(wg — wfwg))_l.

Now we can calculate function (4.9). Using expression (5.16), we see that
2w
PO(w) = (2m) / (cos(A(w) sin(20 + o (w)) + i sin(A(w) sin(20 + o (w)) ) db.
0

The integral of the second term is zero, and the first one can be simplified by the change
of variables 20 + 6(w) +— 6. Therefore Theorem 4.5 implies

Proposition 5.7 Under the assumptions of Proposition 5.6 the singular part of the scat-
tering amplitude is given by expression (4.11) where

POw) = (2m) " | " cos(A(w) sin 0)d6,

qw,7) = —(27)72 /027r (exp(z’A(w) sin(20 + 6y (w))) — p'¥ (w))(< z(0), 7 > —i0)"2df

(5.17)
and the vector x(0) is defined by formulas (5.15). Estimate (4.12) holds for any v < 1.

As another example of a magnetic potential A(z) homogeneous (as always, for large
|z|) of degree —1 and satisfying transversal gauge condition (1.5), we choose a modifica-
tion of the Aharonov-Bohm potential

A(z) = alz| *(=29,21,0), |z|>1, z=(21,79,23) € R (5.18)
Once again the corresponding magnetic fields B(z) decays only as |z|™2 at infinity, so

that the conclusion of Theorem 5.2 is violated.

Calculating function (4.1), we find that

O (z,&) = Talé| | H(@1&2 — E129). (5.19)

Let us first find the essential spectrum of the corresponding SM. According to Theo-
rem 4.4, we have to find the image of function (5.19) restricted to the set T}S? where
|z|> = €| = 1 and condition (5.10) is satisfied. Easy calculations yield

Proposition 5.8 Let a magnetic potential be given by equation (5.18). Then the essen-
tial spectrum of the SM coincides with the arc [exp(—in|al),exp(in|a|)] if |a] < 1 and
relation (1.4) holds if |a| > 1.

To find the singularity of the scattering amplitude, we repeat, with significant sim-
plifications, the construction of Proposition 5.7. In particular, it follows from (5.15) and
(5.19) that

Ouo(2,w) = —ma(1 — w2)Y2 cos 6.

Therefore Theorem 4.5 implies
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Proposition 5.9 Under the assumptions of Proposition 5.8 the singular part of the scat-
tering amplitude is given by expression (4.11) where

27
PO (w) = (27r)’1/ cos(m(1 — w?)? cos §)d,
0

27
q(w,7) = —(4m)~ / (exp(—mia(1 — w})'/? cos 0) — p@(w)) (< x(6), T > —i0)~2do
0
(5.20)
and the vector z(0) is defined by formulas (5.15). Estimate (4.12) holds for any v < 1.

We emphasize that both terms (5.17) and (5.20) are not zero, so that the singular
part of the SM in the examples of this subsection does not reduce to an operator of
multiplication.

6. ELECTRIC POTENTIALS

The SM for electric potentials V' (x) which are odd functions and behave at infinity as
homogeneous functions of order —1 possess the same properties as for magnetic potentials
considered above. Suppose that a potential V' (z) satisfies condition (1.1) with p = 1 and
is such that

V(z) =V(z) + Vi(2), |[z| =1,

where
Vao(2) = 0(2) 2|7, w(=2) = —v(),

and V,.(z) obeys estimates (1.1) with some p > 1. We assume additionally that a
magnetic potential A(z) = 0. Now the SM is defined in terms of wave operators (3.1)
where J. are PDO (3.2) and ®. is integral (3.5) with A = 0.

Using again Theorem 3.3, we see that the singular part of the SM is determined by
the operator Sy(A). Since V(z) = =V (—xz), function (1.3) now equals

O(zr,€) = —2 / V(e +1t€) + V(z - t€))dt.

As always, we assume < z,& >= 0 and replace here V by V., since the arising error is
O(|z|=¢), e = p— 1 > 0. This gives the expression

O(z,&) = €] O (x,€) + O(|2[7),

where

(x,6) = -2~ / tf:1t§1/2) +v((tf;1t)€/2))(t2 +1)"M24t,

Making here the change of variables ¢ = tan 6, we can rewrite the last expression as
/2 ~ ~
Oco(z,8) = =271 / (v(cos 6% + sin 0€) + v(cos O — sin 05)) (cos ) *d. (6.1)
0
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The last integral converges at the upper limit # = 7/2 by virtue of the condition v(—%) =
—uv(z). Note also that

900(_557 5) = _GOO(xa 5)

Using Propositions 2.3 and 2.5, we can now formulate analogues of Theorems 4.4 and
4.5.

Theorem 6.1 Under the assumptions above, let the function O, and the numbers -,
Y4, Y- be defined by equations (6.1) and (4.6), (4.7), respectively. Then the assertion of
Theorem 4.4 remains true if the numbers v, v, y— are replaced by the numbers \~'/2~,

A"V2~ A "Y2~_ | respectively. The assertion of Theorem 4.5 also remains true if the
function O (¥, w) in definitions (4.9) and (4.10) is replaced by function \~*/?0 (1, w)
defined by (6.1).

As a concrete example, let us consider the function
v(@)=2<pi> peER!, d>2.
Calculating integral (6.1), we find that
O(2,8) = —[¢| 7' <p, &>, |z[>1/2.

Thus, the essential spectrum of the SM S()) coincides with the arc [exp(—mi|p|A~1/2),
exp(mi|p|A~12)] if |p| < A2, and it covers the whole unit circle if [p| > A/2.
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