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A SZEGŐ CONDITION FOR A MULTIDIMENSION AL
SCHRÖDINGER OPERATOR

A. LAPTEV, S.NABOKO AND O. SAFRONOV

ABSTRACT. We considerspectralpropertiesof a Schr̈odingeroperator
perturbedby a potentialvanishingat infinity andprove that the corre-
spondingspectralmeasuresatisfiesaSzegő typecondition.

1. INTRODUCTION

In this paperwe considera multidimesionalSchr̈odinger operatorin£�¤?¥i¦�§"¨
andintroducea versionof a Szegő condition(see(2.5)). Szegő’s

conditionis well known for spectralmeasuresof Jacobimatrices(see,for
example[3], [8], [9], [10], [11], [13]). Our conditionseemsto becompa-
rablewith theclassicalSzegő conditiononly for small energies. The cor-
respondingconditionfor large energiesis muchweaker thantheexpected
oneandcannotbeobtainedby themethodsof this paper.

Oneof themotivationsof this article is theconjectureof B. Simonfrom
[11].

Conjecture: Let © bea realfunctionon
¦�§

, ª¬«�­ , whichobeys

(1.1) ®°¯ ±�¯`² §#³6´ ¯µ© ¥ ± ¨ ¯ ¤ ª=±*¶�·
¸
Then ¹�º�»�© hasthea.c.spectrumof infinite multiplicity essentiallysup-
portedby ¼¾½(¿[· ¨ .

Notethatfor sphericallysymmetricpotentialsthisresultfollowsfrom the
paperDeift-Killip [2], wherethis conjectureis solvedfor ªÁÀxÂ . For ªÃ«�­
it is still open.

The conditionsimposedon the potential in our main Theorem2.1 are
muchmorerestrictive thanthosein (1.1). In fact they arecloseto thecon-
ditionsunderwhich absolutecontinuity of the spectrumcanbe provenby
the methodsof the scatteringtheory. However our work differs from the
resultsobtainedin thescatteringtheoryin acritical way: weproveacertain
estimateshowing thatthespectralmeasureof theSchr̈odingeroperatorcan
notbetoosmallandthisestimateturnsto beof anindependentinterest.The
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2 LAPTEV, NABOKO AND SAFRONOV

Szegő condition(2.5) canbe interpretedasa versionof the Lieb-Thirring
inequalitiesfor thea.c.partof thespectrum.

It is known that one can write a so called Lieb-Thiring boundfor the
eigenvaluesof theoperator¹!º�»�© .

When proving the main result we are able to use an analog of
Buslaev-Faddeev-Zakharov traceformulaewell known for onedimensional
Schr̈odingeroperators.Themultidimensionalcaseis reducedto a problem
for asecondorderelliptic intergo-differentialoperator. Oneof themaindif-
ficultiesof this appoachis thetreatmentof the”potential” typetermwhich
appearsto be a dissipative integral operatordependingon the spectralpa-
rameter. ThecorrespondingFredholmequationfor theJostfunctionsmight
benotsolvablefor adiscretesubsetof theupperhalf of thecomplex plane.
Thereis a hopethat the correspondingcontribution to the traceformulae
comingfrom this subsetcanbecontroledby someLieb-Thirring ineqauli-
ties.Fortunatelythepositivity of theimaginarypartsof thepointsfrom this
subsetappearstogetherwith the ”right” sign in the so-called”first” trace
formula. Thecontribution of thesepointsin the”second”traceformula is
distructive and requiressomeupperestimates.This explainswhy in our
maintheoremweobtainconditioninvolving thefirst powerof thepotential© ratherthan © ¤ .

2. THE MAIN RESULT

Let Ä ´ betheunit ball in
¦0§

and © bearealvaluedfunctionon
¦�§�Å Ä ´ .

We considerthe operator ÆÇ»È© À ¹!ºÉ»x© on
£�¤2¥i¦�§ÁÅ Ä ´ ¨ with the

Dirichlet boundaryconditionson Ê�Ä ´ À�Ë § ² ´ . Wecanassumewithout loss
of generalitythatthereis Ì ´-Í Â suchthat

(2.1) ©�» Î §¯ ±�¯ ¤ À
½ ÏiÐ=Ñ Â%¶x¯ ±�¯o¶ÒÌ ´ ¿
where Î § ÀÔÓ § ² ´ÖÕ^×Ø ¹ § ² ´¤ . Let Ù�Ú ³yÛ ¥ÖÜH¨ , ÜÃÝ
¦

, bethespectralprojection
of theoperatorÆÉ»�© . We constructa measureÞ on thethereal line such
thatfor sphericallysymetricfunctions ß
(2.2)

¥ Ù'Ú ³yÛ ¥ÖÜH¨ ß:¿[ß ¨ À ®Là ¯ á ¥Öâ6¨ ¯ ¤ ªRÞ ¥Öâ6¨ ¿ ÜãÝÒ¦ ¿
where
(2.3)á ¥Öâ6¨ À Âä ®�å�æç èêéeë ¥ ä ¥iì ¹%Â ¨ê¨ ß ¥íì"¨Lì Ó § ² ´ÖÕïîl¤ ª ì ¿ è�ðLñLñ ß Ý�ò ±*ó�Âô¶È¯ ±�¯&¶�Ì ´[õ ¸
and

ä�¤ À â
.



SZEGŐ CONDITION 3

Let ö°À°¼÷½(¿ZÂ ¨#§ . Thencubesö�ø�ÀÔöù»�ú+¿!ú�ûýü § , form a partition
of
¦0§

with which we associatetheclassesof functions þ suchthat these-
quenceof (quasi)norms

òyÿ þ ÿ���� Ó ��� Õ�õ��ø	� ´ û�

� , ½ ¶��k¿�����· . Theseclasses
aredenotedby 
 � ¥ ü §��m£��U¥ ö ¨ê¨ . Whenproving themain resultwe needthe
boundednessof theoperatorsin (7.4). For examplethiscanbeprovidedby
thefollowing local conditionon © from thepaper[1]

(2.4) © û�
 � ¥ ü § �T£ � ¥ ö ¨ê¨ ¿ � Í ª��=­&¸
This condition can be weakenedby using the characterizationof weak
Hardy’s weightsin termsof capacitiesobtainedby Maz’ya (see[7]). Note
thatunderthecondition(2.4) theoperatorÆÉ»�© canbeeasilydefinedin
thesenseof quadraticforms(see[1]).

Theorem2.1. Let © bea realvaluedfunctionon
¦ § Å Ä ´ which obeys(2.4)

andsuch that®���� �"! æ © Ó
§#³6´ÖÕ^îl¤² ¥ ± ¨ ª=± ¶Ò·
¿ ®����
�"! æ © ³ ¯ ±�¯ ²

§#³6´ ª=±*¶�·
¿
where ­=©$# À ¯¾© ¯&%Ò© . Then

(2.5) ® �ç ' Ð)( ¥ Â	�HÞ+* ¥-,�¨ê¨ ª ,¥ ÂG» ,/. îl¤ ¨�0 , ¶Ò·
¸
If (2.1) is satisfiedthenthecondition(2.5) is equivalentto

(2.6) ® �ç ' Ð)(21 §§43 ¥ Ù'Ú ³yÛ ¥Öâ6¨ ß�¿[ß ¨45 ª â¥ ÂG» â . îl¤ ¨ 0 â Í ¹ ·
¿
for anyboundedsphericallysymmetricfunction ß76ÀÈ½ with èêðLñLñ ß Ý ò ±�óÂ ¶ù¯ ±�¯o¶ÒÌ ´Tõ .
Remark 1. Convergenceof theintegralin (2.5)guarantiesthatthea.c.spec-
trum of ¹!º »
© is essentiallysupportedby ¼¾½(¿[· ¨ , since Þ+* Í ½ almost
everywhere.The condition(2.5) givesa quantative informationaboutthe
measureÞ .
Remark 2. The equivalenceof (2.5) and(2.6) follows from the fact that
if á is definedas in (2.3) then the function

¥ Â%» â:¤T¨ ² ´ ' Ð)( ¥ ¯µá ¥¡â�¨ ¯ ¨ is in£ ´ ¥i¦ ³ ¨ by aclassicalresultfrom thebook[4] (sectionIIIG2).

3. REDUCTION TO A ONE-DIMENSIONAL PROBLEM

In this sectionwe assumethat ©uû98 �ç andoftenusepolarcoordinates¥íì ¿;: ¨ ¿�±�À ì :�û ¦�§ ¿$:�ûùË § ² ´ . Denoteby
ò�<�= õ �= � ç the orthonormalin



4 LAPTEV, NABOKO AND SAFRONOV£�¤?¥ Ë § ² ´í¨ basisof (real) sphericalfuncionsand let > =
be the orthogonal

projectiongivenby> = þ ¥íì ¿;: ¨ À <�=H¥ : ¨ ®@? �4A æ <@=2¥ : * ¨ þ ¥iì ¿;: * ¨ ª�: * ¸Clearly > ç þ dependsonly on
ì
. Denote© ´ ÀB> ç ©C> ç ¿ Æ ´ ÀB> ç ÆD> ç ¿© ´FE ¤ ÀG> ç © ¥-H ¹9> ç ¨ ¿ © ¤ Eµ´ À�©JI´FE ¤ ¿© ¤ À ¥-H ¹K> ç ¨ © ¥LH ¹9> ç ¨ ¿ Æ ¤ À ¥-H ¹K> ç ¨ Æ ¥-H ¹9> ç ¨ ¸

ThentheoperatorÆ�» ©ý¹9M canberepresentedasamatrix:

Æ�»�©
¹9MôÀON Æ ´ »�© ´ ¹9M © ´FE ¤© ¤ Eµ´ Æ ¤ »�© ¤ ¹9M�P ¿
andtheequation ¥ Æ�»�©�¹9M ¨ þ ÀB> ç ß�¿ Im M�6À�½(¿
is equivalentto

(3.1)
¥ Æ ´ »RQTSL¹RM ¨ > ç þ ÀB> ç ß�¿ ¥ Æ ¤ » © ¤ ¹RM ¨ ² ´ © ¤ Eµ´ > ç þ À ¥ > ç ¹ H�¨ þ4¸

HeretheoperatorQTS is definedbyQ+S�À�© ´ ¹ © ´FE ¤ ¥ Æ ¤ » © ¤ ¹KM ¨ ² ´ © ¤ Eµ´
on
£ ¤ ¥ê¥ Â=¿[· ¨ ¿ ì § ² ´ ª ì"¨ .

By usingtheunitaryoperatorfrom
£�¤2¥�¥ Â=¿[· ¨ ¿Tª ì=¨ to

£�¤2¥ê¥ Â=¿[· ¨ ¿ ìH§ ² ´ ª ì"¨U þ ¥íì"¨ À ì ² Ó § ² ´ÖÕïîl¤ þ
we reduce (3.1) to the problem for the following one-dimensional
Schr̈odingeroperatorin

£0¤2¥ Â=¿[· ¨
(3.2) VWSTþ ¥íì"¨ ÀÈ¹ ª ¤ þª ì ¤ »YXZSTþM¿ þ û £ ¤ ¥ Â"¿[· ¨ ¿$þ ¥ Â ¨ À�½�¿
whereXZS-À�© ´ » Î §ì ¤ ¹�© ´FE ¤ ¥"U ITÆ ¤ U »~© ¤ ¹[M ¨ ² ´ © ¤ Eµ´ ¿ Î § À ¥ ª%¹ÒÂ ¨#¤\ ¹ ªô¹ÒÂ­ ¸
By consideringthepotential©ý¹ Î §ì ¤ éeë(è
]�^�_a` Ð"Ï ©
without lossof generalitywecanassumethat

(3.3) XbS�À
© ´ ¹ © ´FE ¤ ¥dc »�© ¤ ¹KM ¨ ² ´ © ¤ Eµ´ ¿
where

(3.4)
c þ À�¹ ª ¤ þª ì ¤ ¹ ºfeTþì ¤ ¿ þ ¥ Â=¿�: ¨ À
½(¸
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Notethattheconditionsof Theorem2.1on © will notbechanged.
Thenaccordingto (3.1)weobtain

(3.5) > ç ¥ Æ�»�©�¹9M ¨ ² ´ > ç À Uw¥ VgS-¹KM ¨ ² ´ U I?¸
We seealsothat if supp© Ý ò ±�û ¦ § ó Ì ´ ¶�¯ ±�¯:¶�Ì ¤Zõ ¿:Ì ´ Í Â=¿ thenfor
theoperator(3.3)wehave XbS�ÀGXZS;h�ÀihjXZSI¿
whereh is anoperatorof multiplicationby thecharacteristicfunctionof the
interval

¥ Ì ´ ¿TÌ ¤ ¨ ¿:Ì ´�Í ½ . It is impotantfor usthat XbS is ananalyticoperator
valuedfunctionof M with a negative imaginarypart in theupperhalf plane
andwhich hasa positive imaginarypartin thelowerhalf plane.

4. GREEN’ S FUNCTION.

Let usconsidertheequation

(4.1)
¥ VWS;k ¨Z¥iì=¨ óqÀx¹ ª ¤ª ì ¤ k ¥íì"¨ » ¥ XZS;k ¨Z¥iì=¨ ÀBM�k ¥iì=¨ ¿ ì «�Â=¿lM�ûnm�¿

with XZS givenby (3.3).Forall M exceptperhapsadiscretsequenceof points,
thereexistsauniqueanalyticin

ä
solution kpo ¥iì=¨ , suchthatkpo ¥íì"¨ À ^�q(ñ ¥Lr ä ì"¨ ¿ ä ¤ ÀBM�¿ Im

ä Í ½(¿ts ì Í Ì ¤ ¸
Considertheresolventoperatoru ¥ M ¨ À ¥ VgS�¹vM ¨ ² ´ . If h ålæ is theoperator
of multiplicationby thecharacteristicfunctionof

¥ Â=¿TÌ ´ ¨ . Then u ¥ M ¨ h ålæ is
anintegraloperatorwhosekernelsatisfiestherelation:

(4.2) wZS ¥iì ¿;x ¨ Àzyf{�| Ó~} Õ{ | Ó ´ÖÕl����� Ó o Ó�� ² ´ÖÕïÕo ¿ ÏiÐ=Ñ ì ¶7xô¶�Ì ´ ¿{�| Ó�� Õ{ | Ó ´ÖÕl����� Ó o Ó�} ² ´ÖÕ^Õo ¿ ÏiÐ=Ñlxô¶v� éïë ò Ì ´ ¿ ì õ ¸
Indeed,assumingthatsupp

¥ ß ¨�Ý ¥ Â=¿TÌ ´ ¨ we caneasilycheckthatthefunc-
tion

þ ¥íì"¨ À Âklo ¥ Â ¨��N® �� è�éeë ¥ ä ¥íì ¹ÒÂ ¨ê¨ä klo ¥ x ¨ ß ¥ x ¨ ª@x?» ® �´ klo ¥iì=¨ èêéïë ¥ ä ¥ x'¹�Â ¨ê¨ä ß ¥ x ¨ ª�x��
satisfiestheequation

(4.3) ¹ ª ¤ª ì ¤ þ ¥iì=¨ » ¥ XbSTþ ¨Z¥iì=¨ ¹�M"þ ¥íì"¨ À
ß ¥íì"¨ ¿ ì «�Â=¿�M ûnm�¿
andmoreover þ ¥ Â ¨ À�½ .
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5. WRONSKIAN AND PROPERTIES OF THE � -FUNCTION.

Let now asaboveXbS�À
© ´ ¹ © ´FE ¤ ¥dc »�© ¤ ¹KM ¨ ² ´ © ¤ Eµ´ ¸
Thefunction � ¥ ä ¨ À k�*o ¥ Â ¨kpo ¥ Â ¨
is called the Weyl � -function of the operator(4.1). Let us considerthe
Wronskian

(5.1) ��¼ klo2¿�klo�� ¥iì=¨ À k *o ¥iì=¨ klo ¥iì=¨ ¹ klo ¥iì=¨ k *o ¥íì"¨ ¸
Notethat kpo satisfiestheequation(4.1)with X S and M insteadof XbS and M .
Sinceklo is asolutionof theequation(4.1)wefindªª ì ��¼ kloH¿�klo�� ¥iì=¨ À ¥ My¹ M ¨ kpo ¥íì"¨ kpo ¥iì=¨ » ¥ X S klo ¨Z¥íì"¨ kpo ¥iì=¨ ¹ klo ¥iì=¨X¥ XbS;klo ¨Z¥íì"¨ ¸
Soweobtain

(5.2) % Im
ò ��¼ kpo"¿�kpo&� ¥ Ì ¤ ¨ ¹Y��¼ kpo"¿�kpo�� ¥ Ì ´ ¨ õ « ½(¿ ÏiÐ=ÑK% Im M « ½R»w¿

whichmeansthatfor all
ä

wehave thefollowing inequalityä
Im � ¥ ä ¨ � ¯ kpo ¥ Â ¨ ¯ ¤ ¸

Moreover, if we representthesolution klo for real
ä

in theformklo ¥ ± ¨ ÀB� ¥ ä ¨4��� o � »v� ¥ ä ¨
� ² � o
� ¿ ± ¶�Ì ´ ¿
thenit follows from (5.2) that ¯ �8¯ ¤ ¹
¯��=¯ ¤ «ýÂ=¸
Assumethat XbS is theabove introducedoperatorwith a smoothcompactly
supported© . Thenfor

ä ¤ ÀGM� ¥ ä ¨ À�k *o ¥ Â ¨Z¥ klo ¥ Â ¨�¨ ² ´ À r ä ¥ Â=¹�� ¥ ä ¨ê¨Z¥ Â?»�� ¥ ä ¨�¨ ² ´ ¿ � ¥ ä ¨ ó À � ² ¤ � o � ¥ ä ¨ � ¥ ä ¨ ² ´ ¸
Thelatterimplies � ¥ ä ¨ À ¥Lr ä ¹9� ¥ ä ¨�¨Z¥Lr ä »v� ¥ ä ¨ê¨ ² ´ ¸
Since ¯��k¯ ¤ ¹�¯��=¯ ¤ «ýÂ weobtainthatfor real

ä
¯ � ¥ ä ¨ ¯ ² ¤ �ýÂ'¹�¯ � ¥ ä ¨ ¯ ¤ À\ ä

Im �¯ r ä »�� ¥ ä ¨ ¯ ¤ ¸
NotethatsinceIm � « ½ , thenfor any

ä Í ½ wehave¯ r ä »�� ¥ ä ¨ ¯ ¤ À ä ¤ »ý¯���¯ ¤ » ­ ä Im � « ä ¤
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andtherefore

(5.3) ¯�� ¥ ä ¨ ¯`² ¤ � \ ä ² ´ 1 Im � 5 ¿ ä Í ½�¸
Notealsothat

(5.4) Im � ¥ ä ¨ Í ½ é Ï Im
ä ¤ Í ½(¸

Thus,thereareconstants 8 ç û ¦ and 8 ´ «{½ anda positive measureÞ ,
suchthat ® �

² � ªoÞ ¥-,�¨ÂG» , ¤ ¶ ·
¿
where

(5.5) � ¥ ä ¨ ÀB8 ç »v8 ´ M'» ® ��� Â, ¹9M ¹ ,ÂG» , ¤�  ªoÞ ¥-,�¨ ¿ ä ¤ ÀBM(¸
Finally, notethat u ¥ M ¨ À¡> ç ¥FU I Æ U »�©ù¹7M ¨ ² ´ > ç andthereforewe can
write formally that� ¥ ä ¨ À Ê ¤Ê ì Ê¢x wZS ¥iì ¿�x ¨ ¯ Ó ´FEµ´ÖÕ À ¥ > ç ¥"U ITÆ U » ©ý¹9M ¨ ² ´ > ç Ü *´ ¿ Ü *´ ¨ ¿
where

Ü *´ is thederivativeof
Ü(¥iì ¹%Â ¨ . Let h ålæ bethecharacteristicfunctionof¥ Â=¿mÌ ´ ¨ . Therepresentation(4.2) for theresolventoperatorgivesustherep-

resentationfor the operatorh ålæ > ç Ùg£�¤�Ú�£ ³yÛ ¥ÖÜH¨ > ç h ålæ , where Ùg£�¤�Úl£ ³yÛ ¥ÖÜH¨
is thespectralmeasureof

U I Æ U »�© :

(5.6)
¥ > ç Ùg£ ¤ Ú�£ ³yÛ ¥ÖÜH¨ > ç ß�¿Tß ¨ À ® à ¯µá ¥¡â�¨ ¯ ¤ ªRÞ ¥Öâ6¨

andwhereá ¥¡â�¨ À Âä ® å æç èêéeë ¥ ä ¥iì ¹ÒÂ ¨�¨ ß ¥iì=¨ ª ì ¿ èêðLñ(ñ ß ÝÈ¥ Â=¿TÌ ´ ¨ ¿ ä ¤ À â ¸
Sinceá is aboundaryvalueof ananalyticfunction,weobtainthat á ¥Öâ6¨ 6À½ for a.e.

â
. Thismeansthat Ù'Ú ³yÛ ¥íÜ"¨ 6À�½ if ÞT* Í ½ a.e.on

Ü
.

6. A TRACE INEQUALITY

In this sectionwe assumethat © is not a potential but the operator¥ ø= � ç > = © ¥ ø= � ç > =
, which approximates© for large ú . It can be inter-

pretedasanoperatorof multiplicationby a matrix valuedfunctionof
ì
. In

thiscasethefunction © ´ remainsthesameasbefore.Since^�q�ñ ¥ ¹ r ä ì=¨ klo ¥iì=¨ À�Â�¹ Â­ r ä ® �� ¥ Â'¹ � ¤ � o Ó~} ² � Õ ¨ © ´ ¥ x ¨ ª�x�»v¦ ¥ Â§� ä ¨
weobtain� ¥ ä ¨ À ' é ��/¨ ² � ^�q�ñ ¥ ¹ r ä ì=¨ klo ¥iì=¨ ÀÈÂ'¹ Â­ r ä ® © ´ ª ì »Y¦ ¥ Â§� ä ¨ ¿
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as
äª© · . Now let

rd«­¬
and ® = bezerosandpolesof � ¥ ä ¨ . Weshallseein

amomentthat
«­¬ Í ½ . Let ¯ bethecorrespondingBlaschkeproduct¯ ¥ ä ¨ ÀG° ¬ ¥ ä ¹ rd«­¬�¨¥ ä » rd«­¬�¨ ° = ¥ ä ¹ ® =X¨¥ ä ¹�® =X¨ ¸

Clearly ¯�¯ ¥ ä ¨ ¯"ÀÈÂ"¿ ä û ¦ , andweobtain

(6.1) ® ³ �² � ' Ð)( ¥ � ¥ ä ¨ �)¯ ¥ ä ¨ê¨ ª ä À¡± ­ ®u© ´ ª ì »�­ ± �	² « ø�¹ ² Im ® =   ¸
In orderto prove that

«­¬ Í ½ let usshow that ¹ «M¤¬
aretheeigenvaluesof

a certainselfadjointoperatorof a Schr̈odingertype. Namely, let ³Æ be the
operatorin

£�¤2¥i¦ ¿ £�¤&¥ Ë § ² ´Ö¨�¨³Æ þ Àx¹ ª ¤ þª ì ¤ ¹�h ´ ºfemþì ¤ ¿ ¥LH ¹9> ç ¨ þ ¥ Â=¿µ´ ¨ À
½(¿
where h ´ is the characteristicfunction of

¥ Â"¿[· ¨ . Obviously, if x ¶ Ì ´ ¶Ì ¤ ¶ ì , thenthekernelof theoperator> ç ¥ ³Æ{» ©�¹KM ¨ ² ´ > ç equals¶ ¥iì ¿;xR¿ ä ¨ ÀÈ¹ ^�q�ñ r ä ¥iì ¹Yx ¨­ r ä � ¥ ä ¨ ¸
On theotherhandwe canconsidertheexpansionof ¶ neartheeigenvalue¹ « ¤¬

. Denoteby · ¬ E =2¥íì ¿;: ¨ , ¸ãÀxÂ=¿[­�¸U¸U¸#ú theorthonormalsystemof eigen-
functionscorrespondingto ¹ « ¤¬

. If · Ó ç Õ¬ E = ÀG¹ ? �4A æ · ¬ E =H¥iì ¿;: ¨ ª�: then¶ ¥iì ¿�x=¿ ä ¨ À ¥ ø= � ´ · Ó ç Õ¬ E = ¥iì=¨ · Ó ç Õ¬ E = ¥ x ¨ä ¤ » « ¤¬ » ¶ ç ¥íì ¿�x=¿ ä ¨ ¿ xô¶�Ì ´ ¶�Ì ¤ ¶ ì ¿
where ¶ ç ¥iì ¿�x=¿ ä ¨ À»º ¥ Â ¨ , as

ä9© r¼«­¬
. This provesthat � ¥ ä ¨ is a mero-

morphic funcion and its zeroscorrespondto the eigenvalues ¹ «M¤¬
of the

operator ³ÆÔ»�© . Moreover the multiplicities of thesezerosareequalto
one.Thelatterargumentswereinspiredby [5].

Let usprove thatby usingLieb-Thirring inequalities[6] wecanobtain

(6.2) ² « ø½�i8 � ® �)� © Ó §#³6´ÖÕ^îl¤² ª=±w»�® �)� © ² ¯ ±�¯÷² §#³6´ ª=±   ¸
Indeed,let � ² À 0 © ² . Then� ² ¥ ³Æ ¹KM ¨ ² ´ � ² À¾� ² ¥dc ¹9M ¨ ² ´ � ² »�� ²T¿ ¥ M ¨ � ² ¿
where

c
is definedin (3.4) and ¿ ¥ M ¨ is the operatorof rank onewith the

integralkernel ¹ � ¤ � o Ó�� ³ } ² ¤�Õ �=­ r ä , ä�¤ ÀGM . Therefore

(6.3) ¯e¯�� ²¢¿ ¥ M ¨ � ² ¯ï¯�� 8À ¯�M6¯ ®u© ² ¯ ±�¯÷² §�³6´ ª=±M¿ M�¶�½(¸
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Now for any compact operator Q and x Í ½ denote ú ³ ¥ x=¿ Q ¨ ÀÑ _"ëÂÁ ÙÄÃ ¥ x=¿[· ¨ . Then² «­¬ À ® �ç ú ³ ¥ Â=¿�� ² ¥ ³Æ{» ,�¨ ² ´ � ² ¨ ª ,­ 0 , �
�
® �ç 1 ú ³ ¥ Â	�=­�¿�� ² ¥Lc » ,�¨ ² ´ � ² ¨ » ú ³ ¥ Â	�=­�¿�� ²¢¿ ¥ ¹ ,�¨ � ² ¨ 5 ª ,­ 0 , ¸

Now theinequality(6.2) follows from

® �ç ú ³ ¥ Â§�=­&¿�� ² ¥dc » ,�¨ ² ´ � ² ¨Oª ,­ 0 , ��8 ®��)� © Ó §#³6´ÖÕ^îl¤² ª=±M¿
which is theclassicalLieb-Thirring inequalityandfrom

® �ç ú ³ ¥ Â§�=­&¿�� ²$¿ ¥ ¹ ,�¨ � ² ¨ ª ,­ 0 , �i8 ® © ² ¯ ±�¯÷² §#³6´ ª=±M¿
which is impliedby (6.3). Consequently, sinceIm ® = « ½ thetraceformula
(6.1) togetherwith (6.2) leadsto theinequality

® ³ �² � ' Ð)( ¯�� ¥ ä ¨ ¯#ª ä � ± ­ ® ³ �² � © ´ ª ì »
»Å8 � ® � � © Ó §#³6´ÖÕ^îl¤² ª=±w» ® � � © ² ¯ ±�¯ ² §#³6´ ªR±   ¸(6.4)

Thereforefor any pairof finite numbers
ì ¤�Í ì ´ « ½

® � ×� æ Â­ ' Ð)( ä\
Im � ¥ ä ¨ ª ä ��® ³ �² � ' Ða( ¯ � ¥ ä ¨ ¯#ª ä � ± ­ ® ³ �² � © ´ ª ì

»Å8 � ® � � © Ó §#³6´ÖÕ^îl¤² ª=±Á» ® � � © ² ¯ ±�¯ ² §�³6´ ªR±   ¸(6.5)

7. THE END OF THE PROOF OF THEOREM 2.1

Assumethat our perturbation© is an arbitraryfunction satisfyingcon-
ditions of Theorem0.1. Then the Weyl function � can be definedfor
exampleas � ¥ ä ¨ À Æ ×Æ � Æ } wZS ¥iì ¿�x ¨ ¯ Ó ´FEµ´ÖÕ where wZS is the integral kernelof
theoperator> ç ¥"U I Æ U »�©ù¹7M ¨ ² ´ > ç . The next propositionallows us to
approximate© by compactlysupportedsmoothfunctions ©Lø .
Proposition 7.1. Let © satisfythe conditionsof Theorem2.1. Thenthere
existsa sequence©Lø of compactlysupportedsmoothfunctionsconverging
to © sothat

(7.1) ® ¥ ©Lø ¨ Ó §�³6´ÖÕ^îl¤² ªR± ¶78 ¥ © ¨ _"ë­` ® ¥ ©yø ¨ ³ ¯ ±�¯ ² §#³6´ ªR± ¶Ç8 ¥ © ¨
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and such that the Weyl functions ��ø correspondingto ©Lø converge uni-
formlywhen

ä ¤
belongsto anycompactsubsetof theupperhalf plane:��ø ¥ ä ¨ © � ¥ ä ¨ ¸

Therefore the sequenceof measures Þ6ø converges weaklyto the spectral
measure Þ .

Proof. Let �n#�À 0 ©$# . Sincetheclass8 �ç is densein
£ � for any � Í ½ ,

wecanfind apair of sequences� ²ø and � ³ø ûÈ8 �ç satisfying�ù²ø © � ² éeë £ Ó §#³6´ÖÕ ¥i¦ § ¨�� � ³ø © � ³ éeë £ ¤ ¥i¦ § ¿"¯ ±�¯`² §#³6´ ª=± ¨� #ø © �É# éeë 
 � ¥ ü § �m£ � ¥ ö ¨ê¨ ¿ � Í ªy¸(7.2)

Let usintroduceasequenceof functions
ò ©yø õ �øµ� ´ via©LøôÀ ¥ � ³ø ¨ ¤ ¹ ¥ �x²ø ¨ ¤ ¸

Then ©yø*û78 �ç andtherelations(7.1) hold true. Supposenow that Ê ç ¥ M ¨
and Ê8ø ¥ M ¨ aretheresolventoperatorsof

c À U I ¥ ¹!º ¨�U ¹ Î § � ì2¤ and
c øôÀc »�©Lø respectively. Denoteby

Ü *´ thederivativeof thedeltafunction
Ü�¥íì ¹Â ¨ . TheexpressionÊ ç ¥ M ¨�Ü *´ ¿ Im MË6À�½ , canbeunderstoodasthefunctionÊ ç ¥ M ¨�Ü *´ À ^�q(ñ ¥-r ä ¥iì ¹�Â ¨�¨ ¸

Accordingto assumptions(7.2)wehave that� #ø Ê ç ¥ M ¨#Ü *´ © �É#+Ê ç ¥ M ¨#Ü *´ ¿
in
£�¤?¥i¦�§"¨

(with respectto any weight).Thusin orderto provethattheWeyl
functions ��ø ¥ ä ¨ À Ê ¤Ê ì Ê¢x w�ø E S ¥íì ¿�x ¨ ¯ Ó ´FEµ´ÖÕ À ¥ Êkø ¥ M ¨�Ü *´ ¿ Ü * ´ ¨À ¥ Ê ç ¥ M ¨�Ü * ´ ¿ Ü *´ ¨ ¹ ¥ê¥ � ³ø ¹Y�ù²ø ¨ Ê ç ¥ M ¨�Ü * ´ ¿ ¥ � ³ø »��x²ø ¨ Ê8ø ¥ M ¨#Ü *´ ¨
converge,it is sufficient to show that

(7.3)
¥ � ³ø »��x²ø ¨ Ê8ø ¥ M ¨�Ü * ´ © ¥ � ³ »v� ² ¨X¥dc »�©
¹ M ¨ ² ´ Ü *´

in
£�¤2¥j¦G§H¨

.
Let us denote�*ø�À»� ³ø »¾� ²ø and �
ø Ó ç Õ ÀÌ� ³ø ¹�� ²ø . Clearly, if� #ø © �n# in theclass(2.4)with � Í ª , as ú © · , then

(7.4) �*øaÊ ç ¥ M ¨ � Ó ç Õø © ¥ � ³ »v� ² ¨ Ê ç ¥ M ¨X¥ � ³ ¹Y� ² ¨
in theoperatornormtopology.

Then(7.3) follows from theidentity�
øaÊkø ¥ M ¨�Ü *´ À ¥-H »v�
øaÊ ç ¥ M ¨ � Ó ç Õø ¨ ² ´ �*ø)Ê ç ¥ M ¨�Ü *´ ¸Í
Similarly wecanprove thefollowing
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Proposition 7.2. Let © be a compactlysupportedsmoothfunction. Then
theWeyl functions ��Î correspondingto

¥ Î= � ç > = © ¥ Î= � ç > =
converge uni-

formly to � when
ä�¤

belongsto any compactsubsetÏ of the upperhalf
plane ��Î ¥ ä ¨ © � ¥ ä ¨
andtherefore thesequenceof measures ÞÐÎ convergesweaklyto thespectral
measure Þ constructedfor © .

Proof. Let us denote©�Î�À ¥ Î= � ç > = © ¥ Î= � ç > = let Ê ç ¥ M ¨ andlet Ê2Î ¥ M ¨ be
the resolventoperatorsof

c À U I ¥ ¹�º ¨;U ¹ Î § � ì2¤ and
c ÎGÀ c »
©�Î re-

spectively. As in Proposition7.1 the expressionÊ ç ¥ M ¨#Ü *´ ¿ Im MÑ6À ½ , is
understoodas the function Ê ç ¥ M ¨�Ü *´ À ^�q�ñ ¥Lr ä ¥íì ¹ùÂ ¨�¨ ¸ According to our
assumptions

©�Î�Ê ç ¥ M ¨�Ü *´ À Î² = � ç > = ©JÊ ç ¥ M ¨#Ü *´ © ©CÊ ç ¥ M ¨�Ü *´ ¿
in
£�¤2¥j¦G§H¨

. Thusin orderto prove thattheWeyl functions��Î ¥ ä ¨ À Ê ¤Ê ì Ê¢x w�ø E S ¥íì ¿�x ¨ ¯ Ó ´FEµ´ÖÕ À ¥ Ê2Î ¥ M ¨#Ü *´ ¿ Ü *´ ¨À ¥ Ê ç ¥ M ¨#Ü *´ ¿ Ü *´ ¨ ¹ ¥ ©�ÎÒÊ ç ¥ M ¨#Ü *´ ¿;Ê2Î ¥ M ¨#Ü *´ ¨
converge,it is sufficient to show that ÊtÎ ¥ M ¨�Ü *´ convergesto

¥dc »�©�¹ M ¨ ² ´�Ü *´
in
£ ¤ ¥i¦ § ¨

uniformly oncompactsubsetsÏ of thecomplex plane.Thelatter
follows from theidentityÊ2Î ¥ M ¨�Ü *´ À ¥Lc »�©
¹ M ¨ ² ´ Ü *´ ¹9ÊtÎ ¥ M ¨Z¥ ©$Î�¹ © ¨Z¥Lc »�©�¹ M ¨ ² ´ Ü *´ À

À ¥dc »�©�¹ M ¨ ² ´ Ü *´ »vÊ2Î ¥ M ¨X¥LH ¹ Î² = � ç > =E¨ © ¥Lc » ©�¹ M ¨ ² ´ Ü *´ »
»bÊ2Î ¥ M ¨ Î² � � ç > � © ¥LH ¹ Î² = � ç > =Z¨X¥dc »�©�¹ M ¨ ² ´ Ü * ´

andfrom thebound ¯ï¯�Ê2Î ¥ M ¨ ¯e¯�� Â
Im M �i8 ¿ M ûÈÏ*¸Í

Finally accordingto inequality(6.5)andPropositions7.1,7.2weobserve
thatthereexistsasequenceof measuresÞÐÎ weaklyconvergentto Þ , suchthat
for any fixed Ì Í ½

® åç ' Ð)( ¥ Â§�HÞ * Î ¥Ó,�¨ê¨ ª ,¥ Â�» , . îl¤ ¨�0 , ¶78 ¥ © ¨ ¿ s+Ô�¿
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where 8 ¥ © ¨ is independentof Ì . Thereforedue to the statementon the
uppersemicontinuityof anentropy (see[3])

® �ç ' Ð)( ¥ Â	�HÞ * ¥-,�¨ê¨ ª ,¥ ÂG» ,/. îl¤ ¨�0 , ¶Ò·
¸
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