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A SZEGO CONDITION FOR A MULTIDIMENSION AL
SCHRODINGER OPERATOR

A. LAPTEV, S.NABOKO AND O. SAFRONOV

ABSTRACT. We considerspectralpropertiesof a Schiddingeroperator
perturbedby a potentialvanishingat infinity and prove that the corre-
spondingspectraimeasuresatisfiesa Szeg type condition.

1. INTRODUCTION

In this paperwe considera multidimesionalSchibdinger operatorin
L?(R?) andintroducea versionof a Szegd condition (see(2.5)). Szey6's
conditionis well known for spectralmeasure®f Jacobimatrices(see,for
example[3], [8], [9], [10], [11], [13]). Our conditionseemgo be compa-
rablewith the classicalSzegd conditiononly for small enegies. The cor
respondingconditionfor large enegiesis muchwealer thanthe expected
oneandcannotbe obtainedby the methodof this paper

Oneof the motivationsof this articleis the conjectureof B. Simonfrom
[11].

Conjectue: Let V bearealfunctiononR?, d > 2, which obeys

(1.1) /\x|—d+1|V(x)\2dx < 0.

Then—A + V hasthea.c.spectrunof infinite multiplicity essentiallysup-
portedby [0, co).

Notethatfor sphericallysymmetrigpotentialghis resultfollowsfrom the
paperDeift-Killip [2], wherethis conjecturds solvedfor d = 1. Ford > 2
it is still open.

The conditionsimposedon the potentialin our main Theorem2.1 are
muchmorerestrictve thanthosein (1.1). In factthey arecloseto the con-
ditions underwhich absolutecontinuity of the spectrumcanbe provenby
the methodsof the scatteringtheory However our work differs from the
resultsobtainedn thescatteringheoryin acritical way: we prove acertain
estimateshaving thatthe spectraimeasuref the Schibdingeroperatorcan
notbetoosmallandthis estimategurnsto beof anindependeninterest.The
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Szayd condition(2.5) canbe interpretedas a versionof the Lieb-Thirring
inequalitiesfor thea.c. partof the spectrum.

It is known that one canwrite a so called Lieb-Thiring boundfor the
eigervaluesof theoperator— A + V.

When proving the main result we are able to use an analog of
Buslae-Fadde®-Zakhara traceformulaewell known for onedimensional
Schibdingeroperators.The multidimensionakaseis reducedo a problem
for asecondrderelliptic intergo-differentialoperator Oneof themaindif-
ficulties of this appoachs thetreatmenbf the "potential” type termwhich
appeardo be a dissipatve integral operatordependingon the spectralpa-
rameter Thecorrespondindrredholmequatiorfor the Jostfunctionsmight
benot solvablefor a discretesubsebf the upperhalf of the comples plane.
Thereis a hopethat the correspondingontrikbution to the traceformulae
comingfrom this subsettanbe controledby someLieb-Thirring inegauli-
ties. Fortunatelythe positivity of theimaginarypartsof the pointsfrom this
subsetappeardogetherwith the "right” signin the so-calledfirst” trace
formula. The contribution of thesepointsin the "second’traceformulais
distructve and requiressomeupperestimates. This explainswhy in our
maintheoremwe obtainconditioninvolving thefirst power of the potential
V ratherthanV2.

2. THE MAIN RESULT

LetQ; betheunitballin R? andV bearealvaluedfunctiononR¢ \ Q.
We considerthe operatorH + V = —A + V on L*(R? \ ©,) with the
Dirichlet boundaryconditionson 99); = S¢-!. We canassumavithoutloss
of generalitythatthereis ¢; > 1 suchthat

(2.1) V+‘O[—|'12:0 for 1< |z| < e,
i
wherea, = @ — %. Let Ex,v(9), 0 C R, bethespectraprojection

of theoperatorH + V. We constructa measurg: onthetherealline such
thatfor sphericallysymetricfunctions f

2.2) (En©)f.5) = [[FOPdu(. 5 R

where

(2.3) }

F(\) = %/ sin(k(r—1))f(r) D24 suppf C {z:1<|z| <}
0

andk? = ).
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Let Q = [0,1)¢. ThencubesQ, = Q +n, n € Z4, form a partition
of R? with which we associatehe classef functionsu suchthatthe se-
quenceof (quasi)normg||u|| e, ) }oz1 € #,0 < p,q < co. Theseclasses
aredenotedby ¢7(Z<4; L9(Q)). Whenproving the main resultwe needthe
boundednessf theoperatorsn (7.4). For examplethis canbe provided by
thefollowing local conditionon V' from the paper1]

(2.4) V € >(Z% LYQ)), q>d/2.

This condition can be wealenedby using the characterizatiorof weak
Hardy’s weightsin termsof capacitieobtainedby Maz'ya (see[7]). Note
thatunderthe condition(2.4) the operatorH + V' canbe easilydefinedin
thesenseof quadratidorms(see[1]).

Theorem 2.1. LetV bearealvaluedfunctiononR? \ ©; which obeys(2.4)
andsud that

/ V_(d+1)/2(:v) dzr < o0, Vilz| 4 de < oo,
RE\ Q4 RA\Q;
whee 2V, = |[V| £ V. Then
© log(1/pu'(t)) dt
(2.5) / og(1/p'(t)) dt _
o (1+32)Vt

If (2.1)is satisfiedthenthe condition(2.5)is equivalento
/Oo log (5 (Burv(Nf, f)) dA
> —00,
0 (1+X3/2)VA

for any boundedsphericallysymmetridunction f # 0 with suppf C {z :
1< |.T‘ < Cl}.

(2.6)

Remark 1. Corvergenceof theintegralin (2.5)guarantieshatthea.c.spec-
trum of —A + V' is essentiallysupportedoy [0, o), sincey’ > 0 almost
everywhere. The condition (2.5) givesa quantatve informationaboutthe
measureu.

Remark 2. The equvalenceof (2.5) and(2.6) follows from the fact that
if F is definedasin (2.3) thenthe function (1 + A?)~tlog(|F()\)]) isin
L*(R,) by aclassicaresultfrom thebook[4] (sectionllIG2).

3. REDUCTION TO A ONE-DIMENSIONAL PROBLEM

In this sectionwe assumehatl” € Cg° andoftenusepolarcoordinates
(r,0), z = r6 € R?, § € S*'. Denoteby {V;}>, the orthonormalin
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L*(S%') basisof (real) sphericalfuncionsandlet P; be the orthogonal
projectiongivenby

Pou(r,0) = Y;(0) / Y (0)u(r, &) do'.
S§d—1
Clearly Pyu depend®nly onr. Denote

V1:POVPO, H1:POHPO,
Vie=PRV(I - Py), Vay =V,
ThentheoperatorH + V' — z canberepresentedsa matrix:

H+V —-2z= (H1+V2‘;1_Z H2+V11,/?2—z>’
andtheequation

(H+V —2z)u=Fyf, Imz#D0,
is equivalentto
(3.1) (Hi+T,—2)Pou = R, (Hy+Va—2)" Vo  Pou = (Py—I)u.
HeretheoperatorT, is definedby

T,=Vi—=Vig(He+ Vo — Z)71V2,1

on L?((1, 00), r¢=1 dr).
By usingtheunitaryoperatoffrom L?((1, co), dr) to L?((1, 00), r¢=' dr)

Uu(r) = r~@=1/2y,

we reduce (3.1) to the problem for the following one-dimensional
Schidingeroperatoiin L?(1, c0)

2
B2)  Awlr)=-2Y 1 Qu, we (1,00, u(1) =0,
T
where
d—1)? d-1
Q= Vit 2 VU U V= 2) Wy, 0= O

By consideringhe potential
vV — _a;i instead of V
T

without lossof generalitywe canassumehat

(3.3) Q. =V1i—Via(B+ Vs — 2) Way,
where

2
(3.4) Bu=-LU_20 g g =0

dr? r2’
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Notethatthe conditionsof Theorem2.1on V" will notbechanged.
Thenaccordingto (3.1) we obtain

(3.5) P(H+V —2)"'Py=U(4, — 2)"'U".

We seealsothatif suppl’ C {z € R : ¢; < |z| < 2}, ¢1 > 1, thenfor
theoperaton(3.3)we have

Qz = QzX = XQza

wherey is anoperatorof multiplicationby thecharacteristiéunctionof the
intenal (¢1, ¢o), ¢; > 0. It isimpotantfor usthat@, is ananalyticoperator
valuedfunctionof z with a negative imaginarypartin the upperhalf plane
andwhich hasa positve imaginarypartin thelower half plane.

4. GREEN'S FUNCTION.

Let usconsidertheequation

2

(@1 (A4)() = o 50() +(@Q0)() = 2(r), 121, 2€C

with @, givenby (3.3). Forall z exceptperhapsadiscretsequencef points,
thereexistsa uniqueanalyticin &k solutioniy (r), suchthat

Ur(r) = exp (ikr), k*> =2, Imk >0, Vr > c,.

ConsidertheresolentoperatorR(z) = (A, — z)~*. If x., is theoperator
of multiplication by the characteristidunctionof (1, ¢;). ThenR(z)x,, IS
anintegral operatowhosekernelsatisfiegherelation:

Pr(s) sin(k(r—1))

——=, forr<s<c
42)  Gi(rs)={ @ kT ’
(4.2) (r,s) {:ﬁ:gﬁ sm(k(ks—l))’ for s < min{ey, 7}

Indeed,assuminghatsupff) C (1, ¢;) we caneasilycheckthatthefunc-
tion

ut) = o { [ s ass [ ™= )

Pr(1) k k
satisfiegheequation
(4.3) —j—;u(r) + (Q,u)(r) — zu(r) = f(r), r>1, z€C,

andmoreoeru(1) = 0.
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5. WRONSKIAN AND PROPERTIES OF THE M-FUNCTION.
Let now asabove
Q. =Vi—Via(B+ Vs —2) V1.
Thefunction

_ ()
V(1)

is calledthe Weyl M-function of the operator(4.1). Let us considerthe

Wronskian

(5.1) W [k, el (r) = Wi (r)ibi(r) — i () ().

Notethats), satisfiesheequation(4.1)with @, andz insteadof ), andz.
Sincey,, is asolutionof theequation(4.1) we find

%W[%, Vel (r) = (2=2) 0k (r) i (r) +(Qzr) (r) ok (r) — i (r) (Q:40) (7).
Sowe obtain
(5.2) £Im {W [k, Y] (c2) — W[th, ¥)(c1)} >0, for +1m 2z > 0+,

which meanghatfor all £ we have thefollowing inequality

g < L
Moreover, if we representhesolution, for realk in theform
Yr(w) = a(k)e™™ + b(k)e ™"z < ¢,
thenit follows from (5.2) that
jal* = [b]* > 1.

Assumethat(, is theabove introducedoperatomwith a smoothcompactly
supported’. Thenfor k% = 2

M(k) = (1) (¥e(1)) ™" = ik(1—p(k)) A+p(k) 7", p(k) = e7**b(k)a(k)".
Thelatterimplies

M (k)

p(k) = (ik — M(k))(ik + M (k))™".
Sincela|? — [b|> > 1 we obtainthatfor real k
la(k)[72 <1 —[p(k)|* =
4klm M
lik + M (k)|?
Notethatsincelm M > 0, thenfor ary k£ > 0 we have

lik + M (k)| = k* + |[M|? + 2klm M > k?
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andtherefore
(5.3) la(k)| "> < 4k~'(Im M), k> 0.
Notealsothat
(5.4) Im M(k) >0 if Imk* > 0.
Thus,thereareconstantsC, € R andC; > 0 anda positve measureu,
suchthat au()
/_oo 1+ 2 < 0
where
(5.5) M(k)=Cy +Clz—|—/ ( Lt )du(t) E* = 2.
g\M—z 1412 ’

Finally, notethat R(z) = Py(U*HU + V — z)~' P, andthereforewe can
write formally that
82
~ Ords
whered] isthederivativeof (r—1). Let x., bethecharacteristiéunctionof
(1,¢1). Therepresentatiofd.2) for theresohentoperatorgivesustherep-
resentatiorfor the operatory., PoEy-gu+v(0) Poxe,, Where Ey« gy v (9)
is thespectraimeasuref U*HU + V.

M (k) G.(r;s)

1) = (P(U*HU +V — 2)"'Pydy, 6Y),

(5.6) (PoF e O)Pof, 1) = [ IFO)Pdn()
andwhere
F\) = %/001 sin(k(r — 1)) f(r) dr, suppf C (1,¢1), k* =X\

SinceF is aboundaryvalueof ananalyticfunction,we obtainthat F'(\) #
0 for a.e.\. ThismeanghatEy v (§) # 0if p/ > 0 a.e.ond.

6. A TRACE INEQUALITY

In this sectionwe assumethat V' is not a potential but the operator
> j—0 B3V 3250 P, which approximates/ for large n. It canbe inter-
pretedasanoperatorof multiplicationby a matrix valuedfunctionof r. In
this casethefunctionV; remainghe sameasbefore.Since

; 1 > ik(s—r
exp(—ikr)(r) =1 — %k (1 — #*E=NVi(s5) ds + o(1/k)
we obtain
1

a(k) = lim exp(=ikr)i(r) =1 — o= [ Vidr +o(1/k),
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ask — oo. Now letif,, andy; bezerosandpolesof a(k). We shallseein
amomentthat3,, > 0. Let B bethecorrespondindBlaschle product

_ 7 Bk =6n) 77 B =)
B() —];[ ETi8) ]:[ (=l
Clearly|®B (k)| = 1, k € R, andwe obtain

(6.1) /:olog(a(k)/%(k))dk = g/Vldr+27r(Zﬂn—ZIm 7]-).

In orderto prove that 3,, > 0 let usshaw that — 3?2 arethe eigervaluesof
a certainselfadjoint operatorof a Schivdingertype. Namely let H bethe
operatolin L2(R, L2 (S471))

d’u Agu
gz X 0; (I — Ry)u(l,-) =0,

wherey; is the characteristidunction of (1, 00). Obviously, if s < ¢; <
ce < r, thenthekernelof theoperatorPy(H + V — z) "' P, equals

Hu =

__expik(r — s)

908 k) = = —Skal)
On the otherhandwe canconsiderthe expansionof g nearthe eigervalue
—32 . Denoteby ¢, ;(r,0),5 =1,2. ntheorthonormalsystermf eigen-

functionscorrespondingo —37,. If ¢,,); = [qa—1 m,;(r, 0) df then
Yoy b (1)8(s)
g(r, s, k) = == /f2—Ji-ﬁ72n + go(r, s, k), s<ec <c<r,

wherego(r, s, k) = O(1), ask — if,,. This provesthata(k) is a mero-
morphic funcion andits zeroscorrespondo the eigervalues— g2 of the
operatorH + V. Moreover the multiplicities of thesezerosare equalto
one.Thelatteragumentsvereinspiredby [5].

Let usprove thatby usingLieb-Thirring inequalitieg6] we canobtain

d—|—1 )/2 —d+1
(6.2) Zﬁn<0</ d:r—l—/RdV_|x| da;).
Indeed]JetW_ = /V_. Then
W_(H — 2)'W_ = W_(B - 2) 'W_+W_0(2)W_,

whereB is definedin (3.4) andO(z) is the operatorof rank onewith the
integral kernel—e2*(r+5-2) /2;k, k2 = z. Therefore

63)  |W.e@w || <- /v o[~ dz, 2 <0,
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Now for ary compactoperator? and s > 0 denoten,(s,7) =
rank Er(s, 00). Then
dt
= (1, W_(H +t)"'w_ <
Zﬁ / n+ ( ) )2\/—
g/ (n+(1/2,W_(B+t)_1W_)+n+(1/2,W_®(—t)W_))2d—\2.
0

Now theinequality(6.2) follows from

| s wcc [ v,
0 R4
whichis theclassicaLieb-Thirring mequalltyandfrom
/ ny (12, 6=ty )-2L <c/v @ da,
0

whichis implied by (6.3). Consequentl,)slncelm 7v; > 0 thetraceformula
(6.1)togethemwith (6.2) leadsto theinequality

+oo T +0o0
/ log]a(k)| dk < & / Vi dr+
(6.4) oo =

+0(/ VD2, +/ V_|x|_d+1dx>.
Rd Rd

Thereforefor ary pair of finite numbers, > r; > 0
+00

2] k T
[ < < — V
(6.5) /” 31% im M (k) dk < /oo logla(k)|dk < 3 /oo vr

+C (/ VD2 gy 4+ V_|x\*d+1dx).
Rd Rd
7. THE END OF THE PROOF OF THEOREM 2.1

Assumethat our perturbationV’ is an arbitrary function satisfyingcon-
ditions of Theorem0.1. Thenthe Weyl function M can be definedfor
exampleas M (k) = ;2-G.(r, s)|q,1) whereG, is the integral kernel of
the operatorPy(U*HU + V — z)~'Py. The next propositionallows usto

approximaté/ by compactlysupportedsmoothfunctionsV,.

Proposition 7.1. Let V' satisfythe conditionsof Theoem2.1. Thenthere
existsa sequencéd/,, of compactlysupportedsmoothfunctionscorverging
to V' sothat

(7.1) / V)2 4y < C(V)  and / (Vi) |z~ dz < C(V)
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and sud that the Weyl functions M,, correspondingto V,, corverge uni-
formly whenk? belongsto anycompactsubsebf the upperhalf plane:

M, (k) — M(k).

Theefore the sequenceof measues p,, convemges weaklyto the spectal
measue /.

Proof. Let W, = {/V.. SincetheclassCg° is densean L? for ary p > 0,
we canfind a pair of sequenced/,, andWV,f € Cg° satisfying

W, = W_ in LR, W - W, in L2(RY, |z| dx)
W* = W.inf>(Z% LP(Q)), p>d.
Let usintroducea sequencef functions{V,,}>° , via
Vo= (W,1)" = (W,;)".

n

(7.2)

ThenV,, € C§° andtherelations(7.1) hold true. Supposenow thatT'y(z)
andrl', (z) aretheresohentoperatorof B = U*(—A)U — ay4/r? andB,, =
B+ V, respectiely. Denoteby §] thederivative of thedeltafunction§(r —
1). Theexpressiorl'y(z)d], Im z # 0, canbe understoodsthe function

[o(2)0] = exp(ik(r — 1)).
Accordingto assumption$7.2) we have that
WELo(2)d) — Wil'g(2)61,

in L2(R?) (with respecto ary weight). Thusin orderto prove thatthe Weyl
functions

62 ! !
M, (k) = %GR,Z(“ 5)‘(1,1) = (Tn(2)dy, 07)
= (To(2)d1,01) — (W7 = W )To(2)d1, (W, + Wy )T (2)61)
corverge,it is sufficientto show that
(7.3)  (WI+WI(2)8, - W +W_)(B+V —2)'6
in L2(RY).
Let usdenotel,, = W, + W, andW,© = W+ — W . Clearly, if

WE — W, in theclass(2.4)with ¢ > d, asn — oo, then

(7.4) WoLo@Z) W — (W, + W_)To(z) (W — W)

in the operatomormtopology
Then(7.3) follows from theidentity

Wl (2)8) = (I + W, (Z)W ) 1W,T(2)4,.
O
Similarly we canprove thefollowing
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Proposition 7.2. Let V' be a compactlysupportedsmoothfunction. Then
the Weyl functions)M; correspondingo Y. P;V 37 _ P; corverge uni-
formly to M whenk? belongsto any compactsubsetk of the upper half
plane

My(k) — M (k)
andtherefore the sequencef measuesy,; corvergesweaklyto thespectal
measue .. constructedor V.

Proof. LetusdenoteV; = Y. ( PV " P; letTy(z) andletTy(z) be
the resolentoperatorof B = U*(—A)U — ay4/r* andB, = B + V] re-
spectvely. As in Proposition7.1 the expressionl'y(z)d], Imz # 0, is
understoodasthe function T'y(2)d; = exp(ik(r — 1)). Accordingto our
assumptions

!
Vilo(2)8) =Y PVTo(2)6] — VTo(2)d],
j=0

in L2(R?). Thusin orderto prove thatthe Weyl functions
82
=G (7, 9)| 1) = (D)3, 6))
= (To(2)d1,61) — (Vilo(2)1, Tu(2)d7)
corverge, it is sufficientto shaw thatI';(z)d] corvergesto (B +V —z)~14]

in L2(R?) uniformly oncompacsubsetss of thecomple plane. Thelatter
follows from theidentity

Iz =B+V -2 -I/EV,-V)(B+V -2)"'6 =

My(k) =

l
=(B+V =276 +Ty(Zz) I - ) _ P)V(B+V —2)7'd+

§=0
+I'y(2) zl:PiV(I - zl:P])(B +V -2
andfrom thebound - ]:0
@< <0 zek
O

Finally accordingo inequality(6.5)andProposition¥.1,7.2we obsene
thatthereexistsasequencef measureg,; weaklycornvergentto x, suchthat
for ary fixede > 0

“log(1/p(t)) dt
/0 RET DN V), Vi,
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whereC(V) is independenbf c. Thereforedueto the statemenbn the
uppersemicontinuityof anentrogy (se€[3])

/°° log(1/u'(t)) dt _
o (1+32)t
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