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Abstract

We prove an uniform Hélder continuity of the resolvent of the Laplace-Beltrami operator on
the real axis for a class of asymptotically Euclidean Riemannian manifolds. As an application
we extend a result of Burq [1], [2] on the behaviour of the local energy of solutions to the
wave equation.

1 Introduction and statement of results

Let (M, g) be an n-dimensional unbounded, connected Riemannian manifold with a Riemannian
metric g of class C°®°(M) and a compact C*®-smooth boundary OM (which may be empty),
of the form M = Xy U X, where Xj is a compact, connected Riemannian manifold with a
metric g|x, of class C*>(Xy) with a compact boundary 80Xy = OM U 90X, OM N 90X = 0,
X = [rg,+00) X 8, ro > 1, with metric g x := dr? +o(r). Here (S,0(r)) is an n — 1 dimensional
compact Riemannian manifold without boundary equipped with a family of Riemannian metrics
o(r) depending smoothly on 7 which can be written in any local coordinates 8 € S in the form

o(r) =Y gij(r,0)d0;do;, gi; € CP(X).
i,J
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Denote X, = [r,+00) x S. Clearly, 0X, can be identified with the Riemannian manifold (S, o(r))
with the Laplace-Beltrami operator Asx, written as follows

Apx, = —p~ ") 09, (pg" dy;),
i

where (g/) is the inverse matrix to (g;;) and p = (det(g;;))'/? = (det(g¥)) /2. Let A, denote
the Laplace-Beltrami operator on (M, g). We have
/
Ax = Dglx = —p™'0:(p0y) + Aox, = ~0F = D0+ Do,

where p' = 0p/0r. We have the identity

AE‘X = pl/ZAprl/Q = _81? + Ay +q(r,0), (1.1)
where -
- Zaﬂz (g“aﬂj)a
1,J

and ¢ is an effective potential given by
_o (Op 9p 9p
— 2 [ YF zg
0.0 = 292 () 4 T G )

We make the following assumptions:

8kq

—(r,0)| < Cr—k—d

with constants C, dg > 0. Set gij :=r2¢% and denote

B (r,0,¢) = Zg (r,0)&&;, (0,€) € T*S.

We suppose that
b
‘%’; (r,0,6)| < Cr '17%p (r,0,¢), V(0,¢) € T*S, (1.3)

with constants C, §y > 0.

Denote by G the selfadjoint realization of A, on the Hilbert space H = L*(M, dVol,) with
Dirichlet or Neumann boundary conditions on M. Given a real s > 1/2, choose a real-valued
function s € C®(M), xs =1 on M\ Xyy11, xs =7 ° on X,,12. Also, given a > ry choose a
real-valued positive function 7, € C®°(M), 7, =0 on M \ Xg, 7, = 1 on X4 41.

It was proved in [3] (in a more general situation) that (for z > Cp, 0 < ¢ < 1, and the
constant a > 7y big enough) the following estimates hold true

Ixs (G — 2 £ i) sl ey < €577, (1.4)

||77aXs(G_Ziis)_lenanﬁ(H) < ClZ_l/Qa (1.5)

with some constants Cy, C,C’ > 0 independent of z and . One of the purposes of the present
paper is to prove the following



Theorem 1.1 Under the assumptions (1.2) and (1.3), for every s > 1/2, there exist constants
a > 1o and Co,C,C' > 0 so that for z > Cy, the limit

RE(2):= lim x4(G —z+ie) 'xs: H > H
e—0t

exists and satisfies the estimates, for Cy < z1 < z, Cy < 29 < z,
1/2
IRY (22) — RE(21)ll oy < C'lza — 2 |Me®* (1.6)
1/2
1ma Ry (22)70 — naRy (21)Mallc(ar) < C'lzz — 21[€“ 7 + C|zg — 2|, (L.7)

where 0 < p < 1 s a constant depending only on s and dg.

We will use this theorem to extend a result by Burq [1] on the behaviour of the local energy
of the solutions of the mixed problem for the wave equation

(0} + Ag)u(t,z) =0 in R x M,
Bu(t,z) =0 on R x oM, (1.8)
U(O,:L‘) = fl(w)aatu(oaw) = f2(x)a z €M,

where B denotes either Dirichlet or Neumann boundary conditions. Recall that the solutions to
(1.8) can be expressed by the formula

sin (t\/a)

U = COS (t\/é) fi+ ng. (1.9)

Our main result is the following

Theorem 1.2 Under the assumptions (1.2) and (1.8), for every s > 1/2, and ¥Ym > 0, the
following estimates hold for t > 1:

Ixs cos (V@) W(G)(G + 1) ™™ 2,ll ety < Crm,s(log )™, (1.10)

s sin (VG) $(G)(G +1) ™ Xl ey < Cn,s (logt) ™, (1.11)

with a constant Cy, s > 0, where 1 denotes the characteristic function of the interval [Cf, +00)
and Cly > Cy is arbitrary and fized.

Remark 1. Tt follows easily by an interpolation argument that we have analogues of (1.10)
and (1.11) for 0 < s < 1/2 as well, but with O, ((logt)*m(25)2+€), V0 < e < 1, in place of
(logt)~™™.

Remark 2. Clearly, the above results still hold true for the selfadjoint realization of Ay+V(z),
where V is a real-valued potential, V(z) > 0, provided the assumption (1.2) is satisfied with ¢
replaced by ¢ + V|x.

Remark 3. When OM = () and the metric g is nontrapping (that is, every geodesics reaches
the region X,, Vr > ro, in a finite time), one can easily show by the methods of [3] (see also [4]
where a similar bound is proved in a semi-classical setting) that (1.4) holds with O(z~1/2) in



place of the exponential term. As a consequence, our proof of the above theorems gives that in
this case one can improve (1.6) and (1.7) replacing the exponential terms by constants, and have
(1.10) and (1.11) with O (t_”m/(m+2)) in the right-hand side, where 0 < v < 1 is independent
of m but depending on s.

Remark 4. We can take ¢ = 1 in Theorem 1.2 if the resolvent satisfies the following estimates:

IR (N*)ll gy < C,

M2 R5 (A3) = MRy (AD)llcqary < ClA2 = M,

for all 0 < X, A\, A2 < +/Cp, with some constants C, u > 0, where Cj is as in Theorem 1.1.

It is easy to see that a long-range perturbation of the Fuclidean metric on R", n > 2,
provides an example of a manifold of the kind described above and satisfying the assumptions
(1.2) and (1.3), and hence our results apply to. More precisely, let O C R" be a bounded domain
with a C*°-smooth boundary and a connected complement Q@ = R"™\ O. Let g be a Riemannian
metric in Q of the form

n
9=Y_ gij(z)dzidz;, gij(z) € C®(Q),

t,j=1
satisfying the estimates

10 (91 (z) — 65)| < Cala) %, (1.12)
for every multi-index «, with constants Cy, 7o > 0, where (z) := (1 + |z|?)'/? and §;; denotes

the Kronecker symbol. It is easy to see that (€2,g) is isometric to a Riemannian manifold of
the form described above satisfying assumptions (1.2) (with §y = 2) and (1.3) (with dy = )
because of (1.12) and the fact that they are satisfied for the Euclidean metric on R".

In the case when g;; = 6;; for |z| > pg with some py > 1, Burq [1] proved (1.4) with x;
replaced by a cutoff function xy € C§°(R"), x(z) = 1 for |z] < pp + 1. As a consequence he
obtained (1.10) and (1.11) with x, replaced by x. His proof is based on the fact that in this case
the exponential bound of the cutoff resolvent on the real axis implies that it extends analytically
to a region of the form {z € C : |[Imz| < e=C1l2l'"? Rez > C5} for some constants C1,Ce > 0. In
[2] he extended these results to long-range metrics analytic outside some compact. His approach,
however, does not work anymore when the metric is not analytic outside a compact or when
we have a weihgted function instead of a cutoff. We show in the present paper that an uniform
Holder continuity of RE(z) suffices to establish the time decay in Theorem 1.2.

Usually, the Holder continuity of the weighted resolvent near the real axis is proved by
Mourre’s method. To prove Theorem 1.1, however, we do not use this method. Instead,
we show that this property follows from the estimate (1.4) and the Holder continuity of the
weighted resolvent of the Dirichlet self-adjoint realization of the operator Ax on the Hilbert
space L?(X,dVoly). Thus we are reduced to studying the resolvent of a much simpler operator.
This is carried out in Section 3. The main point in our analysis is that, roughly speaking,
the operator 2Ag( + [roy, AﬂX] is of order O(r=%) for 7 >> 1, because of the assumptions (1.2)
and (1.3). The only place where this fact is used is in the proof of the boundedness of the
operator B introduced in Section 3. All the other arguments work out under the less restrictive
assumptions of [3]. It is worth noticing that Mourre’s method does not work in our situation
without extra assumptions, because it requires some information about the double commutator
[rOy, [rOy, Ag(]] Therefore, an application of this method would require making assumptions on

4



Ofggj for £ = 0,1,2, and hence restricting the class of the Riemannian manifolds our results
apply to.
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2 Proof of Theorems 1.1 and 1.2

Denote by Gy the Dirichlet selfadjoint realization of Ax = Ay|x on Hy = L?(X,dVol,). We
will derive Theorem 1.1 from the bounds (1.4), (1.5) and the following

Proposition 2.1 Under the assumptions (1.2) and (1.3), for every s > 1/2, there ezist con-
stants Cy,C1 > 0, 0 < u < 1, so that for Cyp < Rez; <2z, 0<Imz <1, Cy) < Rez < 2,
0 <Imz <1, we have

lr=5(Go — z2) " 1r=% — r=5(Go — 21)_1r_s||L(H0) < Chlza — z1|M. (2.1)

Let p € C®°(M), p=10on M\ Xgqi1, p = 0 on X,yo. Given any u € D(G), we have
(1 —p)u € D(Gy), and G(1 — p)u = Go(1 — p)u. Therefore, we have the following identity

Xs(G — 22) " 'xs — xs(G — 21) "' xs
= (22 — 21)xs(G — 22) "' p(2p — 1)(G = 21) ' x;
+xs(G = 22) "1 (1 = p)*(G = 21) ' xs
= (22— 21)xs(G — 22) "' p(20 — 1)(G — 21) "'
+ (Xs(G — 22) " [Go, p] + (1 - P)Xs) ((Go —2)7" = (Go - Zl)_l)

(xs(1 = p) + [p, Gol(G — 21) " xs ) - (2:2)

On the other hand, it is easy to see that (1.4) and (1.5) imply, respectively,
[, Gol(G — ) 'xs = O () - H - H,

[pa GO](G - zj)_IXS"]a =0 (1) :H — Ha

where j = 1,2. Thus, for these values of z; and z9, (1.6) and (1.7) follow from (2.1), (2.2), (1.4)
and (1.5). This in turn implies the existence of the limit, and hence (1.6) and (1.7) hold for real
z1 and z9.

In what follows in this section we will show that the bounds (1.4)-(1.6) imply Theorem 1.2.
We let || - || denote the norm in L(H). Let Ay = \/a’) and let A > Ay be a big parameter to be
fixed later on. We can write

J(t) = x cos (tVG) () (G +1) ™ x,
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2
=" xscos (1VG) 5(G)(G + 1)/ x, = i (t) + (), (2:3)
7j=1

where 11 is the characteristic function of the interval [A%, A%) and 1) is the characteristic
function of the interval [A?, +00). Clearly, by the spectral theorem we have

17201 < [#2(G)(G + )72 < max|iha(0) (0 + 1)) < A7 (2.4
On the other hand,
A
Ti(t) = /A cos(tA)F(N\)dA, (2.5)

where

F(N) = () A1+ X%) ™2 (RY (A?) — B, ()
satisfies the bound (in view of (1.4) and (1.6))
IF(A2) = FO)| < Ao = A [#e“4, (2.6)

for Ag < A1 < A, Ap < Ay < A, with possibly a new constant C > 0. Let ¢ € C§°(R) be a
real-valued function, ¢ > 0, such that [ ¢(o)de = 1. The function

F(\)=¢! /F(A —o0)p(afe)do, 0<e<k1,
is smooth with values in £(H) and, in view of (2.6), satisfies the bound (for Ay < X < A)
IF.) = FO)I < €7 [IFQ) = FO = o)l (o/e)do

< ePet /a“¢(a/e)da < O(e")eCA. (2.7)
Hence,

T (t) / sV E (A < 04, (2.8)

Ao

with possibly a new constant C' > 0. On the other hand, integrating by parts gives

e _ . B A dR(N)
cos(tA) Fe(A)dA = F(Ap) sin(Apt) — Fc(A) sin(At) sin(t\) dA. (2.9)
Ao AO d}\
By (1.4) we have (with £k =0,1)
dkFe(/\) —k\ ,CA
IF ‘ < O(e%)e~ 4, (2.10)
for Ag <A < A. By (2.9) and (2.10), we conclude
A
/ cos(tA) F.(\)dA|| < O(e )14, (2.11)
Ao

Choosing € = t~/(1+#) we get from (2.8) and (2.11),
IR0 < 0@™)e, (2.12)

where v = 11/(1 4 ). Choose now A = O(logt) so that e©4 = ¢*/2. Then it is clear that (1.10)
follows from (2.3), (2.4) and (2.12). The estimate (1.11) is treated in the same way.



3 Proof of Proposition 2.1

1/2

Denote by Gg the Dirichlet self-adjoint realization of the operator Ag = p'/2A p~1/? on the

Hilbert space Hg = L?(X,drdf). Clearly, it suffices to prove (2.1) with G replaced by Gg, and

Hj replaced by Hg. In what follows || - || will denote the norm in E(Hg). It is easy to see that

(1.3) implies

> ¢

_[araAr] 'I‘AT’ C>O,

for r big enough. Therefore, it follows from Theorem 2.1 of [5] that we have the estimate (for
s>1/2,0<e<1, k=0,1)

HT_S’Df(Gg —z+ie) | < C7V2, 2>, (3.1)

where D, = —iz~1/29,, with constants Cy,C > 0 independent of z and e. Thus, it suffices
to prove (2.1) when 0 < |z2 — 21| < 1. Obviously, if (2.1) holds true for some sy > 1/2 with
p = po > 0, it also holds for every s > so with u = po. Let us see that it holds for 1/2 < s < sy,
too. Given any A > 1, denote by x(r < A) (resp. x(r > A)) the characteristic function of the
set 7 < A (resp. 7 > A). In view of (3.1), we have

HT_S(G?) — 22)_17"_50 — ‘I“_S(Gg — zl)_lr_so

<

07 x(r < A) (T_SO(G?) — zz)_lr_so — ’I"_SO(G?) — zl)_lr_so)

+ HF(2371)/4X(T > A)r’(25+1)/2(Gg . 22)717"730

+ Hr—(zs—1)/4x(r > A)r_(25+1)/2(Gg _ zl)—l,r—so

< CA 29 — 21 [M0 + CA= @D/ = 0 (|29 — 21|),
if we choose A = |z — 21| ~*#0/(450=25=1) where 1 = pig(2s — 1)/(2s9 — s — 1). Proceeding in the
same way once more we can replace sp on the right by s as well. Thus, it suffices to prove (2.1)
for s > 3/2. Let us see now that it would follow from the following estimate

HT—S(G?) — 2z tie) 8| < cemMte, (3.2)

for real z > Cj, with constants Cy, C,a > 0 independent of z and ¢. Fix z € C, Imz > 0,
Rez > Cp, and let 0 < £ < 1. Clearly, (3.2) implies

Hr_s(Gg —z—ie) s — r_s(Gg —z) LS

< Ce. (3.3)

Therefore, if z; and 29 are as in Proposition 2.1, we have

Hr_s(Gg —z) " lr T — r_S(Gg —z) "l

< Hr‘s(Gg — 7y —ig) T8 — ’I‘_S(Gg — )"l

+ HTﬁS(Gg — 21 —ig) trf — riS(Gg — 1) s

7



+ |‘T75(Gg — 29 — is)*lrfs — T*S(Gg — 21 — z'e)*lrfs

< 2Ce* + |22 — 2’1|672 =0 (|ZQ — Zl|“) , (34)

if we take £ = |25 — 21|11 where p = a/(a + 2).

Proof of (3.2). Set

oq - agb
A= 200 +[r0p, A} =2q+ 15" —7 1230 (a Oy,

We have
2(zF z'e)r_s(Gg —z4ig) 0 = —27"_5(Gg —z+ig) e
+r_5(Gg —z+ ie)_12Ag(Gg —z+ig) S
= —27“75(Gg —z+ie) r ¥ — rfs(Gg — z+ig) " ro,, Ag](G% —z+ie) r®
-l-r*s(Gg —z+ z'e)fl.A(Gg —z4ie) 1r®
= —T_S(Gg —z+ie)"lr — T_S(Gg — z+ig)"tor—ot!
+7‘_5+18T(G(ﬂ) —ztie) 0 r_s(Gg —z+ z's)_l.A(Gg — z+ig)"lrS,

and since s > 3/2, in view of (3.1), we obtain

2z H Gﬁ —ztie) 4T Glj —ztie)” l.A(GIj —z+ie) 8. (3.5)
We need now the following
Lemma 3.1 For Vs> 1/2, 0 <e <1, we have
H _S(Gﬂ —z+ig)” H < Ce V27 VA L 2>, (3.6)
with constants C, Cy > 0 independent of € and z.
By (3.1) and (3.6), V0 < 6 < 1/2, we have
HT_S(G?) —z+ ie)_lr_JH
< Hr*s(Gg —z4ie) Ix(r < A)r 5” + H Gﬁ —z+ie) tx(r > A)rf‘sH
< A0 HT’S(GO —z+ig) et -0 HT*S(G?) —z+ z's)*IH
<CAT 4 CATT = 0 (71, (3.7)

if we choose A = ¢ 1/(2%) where v = §/(2s). Furthermore, we have
—H(Gh — 2 tie) TAGh — z £ie)

= (rfs(G(ﬂ) — z+ie) 02, r %) 4 (z Fie + i)rfs(Gg — z4ie) tr%/2 4 7"757‘50/2)



B (7‘75*50/2 + (z Fie — i)r’5°/2(G% —z+ z'es)’1r*‘g + [r*5°/2, 82](6‘% — 24+ is)*lr*s) , (3.8)

where

B= (G} —i) o AGE +i)

is easily seen to be a bounded operator on Hg. Indeed, it follows from the assumptions (1.2)
and (1.3) that the real-valued quadratic form

Blv,v) = (r®Au,u) s, u= (G +i) v € D(GY), v e H,
satisfies the estimate

180,0)] < Cllull + Clhru,u) s < Cllulls + C{Abu,u) s < Clloly, € >0,

Therefore, by the Riesz theorem there exists a self-adjoint operator B; € E(Hg) such that
IB(Ua 'U) = <Bl’U, U)]-[g .

Thus we get B = B; and the desired property follows. Now, by (3.1), (3.7) and (3.8) we conclude
that

Hr*S(GE) — z4ie) LA(GE — 2 +ie) | < Cze it (3.9)

with o = 09 /(2s) if 69 < 1, and @ =1 if 69 > 1. Clearly, (3.2) follows from (3.5) and (3.9).

Proof of Lemma 8.1. Tt is actually contained in the proof of (3.1) (see the proof of Theorem
2.1 of [5] or the proof of Proposition 2.4 of [3]). We will only sketch the main points. Denote
A=2zY2 D, = (i\)"'9,, P = /\_ZAg — 14 ieA™2, where 0 < € < 1. It is proved in the above
articles that, Yu € D(G(ﬂ)), we have

||r*5u||ilg <C ||Pu||ilg +Cex! ‘(u,’Dru)Hg‘ +CA |(Pu,DTu)Hg‘

3_—1 2 —1 2 2
<O (We ) |Puly +0 (2 7Y) (||u||Hg + ||Dru||Hg> . (3.10)
On the other hand,

A2 ull =T (Pu,u)ys < O (e 1) [Pulidy +2 N 2ulZ,,  (311)

IDruly = 2lullZy < 1Draliy + (A s = (1= X))

— 2 2
= Re (Pu,u) s <|1Pullyy + [lullfy. (3.12)
By (3.10), (3.11) and (3.12),
Ir=*ully: < O (M) 1Pullyy (3.13)

which clearly implies (3.6).
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