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Absolute continuity of spectra
of two-dimensional periodic Schrodinger operators
with strongly subordinate magnetic potentials

R. G. Shterenberg

§ 0. Introduction

1. In the present paper we consider the problem of absolute continuity of the spectrum
of the periodic Schrédinger operator with variable metric and electric and magnetic fields.
Similar problems were considered in a number of papers starting with the original work of
L. Thomas [T]. For a review of the subject, see the books [RSi], [Ku] and the surveys [BSu3],
[Su] as well (see also the references therein). Here we consider only the two-dimensional
case, where particularly complete results are achievable. The two-dimensional case was
investigated in [BSul,2], [Mo], [BShSu], [Sh1-3], [La]. This paper can be considered as a
continuation of [Sh3]. Here we improve the result of [Sh3] in the following sense. Under
the same conditions on the metric, the electric potential and the 'weight function’ as in
[Sh3] we significantly relax the conditions on the vector-valued (magnetic) potential A. In
[Sh3] we assumed that

/|A|21n0‘(1 +]A)dx <00, a> 1. (0.1)
Q

Here Q is an elementary cell of the period lattice. Condition (0.1) was earlier used in [La].
Now we replace condition (0.1) by the condition of ’strong subordination’ of A:

/|Au|2dx < E/|Vu|2dx+C(E;A)/|u|2dx, Vee (0,1), ue H'(Q).  (02)
Q Q Q

The condition (0.2) is significantly wider and more convenient than (0.1). This fact turns
out to be more evident when the Schrédinger operator in a periodic waveguide is considered.
This problem (previously considered in [SoW], [ShaSo], [ShSu], [Sh4]) is also discussed here.
In the present paper we replace the condition of the type (0.1) used in [Sh4] by the condition
of the form (0.2). As a result, the condition on the magnetic potential is now expressed in
terms of the initial problem and does not involve explicitly the quasi-conformal mapping
of the waveguide onto the strip (see §8).

2. The main results are Theorem 1.3 and Theorem 8.5. Theorem 1.3 concerns the absolute
continuity of the spectrum of the Schrédinger operator in Ly (R?) and Theorem 8.5 concerns
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the absolute continuity of the spectrum of the Schrédinger operator in a simply connected
periodic waveguide II.

As usual, our constructions are based upon the Thomas method first proposed in
[T] and then developed in [RSi]. This method involves direct integral decomposition for
periodic operators. Next, the operators acting on the fibers of the direct integral are
extended to the complex values of the fiber parameter (the quasimomentum). Further
considerations reduce the problem to estimating the resolvent of these operators for large
imaginary values of the quasimomentum. The estimates required in our case are given in
Theorem 2.1, from which we deduce Theorem 1.3.

First, we prove Theorem 2.1 (about the estimates) in the case where the metric g is
the flat metric and the weight function 1 equals to 1. Next, the estimates are carried over
to the case of a scalar metric and a nontrivial weight function. Finally, we invoke global
isothermal coordinates (cf. [KuL], [Sh2]) and prove Theorem 1.3 in its full generality.
Theorem 8.5 is stated here without proof. The proof is actually the same as the proof of
Theorem 2.5 from [Sh4] (see also Remark 8.6 below).

Some auxiliary facts are borrowed directly from [Sh3,4].

3. The main definitions and results concerning the Schrodinger operator in Lo(R?) are
presented in §1. §2 contains the necessary material concerning the Thomas approach,
together with the statement of the basic Theorem 2.1 about estimates. In § 3 we formulate
some auxiliary results from the previous papers. Preparations to the proof of Theorem
2.1 are made in §4. In §5 we prove Theorem 2.1 with ¢ =1, n = 1. In §6 we include
a scalar metric into consideration. Finally, in § 7 we complete the proof of Theorem 2.1
and deduce Theorem 1.3 from Theorem 2.1 in the case of a scalar metric. After that, we
establish Theorem 1.3 in its full generality. In conclusive § 8 we state without proof the
main result concerning the Schrodinger operator in a simply connected periodic waveguide.
Some necessary comments are also given.

4. Acknowledgments. The author is sincerely grateful to M. Sh. Birman for suggesting
the problem and for great attention to the author’s work. The author thanks T. A. Suslina
for numerous fruitful discussions. The paper was written during the author’s stay at the
Mittag-Leffler Institute; the author is grateful to A. Laptev and the staff of the Mittag-
Leffler Institute for the hospitality.

§1. Definition of the operator. The main result

1. Notation. Let T C R? be a lattice, and let a;, as € R? be a basis of . The set
Q::{XERQ: X = t1a; + t2ag, OStJ <]_, J:]_)Q}

is an elementary cell of the lattice I'. We fix an orthonormal basis e, e, in R? such that
e = a1/|a1|. We use the notation V = {6/8271,6/8372} = {(91,82}, D= {Dl,DQ} = —iV.
For a real-valued function f, we put 2f4(x) := |f(x)| = f(x). Let D be an open subset in
R?. The Sobolev classes of the order s > 0 with the integrability index p are denoted by
W;(RZ), W, (D); for p = 2 we abbreviate this to H $(R?), H*(D). The subspace formed by

the functions u € W (f2), such that the I'-periodic extension of u belongs to W 1oc (R?),
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is denoted by W;(Q), for p = 2 we use the notation H*(Q) := W(Q). Similarly, C*°(Q)
is the class of functions such that their I-periodic extensions belong to C*(R?).

Next, the symbols (-,-), | -| stand for the standard inner product and the standard
norm in C?; by 1 we denote the unit (2 x 2)-matrix. The norm in L,(?), 1 < p < oo,
is denoted by || - ||p; for p = 2 we omit the index p. All the integrals without indication

of the integration domain are over R%. By C, ¢ we denote various positive constants in
estimates. For a matrix h the symbol h? denotes the transposed matrix. For a measurable
subset Z C R?, by measZ we denote the two-dimensional Lebesgue measure of E.

Let B be a Banach space; then the norm in B is denoted by || - ||5. Let B be another
Banach space. For an operator 7 : B — B, by ||T]| 5., 5 We denote the operator norm.
Often we write simply ||7|| if this does not lead to a confusion.

2. A magnetic potential is determined by a measurable R*-valued function A(x) =
A]_ (X)e]_ + A2 (x)e2 such that

A(x+aj)=A(x), j=1,2, x€ R (1.1)
We also assume that
/|A|2|u|2dx < 5/ |Vu|?dx + C(g;Q, A) / lu?dx, Vee (0,1), ue H'(Q). (1.2)
Q Q Q
A metric is determined by a measurable (2x 2)-matrix-valued function g(x) = {g%!(x)}
with real-valued entries. We assume that
g(x+aj):g(x), J=12, XERQ; (1.3)

el <gx)<cl, 0<co < <o (1.4)

We present the metric g in the following form:
g(x) := w?(x)go(x), detgo(x) =1, w(x) := (det g(x))1/4. (1.5)

We assume that _
w € HI(Q), (1.6)

and

/|Vw|2|u|2dx < 6/|Vu|2dx + C(E;Q,w)/|u|2dx, Ve € (0,1), u e H'(Q).  (1.7)
Q Q Q

The following statement was proved in [S, Lemma 2.1].
Proposition 1.1. Let F' be a measurable function such that

/|F|1n (1+|F|)dx < 0.
Q
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Then

/|F||u|2dx < s/|Vu|2dx + C(E;Q,F)/|u|2dx, Ve € (0,1), u € H(Q).
Q Q Q

So, the estimates (1.2), (1.7) are satisfied if

/|A|2ln(1 +]A])dx < o0, /|Vw|21n(1 + |Vw|)dx < oco.
Q Q

Let dv be a real-valued Borel signed measure in R? with locally finite variation. Thus,

W|(E) == /|d1/| < 00 (1.8)

for any Borel bounded set = C R%. We assume that dv is T-periodic, i.e.,

/ dv(x) :]du(x), n = {n1,ny} € Z2. (1.9)

E+niai+noaz

Presenting the signed measure dv in the form
dv=dvy —dv_, 2dvy:=|dv|xdy,

we impose the following conditions on dv, borrowed from [Sh2].
(i) The form
my[u, u] :=/|Vu|2dx+/|u|2du+, u € C°(RY),

is closable in Ly(R?). (This means that for an arbitrary sequence {u,}, u, € C§°(R?),
which converges to zero in Ly(R?) and is a Cauchy sequence with respect to the form m.,
we also have m_[up,u,] = 0 as n — 00.) The domain of the closure of the form m is

denoted by d. The set d (C H'(R?)), generally speaking, does not coincide with H'(R?);
this set depends only on dv, .

(ii) For some a < 1, we have

/|u|2d1/, <a (/(gVu,Vu)dx + / |u|2du+> + C(a; g,dv) / u|?dx,

u € C°(R?), a< 1.

(1.10)

Note that the estimate (1.10) remains valid for all functions in d.
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(iii) We have

/|u|2|d1/| <e /|Vu|2dx+max|u|2 +C(E;Q,dy)/|u|2dx,
J J xef J (1.11)

Ve € (0,1), u € C®(Q).

It is easy to see that condition (i) implies the following condition:
(i") The form

mfu,uli= [IVaPdx+ [fuPdu, ueC=@),
Q Q

is closable in Lo(f2). By Jg we denote the domain of the closure of the form mﬂ.
Besides, it is shown in [Sh2, § 2] that (1.10) implies the estimate

/|u|2dz/, <a (/(gVu,Vu)dx+ /|u|2dz/+> +C(a;g,dl/)/|u|2dx,
2 A A A (1.12)
uwe C®(Q), a<l,

with the same constants a and C(a;g,dv). Obviously, the estimate (1.12) remains valid

for all functions in 3\9
Let n be a real-valued measurable function such that

n(x+a;) =n(x), j=1,2, xR’ (1.13)
n(x) >0, a. a.x€R? (1.14)

/|nu|2dx ga/|vu|2dx+0(s;n,n)/|u|2dx, Vee (0,1), we Q). (L.15)
Q O Q
Due to Proposition 1.1, the estimate (1.15) is satisfied provided

/|n|21n 1+ |n])dx < oco.
Q

Note that, by Lemma 1.5 from [Sh3], the estimates (1.2), (1.7), (1.15) are equivalent to
the analogous estimates in the class H'().

3. In the Hilbert space Lo(R?) we consider the quadratic form
mlu,u] = m(g, A, dv,n)[u,u] =

e o . (1.16)
(g(D—A)y " u,(D—A)n u)dx+ [ |[n  ul"dv, ué€nd.
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First of all, note that by the conditions (1.13)—(1.15), the set n&\ is dense in Ly(R?).

Proposition 1.2. Let g(x) be a measurable (2 x 2)-matriz-valued function which satisfies
(1.4). Suppose that a real-valued function 1(x) satisfies conditions (1.13)—(1.15), and a
vector-valued function A (x) is subject to conditions (1.1), (1.2). Suppose that a real-valued
Borel signed measure dv satisfies (1.8), (1.9), as well as (i), (ii). Then the form m defined
by (1.16) is lower semibounded and closed in Ly(R?).

Proof is quite similar to the proof of Proposition 1.3 from [Sh3]. e
The closed form m gives rise to a selfadjoint operator

M = M(g,A,dv,n) (1.17)

in Ly(R?).
4. The main result concerning the periodic Schrodinger operator in Ly(R?) is the
following theorem.

Theorem 1.3. Suppose that the magnetic potential A and the metric g satisfy conditions
(1.1), (1.2) and (1.3)—(1.7) respectively. Let the weight function n be such as in conditions
(1.13)—(1.15). Suppose that the signed measure dv satisfies the conditions (1.8), (1.9), (i)—
(iii). Let the quadratic form m be defined by (1.16). Let M be the selfadjoint operator
n LQ(RZ) associated with this form. Then the spectrum of the operator M is absolutely
continuous.

Remark 1.4. Using a unitary transformation u — wue?¥a* in Ly(R?) (here ka :=
(meas Q)™ [, Adx), we can, without the loss of generality, subject the magnetic potential
A to the gauge condition

/Adx =0. (1.18)
Q

§ 2. Direct integral decomposition. The Thomas approach

1. Direct integral. Let by, by denote the basis of the dual lattice I:
(bj,a;) = 2md;;, j,l=1,2.
The elementary cell of the dual lattice is denoted by (~2; we have
Q:={k=nb; +mby: 0<7;<1, j=1,2}. (2.1)
The cell (2.1) is dual to €.

The direct integral decomposition for periodic operators is constructed with the help
of the Gelfand transformation U. Consider the Hilbert space

K = / ®Ly(Q) dk. (2.2)
6]
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First, we define the mapping U : Ly(R?) — K on the functions f of the Schwartz class
S(R?) by the formula

US)(k,x) = (meas ) ~1/2e~ikx) Z emikmaitnaas) £y 4 pia; +nyay).

ne Z2

Then U is extended by continuity to a unitary operator acting from L,(R?) onto K.
In Ly (), for every k € R? (the parameter k is called the quasimomentum) we consider
the quadratic form

m(k)[u,u] = m(k; g, A, dv,n)[u,u] :=

/(g(D —A+Kk)n tu,(D-A+K)n tuydx + / In 'ul?dv, u € ndg. (2.3)
) Q

The form (2.3) is closed and lower semibounded (see [Sh3, §2]). Note that the domain
of the form (2.3) does not depend on k. The closed form m(k) gives rise to a selfadjoint
operator

M (k) := M(k; g, A, dv,n) (2.4)

in L»(Q). Standard considerations (see, e.g., [BSu2, §2], [BShSu, §2]) show that in the
direct integral (2.2) the action of the operator (1.17) reduces to multiplication by the
operator-valued function M (k):

UM (g, A, dv,n)U ' = /GBM(k;g,A,dv,n) dk.

Q

2. Complexification. The Thomas method involves extension of the forms m(k) and the
operators M (k) to the complex values k € C? of the quasimomentum. This analytic ex-
tension gives rise to sectorial forms and m-sectorial operators. These objects were studied
systematically in the book [K] by T. Kato.

Formula, (2.3) allows us to extend the form m(k) to arbitrary k € C? analytically.
On the domain dg, the form m(k) is closed and sectorial for k € C?. Such a form
gives rise (see [K, Theorems VI.2.1, 2.5, 2.7]) to an m-sectorial operator, still denoted
by M(k) = M(k;g,A,dv,n), k € C? Tt is shown in [Sh3, §2] that the resolvent of the
operator M (k), k € C?, is compact.

In what follows, we fix a value k> € R, but assume that k; € C. Then, relative to the
parameter k; € C, the operators M (k1, k2) constitute a selfadjoint analytic family of type
(B) with compact resolvent. Recall that a family of type (B) arises when we define operators
in terms of sectorial forms with common domain (see [K, §VIL4]). The selfadjointness of
the operator family means that (M (ky,k))* = M (ky, k2), k1 € C, ky € R.

3. The Thomas approach. As applied to the operator families of type (B), the Thomas
approach was described in detail in [BSu3]. These considerations are adaptable to our case
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as well. Namely, the proof of the absolute continuity of the spectrum of the operator M
reduces to the proof of the fact that

(M (n+iy,k2)) "' = 0 as |y = oo

for an appropriate 4 € R and all k2 € R. In our case, we shall obtain the corresponding
estimate for the conformal (scalar) metric g. Namely, let go(x) =1 in (1.5), i.e.,

g(x) = w?(x)1. (2.5)
From (1.3)—(1.5) it follows that
wx+aj) =wx), j=1,2, x€R? (2.6)
and
0<wo<w(x)<w <00, x€R (2.7)
We put
ki=p+iy, p=mlai| !, yeR, ks €R. (2.8)

In this case, we agree to write M (y) in place of M (k), and similarly for the other operators
and forms. The dependence on ko is not reflected in the notation.

The following theorem is our main technical result; here the metric is assumed to be
conformal.
Theorem 2.1. Suppose that the signed measure dv satisfies conditions (1.8), (1.11), (i'),
(1.12), and that the magnetic potential A satisfies conditions (1.2), (1.18). Suppose that
for the metric g conditions (1.6), (1.7), (2.5)—(2.7) are fulfilled, and the weight function 7
satisfies the conditions (1.14), (1.15). Let M(y) = M (k; g, A,dv,n), where k is defined by
(2.8). Then there exists a constant

Yo = yO(QJ a,w, AJ dVJ e k2)
such that the operator M (y) is invertible for |y| > yo, and

(M) < e®)s |yl > o, (2.9)
e(y) = c(y; 2, a,0, A,7, ks) = 0 as |y| — co. '

If ko runs through a bounded subset of R, then yo and c(y) can be chosen independent of
ks.
Remark 2.2. In Theorem 2.1 we can omit condition (1.18) on the magnetic potential
A. In this case, the statement of Theorem 2.1 remains valid if in (2.8) u is replaced by
p+ (ka)r-

In the case of scalar metric (2.5), Theorem 1.3 can be deduced from Theorem 2.1 in
a standard way (see [BSu3, §2]). Theorem 1.3 in its full generality will be deduced from
Theorem 2.1 in § 7.



§ 3. Estimates for the free operator

1. In this section, we obtain the estimates necessary for the proof of Theorem 2.1.

For a function v € Ly(2), consider its Fourier series

v(x) = (meas ) /2 Z Un exp (i(n1b1 + nobs, x)).
n¢ Z2

(3.1)

Let F : Ly(Q) — 12(Z?) be the discrete (unitary) Fourier transformation defined by the

formula Fv = {Un}, n € Z*, in accordance with (3.1).
The operator Mo(y) := (D + k)? with k as in (2.8) is of the form

Mo(y) = F*h(y)F,
where the symbol h(y) = {hn(y)}, n € Z?, is defined by the formula

ha(y) = 12 (2n1 + 1)? + (any + Bna + k2)? — y% + 2iyp(2n, + 1)

(cf. [BSu2, §3]). Here @ = (by,e3), 8 = (b, ey); observe that b; = 2ue; + aes, by =

The symbol (3.3) admits the following factorization:
ha(®) = ¢V W)a5) ), 657 () = n(2ny + 1) £ilany + fna + ka £ y).
Relations (3.2)—(3.4) directly imply that
I(Mo(y) M| < min {(2uly) ™", n72} < 27 (+ Iy~
2. We introduce the operators
Py(y) == F*{|ha()|"/*}F, P(y) := F*{(ha(y)) ha(®)['*}F, n e Z%

Q+(y) == F{aI WIF, Q)| = F{la” (v)}F, neZ

Then
Ro(y) == (Mo(y)) ™" = Po(y)(P(y))* = (Q+ )" (Q-(»)) ™"

Note that the operator Q4 (y) is invertible and
1Q+() I <u™t.

For R > 1, we put

1, if 2p|ni| < Rly| and |an; + Bnz| < R|y|

0, otherwise ’

Xr(n;y) = {

Xr(n;y) = 1— xr(n;y).

9
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Next, we put Xz (y) := {xr(n;y)}, n€ ZZ;

Xr(y) = F*xr(y)F, (3-8)

Xp(y) =1 — Xp(y). (3.9)

In what follows, to simplify the notation, we shall often omit the dependence of operators
on the parameters. Without loss of generality, we assume that |y| > 1. Now, we formulate
some auxiliary statements.

Lemma 3.1. We have

1Py Xrull” < C(Q)IVXRul®, we H'(Q), R>1, |y| > |kel; (3.10)
IV Xrull > Rly|l|Xrull, veH'(Q), R>1; (3.11)

VA&l < V2Rlyl, R>1; (3.12)

1P ull > Oyl llull, we H'(S). (3.13)

Proof. Estimate (3.13) immediately follows from (3.3), (3.5). To prove (3.10) it suffices
to use (3.3), (3.5), (3.9). Estimates (3.11), (3.12) are obvious. e

Proposition 3.2. Suppose that F € Ly(Q). Let Py, |Q+| be the operators (3.5), (3.6).
Then

IFIQ=I7"2l < C)|IFla, (3.14)
IFPoll < COQ)IIF|alyl 2. (3.15)

Proof. It suffices to refer to [BSu2, (3.16), (3.17), (3.30)]. e

Proposition 3.3. Suppose that a measurable function V satisfies the condition

/|V||u|2dx < 5/|Vu|2dx+0(e;Q,V)/|u|2dx, Vee (0,1), we HYQ).  (3.16)
Q Q Q

Then we have

/ VI|Puldx < e()llulls u € La(Q), e(y) = e(y; 2V, ko) = 0 as Jy] = 0o.  (3.17)
Q

Proof. It suffices to use (in the very particular case) formulae [Shl, (4.32), (4.33)] (see
also [Sh3, Lemma 1.5]). e
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§4. Estimates for the magnetic potential

1. Gauge transformation. It is well known that for a vector-valued function A € Ly(Q)
which satisfies condition (1.18), there exists the unique representation of the form

A=Vds—JVpa, J:= (_01 (1)) (4.1)

Here ®a, pa € H 1(Q) are weak solutions of the equations

A(I)AzdiVA, /(I)AdXZO;
Q

App =divJA, /apAdx =0. (4.2)
Q

Let ® € C*(Q) be a real-valued function such that
[V® — V@4 <eq. (4.3)

A small constant e € (0,1] will be fixed later. We put A’ := A —V®. By (1.2), it is clear
that A’ satisfies the following condition

/|A'|2|u|2dx < a/|Vu|2dx+C(E;Q,A')/|u|2dx, Ve € (0,1), u € I;TI(Q) (4.4)
Q Q Q

We introduce a unitary operator Up : u — ue!®™) in Ly(Q). Then we have
(U<I>)_1M(k)U<1> = Ml(k) = M(k;g,A',di/, 77) (45)

From (4.5) it directly follows that the relation (2.9) is valid for the operators M (k) if and
only if it is so for M'(k).

2. Let ¢ be a function such that
0<p€eCPR?), suppoCQ, /gdx =1.

We put
On(x) 1= Z n*o(n(x + mia; + moasz)), n € N.
mEZ2

Note that p,, satisfy the following conditions

0< 0, € C®(Q), /gndx:l, n € N.
Q
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We consider the convolution of A with the delta-like sequence {g,} on the torus R? / I:

AOG) = [ 0a(x-vIAG) dy.
Q
Obviously, A(™ e C(0).
Let ¢, be a H(Q)-solution of the equation

Ap, = divI A, / ondx = 0. (4.6)
Q
Then ¢, € C®(€). We have A — A in Ly(Q) as n — co. Thus,
lon — @all @) < €n = 0 as n — oo. (4.7

Later we shall fix n € N large enough to ensure that the constant ,, € (0, 1] be sufficiently
small.
We have

/|A(")|2|u|2dx ge/|Vu|2dx+0(s;n,A)/|u|2dx, Ve e (0,1), ue H(Q). (4.8)
Q Q Q

Note that the estimate (4.8) is uniform with respect to n. Indeed, using the Minkowski’s
inequality and inequality (1.2), we obtain (here we deal with the functions on the torus

R2/F)

2
/IA(”)I“’Iulz‘JlX:/|U(X)|2 /A(X—Y)Qn(Y)dy dx <
Q Q Q
2

1/2
/Qn(Y) /IA(X—Y)\2IU(X)|2dX) dy | =

1/2 2
/Qn(Y) /IA(Z)I2IU(Z+y)IZdZ> dy | <
Q

1/2
on(y) | € [ |[Vau(z +y)|?dz + C(e;Q, A) |u(z+y)|2dz> dy | =
oo (-f /

Q

2
Qn(Y)dY> (6 |V2u(2)]*dz + C(e; 2, A) Iu(Z)IQdZ) =
Jemer) (] /

Q
6/|Vzu(z)|2dz+C’(5;Q,A)/|u(z)|2dz, Ve € (0,1), u e H'(Q).
Q Q
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Next, we have
lle*?2 || < Clas 2, [leall mr(e)), @ €R.

In order to prove (4.9), we use the Sobolev’s inequality

lpalls < COOE2llpall ma), k€N

(see, e.g., [M, (2.3.3/3)]). Then

N e 20 2a
lle wA”2 — / (Z ( k‘) ‘PA) dx < meas ) + Z | |) ||90A||11: <
Q k=0

k/2

k!

meaSQ+Z Q)lallloall m )" < Clos 9, llpall m1(0))-

Similarly,
lle®?[| < C(a; D, lonll H1(0)) £ Cla; Q, llpall m1(e)), @ € R.

Now we are ready to prove the following lemma.

(4.9)

(4.10)

Lemma 4.1. Suppose that A satisfies condition (1.2). Let pa and ¢, be defined by (4.2)

and (4.6) respectively. Then we have
e | i) < Clas D, [lpall mre)), a €R,
lle®?" || 1oy < Clas Q, [lpall (), o € R.
Proof. From the definition of ¢, (see (4.6)), it follows that

/|V(e°‘“’")|2dx =a? / |V |?e?*Pmdx = a/2/(V<pn,V(62°“""))dx =
Q Q

Q

a2 / (JA® Y (e209n))dx = o2 / (TAM Vo, )e2a9n dx <
Q Q

0‘2/2/|V90n|2e2a""dx+a2/2/|A(n)|262a%dx.
@ o)

Combining this with (4.8), we obtain

/lV(ea“’")|2dx < a2/|A(")|2eza“’"dx <

6/|V(ea‘p")|2dx+0(s;a,Q,A)/eza“’"dx, Ve € (0,1).
Q Q
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Now, we fix ¢ = 1/2, and from the last inequality and inequality (4.10) we deduce the
estimate (4.12). Taking n — oo in (4.12), by (4.7) and Fatou’s Lemma, we obtain (4.11).

3. In [BSul] the factorization of the Pauli operator was described. This factoriza-
tion played a crucial role for the investigation of the magnetic Schrédinger operator (see
[BSul,2], [BShSu], [Sh1,3]). Here we shall also use it.

We put AW = —J Von, B, = 6111;") — 62;{@ = Ag,. In Ly(R?), we introduce
the Pauli operator (more precisely, one of its blocks):

M, = M(1,A"™ B,dx,1) = (D - A™)? 4+ B,.

Let . B B
M,(y) := (D —A"™ +k)?>+B, (4.13)

be the operator in Ly(f2) corresponding to the operator M, (here k is defined by (2.8)).
The following multiplicative representation is valid (cf. [BSul, (3.11)]):

My(y) = e Q4+ (y)e*"Q_(y)e ¥", y€R. (4.14)

4. In what follows, we shall often deal with the operator

To(y) = (Mu(y) ™) Py 2 = e (Q11) e > (Q-) e Py %, y€eR. (4.15)
We denote B B B
AW = [Q+, ¢n] = D1y £ iDsp, = FA™ — A, (4.16)

Here [-,] is a commutator of two operators. We have

Q3 f1= —Q1'[Qx, flQTE, feC=(9). (4.17)

The following three statements are proved in [Sh3] (see [Sh3, Lemmas 4.1, 4.2, and Corol-
lary 4.3]).

Lemma 4.2. We have
1Tl < C(, 0n); (4.18)

IV, Tl < C(Q, ). (4.19)

Lemma 4.3. Suppose that the signed measure dv satisfies the conditions of Theorem 2.1.
Then we have

/ 1T Po Xpul?ldv] < ()| Xnul?,
J (4.20)

uw € La2(Q), c(y) := c(y; Q, R, pn,dv, ka) = 0 as |y| — oo.
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Corollary 4.4. Suppose that a measurable function V satisfies condition (3.16). Then we
have

/ V|| PoXpuldx < c(y)l|Xrull’
J (4.21)
u € Ly(Q), c(y) = c(y; R, n, V, k2) = 0 as |y| = .

5. The following lemma is crucial for further considerations concerning the magnetic
potential. A similar statement was proved in [Sh3, Lemma 4.4]. However, now we have
less restrictive conditions on A than in [Sh3].

Lemma 4.5. Suppose that F € Ly(2). Then we have

|XaPaTZFPoll < C(9, R, A, k)|l (4.22)
Proof. Using relations (4.16), (4.17), we obtain

M7= e Qe Qe = QT + QT AM e Qe -

Q-le @y A Q! — QT AW Qe e QA e Qi =

Q'QI + QT AMQTIQ + QT AM e QA e TQ T — QTIQT T A QT+
QilQI_lggfl)e—cpn Q;lgsf)e‘p" Q- Q:lg(_")e_‘p"Q:lQI_lZE:l)e‘p"Q_T_l—

Q1 AMern Q1242 QT Q T AN e QT = [+ L+ I + Iy + Is + I + I
(4.23)

Representation (4.15) shows that Xr PoTxFPy = X, RPO_IM; LFP,. We shall estimate the
term XrFy LI, FP,. Another six terms can be estimated in the same way or even simpler.
Using the identity (3.7), we obtain

|Xr Py I FPo|| < 2l| Xr Py Q|2 - IlQ=| /2| A™ e¥n|1/2]|x
AT e [V2]Q_ |71/ - [|Q= |72/ AT e20n [V2 - || A em2em 2R |x (424
1Py A e /2] - [[| AT e 21 Qu |72 - Qs |72 F M2 - [|[F/2 Py .
Next, by (3.4), (3.6)—(3.8), we have
X Py Q-2 = | XRIQ4 Y2 < C(Q, R, ka)y|*/>.
To estimate the remaining multipliers in (4.24) we use (3.14), (3.15), (4.12) and (4.16). As

a result, we obtain
|XrPs I FPo|| < C(Q, R, A, ko) || Fl[y| .

Combined with similar estimates for XRPO_IIJ'FPO, j=1,...6, this yields (4.22). e
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§5. Proof of Theorem 2.1 with g =1, n=1

Throughout this section we assume that g = 1, n = 1. By (4.5), in order to obtain
estimate (2.9) (with w = 1, 5 = 1), it suffices to prove that for some magnetic potential
A’ as described in Section 4.1 and every function 0 # u € dg, there exists a function

0£ve dg such that
im' (y)[w, v]| := |m(y; 1, A, dv, 1)[u,v]| > (c(y)) " [lull]lo]], (5.1)
lyl > yo, c(y) = 0 as |y| — oo.

Note that the functions ® and ¢, will be fixed; so, all the constants depending on A’
and ¢, actually depend on A. We present a functlon 0#ue€ dQ as u = Xgu + Xgu.
Obviously, Xgu € C*°(Q) and therefore Xgu € dg. We put (cf. [Sh2, (4.2)])

vi= fRu + T, Xgu. (5.2)

It was explained in [Sh3, §5] that v € do and the following estimate (cf. [Sh3, (5.3)]) is
fulfilled:
1P5 " oll < C(, 0n) 1P ull- (53)

We have (see (2.3
y)[u, v] / (D = A’ +k)Xgu, (D — A’ + k) Xgu)dx+
Q

(D — A" + k) Xgu, (D — A’ + k)T, Xgpu)dx+

(D - A’ +k)Xgu, (D — A’ + k) Xru)dx+ (54)

— O O

(D — A + k) Xgu, (D — A’ + K) T, Xru)dx + /|2?Ru|2du+
Q

/)?RuTnXRudu + /XRu??Rudu + /XRuTnXRudV =J +...+Js.

The term J; can be estimated by (2.8), (4.4):
ReJi > (1 —&1)||[VXgul)? = (* + C(e1;Q, A’ ko)) || Xrull?, Ve € (0,1). (5.5)

We rewrite Jy in the form

Jy = / (D — A™ 4 k) Xgu, (D — A™ + k)T, Xgu)dx—

Q

/ (D + k) Xgu, (A" — AT, Xpu)dx — / (A" = A Xgu, (D + k)T, Xgu)dx+
Q Q
/¢
Q

A”? — (AM)2) Xpu T, Xrudx.
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Relations (4.13), (4.15) imply that

/ (D —A™ 4 k) Xgu, (D — A™ + k)T, Xgu)dx + / B, XpuT,Xgudx = 0.
Q

Combining this with (5.6), we obtain

—/ﬁnfRu TnXRU dx—
/ (D + k) Xgu, (A" — AT, Xpu)dx — / — AM)Xgu, (D + k)T, Xpu)dx+
Q Q
/ (A”? — (AN Xpu Ty Xgudx =: Jog + Jag + Jog + Joa.
Q

From the estimate (3.11) it follows that

| Jo1 + Joz + Jag| <

| BaXrull® + | TnXrull” + &5]|V XRul|” + C(eh; 2, ko) |(A’ = A™) T, Xpul|*+

[|A" = (AM)2 M2 Zpul|? + [||A" — (A™M)?)/2T, Xpul)?, Vej € (0,1).
The last inequality combined with the smoothness of A("), estimate (4.4) and Corollary
4.4 implies

| Ja1 + Jas + Joa| < &||VXRul|® + C(e2;Q, A, 00) | Xrul|” + c(v)|| Py * Xrul |,
Ves € (0,1), c(y) = c(y;e2,Q, R, A’ op, k2) = 0 as |y| = oo.

The term Jo3 is similar to the term J35 from [Sh3, (6.15)]. We have (cf. [Sh3, (6.18)])

(5.7)

| Jos| = / (A" — A™) Zru, To(D + K)Xnu + [D, T Xau)dx| <

o (5.8)
|XR P T (A" — AM)Ry|| - [|(D + k) Xgl| - [| Py Xgul| - || Py Xgull+

(A" = A Xgul| - [I[D, Tl - [| Xl
Recall that (A’ — A(™) = (V@ — V®) — J (Vipa — Vo). To estimate the first summand

in the right-hand side of (5.8) we use (3.10), (3.12), (4.3), (4.7), (4.22); for the second
summand we use (3.13), (4.4), (4.19). We obtain

|Taa| < C(Q, R, A, ko) (ea + )|V Xpull| P5 Xrul|+

(A" = A™) Xgul* + C(Q, en)ly| | Ps " Xrul|* <

es||VXrul|* + C(es; Q, A, o) | Xrul*+ (5.9)
(Cles; AR, A ko) (€3 +€7) + C(Q, 00) |yl ™) 1P Xl

Ves € (0,1), [yl > [kel-
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Next, for the term J3, we have

J3 = —/<A’XRU, (D + k) Xru)dx — /((D +K)Xgu, A' Xpu)dx+
Q Q

/|A’|XRu |A/| Xpu dx =
Q

- / (A" + A™) Xgu, (D + k) Xpu)dx — / (D + k) Xpu, (A’ — A™) Xpu)dx+
Q Q

/|A'|XRU |A'|/'?R’u, dx =: J31 + J33 + J33.

Q

Here we used the identity div A(™ = 0. Applying estimates (3.11), (4.4) and Proposition
3.3, we obtain

| a1 + Jas| < 4| VXRul® + Clea; Q, A)|| Xrul® + c(y) || Py Xrull?,

5.10
Ves € (0,1), c(y) = c(y;e4,Q, A’ 0n, k2) = 0 as [y| — oo. (10

The term Jss can be estimated in the same way as Jaz (cf. Ja3 from [Sh3 (6.10), (6.13)]).
From (3.10), (3.12), (3.15) and (4.3), (4.7) we have
s < | Po(A" = A Py|| - [|(D + k) X[ - [| Py Xru| - || Py K| <
C(Q)|Pol (A" = AU)['2|*- (D + L) X[ - | Py Xrul| - ||V XRul| <
C(Q, R, ko) (e + £0) 1Py * Xrul| - ||V Xrul| <
&5V XRull® + Cles; Q, R, ko) (€5 + €3[| Py " Xgull®, Ves € (0,1), [y| > |kal-

(5.11)

Similarly to (5.6), Ji can be represented in the following form:

T = / (D — A™ 4 1) Xgu, (D — A™ 1 KT, Xguydx—
Q

/ (D + k) Xru, (A’ — AM)T, Xyupdx — / (A — A™)Xpu, (D + KT, Xnu)dx-+

Q Q
/ (A”? — (AN Xpu Ty Xrudx =: Jy1 + Jaz + Jas + Jus.
Q

(5.12)
For Jyi, it follows from (4.13), (4.15) that

J41 = ||P0_1XRU/||2 — /anR’U/TnXR’U/dX
Q
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This identity combined with (3.13), (4.18) implies that
ReJu > (1= C(2, 0a)lyl ™) |Py Xl (5.13)

Next, from (3.12), (4.3), (4.7), (4.22) it follows that
[ az| < | XrPoT; (A — K)* Byl (D + k)Xl - 1Py Xl <

5.14
C(Q R, A, k2) (o + en)l| Py Xrul®. 19

For the term Jy4, using the smoothness of A("), the estimate (4.4), Proposition 3.3 and

Corollary 4.4, we obtain
[l <A™ = (A2 RPy | - IA” — AP LRP Xaull <
c)IPy Xrull®, e(y) = ey; R, A, g, k2) — 0 as Jy| — . '

Finally, the term Juis can be estimated in the same way as Joz (see (5.8)) (cf. Js4 from
[Sh3, (6.15), (6.20)]):

[ as| < |1 XRPoTy (A" — APyl - [|(D + k) Xe| - | Py * Xrul+
(A" = A Xpul| - [I[D, To]ll - | Xrull-

From the last inequality, using (3.12), (4.3), (4.7), (4.22), as well as (3.13), (4.4), (4.19)
and Proposition 3.3, we obtain

|J43| S (C(Q7 R7 A7 k2)(8<1> + En) + C(QJ AI; Pn;s k2)|y|_1/2) ||P0_1XRu||2' (516)
Substituting (5.13)—(5.16) in (5.12), we arrive at the estimate

Re J4 Z (1 - C(Q7R7A7k2)(€<1> + En) - C(y))”PO_lXRu”zJ (5 17)
ce(y) = c(y; O, R, A’ o, k) — 0 as |y| = oo. '

Terms Js, Js, J7, Js were estimated in [Sh3]. The following estimate is proved in [Sh3,
(5.14)—(5.17)]:
Js —|Je + Jr + Jg| >

(1-a—ee) / | Xrul*dvy — (a + &6)||VXgul|® — C(Q, a,dv)|| Xrul* — c(y)|| Py Xrul|?,
Q
VEG € (07 1)7 C(y) = C(y;567ﬂaa7 RJ ‘Pmd’/; k?) — 0 as |y| — 00.

(5.18)
Substituting (5.5), (5.7), (5.9)~(5.11), (5.17), (5.18) in (5.4), we obtain

Rem'(y)[u,v] > (1-a—¢) (/I??RUIZdw + IIV/'?Rqu) -
Q

(4% + C(e; 0y a, A, g, dv, k2)) || Xrul |2+ (5.19)

(1 - 0(67 Qa Ra Aa k2)(6<1> + En) - C(y)) ||P0_1XRU||25
Ve € (0,1), c(y) =c(y;e,Q,a,R, A, pp,dv, k) = 0 as |y| = oo.
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We fix € := (1 — a) /4. Next, we fix sufficiently large R such that
R?<(1-a)/4, R>1.
Then, (3.11) and (5.19) imply that

Rem'(y)[u,v] > 27 1(1 — a)||[VXRull? = C(Q,a, A, pn, dv, ko) || Xrul|*+
(1 - C(QJ AJ kZ)(Eq) + En) - C(y)) ||P0_1XRU||2; (520)
c(y) = e(y; Q,a, A, pn, dv, ka) = 0 as |y| — oo.

We fix sufficiently small €¢, &, such that
C( A k) (ea +en) < 1/2.

Now, we fix function ® € C°(Q) which satisfies (4.3). It means that A’ = A — V& is
fixed. Next, we fix the function ¢,, which satisfies (4.7). From (3.11), (5.20) it follows that

Rem'(y)[u, ] >
(2711 —a) - C(Q,a,A,dv, ky)y %) [|VXRu® + (27" — c(v)) |P5 " Xrull?,
c(y) = c(y;Q,a,A,dv, k) — 0 as |y| = oo.

Thus, for sufficiently large yo, from the last inequality and (3.10), (5.3) we obtain

Rem(y; 1, A',dv, 1)[u,v] > C(Q,a) [Py ul* > C(Q,a, A)|1P5 ulll[P5oll, [yl 2 o
(5.21)
Note that from the first inequality in (5.21) it directly follows that v # 0. Finally, applying
(3.13), from (5.21) we deduce inequality (5.1) with c(y) := ¢(Q2,a, A)|y|~!. This completes
the proof of Theorem 2.1 with g =1, n=1.

§6. The case of a variable scalar metric

In the present section we drop the restriction g = 1, but still assume that n = 1. The
considerations which will allow us to deal with a scalar metric w?1 are essentially the same
as in [Sh3, §6].

Along with the form m(y), we consider the form

Mo (y; 0L, A, dv, 1u, u] := m(y; w1, A, dv, 1)[w ™ u,w ], 6.1)
Dom m,,(y) := Domm(y) = dg. -

It was shown in [Sh3, §6] that the form (6.1) is closed and sectorial provided that so is the
form m(y).
Let w be a smooth real-valued function which approximates w, i.e.,
0 <wp <w(x) <w < oo,

~ (6.2)
weC®(Q), |Gu|l<en <1,
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where (cf. [Sh2, §5]) G, := 01 (D®) —w~!(Dw). A small constant &, will be fixed later.
Following the considerations of [Sh2, § 5], for any functions u,v € dg we have

L, (y)[u, o] = mo(y; w1, A do, 1) = / (D - A"+, (D - A’ +K)o)dx+
Q

(6.3)
/((D + k)u, G v)dx + /(qu, (D + k)v)dx + /uﬁdﬁ =N+ T+ T3+ Ta,
Q Q Q
where
dv := —2(@ (D), G,)dx + |G, |*dx + & 1 (AD)dx + w 2dv. (6.4)

We need the following statement which was proved in [Sh3, Lemma 6.1].
Lemma 6.1. For any a € (a,1) we have

/|f|2d"77 <a (IIVfII2 + /|f|2d5+> +C@0,w,3,d)||f|?, a<@<1, fedo; (65)
Q Q

[ 1121071 < & (19712 + magl 1) + Ce: 0, BdfIP, Ve € 0,1), 1 € C=(@).
Q

(6.6)
From Lemma 6.1 it follows that the signed measure dv satisfies the estimate of the form
(1.11), as well as the estimate of the form (1.12) with respect to the unit metric.

In what follows we fix a € (a,1). Let 0 # u € dq, and let v be chosen in accordance
with (5.2). Then, by (6.5), (6.6) the sum J; + J4 can be estimated in the same way as
it was made in §5 for estimating m'(y)[u,v]. So, we have the estimate of the form (5.19)
with @ and dv in place of a and dv. Namely,

Re(i+Ju) 2 (1—a—e) (/I/"?MIQdﬁJr + ||V';FRU||2) -
Q

(y2 + C(Ea Qaaawaaa AI; Pn;s dVa k2)) ”A;RUHZ-’_
(1 - C(Ea QJ R7 A‘J k2)(5<1> + 571,) - C(y)) ||P0_1XRU||27
Ve € (0,1), c(y) =c(y;e,Q,a, R,w,w, A, pp,dv, k) = 0 as |y| = oo.

The terms J> and J3 are the same as in [Sh3, §6]. However, in the present paper we
have less restrictive assumptions on magnetic potential than in [Sh3]. Nevertheless, the
estimates for J2, J3 from [Sh3] remain valid. The proof is formally the same. We only
take into account that the crucial estimate (4.22) (which corresponds to the estimate [Sh3,
(4.34)]) is now proved under wider conditions on A. So, we have (see [Sh3, (6.11)—(6.14),
(6.16), (6.17), (6.19), (6.20)])

|72 + J5| <
e||VXrull? + C(e; Q,w, @, ko) || Xrull® + (C(e; Q, R, A, ka)ew, + ¢(y))|| Pyt Xrul?, (6.8)
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Substituting (6.7), (6.8) in (6.3), we obtain

Rem/,[u,v] > (1 —a —¢) (/|)?Ru|2di7+ + ||V2?Ru||2> -
Q

(v* + C(;0,0,w,3, A", on, dv, ks)) || Xrul |+
(1-C(&;Q,R, A, k) (ea + &n + £0) — c(y)) [|1 Py Xrull?,
Ve € (0,1), c(y) =c(y;e,9Q,a, R,w,@,A’, pp,dv, k) = 0 as |y| = oo.

We fix € := (1 — @) /4. Next, we fix sufficiently large constant R satisfying
R2<(1-a)/4, R>1.
Then, from (3.11) and (6.9) we obtain

Rem!,[u,v] > (271(1 = @) — C(Q,@,w, &, A, pn, dv, ka2)y~2) ||V Xgul*+
(1—C( A, k2)(ea + en +ew) — cv)) || Py Xrul?, (6.10)
c(y) = e(y; Q,a,w, @, A, @, dv, ko) = 0 as |y| — oo.

Now, we fix €3, €,, €, sufficiently small so as to have
C( A k) (o +en +eu) <1/2.

Then we fix functions ®, ¢, and @& satisfying (4.3), (4.7) and (6.2) respectively. So, by
(3.10), (5.3) and (6.10), it follows that, for sufficiently large yo,

Rem/,[u,v] > C(Q,a)||Py tull* > C(Q,a, A)||Py Mulll| Py *oll, [yl > yo (6.11)
Now, let 0 £ u € c/i\g, and let u := wi € do. We define v in terms of u in accordance with

(5.2) and put
vi=w . (6.12)

Then relations (6.1) and (6.11) imply the inequality
Rem(y;w’1, A',dv, 1)[T, 3] > C(Q, 0, A)||Py witlll| Py ' wdll, Jy| > yo. (6.13)
Combined with (2.7), (3.13), this yields
Rem(y;w?1, A", dv, 1)[T, 7] > C(Q,a, A)llw™ 12 [ylll@llzl], 1y| > yo.
Applying (4.5) to the last inequality, we complete the proof of Theorem 2.1 with n = 1.
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§7. Proof of Theorem 1.3

1. Conclusion of the proof of Theorem 2.1. First of all, we observe that

m(y; g, A, dv,n)[f, f] = m(y; 9, A, dv, )" f,n7 2 f], f € nda. (7.1)

Next, put 0 # f :=nu, u € c/l\g, and w := nv, where ¥ is chosen in accordance with (6.12).
Then, by (6.13) and (7.1), for some A’ as described in Section 4.1, we have

Rem(y;w’1, A’ dv, n)[f,w] > C(Q,a, APy n~ wfllIlFy '~ wwll, |y > yo.  (7.2)
From (7.2), taking into account (1.15), (2.7) and Proposition 3.3, we obtain

Rem(y;w?1, A',dv,n)[f,w] > (c() " Iflllwll, 1yl > v,

7.3
C(y) = C(y;Q7a7w7A7n7k2) — 0 as |y| — 0. ( )

Relation (4.5) and inequality (7.3) directly imply the estimate (2.9). This completes the
proof of Theorem 2.1. e

2. Transformation of the operator (1.17) to the case of a scalar metric. In the
case of a scalar metric of the form (2.5), Theorem 1.3 can be deduced from Theorem 2.1
in a standard way (see [BSu3, §2]). In the general case, to prove Theorem 1.3 we use the
change of coordinates in R? that reshapes the operator M defined in (1.17) to the operator
with a scalar metric, but with a new lattice of periods and new A, dv and . We use the
following theorem formulated in [Sh2, § 6] (see also references therein).

Theorem 7.1. Suppose that a measurable T'-periodic (2 X 2)-matriz-valued function gg
with real-valued entries satisfies condition (1.4), and suppose also that det go = 1. Then
there exists a one-to-one mapping ¥ : R? — R? with the following properties.

1°. For some p > 2 we have

e WI}JOC(RZ)’ lI;_l € Wz},loc(R2)> p> 2. (74)

Let U'(x) be the Jacobi matriz of ¥. Then 0 < |det ¥'(x)| < co for a. a. x € R,
2°. For some basis a%, a% in R? we have

P(0) =0; T(x+mnia; +nqas) = ¥(x)+mnial +nsay, x€ R?, {ni,n2} € 72,
Thus, the change of coordinates & = U(x) transforms the lattice T into the lattice
T, := {& =nia} + noa}, {ni,n2} € Z°}. (7.5)

3°. We have
Jdet ' (x)| 19 (x)g0 (X)(¥/(x))! = 1, &= B(x). (7.6)

Note that the set ¥(Q) is fundamental with respect to the lattice T.
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Remark 7.2. The relation (7.6) directly implies the following representation
T'(x) = [det ¥'(x)[/*W(x)(g0(x)) 712, (7.7)

where W is an orthogonal matrix-valued function.

Lemma 7.3. 1) Suppose that F € HL (R®). Then Fo¥, Fo¥~! € HL (R?), and the
standard differential chain rule is valid:

V(Fo¥) = (¥ ((v £F)o q;) .
2) Suppose that F € Ll,loc(Rz). Then we have

/Fdi, _ / (F o W) |det ¥'|dx

v-1(8)

for an arbitrary Borel bounded set = C R?.
Proof. It suffices to refer to [ABe, Lemma 10 and Theorem 5]. e
In what follows we shall use Lemma 7.3 without any additional comments.

We put
Q:={E€R?: E=ta] +ta}, 0<t; <1, j=1,2}.

The set 2, is an elementary cell of the lattice (7.5). We also introduce the following
notation:

(&) 1= |det ¥' ()| 112, (7:8)
AL(8) = (T AR), (79)
wy(E) 1= w(x), (7.10)

dv. (&) := dv(x), (7.11)
n.(&) = B(E)(0), (7.12)

where & = ¥(x). From statement 2° of Theorem 7.1 and from (1.1), (1.9), (1.13), (2.6),
(7.8)—(7.12) it follows that ¥, A, w«, dv. and 7, are T',-periodic. By (7.4), (7.8), for the
function ¥ we have

Y€ Ly(), p>2, (7.13)

Y(E) >0, a. a &eRL (7.14)

Relation (7.13) and Proposition 1.1 imply the estimate

[1wrpae<e [V sPae+Cenn) [IfPde fem @), vee@. (115)
Q. Q. Q..
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It was shown in [Sh3, Section 7.2] that the coefficients wy, dvi, 7. satisfy all the
conditions of Theorem 1.3 with respect to the lattice I'y. In particular, the form

maslf,f] = [1VgfPde+ [1Pdv, fecR®?),

is closable in Ly(R?) (cf. condition (i)). Let d,. be the domain of the closure of the form

May. The transformation u — u o ¥~ is one-to-one from d onto d, (see [Sh2, Section
6.2]).

Next, for any T.-periodic function f € HL_(R?), by (1.2), (1.4), (1.5), (7.6)-(7.9),
(7.15), we have (cf. [Sh3, (7.22)])

/ AL fPde = / A fPde = / Weo*A(f o )Pdx <
Q. w(Q) Q

5 [V 09),9(F 0 W)ax + Clei g0, A) [ 1 0 Wdx =
Q Q

g/|V£f|2d£+C(6;Q,yo,A) / [y fI°de = (7.16)
w(Q) v(Q)

s [IVesPae+ ) [1orPde <
Q. Q.
e [19edPde+ Ot 00, A w) [ 117de, Ve € 0,1,
Q. Q.

Thus, A, ws, dv, and 7, satisfy all the assumptions of Theorem 1.3 with respect to the
lattice T'x. By (7.6), the mapping ¥ sends the quadratic form (1.16) to the form

mlu,ul = [ 2D - A 0P de+ [ oo, we nd
o(E) = Y(Bu(x), &= ()
At the same time,

[ uGorax = [ ju(e)p de.

This shows that the operator M = M (g, A, dv,n) is unitarily equivalent to the operator
M, = M(wfl,A*,dV*,n*).

For the case of a scalar metric of the form (2.5), Theorem 1.3 has already been proven.

Consequently, the spectrum of the operator M, is absolutely continuous. Therefore, so is

the spectrum of M. This completes the proof of Theorem 1.3.
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§ 8. Schrodinger operator in a simply connected periodic waveguide

Theorem 2.1 allows us to relax conditions on the magnetic potential in the case of
the Schrodinger operator in a two-dimensional simply connected periodic waveguide as
well as in the case of R?. The widest known conditions on the coefficients which ensure
the absolute continuity of the spectrum of the Schrédinger operator in a two-dimensional
waveguide were proposed in [Sh4]. Now we are able to relax the conditions on the magnetic
potential from [Sh4]. Here we formulate the corresponding theorem (see Theorem 8.5
below). Actually, the proof of Theorem 8.5 repeats the proof of Theorem 2.5 from [Sh4]
with natural changes (see Remark 8.6 below). This is why we do not give the detailed
proof of Theorem 8.5 here.

1. Notation. Let D be a domain in R?. Then we denote D := closD. Let By := {x €
R?: |x| < R}, R > 0. The symbol Cy(D) stands for the class of functions u(x) € C(D)
such that suppu C DN By for some R < oc.

We use the notation S := {x e R*: 0 < z5 < 1}, Qg := (-R/2,R/2) x (0,1), R > 0.
The boundary of the strip S consists of two lines Zg := {x € R*: 2, =0}, Z; := {x €
R?: z, = 1}. Let 8 > 0, and let vg := {nfe1, n € Z} be a one-dimensional lattice. The
symbol H 5(Q2) stands for the subspace formed by the functions u € H?(Qg), such that
the yg-periodic extension of u belongs to H*(Q2g) for any R < co. We denote by C (Qp)
the class of functions that are restrictions to Qg of the yg-periodic functions of the class
C(S).

2. Conditions on a waveguide. We put R%_F ={xeR’: z,>r}, R2_ :={x¢€
R?: 2, < r}, 7 € R. We assume that a periodic waveguide IT C R? satisfies the following
condition.

Condition 8.1. The set I C R? is a simply connected domain such that R3+ ¢, R>_¢
I, Vr € R. The domain II is periodic with respect to some lattice v, o > 0:

xell=x+nae; €I, neZ.

Note that from Condition 8.1 it directly follows that the points +oo are different
accessible boundary points of the domain I1 determined by v, -periodic continuous curves.
The definition of accessible boundary points can be found, for example, in [G, §IL.3].

Let ¥ be a conformal mapping from the waveguide IT onto the strip S. As long as the
points +oo are accessible, by Koebe’s Theorem (see, e.g., [G, §I1.3, Theorem 1]), we can
choose the mapping ¥ such that

U(—00) = —00, PT(+00) = +00.

At the same time, 7,-periodic continuous curves which determine accessible points +o0 in
IT transform into continuous curves connecting oo in S. Then, as it was shown in [Sh4,
Section 1.3], the mapping ¥ is fixed up to the shift ¥ — ¥ + re;, r € R. Besides, for
some 3 > 0 we have

¥(x +nae;) = ¥(x) +nPe;, xe€ll, neZ.
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The boundary of the waveguide II consists of two disjoint y,-periodic closed sets
lg: O =1_Ul;. Namely, put S_ = {x € R*: 0<z2<1/2}, Sy :={x€eR*: 1/2<
xy < 1}. Then

I_:=0IINT-1(S_), I :=0lINT-1(S,).

We introduce the notation Or := ¥ '(Qg), R > 0. Obviously, Op is a simply
connected fundamental domain in IT with respect to the lattice v,. Note that the cell Og,
generally speaking, is not bounded.

We denote by H'(Op) the class of functions u € H'(Op) such that the ,-periodic
extension of u belongs to H'(Og) for any R < co. Along with Condition 8.1 we assume
that the following condition is satisfied.

Condition 8.2. The domain Og is such that the embedding ﬁl(Og) C Ly(Opg) is compact.

Remark 8.3. In Condition 8.2, the domain Op can be replaced by any (not necessarily
connected) open set in IT fundamental with respect to the lattice v,. Indeed, the space
H'(Op) is identical with the space H' on the surface of cylinder, formed by factor-set

II / Yo- However, it is more convenient for us to use the fundamental domain Og.

Note that from Condition 8.2 it follows automatically that the domain Og is of finite
measure:
meas Og < 0o.

3. Functional classes. We introduce the following classes of functions in II: €o(II) :=

{(F: F=fo¥, feCyS)}, ¢ :={F: F=foW, feC(5)}. We denote by &(Op)
the class of functions that are restrictions to Og of the ~y,-periodic functions of class €(II).
Obviously, &(0g) = {F: F=fo¥, feC(03)}.

We consider the Schrodinger operator in the waveguide II with Dirichlet or natural
boundary conditions on each of the two parts [, [, of the boundary OII. According to
these choices we consider the boundary problems of four types denoted by DD, DN, ND,
NN. We introduce the following notation, where indices A and g mean D or N:

{f600(§)5 f|50=f|51=0}7 A=pu=D,
C(/\u)(g) _J{feCo(S): flz, =0}, A=D, p=N,
0 . {fGCO(S)If|51:0},)\:N,M:D

Co(S), A=p=N,

)

MM ={F: F=fo¥, feC{™ ()}, A\, p=D,N.

4. Conditions on the metric. Let g(x) = {¢’!(x)} be a measurable (2 x 2)-matrix-
valued function in II with real-valued entries. Suppose that

g(x+nae;) =g(x), xell, neZ, (8.1)
1l <gx)<esl, xell, 0< e <e3<oo. (8.2)

We present the metric g(x) in the following form (cf. (1.5)):
9(x) == w?(x)go(x), detgo(x) =1, w(x):= (detg(x))"/". (8.3)
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By (8.1)—(8.3), go and w are ~y,-periodic and satisfy the conditions
CIZ]-SgO(X)Scé]-’ era 0<CI2SC€3<OO,

0<w) <wx)<w <oo, xell

We assume that (cf. (1.6), (1.7))
w e HY(0p), (8.4)

and

/|W|2|u|2dxgs/|w|2dx+0(e;w)/|u|2dx, Vee (0,1), ue HY (0. (85)
O O O

5. Conditions on the weight function. Let n(x) be a measurable real-valued function
in IT such that (cf. (1.13)—(1.15))

n(x+nae;) =n(x), xell, neZ, (8.6)
n(x) >0, a. a xell, (8.7)

/n2|u|2dxge/|Vu|2dx+0(a;n)/|u|2dx, Vee (0,1), ueH'(05).  (88)
Os 05 Os

6. Conditions on the magnetic potential. Let A;(x), A2(x) be measurable real-
valued functions in II. We put A(x) = A;(x)e; + Az(x)e,. We assume that (cf. (1.1),

(1.2))
Ax+nae) =A(x), xell, neZ, (8.9)

/|A|2|u|2dxga/|vu|2dx+0(a;A)/|u|2dx, Vee (0,1), ue B'(Op). (8.10)
Op Os Op

7. Conditions on the generalized electric potential. Let dv° be a Borel real-valued
signed measure in S with locally finite variation, i.e.,

/|du°| < o0 (8.11)
B

for any Borel bounded set B C S. We assume that the signed measure dv° is ys-periodic:

/ dv® = /du°, n € Z. (8.12)
B

B+nﬂe1
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We introduce two linear continuous functionals £ and £ on the classes (1) and /C\(Og)
respectively:

(F] = /F o U1 dr°, F e ¢y(IN), (8.13)
S

qF = / Fould®, Fed(0p). (8.14)
9

Here O := [—3/2,8/2) x [0,1].

Remark 8.4. We use such indirect definition of the functionals /, v just because in the
case of a waveguide of a general type we cannot directly describe the behavior of the
generalized electric potential on the boundary OII. In [Sh4, Section 2.5] one can find some
comments on functionals ¢, 7 and some examples. In particular, if the boundary of the
waveguide IT consists of two disjoint y,-periodic Jordan curves, then there is one-to-one
correspondence between the set of functionals £ and the set of real-valued Borel v,-periodic
signed measures in II with locally finite variation.

As usual, we put 2dvs := |dv°| £ dv°. Similarly to (8.13), (8.14) we define the
functionals |¢|, |¢| in terms of the signed measure |dv°|; and functionals £4, £ in terms
of the signed measure dv. Obviously, 204 = |¢| £ ¢, 20, = |¢| £ £.

We assume that £, £ satisfy the following conditions (cf. (i)—(iii)):
(i°) The form

/|Vu|2 dx + €, [[ul?], ue H'(IT) N &),
II

is closable in Lo(II).

(ii°) For some a < 1, we have

O_[juP] < a /(gVu,Vu) dx + €4 [[ul?] +C/|u|2dx,
IT II
uw € H () Ne(), a<1, C=Cla;g,f).

(iii°) We have

| |[|u|2] <e |Vu|2 dx + sup |u(x)|2 +C’(5;Z\)/|u|2 dx,
XEOﬁ OB
Ve € (0,1), ue H'(Op) NEO).
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8. Definition of the operators. In the Hilbert space L (IT) we consider the quadratic
form

maufv,v] = /(g(D — A", (D — Ay~ ) dx + £]n~ )],
It (8.15)

Dommy, == {v=nu: uve H(MneM (M}, A=D,N, p=D,N.

In [Sh4, Section 2.6], it was shown that the form (8.15) is densely defined, lower semi-
bounded and closable in Ly (II). The closed form 7y, gives rise to a selfadjoint operator
M), in Ly(IT). The operator Mpp corresponds to the Dirichlet boundary problem in II;
the operator Mpy (respectively, Myp) corresponds to the Dirichlet condition on /_ (re-
spectively, on [1). At the same time, the condition on l; (respectively, on [_) is natural.
The operator My corresponds to the natural boundary condition on OII.

9. The main result for the Schriodinger operator in a two-dimensional periodic waveguide
is the following theorem.

Theorem 8.5. Suppose that the domain II satisfies Conditions 8.1, 8.2. Let the measurable
(2 x 2)-matriz-valued function g(x) satisfies conditions (8.1)—(8.5). Suppose that the real-
valued function n(x) satisfies conditions (8.6)—(8.8), and that the vector-valued function
A(x) satisfies conditions (8.9), (8.10). Let the functionals £, 7 be defined by (8.13), (8.14).
Suppose that conditions (8.11), (8.12), (i°)—(iii®) are satisfied. Let the quadratic form my,
(where \ and p mean D or N) be defined by (8.15), and let the form Wiy, be the closure of
the form my,, in Lo(II). Let My, be the selfadjoint operator in Lo(II) associated with Ty, .
Then the spectrum of each of the four operators Mpp, Mpn, Mnyp, Myn is absolutely
continuous.

Remark 8.6. 1) In [Sh4], the mapping ¥ was used to reduce the problem in the waveguide
IT to the similar problem in the strip S with coefficients (7.9)—(7.12). It turned out that
the conditions on the new coefficients in the strip S are similar to those on the initial
coefficients in the waveguide II. The problem in the strip S was investigated in detail in
[ShSu]. In [ShSu] the consideration of all the four boundary problems in the strip was
reduced to the investigation of the problem with periodic boundary conditions. Next,
the periodic operator in L,(S) was decomposed into the direct integral of operators with
periodic boundary conditions acting in Ls(€2g) and depending on the quasimomentum
k € R. Then the proof of absolute continuity of the spectrum was reduced to estimating
the resolvent of the operator in the fiber for sufficiently large imaginary value of the
quasimomentum k € C. Such estimates were borrowed from [Sh3, Theorem 2.2]. Using
more precise Theorem 2.1 from the present paper, we can relax the conditions on the
magnetic potential. 2) Formally, condition (8.10) is only slightly better than the one
used in [Sh4]. However, it possesses the essential advantage. Namely, condition (8.10)
is invariant with respect to the changes of coordinates which transform the waveguide II
onto the strip S. The condition on the magnetic potential used in the previous papers
does not possess such property. In [Sh4], this difficulty was overcome either by connecting
the condition on the magnetic potential with the definite mapping ¥ (cf. [Sh4, (2.15)]), or
by putting some more restrictive conditions on the waveguide (cf. [Sh4, Section 2.4]).
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