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HALF-LINE SCHRODINGER OPERATORS
WITH NO BOUND STATES

DAVID DAMANIK!:2 AND ROWAN KILLIP!

ABSTRACT. We consider Schodinger operators on the half-line, both discrete
and continuous, and show that the absence of bound states implies the absence
of embedded singular spectrum. More precisely, in the discrete case we prove
that if A4V has no spectrum outside of the interval [—2, 2], then it has purely
absolutely continuous spectrum. In the continuum case we show that if both
—A+V and —A —V have no spectrum outside [0, c0), then both operators are
purely absolutely continuous. These results extend to operators with finitely
many bound states.

1. INTRODUCTION

We study half-line Schrédinger operators, both continuous and discrete, with a
Dirichlet boundary condition at the origin. That is,

(1) [Ave](n) = (n+ 1) +4(n — 1) + V(n)y(n)
acting in 2(Z%1), Z* = {1,2,...}, where ¥(0) = 0; and, in the continuum case,
(2) [Hyvy)(z) = —¢"(z) + V(2)¢(2)

acting in L?([0, 00)) with the boundary condition 1(0) = 0. For convenience, we
require that the potential, V, be uniformly locally square integrable. We write
£>°(L?) for the Banach space of such functions.

The free operators, that is, when V = 0, can be diagonalized by the Fourier
transform. This shows that they have spectra [—2,2] and [0, o), respectively, and
that in both cases, the spectrum is purely absolutely continuous.

For a general discrete operator, the mere fact that the spectrum is contained in
[—2, 2] forces it to be purely absolutely continuous. This is our first main result:

Theorem 1. A discrete half-line Schridinger operator hy with spectrum contained
in [—2, 2] has purely absolutely continuous spectrum.

In fact, the proof shows that [—2,2] is the essential support of the absolutely
continuous spectrum. That is, for every S C [—2, 2] of positive Lebesgue measure,
the spectral projection associated to S is non-zero.

For any V that is positive, the continuum operator Hy has spectrum contained in
[0, 00). Consequently, one may conclude little from this requirement about the spec-
trum or its type: the spectrum may have gaps, as periodic potentials demonstrate,
the spectral type may be pure point, such as occurs in random models [11, 15],
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or even purely singular continuous, as certain sparse potentials show [14, 18]. By
treating V and —V symmetrically, we obtain the continuum analogue of Theorem 1.

Theorem 2. Suppose V € (>°(L?). If the spectra of both Hy and H_y are con-
tained in [0,00), then both operators have purely absolutely continuous spectrum.
Moreover, o(Hy) = o(H_v) = [0,00).

It follows from our proof that the essential support of the absolutely continuous
spectrum is equal to [0, 00).

The reason that sign-definite potentials do not offer counterexamples to Theo-
rem 1 is that, in the discrete case, the spectrum of the free operator has two sides.
Positive potentials can produce spectrum above +2, and similarly, negative poten-
tials can produce spectrum below —2. In fact, the operators h_y and —hy are
unitarily equivalent. The intertwining unitary operator is given by

3) [Uy](n) = (=1)"¢(n).

Therefore, o(hy) C [-2,2] is equivalent to o(hy) C [-2,00) and o(h_yv) C

[—2, 00). In this way, we see that Theorem 2 is the natural analogue of Theorem 1.
It has been shown, in [13], that the free operator is the only discrete whole-line

Schrodinger operator with spectrum contained in [—2,2]. A more transparent proof

of this fact was given in [4]. This second proof is based on the construction, for

V # 0, of certain trial functions % such that

(¥, (hy = 2)¢) + (U, (=hy = 2)U¢) >0

with U defined as in (3). (This inequality clearly implies that hy must have spec-
trum outside [—2,2].)

Similarly, on the whole space in two dimensions, only the free operator has
spectrum contained in [—4,4]. The corresponding statement fails in three or more
dimensions. (For proofs, see [4].) The validity of this result in one or two dimensions
and its failure in three or more dimensions is intimately connected to certain well-
known facts about Schrddinger operators in R¢; see [3, 17, 20, 23]. For example,
if V' # 0 is a non-positive, smooth, compactly supported potential on R?, then for
d=1,2, —A + AV has bound states (isolated eigenvalues) for any A > 0, while for
d >3, —A 4+ AV has no bound states for small \.

For operators on the half-line, however, there are non-zero potentials for which
o(hy) C [-2,2]. The family of potentials V(n) = A(—1)"/n was studied in [4].
It was shown that for |A| < 1, hy has spectrum [—2,2], while for |[A] > 1, it has
infinitely many eigenvalues outside [—2, 2].

On the other hand, absence of bound states is known to place fairly stringent
restrictions on the potential. For example, it was shown in [13, Corollary 9.3] that
the potential must be square summable. Moreover, by [6] (or [13]) this implies
that the (essential support of the) absolutely continuous spectrum of the operator
fills [-2,2]. In particular, it permits one to conclude that if o(hy) C [-2,2], then
actually o(hy) = [—2,2]. By the example given above, absence of bound states
does not imply V' € £'; however, Theorem 6 in Section 4 shows that V must be
weak-¢1 and so £P for every p > 1.

Further restrictions were derived in [4]. For example, by Theorem 5.2 of that pa-
per, any potential V' that does not produce bound states must satisfy the pointwise
bound |V (n)| < 2n~1/2. Tt was also shown that there exists a sequence of potentials
Vin such that hy, has spectrum [—2,2] for every m and m'/?|V,,(m)| = 1. Our
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Proposition 4.3 shows that |V (n)| < +/2/n and that for each n, there is a potential
that realizes this bound.

None of the estimates for V given above permits us to conclude that the spectrum
on [—2,2] is purely absolutely continuous (as is the case if V' € ¢!, for example).
Indeed, following Theorem 8, we exhibit, for any A > 1, a potential of the form
V(n) = X(=1)"n"! + O(n=2) for which zero is an eigenvalue. This example is
essentially a discrete analogue of the classic Wigner—von Neumann construction
[29]. As the potential V(n) = (—1)"n~! has no bound states, we see that the
thresholds for the appearance of eigenvalues inside and outside [—2, 2] are the same.
For this reason, it is imperative that we obtain tight estimates at each step.

A second important realization is that the correct quantity to estimate is not
the potential, V, but rather its “conditional integral”, > >°_ 'V (m). For example,
for every € > 0, there is a potential with |V (n)| < £/n and an embedded eigenvalue
[8, 19]. However, Theorem 8 below shows that this is not the case if the conditional
integral of V obeys such an estimate.

In the continuum case, absence of bound states does not imply that the potential
goes to zero. Indeed, given any increasing function h : Rt — RT, there is a potential
V such that V(x) > h(xy) for some sequence z — 00, and yet both Hy and H_y
have no bound states. This follows from Theorems 2.2 and A.1 in [5]. For example,
if h(xz) = e, one may choose

Vi) = d sin(ezz)-
dr 4z
As a compromise between generality and simplicity, we have chosen to restrict
our attention to potentials that are uniformly locally square integrable.
The methods we employ to prove Theorems 1 and 2 will allow us to prove the
following stronger results:

Theorem 3. If a discrete half-line Schrédinger operator has only finitely many
eigenvalues outside [—2,2], then it has purely absolutely continuous spectrum on
[-2,2].

Theorem 4. Suppose V € £>°(L?). If both Hy and H_v have only finitely many
eigenvalues below energy zero, then both operators have purely absolutely continuous
spectrum on the interval [0, 00).

(Once again, the essential support of the absolutely continuous spectrum fills
out the interval indicated.)
A Jacobi matrix is an operator of the form

[JY](n) = anp(n + 1) + ap_19p(n — 1) + bpp(n)

acting in £2(Z*). The first step in our analysis is to use the connection between
such operators with spectrum contained in [—2, 2] and the theory of polynomials or-
thogonal on the unit circle, which seems to have first been made by Szegé (c.f. [27]).
This is discussed in Section 2. In particular, it is proved that a Jacobi matrix has
spectrum contained in [—2, 2] if and only if its parameters, a,, and b,,, can be repre-
sented in terms of a sequence of numbers v, € (—1,1) as described by equations (5)
and (6). The coefficients 7, occur in the continued fraction expansion of a certain
function associated to the Jacobi matrix and, in the orthogonal polynomial context,
are known as the Verblunsky coefficients.
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Sturm oscillation theory gives an alternate criterion for a Jacobi matrix, J, to
have o(J) C [-2,2] in terms of the behaviour of the generalized eigenfunctions
at energies 2. We discuss this in Section 3 and, in particular, we determine the
relation between these eigenfunctions and the Verblunsky coefficients. This is used
to motivate the definition of the continuum analogue of the Verblunsky coefficients
in Section 6 and also to prove that +2 are not eigenvalues. As the Verblunsky
coeflicients with even and odd indices play distinct roles in the discrete case, our
continuum analogue consists of two functions: I'e and T,.

A related but different continuum analogue of the Verblunsky coefficients was
introduced by Krein in his studies of the continuum analogue of polynomials or-
thogonal on the unit circle [16]. Specifically, his function A is given by our T'e — T',,.
He did not consider the individual functions, nor any other combination of them.

Sections 4 and 6 are devoted to deriving estimates for the Verblunsky coefficients;
they treat the discrete and continuum cases, respectively. It is also proved that there
can be no eigenvalues at the edges of the spectrum.

As noted earlier, it is the conditional integral of the potential which proves to
be the right object to study in order to prove the theorems presented above. In
Sections 5 and 7, we prove that certain estimates on this conditional integral imply
that the spectrum on (—2,2) (resp., (0,00)) is purely absolutely continuous. This
is the content of Theorems 8 and 10. As the conditional integral of the potential is
given, to a good approximation, by the even Verblunsky coefficients, the estimates
derived in Sections 4 and 6 provide the necessary input to these theorems.

In order to prove Theorems 8 and 10, we study solutions of the corresponding
eigenfunction equations using Priifer variables. On the one hand, we show that they
may only grow or decay at a very restricted rate, and on the other, that they actu-
ally remain bounded except on a set of energies of zero Hausdorff dimension. By the
Jitomirskaya-Last version [12] of subordinacy theory [10], the slow growth/decay of
the solutions implies that the spectral measure assigns zero weight to sets of zero
Hausdorff dimension. Moreover, the set of energies where all solutions are bounded
supports no singular spectrum and, as just noted, the complement of this set has
zero Hausdorff dimension. These two statements preclude the existence of embed-
ded singular spectrum. A similar two-step procedure was used by Remling [19] to
show that potentials which are o(1/n) do not have embedded singular spectrum.

As outlined above, Theorem 1 follows from Theorem 6, which provides estimates
for the conditional integral of the potential (see Section 4); Theorem 7, which
precludes eigenvalues at +2 (see Section 4); and Theorem 8, which is a general
criterion for the absence of singular spectrum embedded in (—2,2) (see Section 5).
Theorem 2 follows in a similar fashion from Theorem 9 of Section 6 and Theorem 10
of Section 7.

To obtain Theorems 3 and 4, which permit finitely many bound states, we use a
truncation argument to show that the potential must obey estimates similar to those
derived in the no-bound-state case; see Corollaries 4.6 and 6.5. These corollaries
provide the input to Theorems 8 and 10 and also show that there are no eigenvalues
at the edges of the spectrum.

Acknowledgments. We thank Barry Simon for his encouragement and both the KTH
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thanks go to Ari Laptev for his efforts in connection with the special programme
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2. VERBLUNSKY COEFFICIENTS FOR JACOBI MATRICES

In this section we work in the more general setting of Jacobi matrices. Namely,
we consider operators J acting in ¢?(Z71) by

(4) [J9](n) = antp(n +1) + an 19 (n — 1) + bnt)(n)

where 1(0) is to be regarded as zero. (Recall that Z*+ = {1,2,...}.) The coefficients
an are positive and the b,, real. Both sequences are assumed to be bounded and so
J defines a bounded self-adjoint operator.

The question we wish to address is the following: for which sequences of coef-
ficients is the spectrum of J contained in [—2,2]? (Note that in the case a, = 1,
this is exactly the question of which discrete Schrédinger operators have no bound
states.) While the criterion we prove in this section is by no means easy to check,
it is the basis for almost all the analysis that follows.

Theorem 5. A Jacobi matriz with coefficients a,,, by, has spectrum o(J) C [—2,2]
if and only if there is a sequence 7, € (—1,1), n € {0,1,...}, that obeys

(5) bnr1 = (1 —Y2n—1)7v2n — (1 + Y2n—1)Y2n—2
(6) ai+1 = (1 =72n-1)1 = 73,) (1 + Y2nt1)-
(Here y_1 = —1 and the value of y_y is irrelevant since it is multiplied by zero.)

Most of this section is devoted to an exposition of the background material
and the introduction of notation; the “Proof of Theorem 5” appears at the very
end. Little that is said in this section is new save perhaps the style of presenta-
tion/derivation. In particular, Theorem 5 appears in Geronimus [9, §31], although
not exactly in the form stated above.

The Geronimus proof of Theorem 5 employs the relation between orthogonal
polynomials on the circle and on the interval [—2,2] derived by Szeg¢ [27, The-
orem 11.5]. Our proof is more closely related to continued fractions. The Schur
algorithm provides a transformation on measures; it is therefore natural to ask what
transformation it induces on Jacobi matrices. This is the content of Proposition 2.2,
which seems to be new.

The proof of Theorem 5 presented below is short and self-contained; we feel our
discussion would be incomplete without it.

It is not difficult to show that the vector 6, € ¢2(Z*) with entries §;(n) = 61,
(On,m denotes the Kronecker delta function) is cyclic for J. That is, {J"61 : n =
0,1,...} spans the Hilbert space. Consequently, the spectrum of J is equal to the
support of the spectral measure associated to 1, which we will denote by du. In
fact, cyclicity implies that J is unitarily equivalent to g(z) — zg(z) in L?(du). As
(?(Z7) is infinite-dimensional, so must be L?(du), which is equivalent to saying that
dp cannot be supported on a finite set. In fact, there is a one-to-one correspondence
between compactly supported probability measures dy on R that are not supported
by a finite set and the set of Jacobi matrices with uniformly bounded a,, > 0, b,, € R.
Given u, the sequences a,, b, are exactly the coefficients of the recurrence relation
obeyed by the polynomials orthonormal with respect to du. (This is obvious once
one realizes that the unitary mapping ¢?(Z%) — L2(du) described above maps &,
to the orthonormal polynomial of degree n — 1.)

We also wish to discuss the m-function associated to J, that is, the (1,1) entry of
the Green function: mg(2) = (61](J —2) 1d1). Naturally, this can also be expressed
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in terms of the measure du:

mo(z)z/tizd,u(t).

(The zero subscript is for consistency with what follows.)

If it happens that supp(du) C [—2,2] (equivalently, o(J) C [—2,2]), then it is
possible to define a measure dp on S' = {¢ : |¢| = 1} which is symmetric with
respect to complex conjugation and obeys

/ o(t) du(t) = / g(C+ ¢ )dp(Q)

for any measurable function g. These conditions uniquely determine dp. In partic-
ular, note that p(S) = p([-2,2]) = 1.
Associated to each measure on the circle is a Carathéodory function

¢+¢ - _
Fo(§) = ﬁdp(C) = (- moE+&7Y,
defined and analytic for ¢ in the unit disk. Notice that F(0) = p(S') = 1 and that,
because p is symmetric, Fp : (—1,1) = R.
To each such Caratheodory function Fj is associated a Schur function, an analytic
mapping from the unit disk into itself, by

1+&fo(§) . 1 Ry -1
The analyticity of fo follows from the fact that Fo(0) = 1. As Fp : (—=1,1) — R, the
same is true of fo. Note also that fy cannot be a finite Blaschke product; if it were,
then dp, and hence du, would be supported on a finite set, namely {¢ : fo(¢) = 1}.
Recall that the Schur algorithm [21] gives a one-to-one correspondence between
the set of Schur functions that are not finite Blaschke products and the set of
complex sequences v : {0,1,2,...} = {z:|z| < 1}. It proceeds as follows:

_ 1 fn(g) — Tn _
fnr1(§) = €1 _ann(g) Yn = fn(0).

The coefficients «y,, have many names; following [25], we term them the Verblunsky
coefficients. (Other common names are the Schur, Szegd, Geronimus, or reflection
coeflicients.)

As the measure, dp, we consider is symmetric with respect to complex conjuga-
tion, so fo : (—1,1) = (=1,1). It is easy to verify inductively that this remains
true for all f, and consequently, that v, € (—1,1) for each n € {0,1,2,...}.

Lemma 2.1. The first two Verblunsky coefficients are

4 —b? —2a2
4— b2

Equivalently, by = 2vo and a2 = 2(1 —2)(1 + 7).

Proof. First,

70 = fo(0) = LFY(0) = / Crdp() = 1 / (¢ +¢ Y dp(0)

Yo = %bl and v = —

and so,
Yo = %/tdu(t) = 3b1.
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For the second coefficient,

f50)  _ Fy©0) - [Fy(0)]°

1 = f1(0) =

and

F'(0) =4 / ¢ dp(¢) = /2t2 —ddu(t) =2(8 +a) — 4

which implies that
"=

as claimed.

- 1—fo(0)?

1= R0)

4— b2 — 202
-

|

The process by which dp determines the Schur function fo may be inverted and
so each of the iterates f, determines a measure on S'. The Carathéodory and
m-functions of this new measure will be denoted by F,, and m,,, respectively; the
Jacobi matrix, by J,. It turns out that there is a simple relation between J, the
Jacobi matrix resulting from two iterations of the Schur algorithm, and the original

matrix J. Deriving this requires some computation. We begin by noting that

£ 1—v 1+ fo(&)

1+&f

Fi(¢) = 1—¢f

1—10

£ 147 1— /()
E+ 1))+ (1)

I+
and that by iterating this,

E-DRE+(E+1)

1=y (E41-2%F¢)+ (8 -1)

F5(6)

In this way, we obtain a relation between ms and my:

1=y (z = 2v0)mo(z) +1

(7) my(2)

_4—b%—af

(8)

C 14y (22 —4)mo(2) + (2 + 270)
(z —b1)mo(z) +1

14y (@ =1)F(€) + (2 + 1+ 278)

a? (22 —)mo(2) + (2 + b1)’
where we used the expressions for v and 7; given in the lemma above.

Proposition 2.2. If o(J) C [-2,2], then the Jacobi matriz resulting from two

iterations of the Schur algorithm is

b a
a b3
(9) J2 = 0 as
0 0
where a and b are determined by
2 4-b 2
M rEa T T
a = Kas

b=r’by + (K2 — 1)by =

Throughout, a,, b, are the coefficients of the original Jacobi matrix.

0 0
as 0
b4

1—2’Y1 by +

1
2 1-i-’h
-7

Yo-
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Proof. Let J@ denote the matrix resulting from J by the deletion of the first j
rows and columns and let m{?) denote its m-function. For example,

b3 as 0 0
J(Q) _ as b4 a4 0
0 a4 b5
0 0
If 7 denotes the m-function for the matrix J» of (9) then, by Cramer’s rule,
1
10 7(z) = .
(10) m(z) —z+b—a?m(z)
Similarly,
1
mM (2) =

—z 4 by — a2m(?)(2)
and so a3m® (z) = (by — z) — [nM)(2)]~!. Substituting this into (10) gives
. m®(z)

() = (1= £K2)(—z = by)mM(2) + k2~

We now use the fact that aim®)(z) = (by — 2) — [mo(2)]~" to obtain

m(z) — (b1 — Z)mo -1
(1 = K2) (=2 = b1)[(br — 2)mo — 1] + K2a2mg
1 (Z - bl)mo +1

T R2-1 (22 —)mo + (z + b1)’
where we also used a?k? = (4 — b?)(k? — 1). From the definition of &, this is exactly
the same as the expression for my in terms of mg given in (8). Therefore m = my
and mg is the m-function for J,. Because a Jacobi matrix is uniquely determined
by its m-function, this proves (9). O

Corollary 2.3. If the Jacobi matriz J has o(J) C [-2,2], then the correspond-
ing Verblunsky coefficients (yo,v1,---) are related to the Jacobi matrix coefficients,
(blaala b2;a27 .. ')’ by

(11) Yon = T b1 + T2t qn,

(12) Yont1 = (L= 72n-1) (1= 3,) Tahy, — 1
or, what is equivalent, by

(13) bag1 = (1 =Y2n—1)v2n — (1 + Y2n—1)72n—2
(14) rpr = (L= v2n-1)(1 = 72,) (1 + 72n41)-
In all formulae, v—1 = —1.

Proof. By iterating the proposition above, one finds that ms,, the m-function re-
sulting from 2n iterations of the Schur algorithm, is associated to the Jacobi matrix
b a 0 0

a bn+2 Qp42 0

Jon =
" 0 Gn42 bn+3

0 0
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where a and b are given by

2a2 2
2 n+1
FYSLL TV B (A RS
1—72n-1 1—72n1 + ( 7 1)72 2
Hence by Lemma 2.1,
2a®
Yon = %b and  y2p41 = i—2

from which (11) and (12) follow by substituting the formulae for a and b just
given. O

Proof of Theorem 5. If a(J) C [—2,2], then the corollary above shows that the
Verblunsky coefficients solve the equations (13) and (14), which are exactly the
same as those stated in the theorem. This proves one direction.

Given J, suppose there is a sequence (Yo, 71, --.) with values in (—1,1) so that
both (13) and (14) hold. Then there is a Schur function f that has these coefficients

and it must obey f({) = f({) because the coefficients are real. One may then define
the corresponding F' and so a probability measure dp on S! that is symmetric with
respect to complex conjugation. This induces a probability measure djz on [—2, 2]
which gives rise to a Jacobi matrix, say J. But, the coefficients of J are determined
by the Verblunsky coefficients through (13)—(14) and so must equal the coefficients
of J. This implies du = dji and so dpu is supported in [—2,2], which shows that
a(J) C[-2,2]. O

3. VERBLUNSKY COEFFICIENTS AND EIGENFUNCTIONS

Let v and w denote the generalized eigenfunctions at energies 2 and —2, respec-
tively, with the standard normalization. That is,

apu(n +1) + ap—1u(n — 1) + byu(n) = +2u(n)

(15) w(0) =0, u(l)=1
and
(16) anw(n + 1)+ ap—qw(n — 1) + byw(n) = —2w(n)

w(0) =0, w(l)=1.
We also write v(n) for (—1)"~!w(n), which obeys
apv(n+ 1) + ap—1v(n — 1) — byv(n) = +2v(n)

(an v(0) =0, v(1)=1.

Sturm oscillation theory for Jacobi matrices (see [28]) shows that the Jacobi
matrix, J, with coefficients a,, and b,, (cf. (4)) has o(J) C [—-2, 2] if and only if u(n)
and v(n) are positive for all n € Z*. Hence we have an alternative to the criterion
discussed in the previous section. However, we will not be using this alternate
characterization.

This section is devoted to discussing the relation between the eigenfunctions u, w
and the Verblunsky coefficients, and so provides a bridge between the two criteria.
This serves two useful purposes: (1) it simplifies the demonstration that +2 cannot
be eigenvalues of a discrete Schrédinger operator unless it has spectrum outside
[—2,2]; and (2) it motivates the definition of the quantities that we regard as the
continuum analogue of the Verblunsky coefficients.
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Not surprisingly, the values of a,, and b, for 1 < n < N can be recovered from
the values of u(n) and w(n) for 2 < n < N + 1. The next lemma gives the precise
formulae.

Lemma 3.1. If W(n

) = u(n+1Lw(n) —u(n)w(n+ 1), the Wronskian of u and w,
and W(n) = u(n + Dw(n) +

u(n)w(n +1) then

~

(18)

")) T n n n—l
(19) b, = wn)u { Wn) kZu u(k }

k:l

Proof. Consider multiplying (15) by w(n) and multiplying (16) by u(n). Taking
the difference gives

(20) anW(n) — an_1W(n —1) = du(n)w(n)
while taking the sum gives
(21) anW(n) 4+ an_1W(n — 1) + 2byu(n)w(n) = 0.

By summation, (20) implies

n
n) =4 Z u(k)w(k
k=1
which is equivalent to (18). Having found the formula for a,, we can now solve (21)
for by,. This gives (19). O

Similarly, one can write the Verblunsky coefficients in terms of 4 and w. The
formulae actually look simpler than those for a,, and b,:

Lemma 3.2. With W and W as in the previous lemma, we have

W(n+1)
22 P A S M
(22) 72 W(n+1)

9 n+1
2 nt1 = —1— .
(23) Tant u(n + 2)w(n + 2) ; u(k)w (k)
Proof. We proceed by induction on n. For n = 0, we have

w1
Yo = %bl = —%

by Corollary 2.3 and (19), respectively. This implies that for n = 0,
W(n+1)2 —=W?(n+1)

(24) W(n+1)2
_ _4u(n + Du(n + 2)w(n + Nw(n + 2)
W(n +1)2 '
Using this together with Corollary 2.3 and (19) again,

2u(1)w(1)

l+m=3a1(1-95) " = T u@w®)
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Now for the inductive step. We assume that (22), (23), and (24) hold and will
show that they remain true with n replaced by n + 1.
Using Corollary 2.3 and then (22) and (23),

Yont2 = {bn+2 +(1+ ’72n+1)72n}

1= Yont1
1 2W (n + 1) ntl
= T L kyw(k) .
1=t { w2t u(n +2wn +2)W(n + 1) ; u(k)w( )}
Continuing using (19) and (23) gives
1 -2 Wn+2) &2
Y2n+2 1—vony1 un+2wln+2) Win+2) ,; u(k)w(k)
_ _Wn+2)
W(n+2)

Equation (24) with n + 1 in lieu of n follows easily from this.
After first employing (18), (23) together with what we have just proved shows

14+ vop43 = (1— ’72n+1)_1(1 - 7§n+2)_1a31+2

_9 n+2
= k)w(k
u(n + 3)w(n + 3) ; u(k)w(k)
just as is required to complete the proof. a

As we now demonstrate, the Verblunsky coefficients are intimately related to the
logarithmic derivatives of u and v. In the case where a,, = 1, to which we will turn
our attention shortly, the odd and even coefficients are, to a good approximation,
half their sum and half their difference, respectively.

Lemma 3.3. Let v(n) = (—=1)"1w(n), as above, and write

B u(n +1) B v(in+1)
(25) P =1- 200 G =1- 2
for the logarithmic derivatives of u and v. We have
F(n) —G(n F(n)+G(n
(26) Yon = — 9 _ (an) _ (Gy()n)a Yon4+1 = _an—i-l% + any1 — 1
and

F(n) = a;j-l{an+1 —1—Y2n41 — Yon — ’72n+1’)’2n},
G(n) = a;_lu{anﬂ —1—v2n41 + yon + ’Y2n+1’)’2n}-
Proof. From (22) we have

(27)

_u(n+2Jwhn+1)+wn+2u(n+1)
u(n+2w(n +1) —w(n + 2)u(n + 1)

(- i) - (- 8)
2- (1~ i) - (1 365)

Yon =
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Combining (18) and (23) gives
_ Gt {w(n +1) wu(n+1) }

2 lwin+2) un+2)

-3 { (-l () e

This proves (26). The identities in (27) are immediate consequences of (26). O

Yont1 = —1

4. ESTIMATES FOR THE VERBLUNKSY COEFFICIENTS AND THE POTENTIAL

Beginning with this section, we restrict ourselves to discrete Schrédinger oper-
ators h = A + V. That is, Jacobi matrices with a,, = 1 and where we rename
b, =V (n).

From Theorem 5 we know that o(h) C [—2, 2] if and only if there exists a sequence
~n, with values in (—1,1) that solves

(28) V(in+1)=(1—9y2m-1)y2n — (1 +Y2n-1)Y2n—2
(29) 1= (1= "2n-1)(1 = 7,) (1 +Y2n41)
where v_; = —1 by definition. The proof shows that, when it exists, the solution

of this system is given by the Verblunsky coefficients.

(We should also remind the reader that, as mentioned in the introduction, for
discrete Schrodinger operators, o(h) C [—2,2] is equivalent to o(h) = [-2,2].)

The purpose of this section is to study the relations (28) and (29). We will
show that «y,, must converge to zero fairly rapidly and consequently so must V(n).
We will also show, by means of examples, that the decay estimates derived in this
section are optimal.

At the conclusion of the section, we show how estimates for the potential derived
under the assumption that there are no bound states can be extended to the case
where there are finitely many.

Lemma 4.1. Ifh = A+V is a discrete Schrédinger operator with spectrum [—2,2],
then the associated Verblunsky coefficients obey a1 < Yon+1 < 0 for everyn > 1.
That is, the odd Verblunsky coefficients are increasing and non-positive.

Proof. Assume that, for some n > 1, we have v2,_1 > 0. Then, by (29),
T4+ 9n1 = (1=3,) (1 =7201) ' > (1= 92n1) 7 2 T+ 720 0(1+9201)-
Iterating this, we obtain
L+ Yo(ngm)+1 = 1+ Y2n—1(1 + 72n-1)" !

which is a contradiction. Therefore, v2,,—1 < 0 and

— 00 as m — 00,

Y2n—-1
1— a1’
which yields yap+1 > Yan—1- O

T+ vyn41 > (1=920-1)" =1+

Lemma 4.2. If h = A+V is a discrete Schrddinger operator with no bound states
and 7y, are the associated Verblunsky coefficients, then we have

1 n
(30) Yan+1 2 “mxa T Z Cg-n)’)’sz
7=0



HALF-LINE SCHRODINGER OPERATORS WITH NO BOUND STATES 13

for every n > 0, where
U+ +2)

¥ (n+2)?
In particular, yap+1 > n+2
Proof. We proceed by induction on n. The case n = 0 follows from
n=301-7%)"-1>31+%) -1=-3+3%.

For the induction step from n — 1 to n, we note that

1 — Y2n-1 < 1+ n+1 Zc(n 1)’751 = Zi% Zc(n 1)’7317

and hence

n—1 -1
_ —1
(1= 1)1 > (— S w;,)

\%
3
-
-

n+1 (n— 1) 2
—n_+2<1+2n+2] )

This yields

n n 2 1
Yang1 > (1473,) <ni§ + Z gniga an )’YZ) -1

(n) .2
- n+2+zc 2

since, for 0 < j < n—1, c(n) (-n_l)(n+1)2/(n—|—2) and Y = (n+1)/(n+2). O

The first main result in this section is the determination of the optimal pointwise
estimate for potentials with no bound states. Weaker results were obtained in [4]
by different methods.

Proposition 4.3. If o(hy) = [-2, 2], then the potential obeys

(31) V)| < /2.

Moreover, for each n, there is a potential V' such that o(hy) C [-2,2] and V(n) =
V2/n.

Proof. The proof amounts to finding the sequence of v; € (—1,1) that maximizes

(32) Vin+1) =1 =vn-1)72n — (1 +Y2n-1)Y2n—2
subject to the constraint
(33) 1= (1=92;-1)(1 =73;) (1 +72541) forall j.

(The choice of V(n+1) rather than V'(n) is to shorten the subscripts in the equations
that follow.) The existence of an optimizer follows from the compactness of the set
of (70,715 - -, Y2n+1) which obey (33) for 0 < j < n and have 72,41 < 0. Note that
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the final condition guarantees the possibility of extending this sequence so that (33)
holds for all j. For example, one may choose v; = 0 for j > 2n + 3; the value of
~Yon+2 being determined by (33).

As the sign of 2, and of v2,_2 can be changed without affecting the validity of
(33), an optimizing sequence must have vy, > 0 and y2,2 < 0.

With 7s,—2 and 2,1 prescribed, V(n+ 1) is maximized by making 7, as large
as possible. Choosing y; = 0 for j > 2n + 1 and substituting this into (33) shows
that

2 1 —Y2n—1
(34) Yn =1 1+7vm-1 1—72n-1
is possible. In fact, since 2,41 < 0 by Lemma 4.1, this is also maximal.
Similarly, the optimizing ~ys,,_2 obeys

1 _ n+1 + Yon—1
1+ %)(1 — Y2n-1) 1+ 721

In this case, we wished to make —<»,_3 as large as possible. By Lemma 4.2,
Yon—3 > —%. This bound can be achieved by choosing y2; =0 for 0 < j <n —2.

Combining the two preceding paragraphs, we see that we must find the value of
Yon—1 € [—%H,O] that optimizes

(35) Yon-2=1-

Vin+1)= \/—’Y2n—1(1 —Yon-1) + \/(#1 +Y2n-1)(1 + Y2n-1)-

(This formula follows from substituting (34) and (35) into (32).) The resulting

calculus exercise has solution ya, 1 = — -t which gives V(n + 1) = \/2/(n + 1).
O

In [4] it was shown that |V (n)| < 2n~'/2 and examples were given showing that
the power % is optimal. As was also noticed in [4], this pointwise estimate does not
tell the full story. The optimizing potential has only three non-zero values:

Valn—1) = \foigs, Valm) = /2, Valn+1) = /4.

Theorem 6 below shows that potentials without bound states must decay much
more quickly in an averaged sense. First we give two propositions describing the
decay of the Verblunsky coefficients.

Proposition 4.4. Suppose h = A + 'V is a discrete Schridinger operator with
spectrum [—2,2] and vy, are the associated Verblunsky coefficients. For everyn >0,
n
(36) D G+DG+2)73; <n+2.
7=0

This implies that for each € > 0, Y (j +1)'°73; < 0. It also implies that

. 9
(37) #5: regl 2 Ay < 5
and so (va;) is weak-£*.

Proof. The bound (36) follows from (30) because, by Lemma 4.1, v2, 11 < 0.



HALF-LINE SCHRODINGER OPERATORS WITH NO BOUND STATES 15

For the first implication, let ¢, = (n + 2)~!~¢, which is summable, then

o o0
ch > Z Z S 2 =S G+ DG +2)%5; ) (n+2)7"
Jj=0 n=j
This proves the result because
e oo
(DD 0+ > (G+2) [ a7l (4D
n=j Jj+2

To prove (37), let Nx = #{j : |v2;] > A}. Note that the Verblunsky coefficients
lie in (—1,1), so we need only consider A < 1. Clearly,
(38) FL<GHL<AT syl 2 A} <AL
Moreover, for every k > 0, we infer from (36) that

FL2PAT <G+ 1< 2PFINTE s gy > A - 22K 7202 < 2. 2RI

that is,
(39) F{2AT <G+ 1< 2PFINTE Iy > ) < 227RAL
Combining (38) and (39), we obtain

Ny <ATH 4+ ) 227kt =gt
k=0
which is exactly (37). O

Proposition 4.5. Suppose h = A+V is a discrete Schridinger operator with spec-
trum [—2,2] and v, are the associated Verblunsky coefficients. There is a constant
C such that, for everyn > 1,

n

(40) D G+ 1), < tlog(n) +C
§=0
and consequently,

n

(41) S sl < Llog(n) + C.

7=0
Proof. From (29) we have the identity

1+'721'1> (1_72j+1> 2 242 2
(1 — a1 1+ y2j11 ( Y2, 1)( 72]) ( ’72J+1)

Applying the function z — —% log(z) to both sides and expanding in Taylor series
yields

oo 21
(Y21 — Y2j-1) {1 +Y Zv§j+n§§"f} Z {3+ 23+ 3 )
=1 k=0

We now estimate the left-hand side from above using the following consequence of
Lemma 4.2,

I—k _ (G+1)?
1+ Z 3+1 ZV2J+172 > 1+ Z I+ = o
=1
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and estimate the right-hand side from below by neglecting all but the first term in
the sum. This gives

+ 2 b b
gj(]+%) (v2j+1 — Y25-1) > %’722]'—1 + 7§j + %75;‘4—1

or, what is equivalent,

o _ »
(42) 7y — 1 > IR (v +d) + Yy with Yy = 52

We now change variables according to

@
Y2j-1 = m
so that ag = —1 and, by Lemmas 4.1 and 4.2, —1 < o; < 0 for j > 1. This implies
(43) —1<aj+a; <0 forallj,
which we will use momentarily. In the new variables, (42) reads
G lasn — il = spriralasn + el < S [555 + o] + Y5

So, by rearranging terms and then using a <land o2 , <1,

Jj+1

(44) 1 — ;> 5557 {aj+1 + g oy + ’((fff)L a; } + GGy,

(G+3/2) 77
2 +1)(j4+2
(45) > g L oGy +ag +of) = i + VDY

We now use (43) and sum both sides to obtain

+1)(j+2
Z UG Yi < flog(n) + G,

from which (40) follows.
Equation (41) is an immediate consequence of (40) and the Cauchy—Schwarz
inequality. O

We obtain the following corollaries for the potential V' (n).

Theorem 6. If the discrete half-line Schédinger operator A + V' has spectrum
[—2,2], then

(a) the potential is weak-€* and so belongs to all £P, p > 1;
(b) for alle >0, > n'=¢|V(n)|? < oo;
(c) there is a constant C' such that for all N > 1,

Z|V )| < log(N) + C;

(d) it is possible to write V(n) =W(n)—W(n—-1)+Q(n) withQ € ', W € 2,

and
N

Y _nWm)® < {log(N) +C.

n=1
Proof. AsV(n+1) = (1—=y2n_1)v2n— (14+720_1)Y2n_2, parts (a)—(c) follow directly
from the estimates on the Verblunsky coefficients proved above. For (d), we simply
choose W(n) = vap—2, n > 1, then Q(n) = —van—3(Y2n—2 + Y2n—4a) for n > 2 and
Q(1) = 7o which is summable. O
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FEzxample. This example will show that all the statements in Theorem 6 are optimal.
This in turn shows also that the estimates on the Verblunsky coefficients obtained
above (e.g., Propositions 4.4 and 4.5) are optimal.

Consider the potential V(n) = (=1)"/n. It was shown in [4, Proposition 5.9]
that A +V has spectrum [—2,2]. Consequently, weak-¢' in (a) cannot be replaced
by £*, (b) cannot be improved to >_ n|V(n)|> < oo, and the constant 1 in front of
log(N) in (¢) cannot be decreased.

In order to see that this example also shows that the constant 1/4 appearing in
(d) is the smallest possible, we note the following;:

N N
log(N) = C < [V(n)| < Y 1Q(m)| +2|W ()|

and so, since Q) € £, Zlnvzl [W(n)| > log(N) — C. By applying the Cauchy—
Schwarz inequality, we find Zgzl n|W(n)|? > Llog(N) - C.

Next we show that these estimates on the Verblunsky coefficients allow for a
short proof that £2 are not eigenvalues.

Theorem 7. If h is a discrete half-line Schridinger operator with spectrum [—2,2],
then £2 are not eigenvalues.

Proof. Of course, E = 2 is an eigenvalue if and only if the generalized eigenfunction
at this energy, which we denote by u (cf. (15)), is square integrable. (We will
concentrate on E = 2; E = —2 can be dealt with in the same manner.)

Since we are studying the Schréodinger operator case, a, = 1, equations (25) and
(27) give us the following relation between u and the Verblunsky coefficients:

u(n + 1)
u(n + 2)
Note that, by Sturm oscillation theory, u(n) > 0, n > 1, and that, by defini-

tion, u(1) = 1. Therefore, by neglecting the terms 72,41 < 0 and then using the
summability of 241725,

=14+ y2p41 + Y2n + Y2n+172n-

n—2

log [u(n)] = - Z log [1 + Yoj41 + Y25 + ’Y2j+172j:|
§=0
n—2

>C =) log [1+ 7]
7=0

for some constant C. But, log[1 + 72;] < |y2;] and so (41) gives
fu(n)| > en™"7?,
which implies v is not square summable. O

As intimated at the beginning of this section, the last two theorems can be
extended to the case of finitely many bound states outside [—2, 2].

Corollary 4.6. If the spectrum of a discrete half-line Schrédinger operator A +V
contains only finitely many points outside [—2, 2], then

(a) the potential is weak-€* and so belongs to all /P, p > 1;

(b) for alle >0, Y. n' ¢V (n)|?> < oo;
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(c) there is a constant C such that for all N > 1,

N
> [V(n)] < log(N) + C;

(d) it is possible to write V(n) = W(n)—W (n—1)+Q(n) with Q € £*, W € (2,

and
N

D nWn)? < flog(NV) + C;
n=1

(e) £2 are not eigenvalues.

Proof. As hy has only finitely many eigenvalues outside [—2, 2], the solutions « and
v, as defined in (15) and (17), pass through zero only finitely many times. (This
follows from the discrete analogue of the classical Sturm theory [28].) So we may
choose k € Z* such that u(n) and v(n) do not change sign for n > k.

Using Sturm theory again, we see that the operator with potential Vi(n) =
V(n + k) has no bound states. Thus, parts (a)—(d) are immediate consequences of
Theorem 6.

To prove (e), we will simply show that u cannot be square summable. Similar
arguments show that the same is true of v. This implies that £2 are not eigenvalues.

The sequence @(n) = u(n + k) is the generalized eigenfunction at energy +2 for
the operator with potential

Va(n) =V(n+k)+ %&1,1.

As A + V] has no eigenvalues outside [—2,2] and u(k)/u(k + 1) is positive,
A + V5 cannot have eigenvalues below —2. It also has no eigenvalues above +2; this
is because @, the generalized eigenfunction at energy +2, does not pass through
Zero.

We have just seen that o(A + V2) C [—2,2]; therefore, by Theorem 7, @ is not
square summable. Consequently, u is not square summable either. O

5. ABSENCE OF SINGULAR SPECTRUM: THE DISCRETE CASE

The purpose of this section is to complete the proofs of Theorems 1 and 3. We
have already seen, in the previous section, that £2 are not eigenvalues, so it suffices
to consider (—2,2). Absence of singular spectrum in this interval is a consequence
of the following general result whose applicability is guaranteed by part (d) of
Theorem 6 or by the same part of Corollary 4.6.

Theorem 8. A half-line Schrédinger operator whose potential admits the decom-
position V(n) = W(n) —W(n — 1)+ Q(n) with Q € £*, W € £2, and
N
(46) D nWn)® < flog(N) +C
n=1

has purely absolutely continuous spectrum on the interval (—2,2).

Of course, (46) implies W(n) < C'log(n)/n for n > 1 and so the assumption
that W € ¢2 is redundant.

Ezample. Define ¢ : Z+ — R as follows: the absolute value is given by |¢)(n)| = n~=¢
and the sign depends on the value of n mod 4 with the pattern +,+,—,—,.... If
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a > 1/2, then ¢ is square summable and so a zero-energy eigenfunction for the
potential

Y(n+1)+9¢@n—-1)
P(n)
for n > 2 and V(1) = —¢(2)/¥(1). As V(n) = —2a(-1)"/n + O(n~2), the
argument from the example following Theorem 6 shows that any decomposition
V(n) =W(n) —W(n —1) + Q(n) with Q € £* has
N

Zn|W(n)|2 > a?log(N) — C.

n=1

V(n) = -

Consequently, the constant 1/4 in (46) cannot be improved.

The proof of Theorem 8 will consume the remainder of this section. As this
requires a number of technical ingredients, we first explain how the propositions
that follow combine to establish the result.

Overview of Proof. The strategy we adopt to prove this theorem is inspired by
Remling’s proof of absence of embedded singular spectrum for o(n~!) potentials
[19]. The method consists of two steps, both combining the study of solutions to

(47) P(n+1) +¢(n—1) + V(n)p(n) = E¢(n)

(with general initial conditions) with subordinacy theory.

First, we derive power-law estimates for all solutions of the Schrodinger equation.
These results are contained in Proposition 5.2. It is shown that there are no non-
zero £2 solutions for any E € (—2,2) and so no embedded point spectrum. Further,
it is shown that, for E € (—2,0) U (0, 2), all non-zero solutions ¢ obey

en 3/ < |¢(n)|2 + |(n+ 1)|2 < Ccn®/s.

By the Jitomirskaya—Last extension [12] of subordinacy theory [10], one may deduce
that the restriction of the spectral measure du to (—2,2) gives zero weight to sets
of Hausdorff dimension less than 2/5. As noted a moment ago, du gives zero weight
to single points—this is why we could write (—2,2) in the last sentence rather than
just (—2,0)U (0,2).

Second, we show that for all energies in (—2,2) that lie outside a set of zero
Hausdorff dimension, all solutions of the Schrodinger equation are bounded. This
is Proposition 5.5. By the most-used result of subordinacy theory, this implies that
any embedded singular spectrum must be supported on this set of zero dimen-
sion and [—2,2] is contained in the essential support of the absolutely continuous
spectrum (see, e.g., [24, 26]).

Combining the preceding paragraphs, we see that on (—2,2), the singular part of
the spectral measure must be supported by a set of zero Hausdorff dimension, but
also gives zero weight to sets of zero dimension. Of course, only the zero measure
gives no weight to its support, so we may conclude that there is no embedded
singular spectrum. O

As just described, we need to study solutions of

(48) P(n+1)+¢¥(n—1)+ V(n)yp(n) = 2cos(k) (n) n>1
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where 1(0) is free to be anything—recall that the generalized eigenfunction vanishes
at n = 0. The parametrization of energy E € (—2,2) as 2cos(k), k € (0,7), is
standard and simplifies some of the formulae that follow.

Following [14, 19], we write ¢(n) in terms of Priifer variables R, 6:

g (L 0) (¥ =1 < gy (2 =Y

These new variables obey the following equations:

R(n+1)2 Vi) V) g2 3
cot (30(n +1) — k) = cot (30(n)) — %

In the second equation, both sides being infinite is also permitted. From here,
Taylor expansion yields

(49) 2log [%] = -V(n) Si:iz(:) +O(V (n)?)
(50) O(n+1)—0(n) =2k + % [1 —cosf(n)] + O(V(n)?),

where the constants in the O-terms depend on k, but are independent of n.
As V € 2, (49) gives the following two-sided bound on solutions of (48):

> V(n)sinf(n)

(Note that by definition, R(n) is comparable to the norm of the vector [¢(n —
1),4(n)].) This shows that in order to control the behaviour of solutions, we must
estimate ) V(n)sinf(n). Naturally, the first step is to invoke the representation
of V in terms of W and (). Using

sin 0(’)’&) — sin H(TL + ]_) = 2 cos (9(n+13+9(n)) sin (9("""'1%_0("))
= 2cos <7a(”+1%+9(")) sin (k+ O(V (n)))

= 2sin(k) cos (W) +0(V(n))

1
sink

(1) Jlog [W(V + D + [w(N)]| < e

together with @ € £! and W € £2 yields

N
ZV( )sinf(n ZW )[sin8(n) —sinf(n +1)] + O(1)
(52)
= 2smk2 W (n) cos (M) + 0(1),

where, as before, the implicit constants depend on &k € (0, 7).
Combining (51) and (52) shows that for each E € (—2,2),

(53) ‘log [B(N + 1) + [(N)[?] ‘ < 22 W (n) cos (2 ) 4 ¢,
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Note how the gain of a factor sin(k) is important; it cancels the ﬁ factor in front
of the sum in (51). This is why estimates on W, the “indefinite integral” of V,
control the behaviour of solutions uniformly in energy. Estimates of the form

N

Z n|V(n)]* < alog(N) + C

n=1
do not preclude embedded eigenvalues, no matter how small one chooses «; see
[8, 19].

Lemma 5.1. Given a sequence obeying ¢p(n + 1) — ¢(n) = 2k + o(1) for some
ke (0,7/2)U(n/2,7) and an € > 0, there is a constant C' so that

S cos?g(n) _ oy
(54) Y.~ < [3+ellog(N) +C.

n=1

Proof. By writing cos? ¢ = § + 1 cos 2¢ it suffices to show that ) cos[2¢(n)]/n <
elog(N) +C.
Recall the following estimate for the Dirichlet kernel

-1
S cos(4kj + )
%p{z (4kj }

=0

£—

Z

=0

sin(2k£) 1
sin(2k) | — |sin2k|

It follows that for fixed £ > 4 |e sin(2k)|_ and n sufficiently large, depending on k,
£, and ¢,

=1 -1
Zcos[¢(n+] Zcos 2kj + ¢(n +Z|¢n+y n) — 2kj| < 1et.
Jj=0 7=0
To finish the proof, note that for n sufﬁ(:lently large,
— — -1 j
cos2¢(n + j) el
e s[2¢(n + + —— < —
j:zo n+j EZ:O [26(n + )] Jz;) n(n +J) -n

so that (54) follows by summing over £-sized blocks and absorbing the contribution
from the initial segment, where n is not sufficiently large, into the constant C. O

Proposition 5.2. Suppose V(n) = W(n) — W(n — 1) + Q(n) with Q € £* and
W € 2 obeying (46). Then, for E € (—2,2), all solutions ¢ of (47) that are not
identically zero obey

w7 S o)+ [+ D
Moreover, for non-zero energies,

n TS o)+ e+ 1) Sn
for any n > 1//2.
Proof. By (53) it suffices to show that

n) cos p(n)| < a(k)log(N) + O(1)
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where ¢(n) = ;[0(n + 1) + 0(n)], a(r/2) = 1/2, and a(k) = n when k # 7/2.
Applying Cauchy-Schwarz gives

N
Z W (n) cos ¢(n
n=1

By assumption, Zfr n|W(n)* < $1log(N) + C and so the k = /2 case is an
immediate consequence of cos? ¢(n) < 1.
The k # m/2 case follows because, by (50),

(55) p(n+1) — ¢(n) = 1[6(n +2) — 6(n)] =2k + o(1)

so we can apply Lemma 5.1. O

N 2
< zn|w 2oy e,

n=1

We now set about showing that the set of E € (—2,2) for which not all solu-
tions of (47) are bounded is of zero Hausdorff dimension. We begin with a lemma
modelled on Theorem 3.3 of [14].

Lemma 5.3. Suppose V(n) = W(n) —W(n —1) + Q(n) with W and Q as above
and fiz k € (0,m). If

exists and obeys
(56) Z|Wn+] (k;n)| < oo Vje{1,0,—1},

then all solutions of (48) are bounded.
Proof. By (53), it suffices to show that

ZW exp{ [6(n +1) +e(n)]}

is bounded for those k for which (56) holds. Writing ¢(n) = £[6(n + 1) + 6(n)], we
have

N N
I Wn)e = 3 [ﬁ/\(k,n) ~Wksn+ 1)]ei¢(n)f2z’kn
n=1 n=1

N
Z ﬁ/\(k;n) [ei¢(n) _ ez’¢(n—1)+2ik} e 2ikn 4 O(1).
n=2

But by (50), |¢(n) — ¢(n—1)—2k| < 2[[W (n-+1)|+2[W (n) |+ W (n—1)[]/ sin(k) +en
where e,, is summable. The result now follows easily from the fact that |e** —e¥| <
|z —yl. O

To control W we use the following result from harmonic analysis. For a proof,
see [31, §XIII.11] or [1, §V.5].

Lemma 5.4. For each € € (0,1) and every measurable function m : [0,7] —» Z,

{/ dv(k } an “lea?

m(k)

2 :C efzznk
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where & denotes the e-energy of dv: E.(v) = [ [ |sin(z — y)|~° dv(z) dv(y).

Combining these lemmas gives the following proposition, which completes the
proof of Theorem 8 as described in the overview given above.

Proposition 5.5. Suppose V(n) = W(n) — W(n — 1) + Q(n) with Q € £* and
W € £? obeying (46). There is a set S C (—2,2) of zero Hausdorff dimension so
that for oll E € (—2,2)\ S, all solutions v of (47) are bounded.

Proof. By applying the Cauchy—Schwarz inequality to dyadic blocks, for example,
we see that (46) implies n=¢/4W(n) € £' for all ¢ > 0. Combining this with
Lemma 5.3 shows that we need only prove that for all ¢ > 0, the set of k& for which
ne/ 4W(k; n) is unbounded is of Hausdorff dimension no more than e.

Let m(k) be a measurable integer-valued function on (0,7). Because of (46),
Lemma 5.4 implies

2l+1i_q (k)
S Wn)etn | du(k) = / S WE@H — 1= n)e 0 du(k)
n=m; (k) n=0

ol+1_ 4 1/2
5{ 3 n15|W(n)|2} &)

n=2!

S Vige? VE:(v)

where my; (k) = max{m(k),2'}, m;(k) = min{2! —1,2"*1 —1—m(k)}, and sums with

lower index greater than their upper index are to be treated as zero. Multiplying

both sides by 2°/4, summing this over I, and applying the triangle inequality on
m(k)s/4 Z W(n)e2ikn

the left gives
/ dv(k) < VED).
n=m(k)
That is, for any measurable integer-valued function m(k),
/m(k)6/4|W(k;m(k))| dv < \JEW).

This implies that the set on which n/ 4W\(k;n) is unbounded must be of zero e-
capacity (i.e., it does not support a measure of finite e-energy).

As the Hausdorff dimension of sets of zero e-capacity is less than or equal to &
(see [1, §IV.1]), this completes the proof. a

6. A CONTINUUM ANALOGUE OF THE VERBLUNSKY COEFFICIENTS

As in the introduction, we write Hy for the Schrédinger operator associated to

the potential V:
[Hy¢)(z) = —¢"(z) + V(2)¢().
We require a Dirichlet boundary condition at zero, ¢(0) = 0, and V' € £>°(L?), that
is,
n+1
(57) sup / V(0)]? dt < oo.
n>0Jn

The purpose of this section is to identify the continuum analogue of the Verblun-

sky coefficients and to derive estimates for them.
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It is well known that (57) ensures that for every energy E and every boundary
condition « at zero, there exists a locally H2 solution to

(58) —¢"(z) + V(2)¢(z) = E(x), %(0) = sina, ¢'(0) = cosa.
See, for example, [30].

Let u and v denote the zero-energy normalized Dirichlet solutions of (58) with
potential V' and —V, respectively. That is,
—u"+Vu=0 u(0)=0, 4'(0)=1
" —Vv=0 v(0)=0, v'(0) =1.
Notice that u and v play the same roles as they did in the discrete case; compare
(15) and (17).

If both Hy and H_y have no bound states, then it follows from oscillation theory
(see, e.g., [2, 30]) that the functions u and v have no zeros in (0, o).

From u and v we define the two functions, T, and Ty, on (0,00) in a manner
inspired by (25) and (26):

(59)

1 [d(z) ()
L) = 3 [~ i

1 [d(2) | W(x)
) =3 [ + )

These two functions are the analogues of the Verblunsky coefficients in the discrete
case with even and odd index, respectively. All the crucial properties of the v2,’s
and the yap,41’s carry over to the continuum case, as we will see. Lemma 6.1 below
shows that they obey a pair of differential equations which are the analogues of the
formulae (28) and (29).

That the Verblunsky coefficients are related to the logarithmic derivative of
eigenfunctions in the discrete case appears in Geronimus’ work on orthogonal poly-
nomials [9, §31]. In Krein’s studies of a continuum analogue of polynomials orthog-
onal on the unit circle (see, e.g., [16]), he introduced a function A which plays the
role of the Verblunsky coefficients. In the case where A is a real-valued function, it
is given by the logarithmic derivative of the u associated with the potential A’ + A2.
In this way, A = I'e —I',. While the two approaches are related, the Krein approach
is not suited to our problem. For an example of how the Krein approach may be
employed in the study of Schrédinger operators, see [7].

Lemma 6.1. The functions Lo, T, obey

(60) I (@) = V(2) + 2Le(2)To (2)
(61) I’ (@) = [2(2) + T2(a).
Proof. Write

(62) F(z) = ZI((;U)) and G(z) = ZI((;U))

so that Te(z) = [F(z) — G(2)]/2 and Ty(z) = —[F(z) + G(z)]/2. We infer from
differential equations for u and w, (59), that

(63) F'(z) = V(z) — F?(z) and G'(z) = =V (z) — G*(xz).
Subtraction gives
F'(z) = G'(z) =2V (z) — F*(2) + G*(x)
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and from this we get
V(z) = 3(F'(z) - G'(2)) + 3[(F(2) - G@)[F () + G()],
which is (60). On the other hand, addition of the identities in (63) yields

—aFma+Gm»=%F%@+gaam:(fﬁi%ﬁﬁg +(_E@;;%9>,

which is (61). O

We will now present three lemmas, which are the continuum analogues of results
proved in Section 4. We begin with the counterpart to Lemmas 4.1 and 4.2.

Lemma 6.2. For every x > 0, we have
1
7 <To(z) <0.
Proof. Given zo > 0 and yo # 0, consider the initial value problem I'V(z) =
I'%(x), T'(wo) = yo. Its solution is given by

T(z) = — (z‘—m>_l.

Yo
Notice that if yg > 0, then I" blows up at finite © > xg.

By (61), T (z) > I'?(z). Therefore,

14 zolo(z0)\
(64) Lo(z) > — (iE - W)

for > mg. As T',(z) is regular, blow-up cannot occur and, by the remark made
earlier, this implies that T'y(z) < 0 for all z € (0, 00).
By (64), I'o(z) > —1/z follows from

lim 1 +.Z‘0FO(IL'0) _ 0,

x0—0 FO (1‘0)
which in turn follows from

1+.’L‘0F0(.Z‘0) . _9 (ul(fEO) U'(Z‘O))l
To (o) *7 " \u(zo) " v(wo)

and the fact that u, v/, v, and v' are continuous at the origin with the values given
in (59). |

In place of Proposition 4.4 we have:

Lemma 6.3. For every x > 0,
X
(65) /0 £ [020) + (Co(t) + 1)) dt <.

Moreover, |{z : |Te(z)| > A}| <5X ! and so T, € L},.

Proof. Write
1
To(t) = —3 + h(t).
It follows from the definition of I';, and Lemma 6.2 that

1 . 9 -
(66) 0<h(t) < 7 and t1_1>131+t h(t) = 0.
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Differentiating the definition of h gives
1
Th(t) = o + (1),

while from (61) we have
1 2h(¢
Th) = T30 + 1200 = 5 — 20 w20 4 120)
Therefore,
2
B() + Zh(t) = h*(t) + Te(1),
which in turn implies
(t*h(t)) = 2K (t) + £°T2(¢).
The first inequality, (65), now follows by integrating this and applying (66).
To prove the second estimate, notice that for k¥ > 0, (65) implies
[{2PA7! <z < 2FFIATL 2 To(z)| > A} - 22F < 21

which yields

oo
{z>0:Te(@)| > A <A1+ D 28 Fxt=5x1,
k=0
concluding the proof. |

Lastly, the continuum analogues of Proposition 4.5 and part (c¢) of Theorem 6
are given by the following;:

Lemma 6.4. The function ['e admits the following estimates: for all x >y > 0,
x
/y t-T2(t)dt <1+ Llog (g)
and for x > 1,
xr
(67) / ITe(t)| dt < 3log(z) + C.
1

Proof. Write
a(t
To(t) = —%.

By Lemma 6.2, we have 0 < a(t) < 1 for every ¢t > 0. From
a'(t) | aft)
To(t) = ——=+ =
and (61) we obtain
a'(t)  at) —a?(t
r2e) = T ~ 120 = — 20 | 20—
Thus, because 0 < a(t) < 1 implies 0 < a(t) — a?(t) < 1,

/zt‘rg(t)dt=/z—a'(t)+Mdt§1+/midt,

y
from which the first estimate follows.

The second estimate follows from the first by applying the Cauchy—Schwarz
inequality. O
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The following theorem gives the input necessary to prove the absence of singular
spectrum in the next section. Specifically, it shows that absence of bound states
(for both Hy and H_y) forces the potential to have a certain structure and so to
be amenable to treatment by the general criterion given in Theorem 10 below.

Theorem 9. If V € {*°(L?) and the spectra of both Hy and H_y are contained in
[0, 00), then
(a) we can write V =W'+ Q with Q € L', W' € £>°(L?), and

(6®) / “UW @R < Hog(a) + 1:

(b) neither Hy nor H_y has zero as an eigenvalue.

Proof. (a) Let g be a C* function on RT with g(z) = 0 for 0 < z < 1/2 and
g(x) =1forz > 1. Let W(z) = g(z)Te(z) and Q@ =V — W'. Thus, for z > 1, we
have W(z) = Te(x) and, by (60), Q(x) = —2T(z)To(z). By (57), @ is absolutely
integrable on (0,1), and by Lemmas 6.2 and 6.3, it is absolutely integrable on
(1,00). Moreover, W' € £>°(L?) follows from (57), Lemma 6.2, and Lemma 6.3.
Finally, the bound (68) follows from Lemma 6.4.

(b) From the definitions of T, and T,

and hence, by Lemma 6.2,

log[u()] > C ~ [ [La(t)]
1
for z > 1. By using (67), we obtain
u(z) 2 &7t

for x > 1. Therefore, u € L? and so zero is not an eigenvalue of Hy. Similar
reasoning shows that H_y does not have zero as an eigenvalue. |

Corollary 6.5. If V € (*°(L?) and both Hy and H_y have only finitely many
eigenvalues below zero, then
(a) we can write V. =W'+ Q with Q € L*, W' € £>°(L?), and

[ @ < $ioga) + 1
1
(b) neither Hy nor H_y has zero as an eigenvalue.

Proof. As both Hy and H_y have only finitely many eigenvalues below zero, the
solutions u and v, as defined in (59), have only finitely many zeros. If we define
zo = max{z : u(z)v(z) = 0}, then u(z) and v(z) do not change sign for x > =o.
By symmetry, we may suppose that u(zg) = 0.

Let Vi(xz) = V(z + z9). As u and v do not change sign for x > zg, both Hy,
and H_y, have spectrum contained in [0,00). By the previous theorem, part (a)
follows for V4 and so also for V. It also shows that u cannot be square integrable.

To prove that w is not square integrable, we modify V; as follows. Consider
Vo = Vi + Ax|o,1]- As o(Hy,) C [0,00), the same is true of Hy, so long as A > 0.
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Choose \ to be the smallest eigenvalue of the following problem on [0, 1]:

d2
S V= PO =0, W Wl +1) (1) (a0 +1) =0.
As z — v(zg + z) does not have a zero in [0,1], A cannot be negative. We denote
the corresponding eigenfunction by 1, normalized to have (1) = v(zo + 1).
For this value of A, the function

5o(a) = {w(w) 0<z<1

v(izg+z) 1<z<o00

is the Dirichlet solution for the operator H_vy, at energy zero and it does not change
sign. This implies that o(H_y,) C [0, 00).

We have just seen that for A fixed as above, both Hy, and H_y, have spectrum
contained in [0,00). By part (b) of Theorem 9, vy cannot be square integrable,
which implies that v cannot be square integrable, either. O

7. ABSENCE OF SINGULAR SPECTRUM: THE CONTINUUM CASE

Our goal in this section is to prove Theorems 2 and 4; that is, to show that if the
negative spectrum of both Hy and H_y consists of only finitely many eigenvalues,
then both operators have purely absolutely continuous spectrum on [0,00). We
have seen above that zero is not an eigenvalue, so it suffices to consider the open
interval (0,00). Absence of singular spectrum in this interval is a consequence
of the following general result whose applicability is guaranteed by Theorem 9 or
Corollary 6.5.

Theorem 10. Let H = —A + V be a continuum half-line Schrédinger operator
whose potential can be written as V =W' + Q with W' € £*°(L?), Q € L', and

(69) / "W O < Llog(x) + C.

1

Then the essential support of the absolutely continuous spectrum of H is (0,00) and
the spectrum is purely absolutely continuous on this set.

The proof follows the same strategy as the proof of Theorem 8, that is, we prove
estimates on the behaviour of generalized eigenfunctions and then use subordinacy
theory.

Proposition 7.4 will show that the singular part of the spectral measure, re-
stricted to (0, 0c), does not assign any weight to sets of Hausdorff dimension zero.

Proposition 7.7 will show that for all energies in (0, 00), with the exception of a
set of zero Hausdorff dimension, all solutions are bounded. This implies that (0, oc)
is the essential support of the absolutely continuous spectrum and that any singular
spectrum in (0, 00) must be supported on a set of zero Hausdorff dimension.

Notice that these two propositions preclude the existence of singular spectrum
in (0, c0).

As a preliminary observation, we note the following:

Lemma 7.1. If W is such that W' € £*°(L?) and (69) is satisfied, then W is
bounded, square integrable, and obeys the pointwise estimate

log x 1/4
T

(70) W ()| < (
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for x large enough. Moreover, WAW' € L' and W € LP for p > 2.

Proof. By (69), the integral of |[W|? over the interval [2!,2/+1] is bounded by C127.
Summing this over [ proves square integrability.
As W' € £°°(L?), there is a constant C such that, for |§| <1 and z > 1,
W(z +6) —W(z)| =

4
/ W'(x +t)dt| < C|6]'/2.
0

Thus,
[W(z+1t)| > 3:|W(z)| for 0<[t| <T,=min{L|W(z)]1}.
Combining this with (69) gives

1 1
min { LW (@)|*, L|W (z |}</ Wie 0 dt < TOBEFD +e

z—1 ’

which implies that W(z) — 0 as z — o and so (70). As this shows that W € L™
and we know W € L2, it follows that W € LP for p > 2.
By the Cauchy—Schwarz inequality, W' € £°°(L?), ( 9), and (70),

[ warwaas ([T w m)
< (n<2zfz+1 o) ([ weorar)
< (logn> (logn>1/2

As this is summable, we find W*W' € L. O

As with its discrete analogue, Theorem 8, the proof of Theorem 10 rests on
the study of solutions of the corresponding eigenfunction equation for all boundary
conditions.

In order to study solutions of

(71) —¢"(z) + V(2)¢(z) = K9 (2),
we use the continuum Priifer variables, R(z) and 6(z). These are defined by
¢(z) = R(z)sin(6(z)/2), ¢'(z) = kR(z) cos(6(z)/2)
and the requirements that R(z) > 0 and € be continuous (c.f. [14]). They obey the
following differential equations:
dlog R(z) _ V(x)
dz 2%
%f) — ok = Y@ (1 _ osh(a).

The following lemma isolates the main term in the asymptotics of the Priifer
amplitude R(z).

(72)

sin 0(z)

(73)

Lemma 7.2. Under the assumptions of Theorem 10,

(74) log (%) =- /Ow W (t) cos6(t) dt + O(1).
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Proof. From (72) and Q € L', we find
log (g%g) -1 /OzV(t) sinf() dt = & /0 W' (£) sin 6(2) dt + O(1).

Integration by parts, Lemma, 7.1, and (73) yield

%/ W'(t) sin 0(t /W cosG()[l—‘;l;)[l—cosH( )| dt +0(1),

so that (74) will follow once we show
(75) / W)W () cos O()[1 — cos O(8)] dt = O(1).

Note that W(t)W'(t) = $(W(t)?)". Integrating by parts, and reusing this idea,
shows that (75) holds. Along the way we use the pointwise bound (70) to control
the boundary terms, W € LP for p > 2 to control integrals not containing W', and
finally W*W' € L! to control the integral that contains this term. O

Lemma 7.3. Assume that for all L > 0,
(76) sup |p(z +1t) — ¢(x) — 2kt| = 0 as z — oco.
0<t<L

Then, for every € > 0, there is a constant C so that
T 2 t
/ cost7¢() dt < [3 +¢]log(z) + C.
1

Proof. Let € > 0 be given. As 2cos? ¢ = 1 + cos 24, it suffices to show that

r 2¢(t
(77) / costi¢() dt < elog(x) + C.
1
For L sufficiently large, say L > 2/(ck), we have
L
sup / cos(4kt + 8) dt| < LeL.
s |Jo
For such an L and z large enough, we have
L
/ cos2¢(z +t) dt| < LeL.
0
Thus, again for x large enough,
L L L
2 t 1 tdt L
/ wdt < - / cos 2¢(x + t) dt +/ — < il
0 z+t z | Jo o z(x+t) ~ =z

From this, (77) follows by breaking the integral over [0, z] into L-sized blocks. O

Proposition 7.4. Suppose V.= W'+ Q with Q € L' and W' € {>°(L?) obeying
(69). Then, for k > 0, all solutions v of (71) that are not identically zero obey
27" S (@) + [ (@) S 2

for any n > 1/+/2 and x > 1. Consequently, the spectral measure gives zero weight
to any subset of (0,00) of Hausdorff dimension less than 1 — 2-1/2,
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Proof. Fix n > 1//2. By Lemma 7.2, it suffices to show

/w W (t) cos0(t) dt‘ < glog(x) +0(1).

By the Cauchy—Schwarz inequality,
2

/ W) cos B(t) dt

x x 2
g/ tW(t)2dt-/ w(it.
1 1

Therefore, once we show that the function 6 satisfies the condition (76), Lemma 7.3
and (69) allow us to conclude the proof. To this end, we note that

t
O(z + 1) — O(z) — 2kt = —%/ V(z + )[1 — cos0(z + s)] ds
0
and hence

sup |6(z +t) —0(z) — 2kt| < sup
0<t<L 0<t<L

L
+ %/0 |Q(z + s)| ds.

As @ € L', the second term goes to zero as x — 0o. To show that

%/0 W'(z + s)[1 — cosb(z + s)] ds

sup
0<t<L

t
/ W'(z + s)[1 — cosO(z + s)]ds| — 0 as x — oo,
0

we integrate by parts four times, as in the proof of Lemma 7.2, and then apply
Lemma 7.1.

The statement about the spectral measure follows from the Jitomirskaya-Last
version of subordinacy theory [12]. O

Our next goal is to show that the set of energies at which not all solutions of (71)
are bounded is of zero Hausdorff dimension. First we prove a continuum analogue
of Lemma 5.3; see [14, Theorem 3.2] for a related result.

Lemma 7.5. Suppose V. = W'+ Q with W and Q as above. Fix k € (0,00). If
(78) W(k;z) = lim / W (t)e?t dt
M—o0 J,
exists and obeys
(79) WweL',
then all solutions of (71) are bounded.

Proof. Let k be such that I//V\(k, z) exists and (79) holds. By Lemma 7.2, it suffices
to show that [ W (t)e?® dt is bounded. Notice that the existence of the limit in
(78) implies that

(80) W(k;m) —0asz — ©

and, by (70),

(81) W(z) = 0 as z = oo.
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Now we proceed as follows:
/ W(t)ew(t) dtz/ _W(k;t)ew(t)fﬁkt dt
0 o Ot
=1 / W (k; t)V (£)[1 — cos 6(1)]e? D=2 gt 4+ O(1)
0
=3 /0 W (k; )W’ (t)e =2 P(6(t)) dt + O(1),

where we used (80) and (81) in the second step and @ € L! in the last step. Here,
P(-) denotes a trigonometric polynomial. Integrating by parts four times shows
that this integral is bounded because W4W' € L!. To make this more explicit, one
may use the following observation four times (with [ = 0, 1, 2, and then 3): Given

1 > 0 and a trigonometric polynomial P;(t,8), there is a trigonometric polynomial
P»(t,0) such that

/ ’ W (k; )W W' () Pi(t,0()) dt = / ’ W (k; )WL ()W (£) Po(t, 6(2)) dt+O(1).

This is proved by integration by parts:

(W ()

/0 W (k: )WL ()W (£) Py (¢, 0(t)) dt = /0 W (ks )= P (1,6(0) dt

" / W (s YW (0) [2 P15, 000)) + B Pyt 000 (1)] dit

— 5 | WHR@)e Py (t,60(t) dt + O(1)
0

_ / Wk W W (O Py (1, 6(1)) dt + O(1).
0

Here we used (80), (81), W € L? (see Lemma 7.1), and the assumption (79), though
only in the case [ = 0. |

To use this lemma to show that the set of energies at which not all solutions
of (71) are bounded is of zero Hausdorff dimension, we need to control W. For
this, we use the following analogue of Lemma 5.4 whose proof is a straightforward
adaptation of the arguments in [31, §XIIL.11] or [1, §V.5]. The two ingredients will
be combined in Proposition 7.7 below.

Lemma 7.6. For each ¢ € (0,1), every measurable function m : (0,00) = R, and
every measure v, we have

{/ /OM(k) g(t)e**t at

where E(v) = [ [(1 + |z —y|~°) dv(z) dv(y) denotes the e-energy of dv.

dv(k)} se) [+ e TP

Proposition 7.7. Suppose V.= W'+ Q with Q € L' and W' € {>(L?) obeying
(69). There is a set S C (0,00) of zero Hausdorff dimension so that for all E €
(0,00) \ S, all solutions vy of (71) are bounded. Consequently, the singular part of
the spectral measure on (0,00) is supported by a set of zero Hausdorff dimension.
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Proof. The proof is completely analogous to the proof of Proposition 5.5, so we
just sketch the argument. Let m(k) be a measurable function and for every I > 0,
let m;(k) = max{2',m(k)} and @ = {k : m(k) < 2!*'}. Then, it follows from
Lemma 7.6 that for every ¢ € (0,1),

Js

This shows that the set of k for which 2=/ 4W(k; z) is unbounded must be of zero e-
capacity, and hence of Hausdorff dimension no more than . Since z=*/4W (z) € L',
an application of Lemma 7.5 completes the proof of the proposition.

The last statement follows from the well-known fact that the spectral measure is
purely absolutely continuous on the set of energies where all solutions are bounded
[10, 24, 26]. O

gl+1

/ VAT (1) 62k dt| du(k) < /() 2V

ml(k)
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