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Abstract

The paperaddresseshe issueof existenceof modesguidedby linear
defectsin photoniccrystals.Suchmodescanbe createdn spectralgapsof
thebulk materialsandareevanescenin the bulk.

1 Introduction

A photoniccrystal (or a PBG material, where PBG standsfor “photonic band-
gap”)is aperiodicdielectricmediumin which thefrequeng spectrunof electro-
magnetiovaveshasagap.In otherwords,monochromatielectromagnetivaves
of certainfrequencieslo not exist in this medium. Dueto their high promisefor
applicationssuchmaterialshave beenintensvely studiedsincetheideawassug-
gestedn 1987[22, 11] (see.e.g.,therecentbooks[10, 12, 18] andthe surwey of
mathematicaproblemsof this area[15]). Photoniccrystallinewaveguidesis one
of the importantsuggeste@pplicationof PBG materials. The ideais thatintro-
ducinga linear defect(a “waveguide”) into an otherwiseperiodicPBG material,
onecancreatewavesthroughit atfrequenciegprohibitedfor the bulk. Numerical
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andexperimentalktudieshave shovn thatsuchsuperiorquality guidescanbe en-
gineeredvery efficiently (e.g.,[10, 12, 16, 18]). Therealsoexist naturalacoustic
analogsf PBG materialsandcorrespondingvaveguides.

Analytic studiesof suchwaveguides,however, areessentiallyabsentvenin
the caseof straightwaveguide. The first questionsone canaskare existenceof
modesat the frequenciesn the bandgapof the bulk material their essentiaton-
finementto theguide(i.e., their exponentialdecayinto the bulk), andstructureof
thearisingspectrumn thegap(e.g.,absence®f boundstatesabsolutecontinuity
of the spectrum).In this article we addressomeof thesebasicissuesandderive
simpleinitial resultsfor the caseof a straightlinear defect. Theseresultsin fact
do not usethe periodicity of the bulk PBG material. Although one canobtain
analogousstatementsor the caseof full Maxwell equationwe only addresghe
scalamodelin this paperwhich coversin particularthe casef TE andTM po-
larizedelectromagnetigvavesin 2D photonicandwavesin 2D and 3D acoustic
waveguides.

We now describethe mathematicamodelstudiedin this text. Let go(x) and
Po(X) be boundedpositive measurabldunctionsin RY separatedrom zero, i.e.
0 < ¢p < gp(X), po(X) < €1 < . It is usuallyassumedn the photoniccrystal
theorythatboth functionsareperiodicwith respecto alattice ¢ RY, but thisis
notrequiredfor the basicresultswe obtainin this text.

Onecanthink thatthe whole spaceR? is filled with a dielectric or acoustic
materialwith propertiesdescribedy the functionseg andpg (the physicalinter-
pretationof thesefunctionsdependson whetherone dealswith electromagnetic
or acousticcase but this will be of no importancefor our study). In the caseof
periodicfunctionsthis modelsa photonicor acousticcrystal.

TheoperatorA is the self-adjointrealizationof
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Po(X)  €o(X)
in L2(R", po(x) dx) definedby meanof its quadraticform
/eol\Du|zdx (1)

with thedomainH(R").
We will alsoconsidera“defect” strip

S ={x=(x,X) eRY|xeR, X €1Q},



whereQ is the unit ball centeredat the origin in R (the ball can be easily
replacedby otherboundeddomains)and|Q is the ball of radiusl > 0. We can
now introducethe perturbednedium,for which

_&€>0 forxey _p>0 forxey
&) =1 go(x) forxe¢ S’ PO =1 po(X) forxé¢ S -

Physically alinearhomogeneoudefects is introducednto theoriginal medium.
We definethe perturbedoperatorA thatcorresponds$o the modifiedmedium

analogouslyto the backgroundoperatorAg. This operatoris self-adjointin the

weightedL-spacel»(R", p(x) dx), whichwill from now onbedenoted., .

Our goalis to show thatfor arny gap(a, B) in thespectruno(Ag) of theunper
turbedmediumandunderappropriateconditionson the parameters$, p, ande of
theline defect,spectrunof the perturbednediumarisesn thegap.Onenaturally
wantsto interpretthis asexistenceof guidedwavesin the “photonic waveguide”
Si, while thiswould requireproving someadditionalproperties. Thesearefirst of
all confinemenbf thewave to theguide(i.e., evanescencmto thebulk), whichis
alsoprovenbelow, andnon-&istenceof boundstateq(i.e., the factthatthe wave
is actually propagatingalong the waveguide), which we have not beenable to
establishyet.

Ourresultscomplementhediscussion®f the preprint[1] by H. Ammariand
F. Santosawherespectralpropertiesof the TM modein a 2D PBG waveguides
werestudiedin a situationof alinear defectalignedwith a periodicity axis of an
otherwiseperiodicmedium(andhenceFloquettheory[14, 17] wasapplicable).
In particular exponentialconfinemenbf theguidedmodedor this particularcase
wasproventhere.Someof theconstructionpresentedherearesimilarto theones
usedin [6] for localizeddefects.

2 Formulation of theresults

Our mainresultsarethefollowing theorems.

Theorem 1 Let G = (a,B) be a non-emptyfinite gap in the spectrumof the
“backgroundmedium”operator Ag (in particular, a > 0). Assumehat for some

o€ (0, B_T“) thefollowing inequalityis satisfied:

146%p%2 > vg_1, (2)



wherevy_1 > 0is thelowesteigervalueof the bi-harmonicopemtor A2 in Q with
Dirichletboundaryconditions.

Thenanyinterval of length2d in the gap G containsat leastonepoint of the
spectruno(A) of the perturbedopemator.

This theoremguaranteeshatwhen (2) is satisfied,defectmodesin the spectral
gapsof the backgroundmediumexist, andthe correspondingpectrumforms a
o-netin thegap. Oneis temptedto associatehesemodeswith the guidedwaves.
In orderto do so one needdirst to establishtheir confinemento the waveguide
(i.e., their evanescennaturein the bulk of the material)and secondly that they
do not correspondo discretespectrum(boundstates).The first of thesetasksis
achiezedin thenext simpleresult,while theseconds muchharderandstill awvaits
its solution. Beforeformulatingthetheoremwe remindthereadeaboutexistence
of thesocalledgeneralizegigenfunctiorexpansionsin the caseof the operators
we considey for almostall pointsz € R with respectto the spectralmeasure,
sucha generalizedeigenfunctionu € H|1C of the operatorA hasthe properties
(1+1x)) "Nu(x) € Lo(RY) and (1 + |x\)*’\?Du(x) € Lo(RY) for someN > 0. The
eigervalueproblemAu = zuis satisfiedin the distributionalsense.Thisis awell
known factfor elliptic operatorswvith smoothcoeficients[3], while for operators
of the type we studyonecanfind the correspondingesultsin [13]. We will use
the polynomialboundednessonditionin thefollowing form:

Ul (k0 + 11 DUll Lk 45 < C (T4 )N 3)

for ary compactk andx € R9. We summarizg3) aspolynomialgrowth of order
N.

Theorem 2 Letu bea polynomiallyboundedyenerlizedeigenfunctionof A that
correspondgo a valuezin a gap G of a(Ap), thenit decaysexponentiallyaway
fromthe defectstrip ;.

Theexactmeaningof the exponentialdecaywill beprovidedin thereformulation
of thistheoremgivenin Theoren3 of the next section.

3 Proofsof theresults

We adoptthe following notations:the normandinner productin Lz(R") will be
denotedy || - || and(-, -) respectiely, while thosein theweightedspace_»(R"; p(x)dx)
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will bedenotedwith thesubscripp: ||-||p, (-, -)p- Noticethatthenorms]|- ||, || -|lp,
and|| - ||p, areequivalent.

3.1 Proof of Theorem 1

Let (u— 0, u+ 0) beasub-intenal of thegapG. Theideaof theproofis thatunder
theconditionsof thetheoremoneis ableto provide anapproximatesigenfunction
u(x) for theoperatorA, suchthat||u||p0= 1 and

[|Au— pul|3< &. (4)

Finding suchan approximateeigenfunctionwould imply immediatelythe state-
mentof thetheorem For functionsu supportedn thedefectstrip, wherep(x) = p,
thisis equivalentto finding a functionu suchthat||u||= 1 and

|| Au— pul|>< &% (5)

So,let usconstructsucha function.

Let a real valued function ¢(X') € C3'(Q) have unit Lo-norm and ¢ (X) =
|(3=d)/2¢(x' /1). We will alsoneedreal valuedfunctionsy(x;) € C$(R) with a
unit Lo-normandn(x1) = n~2Q(xy/n) for n > 0. It is clearthatthe functions
@, Y, still have unit normsin the correspondingpaces.Introducingk = | /HpE,
we considerthe function

Un(X) = @ (X) Wn(xa) €, (6)

whichwill beourtry for anapproximateeigenfunction.

Insteacbf estimatingheleft handsideof (5), wewill estimate||ep (Au— pu)||?.
Takinginto accounthatthe functionu is supportednsidethe defect,the needed
inequality(5) canbealsorewritten as

18U+ pegpul[>< &*p%€?. (7)

Let uscalculatedirectly the left handsideof (7) for thefunctionu introduced
above, understandingll normsasthe normsin L»:

AU + pepUl|?=|| (A @ ) Wn + @ Wi + 2IKQWH 2 =[|(Ae @ )Wn + @ Wil1? +4ppe [aWh||>.
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We usedthedefinitionof k andtheconditionthatfunctionsgpandy arerealvalued.
Lety > 0. Usingtheinequality

(a+b)? < (1+y)a?+ (1+ \—1/) b?

andnormalizatiorof thefunctions we canestimatehelastexpressiorfrom above
to getthefollowing upperboundfor the expressionn question:

A 2< A X' 1+\_1/ i (XL 2 4UPS 1Y 12
I8u-+repulP< X 180 (T ) 1200 + 52 107 (C2) I, + s I () 12,
(8)

By changingvariablesto (x1/n,x' /1), this expressiorreducego

1

1+ L
= 1800112, )+ W ()2 z) +

“ps WD) - ©

Sincen canbe choserarbitrarily large (without changinghe defectstrip), the
lasttwo termscanbe madearbitrarily small (uniformly with respecto k on any
finite interval). Hence,oneneedso controlonly the first term by anappropriate
choiceof atestfunction@. In otherwords,oneis interestedn

Va1 = inf [A0(X) |10

wherethein fimumis takenoverrealfunctionsin C7'(Q) of unit Lo-norm. Thisis

thenthelowesteigervalueof thebi-harmonicoperatoA\? with Dirichlet boundary
conditionsin Q. In particular vg_; > 0. Now, dueto arbitrarinesf y > 0 our

conditionboils down to

Vd-1

7 < >p2e? (10)

or
145%p%€? > vy_1, (11)

which provesthe statemenof thetheorem.



3.2 Proof of Theorem 2

Let G beaspectralgapof Ag andz € o(A) N G. Let alsou(y) bea polynomially
growing generalizectigenfunctiorfor the operatorA thatcorresponds$o z (in the
meaningexplainedin the introduction). Let x = (x1,X) € RY andxx(y) bethe
characteristidunctionof thecube{y| |y; — x;| < 1} centeredatx.

We now give amorepreciseformulationof Theorem2:

Theorem 3 Thele exist positiveconstant$C; andC(z) sud that

IXxul| < Ca (14 [xa])" e ClAS), (12)
whee N is the order of polynomialgrowth of u.

Remark 4 Onemightbeconcernedvith thefactthatalbeittheeigenfunctiorde-
caysexponentiallyawayfromthe defectstrip, thefactorin front of the expression
growspolynomiallyalongthestrip. However, for a generlizedeigenfunctiorthat
growspolynomiallyone cannotexpectanythingbetter In the periodic situation,
using Floguet-Blod theory one can guaranteeabsenceof this growth (seethe
commentsit theendof the paper).

Proof. Definethe sesqui-lineaform

1
Qld,w] :=< D¢,8—0Dw> —Z< O,W>p,

with thedomainH(RY).

Let R(2) = (Ao —2)~! and ¢ := R(z)xxu. We useherethat z is not in the
spectrunof Ag. Notethatp € D(Ay).

Let p=max(2dist(x,S), 1) andy(y) beanonngative smoothcutoff function
that dependson y; only, is supportedin (x; — (p+1),x1+ (p+ 1)) andsuch
thatit is equalto 1 on [X; — p,X1 + p]. We assumefurther that &x(y) < 1 and
|0&x(y)| = |€L(y1)| < C for someconstantC andall x,y € RY. For simplicity of
notation we dropthesubscripiin & = &. Notethatu € H1(RY). Usingw= &u,
onegets

Q[0 Eu] =< Aod, EU>p, — < 20, EU >po=< XU, EU >po=[IXxUl[5, -



This meanghatour goalshouldbeto estimateQ[d, &u] from above. Ontheother
hand,usingthe equalityAu = zu, onegets

Q[¢aEU] = <D¢a S_JE)D(EU» o <¢7EZU>P0
= <D¢7 g_l()D(Eu» - <¢7 EAU>PO+ <¢7 %EAL')po - <¢a %EALI)po

Simplealgebraictransformation@ndeasilyjustifiableintegrationby partsallow
oneto rewrite thelastsumas

(00,00 + (0. EpPAp + (T, = 00 — 200 (13

In thesecalculationswve usedthe notations
1 1 1 1

£09= 2000 " 00" Y o T o0

Noticethatboththesefunctionsaresupportednsidethe strip .

Our lasttaskin proving the theoremis to estimatefrom above the termsin
(13). In orderto do so,we needanauxiliary statementoncerningheexponential
decayof theresohent,whichis aresultof [2, 6]:

Lemmab [2, 6] Ther exist a positivenumberm, that dependonly on the dis-
tanceof the point z from the gap edges, sud that for a positiveconstantC the
following estimateshold for thelocal L(RY)-normof theresolvenR(2):

IXuR(2)xv]|< Ce MY

IXuOR(2)Xv]| < CemmuV (14)

for anyu, v e RY. Here the normsin theleft handsideare the operator normsin
Lo(RY).

We cannow getthe needecestimatesLetV = [x; — p—1,x1 + p+ 1] x Q.
Thisis acompactomainthatcanbecoveredby theunionof p fixedsizedomains
Vj = [aj,8j + 2] x 1Q andwhich containshe supportf (§€) and(§p). Also note
thatdist(x, Vj) > dist(x, S ). Now usingthelemmaabore and(3) we get

(O, &E0U)| <|[xvDo||[|E€0u||<C IIZXV,DR( )XxUIIIIZXv,DUII

15)
<Cp (|x1|+p+1)2Ne mdiSt(x,s) <C(|X1|+l)2Ne (my— r] ydistix.s)
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We usedherethat p = max(2dist(x, .5 ),1). We alsodenotedby C differentcon-
stants.
Analogously

(0,8PAUY,| < CIZI3 Iy, 8l IEpull < O(1-+ xa)Ne-(me=mdistes) g

Letusmovenow to estimatinghelasttermin (13). Denoteby a > 0 anumber
suchthat shifts of 1Q by vectorsaj with j € Z91 cover the whole spaceR%1,
We denote

W= (x1—p—1,x— plU[Xt+ p,x1 + p+1]) x (1Q+aj).

ThenW; =Wo + (0,aj). NoticethatW = UjW, coverssupp§ anddist(x, W) >
Ci(p+1j|) —Ca.

We arenow readyto estimatehelasttermof (13) from above. We proceedas
before,usingthe lemma,the polynomialgrowth of u, anduniform boundedness
of €.

(O, & 06)po| < c; 5¢w; Ul Xw; OR(Z) Xt
< Cy(|xa|+ p+ | j| + 1)Ne-mdistow)
: : . (17)
< C(jxa| + p+ 1) Nemidistxs) 5 (1 4| ) Neil
.
< C([xq| + 1) N (me-m)distx.s)
Wherem§ andm% arepositive constants.

Theexpression (L, %Du)po\ is estimatedanalogouslyCombiningthe above
estimatesye get

IXxUlI2< C [[XxUl|2,= Q[, EU] < Cry (L + [xq|)NemedliSts),

Thisfinishesthe proof of thetheorem.

4 Remarks

In this sectionwe presensomecommentsoncerningheresultsof this paperand
possiblefurtherdevelopments.



1. Thesufficientconditionsfor existenceof “guided” modesprovidedin The-
orem1 arecertainlynot necessaryt would beinterestingto obtainsimilar
resultsunderwealer conditionson theguide.

The numbervy_; thatentersthe conditionscan be estimatechumerically
For instance, whend = 2, one can easily write a secularequationwhich
givesanapproximatevalueof v1 of about31.29.

2. Theoreml providesexistenceof a d-net of the defectspectruminsidethe
gap.Onewondershow muchof the gapthe spectrumoccupiesWhendoes
it fill the whole gap? Canit have gapson its own? Thereseemto be no
rigorousresultsavailableconcerningheseguestions.

3. Resultsof [2] onimproved Combes-Thomaresolentestimateshow that
theexponentialdecayconstanin,, which clearlydepend®nthedistanceof
the point z from the spectrumbehaesas/(z— o) (B — 2).

4. Oneis interestedn eliminatingthe polynomially growing factorin the ex-
ponentialdecayestimate(12). Its appearance dueto polynomialgrowth
of generalizeaigenfunctionswhichin generamightnotbe possibleto get
rid of.

In the casewhen the backgroundmedium (i.e., the functions pg(x) and
€o0(x)) is periodicwith respecto alatticel in RY andwhenthelineardefect
is directedalongoneof thelatticevectorsponecanapplyFloquet-Blochthe-
ory [14, 17]thatshovsthatonehasgeneralizedBloch) eigenfunctionsvith

N = 0. Thenone obtainsexponentialdecayestimateghat do not change
alongthe waveguide.

5. Theresultsof thepaperhave theiranalogdor thefull Maxwell system.The
authorgntendto presenthoseelsavhere.

6. As it hasalreadybeingmentionedjn orderto have thefull right to call the
discoreredmodes‘guided”, oneneedgo show thatthey do not correspond
to pointspectrunii.e.,to boundstates) Herethe mosttreatablecaseshould
be of a periodicmediumwith a linear defectalignedalongoneof the lat-
tice vectors.In this situationone canapply the Floquet-Blochtheorywith
respecto theaxial variableof thewaveguideandhopeto usestandardech-
niquesappliedin the caseof Schibdingeroperatorswith periodicpotential
(e.qg.,[4, 8, 14,17]). This happengo be not aneasytask. Evenin the case
of “hardwall” periodicwaveguides whenwavesarecontainedn aperiodic
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waveguide by Dirichlet, Neumann,or more generalboundaryconditions,
this problemis non-trivial. Althoughit hasbeenconsideredor ratherlong

time [5, 14], thefirst realadvancesareveryrecent9, 19,20,21]. Thecase
of photoniccrystallicwaveguidesis morecomple, dueto absencef com-
plete confinemenbf the waves, which exponentiallydecayinto the bulk,

but do not vanishcompletely

7. Thenext issueis engineerindpentwaveguidesin suchaway thatthereis no
significantreflectionbackat bends.Physicsanalysisandexperimentge.g.,
[12, 10, 16, 18]) show thatthis is possible.To the bestof our knowledge,
no rigorousanalysisof this problemis availableyet.
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