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Abstract

The paperaddressesthe issueof existenceof modesguidedby linear
defectsin photoniccrystals.Suchmodescanbecreatedin spectralgapsof
thebulk materialsandareevanescentin thebulk.

1 Introduction

A photoniccrystal (or a PBG material,wherePBG standsfor “photonic band-
gap”) is aperiodicdielectricmediumin which thefrequency spectrumof electro-
magneticwaveshasagap.In otherwords,monochromaticelectromagneticwaves
of certainfrequenciesdo not exist in this medium.Dueto their high promisefor
applications,suchmaterialshavebeenintensively studiedsincetheideawassug-
gestedin 1987[22, 11] (see,e.g.,therecentbooks[10, 12,18] andthesurvey of
mathematicalproblemsof this area[15]). Photoniccrystallinewaveguidesis one
of the importantsuggestedapplicationof PBG materials.The ideais that intro-
ducinga lineardefect(a “waveguide”) into anotherwiseperiodicPBGmaterial,
onecancreatewavesthroughit at frequenciesprohibitedfor thebulk. Numerical¡
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Leffler Institute.
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andexperimentalstudieshaveshown thatsuchsuperiorquality guidescanbeen-
gineeredvery efficiently (e.g.,[10, 12,16,18]). Therealsoexist naturalacoustic
analogsof PBGmaterialsandcorrespondingwaveguides.

Analytic studiesof suchwaveguides,however, areessentiallyabsenteven in
the caseof straightwaveguide. The first questionsonecanaskareexistenceof
modesat thefrequenciesin thebandgapof thebulk material,their essentialcon-
finementto theguide(i.e., their exponentialdecayinto thebulk), andstructureof
thearisingspectrumin thegap(e.g.,absenceof boundstates,absolutecontinuity
of thespectrum).In this articlewe addresssomeof thesebasicissuesandderive
simpleinitial resultsfor thecaseof a straightlineardefect. Theseresultsin fact
do not usethe periodicity of the bulk PBG material. Although onecanobtain
analogousstatementsfor thecaseof full Maxwell equation,we only addressthe
scalarmodelin thispaper, whichcoversin particularthecasesof TE andTM po-
larizedelectromagneticwavesin 2D photonicandwavesin 2D and3D acoustic
waveguides.

We now describethemathematicalmodelstudiedin this text. Let ε0 ¢ x£ and
ρ0 ¢ x£ be boundedpositive measurablefunctionsin ¤ d separatedfrom zero, i.e.
0 ¥ c0 ¦ ε0 ¢ x£K§ ρ0 ¢ x£ ¦ c1 ¥ ∞. It is usually assumedin the photoniccrystal
theorythatbothfunctionsareperiodicwith respectto a latticeΓ ¨Z¤ d , but this is
not requiredfor thebasicresultsweobtainin this text.

Onecanthink that the whole space¤ d is filled with a dielectricor acoustic
materialwith propertiesdescribedby thefunctionsε0 andρ0 (thephysicalinter-
pretationof thesefunctionsdependson whetheronedealswith electromagnetic
or acousticcase,but this will be of no importancefor our study). In thecaseof
periodicfunctionsthis modelsa photonicor acousticcrystal.

TheoperatorA0 is theself-adjointrealizationof© 1
ρ0 ¢ x£ ∇ ª 1

ε0 ¢ x£ ∇

in L2 ¢ ¤ n § ρ0 ¢ x£ dx£ definedby meansof its quadraticform«
ε ¬ 1

0 ­ ∇u ­ 2dx (1)

with thedomainH1 ¢ ¤ n £ .
Wewill alsoconsidera “defect” strip®

l ¯�° x ¯ ¢ x1 § x±²£�³�¤ d ­ x ³´¤µ§ x±+³ lΩ ¶g§
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whereΩ is the unit ball centeredat the origin in ¤ d ¬ 1 (the ball can be easily
replacedby otherboundeddomains)and lΩ is the ball of radiusl · 0. We can
now introducetheperturbedmedium,for which

ε ¢ x£ ¯�° ε · 0 for x ³ ®
l

ε0 ¢ x£ for x ¸³ ®
l
§ ρ ¢ x£ ¯�° ρ · 0 for x ³ ®

l

ρ0 ¢ x£ for x ¸³ ®
l ¹

Physically, alinearhomogeneousdefect
®

l is introducedinto theoriginalmedium.
We definetheperturbedoperatorA thatcorrespondsto themodifiedmedium

analogouslyto the backgroundoperatorA0. This operatoris self-adjointin the
weightedL2-spaceL2 ¢ ¤ n § ρ ¢ x£ dx£ , which will from now on bedenotedL2 º ρ.

Ourgoalis to show thatfor any gap ¢ α § β £ in thespectrumσ ¢ A0 £ of theunper-
turbedmediumandunderappropriateconditionson theparametersl § ρ, andε of
theline defect,spectrumof theperturbedmediumarisesin thegap.Onenaturally
wantsto interpretthis asexistenceof guidedwavesin the“photonicwaveguide”®

l , while this would requireproving someadditionalproperties.Thesearefirst of
all confinementof thewaveto theguide(i.e.,evanescenceinto thebulk), which is
alsoprovenbelow, andnon-existenceof boundstates(i.e., the fact that thewave
is actually propagatingalong the waveguide), which we have not beenable to
establishyet.

Our resultscomplementthediscussionsof thepreprint[1] by H. Ammari and
F. Santosa,wherespectralpropertiesof theTM modein a 2D PBGwaveguides
werestudiedin a situationof a lineardefectalignedwith a periodicityaxisof an
otherwiseperiodicmedium(andhenceFloquettheory[14, 17] wasapplicable).
In particular, exponentialconfinementof theguidedmodesfor thisparticularcase
wasproventhere.Someof theconstructionspresentedherearesimilar to theones
usedin [6] for localizeddefects.

2 Formulation of the results

Our mainresultsarethefollowing theorems.

Theorem 1 Let G ¯ ¢ α § β £ be a non-emptyfinite gap in the spectrumof the
“backgroundmedium”operator A0 (in particular, α · 0). Assumethat for some
δ ³ ¢ 0 § β ¬ α

2 £ thefollowing inequalityis satisfied:

l4δ2ρ2ε2 · νd ¬ 1 § (2)
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whereνd ¬ 1 · 0 is thelowesteigenvalueof thebi-harmonicoperator ∆2 in Ω with
Dirichletboundaryconditions.

Thenanyinterval of length2δ in thegapG containsat leastonepoint of the
spectrumσ ¢ A£ of theperturbedoperator.

This theoremguaranteesthat when(2) is satisfied,defectmodesin the spectral
gapsof the backgroundmediumexist, andthe correspondingspectrumforms a
δ-net in thegap.Oneis temptedto associatethesemodeswith theguidedwaves.
In orderto do sooneneedsfirst to establishtheir confinementto thewaveguide
(i.e., their evanescentnaturein the bulk of the material)andsecondly, that they
do not correspondto discretespectrum(boundstates).Thefirst of thesetasksis
achievedin thenext simpleresult,while thesecondis muchharderandstill awaits
itssolution.Beforeformulatingthetheorem,weremindthereaderaboutexistence
of thesocalledgeneralizedeigenfunctionexpansions.In thecaseof theoperators
we consider, for almostall points z ³»¤ with respectto the spectralmeasure,
sucha generalizedeigenfunctionu ³ H1

loc of the operatorA hasthe properties¢ 1 ¼ ­ x ­ £ ¬ Nu ¢ x£�³ L2 ¢ ¤ d £ and ¢ 1 ¼ ­ x ­ £ ¬ N ∇u ¢ x£�³ L2 ¢ ¤ d £ for someN · 0. The
eigenvalueproblemAu ¯ zu is satisfiedin thedistributionalsense.This is a well
known factfor elliptic operatorswith smoothcoefficients[3], while for operators
of the typewe studyonecanfind thecorrespondingresultsin [13]. We will use
thepolynomialboundednessconditionin thefollowing form:½

u
½
L2 ¾ K ¿ xÀ ¼ ½

∇u
½
L2 ¾ K ¿ xÀ ¦ CK ¢ 1 ¼ ­ x ­ £ N (3)

for any compactK andx ³�¤ d . Wesummarize(3) aspolynomialgrowth of order
N.

Theorem 2 Letu bea polynomiallyboundedgeneralizedeigenfunctionof A that
correspondsto a valuez in a gapG of σ ¢ A0 £ , thenit decaysexponentiallyaway
fromthedefectstrip

®
l .

Theexactmeaningof theexponentialdecaywill beprovidedin thereformulation
of this theoremgivenin Theorem3 of thenext section.

3 Proofs of the results

We adoptthe following notations:thenormandinnerproductin L2 ¢ ¤ n £ will be
denotedby

½ ª ½ and ÁÂª\§`ªÄÃ respectively, while thosein theweightedspaceL2 ¢ ¤ n; ρ ¢ x£ dx£
4



will bedenotedwith thesubscriptρ:
½ ª ½ ρ §$Á
ª\§`ªÄÃ ρ. Noticethatthenorms

½ ª ½ , ½ ª ½ ρ,
and

½ ª ½ ρ0 areequivalent.

3.1 Proof of Theorem 1

Let ¢ µ © δ § µ ¼ δ £ beasub-interval of thegapG. Theideaof theproof is thatunder
theconditionsof thetheoremoneis ableto provideanapproximateeigenfunction
u ¢ x£ for theoperatorA, suchthat

½
u
½

ρ ¯ 1 and½
Au © µu

½ 2
ρ ¥ δ2 ¹ (4)

Finding suchan approximateeigenfunctionwould imply immediatelythe state-
mentof thetheorem.For functionsu supportedin thedefectstrip,whereρ ¢ x£ ¯ ρ,
this is equivalentto finding a functionu suchthat

½
u
½ ¯ 1 and½

Au © µu
½ 2 ¥ δ2 ¹ (5)

So,let usconstructsucha function.
Let a real valued function φ ¢ x± £�³ C∞

0 ¢ Ω £ have unit L2-norm and φl ¢ x± £ ¯
l ¾ 1 ¬ d ÀÆÅ 2φ ¢ x± ¸ l £ . We will alsoneedreal valuedfunctionsψ ¢ x1 £�³ C∞

0 ¢ ¤�£ with a
unit L2-normandψn ¢ x1 £ ¯ n ¬ 1Å 2ψ ¢ x1 ¸ n£ for n · 0. It is clearthat thefunctions
φl § ψn still have unit normsin the correspondingspaces.Introducingk ¯ÈÇ µρε,
weconsiderthefunction

ul º n ¢ x£ ¯ φl ¢ x± £ ψn ¢ x1 £ eikx1 § (6)

whichwill beour try for anapproximateeigenfunction.
Insteadof estimatingtheleft handsideof (5),wewill estimate

½
ερ ¢ Au © µu£ ½ 2.

Takinginto accountthatthefunctionu is supportedinsidethedefect,theneeded
inequality(5) canbealsorewrittenas½

∆u ¼ µερu
½ 2 ¥ δ2ρ2ε2 ¹ (7)

Let uscalculatedirectly theleft handsideof (7) for thefunctionu introduced
above,understandingall normsasthenormsin L2:½
∆u ¼ µερu

½ 2 ¯ ½ ¢ ∆xÉ φl £ ψn ¼ φl ψ ±Ê±n ¼ 2ikφlψ ±n ½ 2 ¯ ½ ¢ ∆xÉ φl £ ψn ¼ φl ψ ±Ê±n ½ 2 ¼ 4µρε
½
φlψ ±n ½ 2 ¹
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Weusedthedefinitionof k andtheconditionthatfunctionsφ andψ arerealvalued.
Let γ · 0. Usingtheinequality

¢ a ¼ b£ 2 ¦ ¢ 1 ¼ γ £ a2 ¼�Ë 1 ¼ 1
γ Ì b2

andnormalizationof thefunctions,wecanestimatethelastexpressionfrom above
to getthefollowing upperboundfor theexpressionin question:

½
∆u ¼ µερu

½ 2 ¦ 1 ¼ γ
ld ¿ 3

½
∆φ Ë x±

l Ì ½ 2
L2 ¾ lΩ À ¼ 1 ¼ 1

γ

n5

½
ψ ±Ê±zÍ x1

n Î ½ 2
L2 ¾iÏ À ¼ 4µρε

n3

½
ψ ±$Í x1

n Î ½ 2
L2 ¾iÏ À ¹

(8)

By changingvariablesto ¢ x1 ¸ n § x± ¸ l £ , thisexpressionreducesto

1 ¼ γ
l4

½
∆φ ¢ x± £ ½ 2

L2 ¾ Ω À ¼ 1 ¼ 1
γ

n4

½
ψ ±Ð± ¢ x1 £ ½ 2

L2 ¾iÏ À ¼ 4µρε
n2

½
ψ ± ¢ x1 £ ½ 2

L2 ¾iÏ À ¹ (9)

Sincen canbechosenarbitrarily large(withoutchangingthedefectstrip), the
last two termscanbemadearbitrarily small (uniformly with respectto k on any
finite interval). Hence,oneneedsto controlonly thefirst termby anappropriate
choiceof a testfunctionφ. In otherwords,oneis interestedin

νd ¬ 1 ¯ inf
½
∆φ ¢ x± £ ½ 2

L2 ¾ Ω À §
wherethe in f imumis takenoverrealfunctionsin C∞

0 ¢ Ω £ of unit L2-norm.This is
thenthelowesteigenvalueof thebi-harmonicoperator∆2 with Dirichlet boundary
conditionsin Ω. In particular, νd ¬ 1 · 0. Now, dueto arbitrarinessof γ · 0 our
conditionboils down to

νd ¬ 1

l4 ¥ δ2ρ2ε2 (10)

or

l4δ2ρ2ε2 · νd ¬ 1 § (11)

whichprovesthestatementof thetheorem.
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3.2 Proof of Theorem 2

Let G bea spectralgapof A0 andz ³ σ ¢ A£+Ñ G. Let alsou ¢ y£ bea polynomially
growing generalizedeigenfunctionfor theoperatorA thatcorrespondsto z (in the
meaningexplainedin the introduction). Let x ¯ ¢ x1 § x± £�³:¤ d andχx ¢ y£ be the
characteristicfunctionof thecube ° y ­`­ y j

© x j ­ ¦ 1 ¶ centeredat x.
Wenow giveamorepreciseformulationof Theorem2:

Theorem 3 Thereexist positiveconstantsC1 andC ¢ z£ such that

½
χxu

½ ¦ C1 ¢ 1 ¼ ­ x1 ­ £ N e¬ C ¾ zÀ dist ¾ x º Sl À § (12)

whereN is theorderof polynomialgrowthof u.

Remark 4 Onemightbeconcernedwith thefact thatalbeit theeigenfunctionde-
caysexponentiallyawayfromthedefectstrip, thefactor in frontof theexpression
growspolynomiallyalongthestrip. However, for a generalizedeigenfunctionthat
growspolynomiallyonecannotexpectanythingbetter. In theperiodicsituation,
usingFloquet-Bloch theory, onecan guaranteeabsenceof this growth (seethe
commentsat theendof thepaper).

Proof. Definethesesqui-linearform

Q Ò ϕ § wÓ : ¯ ¥ ∇ϕ § 1
ε0

∇w · © z ¥ ϕ § w · ρ0

with thedomainH1 ¢ ¤ d £ .
Let R¢ z£ ¯ ¢ A0

© z£ ¬ 1 and ϕ : ¯ R¢ z£ χxu. We useherethat z is not in the
spectrumof A0. Notethatϕ ³ D ¢ A0 £ .

Let p ¯ max ¢ 2dist¢ x § Sl £K§ 1£ andξx ¢ y£ beanonnegativesmoothcutoff function
that dependson y1 only, is supportedin ¢ x1

© ¢ p ¼ 1£K§ x1 ¼ ¢ p ¼ 1£`£ and such
that it is equalto 1 on Ò x1

© p § x1 ¼ pÓ . We assumefurther that ξx ¢ y£ ¦ 1 and­ ∇ξx ¢ y£ ­ ¯ ­ ξ ±x ¢ y1 £ ­ ¦ C for someconstantC andall x § y ³Ô¤ d . For simplicity of
notation,wedropthesubscriptx in ξ ¯ ξx. Notethatξu ³ H1 ¢ ¤ d £ . Usingw ¯ ξu,
onegets

Q Ò ϕ § ξuÓ ¯ ¥ A0ϕ § ξu · ρ0
© ¥ zϕ § ξu · ρ0 ¯ ¥ χxu § ξu · ρ0 ¯ ½

χxu
½ 2

ρ0 ¹
7



Thismeansthatour goalshouldbeto estimateQ Ò ϕ § ξuÓ from above. On theother
hand,usingtheequalityAu ¯ zu, onegets

Q Ò ϕ § ξuÓ ¯ Á ∇ϕ § 1
ε0

∇ ¢ ξu£`Ã © Á ϕ § ξzuÃ ρ0¯ Á ∇ϕ § 1
ε0

∇ ¢ ξu£`Ã © Á ϕ § ξAuÃ ρ0 ¼tÁ ϕ § ρ
ρ0

ξAuÃ ρ0
© Á ϕ § ρ

ρ0
ξAuÃ ρ0

Simplealgebraictransformationsandeasilyjustifiableintegrationby partsallow
oneto rewrite thelastsumasÁ ∇ϕ § ξε̃∇uÃÕ¼tÁ ϕ § ξρρ̃AuÃ ρ0 ¼tÁ ∇ξ § u

ε0
∇ϕ © ϕ

ε
∇uÃ ρ0 ¹ (13)

In thesecalculationsweusedthenotations

ε̃ ¢ x£ ¯ 1
ε0 ¢ x£ © 1

ε ¢ x£ § ρ̃ ¢ x£ ¯ 1
ρ0 ¢ x£ © 1

ρ ¢ x£ ¹
Noticethatboththesefunctionsaresupportedinsidethestrip

®
l .

Our last task in proving the theoremis to estimatefrom above the termsin
(13). In orderto doso,weneedanauxiliarystatementconcerningtheexponential
decayof theresolvent,which is a resultof [2, 6]:

Lemma 5 [2, 6] There exist a positivenumbermz that dependsonly on thedis-
tanceof the point z from the gap edges,such that for a positiveconstantC the
followingestimateshold for thelocal L2 ¢ ¤ d £ -normof theresolventR¢ z£ :½

χuR¢ z£ χv
½ ¦ Ce¬ mz Ö u ¬ v Ö½

χu∇R¢ z£ χv
½ ¦ Ce¬ mz Ö u ¬ v Ö (14)

for anyu § v ³´¤ d . Here thenormsin theleft handsideare theoperator normsin
L2 ¢ ¤ d £ .

We cannow get theneededestimates.Let V ¯ Ò x1
© p © 1 § x1 ¼ p ¼ 1Ó+× lΩ.

This is acompactdomainthatcanbecoveredby theunionof p fixedsizedomains
Vj ¯ Ò a j § a j ¼ 2Ó$× lΩ andwhichcontainsthesupportsof ¢ ξε̃ £ and ¢ ξρ̃ £ . Also note
thatdist¢ x § Vj £�Ø dist¢ x § Sl £ . Now usingthelemmaaboveand(3) weget

­ Á ∇ϕ § ξε̃∇uÃ ­ ¦ ½
χV∇ϕ

½(½
ξε̃∇u

½ ¦ C
½
∑
j

χVj ∇R¢ z£ χxu
½c½

∑
j

χVj ∇u
½

¦ Cp2 ¢ ­ x1 ­ ¼ p ¼ 1£ 2Ne¬ mzdist¾ x º Ù l À ¦ C ¢ ­ x1 ­ ¼ 1£ 2Ne¬ ¾ mz ¬ η À dist¾ x º Ù l À (15)
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We usedherethat p ¯ max¢ 2dist¢ x § ® l £K§ 1£ . We alsodenotedby C differentcon-
stants.

Analogously,

­ Á ϕ § ξρρ̃AuÃ ρ0 ­ ¦ C ­ z ­ ∑
j

½
χVj ϕ

½F½
ξρ̃u

½ ¦ C ¢ 1 ¼ ­ x1 ­ £ 2Ne¬ ¾ mz ¬ η À dist¾ x º Ù l À (16)

Let usmovenow to estimatingthelasttermin (13). Denoteby a · 0 anumber
suchthat shiftsof lΩ by vectorsaj with j ³ÛÚ d ¬ 1 cover thewholespace¤ d ¬ 1.
Wedenote

Wj : ¯ ¢ Ò x1
© p © 1 § x1

© pÓÝÜÔÒ x1 ¼ p § x1 ¼ p ¼ 1Óa£3× ¢ lΩ ¼ aj £ ¹
ThenWj ¯ W0 ¼ ¢ 0 § aj £ . NoticethatW ¯ Ü jWj coverssupp∇ξ anddist¢ x § Wj £�Ø
C1 ¢ p ¼ ­ j ­ £ © C2.

Wearenow readyto estimatethelasttermof (13) from above. Weproceedas
before,usingthe lemma,thepolynomialgrowth of u, anduniform boundedness
of ∇ξ.

­ Á ∇ξ § u
ε0

∇ϕ Ã ρ0 ­ ¦ C∑
j

½
χWj u

½c½
χWj ∇R¢ z£ χxu

½
¦ C∑

j
¢ ­ x1 ­ ¼ p ¼ ­ j ­ ¼ 1£ 2Ne¬ mzdist¾ x ºWj À¦ C ¢ ­ x1 ­ ¼ p ¼ 1£ 2Ne¬ m1

zdist¾ x º Ù l À ∑
j
¢ 1 ¼ ­ j ­ £ 2Ne¬ m2

z Ö j Ö¦ C ¢ ­ x1 ­ ¼ 1£ 2Ne¬ ¾ m1
z ¬ η À dist¾ x º Ù l À

(17)

wherem1
z andm2

z arepositiveconstants.
Theexpression­ Á ∇ξ § ϕ

ε ∇uÃ ρ0 ­ is estimatedanalogously. Combiningtheabove
estimates,weget½

χxu
½ 2 ¦ C

½
χxu

½ 2
ρ0 ¯ Q Ò ϕ § ξuÓ ¦ Cη ¢ 1 ¼ ­ x1 ­ £ 2Ne¬ m1

zdist¾ x º Ù l À ¹
Thisfinishestheproof of thetheorem.

4 Remarks

In thissectionwepresentsomecommentsconcerningtheresultsof thispaperand
possiblefurtherdevelopments.
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1. Thesufficient conditionsfor existenceof “guided” modesprovidedin The-
orem1 arecertainlynot necessary. It would beinterestingto obtainsimilar
resultsunderweaker conditionson theguide.

The numberνd ¬ 1 that enterstheconditionscanbe estimatednumerically.
For instance,whend ¯ 2, onecaneasilywrite a secularequationwhich
givesanapproximatevalueof ν1 of about31¹ 29.

2. Theorem1 providesexistenceof a δ-net of the defectspectruminsidethe
gap.Onewondershow muchof thegapthespectrumoccupies.Whendoes
it fill the whole gap? Canit have gapson its own? Thereseemto be no
rigorousresultsavailableconcerningthesequestions.

3. Resultsof [2] on improvedCombes-Thomasresolventestimatesshow that
theexponentialdecayconstantmz, whichclearlydependsonthedistanceof
thepoint z from thespectrum,behavesas Þ ¢ z © α £ ¢ β © z£ .

4. Oneis interestedin eliminatingthepolynomiallygrowing factorin theex-
ponentialdecayestimate(12). Its appearanceis dueto polynomialgrowth
of generalizedeigenfunctions,which in generalmightnotbepossibleto get
rid of.

In the casewhen the backgroundmedium(i.e., the functionsρ0 ¢ x£ and
ε0 ¢ x£ ) is periodicwith respectto alatticeΓ in ¤ d andwhenthelineardefect
is directedalongoneof thelatticevectors,onecanapplyFloquet-Blochthe-
ory [14, 17] thatshowsthatonehasgeneralized(Bloch)eigenfunctionswith
N ¯ 0. Thenoneobtainsexponentialdecayestimatesthat do not change
alongthewaveguide.

5. Theresultsof thepaperhavetheiranalogsfor thefull Maxwell system.The
authorsintendto presentthoseelsewhere.

6. As it hasalreadybeingmentioned,in orderto have thefull right to call the
discoveredmodes“guided”, oneneedsto show thatthey do notcorrespond
to pointspectrum(i.e.,to boundstates).Herethemosttreatablecaseshould
be of a periodicmediumwith a linear defectalignedalongoneof the lat-
tice vectors.In this situationonecanapply theFloquet-Blochtheorywith
respectto theaxialvariableof thewaveguideandhopeto usestandardtech-
niquesappliedin thecaseof Schr̈odingeroperatorswith periodicpotential
(e.g.,[4, 8, 14,17]). This happensto benot aneasytask.Evenin thecase
of “hardwall” periodicwaveguides,whenwavesarecontainedin aperiodic

10



waveguideby Dirichlet, Neumann,or moregeneralboundaryconditions,
this problemis non-trivial. Althoughit hasbeenconsideredfor ratherlong
time [5, 14], thefirst realadvancesarevery recent[9, 19,20,21]. Thecase
of photoniccrystallicwaveguidesis morecomplex, dueto absenceof com-
pleteconfinementof the waves,which exponentiallydecayinto the bulk,
but donot vanishcompletely.

7. Thenext issueis engineeringbentwaveguidesin suchawaythatthereis no
significantreflectionbackat bends.Physicsanalysisandexperiments(e.g.,
[12, 10, 16, 18]) show that this is possible.To thebestof our knowledge,
no rigorousanalysisof this problemis availableyet.
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