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ON THE SPECTRUM AND THE
LOWEST EIGENVALUE OF CERTAIN
NON-COMMUTATIVE HARMONIC OSCILLATORS

ALBERTO PARMEGGIANI

ABSTRACT. We study here various expansions and approximations of

the spectrum of non-commutative harmonic oscillators of the type
02 z? 1
Q(z,D,) = A(—7 + 7) + B(x0, + 5), T €R,

with A, B € Mat2(R) constant matrices such that A = ‘A > 0 (or < 0)
and B = —'B # 0, when the Hermitian matrix A + 4B is positive (or
negative) definite. Special emphasis is put on the lowest eigenvalue.
These expansions are written in the limit det(A)/pf(B)*> — +oo, in
terms of the matrices A and B.

1. INTRODUCTION

In this paper we study various expansions and approximations of the
spectrum of non-commutative harmonic oscillators (introduced in [15] and
[16]; see also [14] and [11]) of the type

02 z? 1
where A, B € Maty(R) are constant matrices such that A = 4 > 0 (or < 0)
and B = —'B # 0, and such that the Hermitian matrix A+iB is positive (or
negative) definite. In particular, we are interested in better understanding
the lowest eigenvalue of such systems. In fact, the structure of the spectrum
(along with its multiplicity) was determined in the papers [15] and [16] (see
also [14]). However, since the eigenvalues are described by zeros of partic-
ular functions defined in general through continued fractions, they are still
difficult to be determined explicitly. On the other hand, considering the
limit det(A)/pf(B)? — +oo allows us to use Rellich’s Holomorphic Pertur-
bation Theory (see [18] and [8]) to obtain the eigenvalues (and the relative
suitably normalized eigenfunctions) as analytic functions of the parameter
det(A)/pf(B)2. In particular, we shall be able to select (among the candi-
date ones found in the papers [15]-[16]) the equation satisfied by the lowest
eigenvalue (for det(A)/pf(B)? large; see equation (33) of Theorem 4.11 be-
low). This equation allows a different interpretation of the terms arising
through Rellich’s method, and an approximation of the lowest eigenvalue
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which is the best one, as compared to Brummelhuis’ one (see [1]) and to the
one given by the W.K.B. method (which turns out to be the worst one, at
least in the simple-minded approach followed in this paper). We remark in
passing that, as proved in Corollary 2.4 below and as seen also by Rellich’s
theory, the lowest eigenvalue of Q(z,D,;) when A > 0 and A+ B > 0 is
strictly smaller than the one of A(—02 + x2)/2.

As proven in [15] (see also [14]), the spectral problem for system Q(z, Dy)

is unitarily equivalent to the spectral problem for
2 $2 1
Qe D) = [¢ ] =5 + 5+ S0+ ),

where J = [(1) _01], the parameters «, 8 belonging to

Hy = {(a,8) ERy xRy; aff > 1},

endowed with coordinates
L:=+/af—-1€Ry, z:\/ge]&_.

We may hence reduce matters to considering the problem for Q4 g)(z, Dy),
with a, 8 > 0, in the limit v/a8 — +oo.

The plan of the paper is the following. In Section 2 we shall set up the
perturbation theory used, and prove Corollary 2.4 mentioned above. In Sec-
tion 3 we shall exploit Rellich’s method using the classical Hermite basis,
and obtain the expansion of the eigenvalues of Q(z, D;) in the different in-
stances of a simple eigenvalues and of a higher-multiplicity eigenvalue (with
a suitable extra assumption), respectively. In Section 4 we shall compare the
different approximations and bounds obtained by the Rellich, Brummelhuis,
W.K.B. and Parmeggiani-Wakayama methods, respectively.

We close this introduction by pointing out that the study of the spectrum
of matrix-valued oscillators such as Q(z, D,) is important to the study of
lower bounds and solvability of systems of pseudodifferential operators (see,
e.g., [1], [2], [6], [12], [13]), and in some semiclassical asymptotics and Morse-
type inequality such as the ones of Shubin’s paper [20]. Moreover, the study
carried out here is to be considered as “complementary” to the (numerical)
study done in [9] in the case a = sf3, for increasing s > 0.

We hope to be able to apply some of the results of this paper (namely
Corollary 3.12 below) to the study of the Lieb-Thirring constant for the
system Q(z, D,).

2. SETTING THE EXPANSION
In this section we prepare the ground for the Rellich expansion by writing

Q(a,p)(z, Dz) as a perturbed diagonal harmonic oscillator. We set

—0; + ° 1
ﬂ, and e(r,D;) =20, + =, z €R

D.) =
h(z,Dy) 5 5
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Since we may write

(1) Qg (e De)=vap || V7 \/E h(z, Dy) + JL_ﬁJe@a,Dz) ,

a convenient set of variables in H is therefore given by
@ L 1 1
B’ vep V2 +1

The choice of ¢ in place of £ is more convenient for our present purposes. To

z =

simplify notation we will also set A(z) := [g 1(/)2] .
We will consider here the case 0 < a < 3, that is
z€(0,1] and t€(0,1),

and study the expansion of the eigenvalues, and especially of the lowest
eigenvalue, for fixed z and for ¢ — 0+ and actually as ¢ — 0 (see the
remark below), of the system

Qi(z,D;) = A(z)h(z, Dy) + tJe(z, Dy) =: Qo(z,Dy) + tM(z,D;), z € R.

Remark 2.1. Because of the particular form of Q:, we may, and will, con-
sider also t € (—1,0). We shall hence write the expansion as t — 0. Also,
(1) yields that for t # 0

1
A € Spec(Qy) <= Z)\ € Spec(Q(a,p))-

Notice finally that the case 0 < B < «, i.e. z € [1,400), is similar, and
gotten from the case a < B by considering the intertwining Q; — KQ K,

where K = (1) é:|, and by taking the limit as t — 0+ . In fact, KQ:K =
A(z~Yh(z, Dy) — tJe(z, D,) is isospectral to Q; (since K is an isometry
of L*(R; C?)).

For convenience, we now recall the reason why we assume |t| < 1. Upon
. _[2(z? +€2)/2 —itx€ .
denoting by Q;(z,¢) = [ itwé (a2 + £2))2 the principal symbol
of Q¢, we have for |t| < 1,
.162 _ 52
2

2
detQt(x,f):( ) +(1-tH2%? =0 = z=¢€=0,

that is @ is a globally elliptic operator (see [19] or [5]) for all ¢t € (—1,1).
Hence

Q:(z,Dy): S(R;C?) — S(R;C?), and Q;(z,D,): S'(R;C?) — S'(R; C?)
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are continuous and, as unbounded operators in L?(R; C?), they all have the
same domain

D(Q) = B*(R;C*) = {u € L*(R;C*); 2°05u € L*,Va, 3,0 < o+ B < 2},

with norm |u|%. = Z |z20%u|2,, which is the domain of Q, they all
0<a+B<2

are self-adjoint, they all have compact resolvent and have discrete spectrum

made of eigenvalues diverging to +o00, with finite multiplicities. Let us now

write, for all ¢ € (—1,1), Spec(Q:) = {Ak(t)}rez,, where Xo(t) < Ai(t) <

... < Xg(t) — 400, are the eigenvalues, being repeated according to their

multiplicities. Notice that as regards @y,

1
MOEY (n + 5) , for some choice of £+ and some n € Z .

Remark that S(R;C?) C D(Q;) = D(Qo) C D(M), for all t € (—1,1).
Lemma 2.2. There exists Cy > 0, independent of z, such that

@ IMul <G =+ ) (1ol + Iul), u € B(® ),

Hence, for |t| <1, Qi — Qo as t — 0 in the strong generalized sense
of Kato. In particular, for any given 0 < &1 < &9, with 1,e9 & Spec(Qo),
there exists 6 > 0 such that

dim[ D Ker(Qt—)\ILz)] :dim[ D Ker(QO—)\ILz)], Vit € (=4, ).

)\6(51,62) )\6(51,62)

Recall that by Q; — Qo as t — 0 in the strong generalized convergence of
Kato, we mean that the “gap” between the graphs of the operators (); and
Qo tends to zero as t — 0 (see [8], page 197 for the definition of gap between
subspaces of a Banach space and pages 201-202 for the definition of strong
generalized convergence).

Proof of the lemma. Since A is globally elliptic, there exists a parametriz
po(x, Dg) € OPS % of h such that po(z, Dg)h(z, Dy) = I2wyc) + 7(@, Da),
with r(z, Dg) € OPS,5p (see [19] or [5]). Hence Eyp = A(z Hpo(z, Dy) is a
parametrix of Qo, such that FyQo = I 2g,c2) + R, with R =r(z, D;)Ie €

OPS;IS% From the L?-boundedness of operators in OPsglob, and the fact

that MR = Je(z,Dy)r(z,D,) € OPsglob, we have that for any given u €

B?(R; C?), there exists Cy > 0 (independent of z) such that

|Mu] = [M(EoQo — R)ul < Co ( T 1) (120wl + u]).

which proves (2). We hence have for || < 1
) 1
Qe = Qoyul = lllagal < iCo =+ ) (1Qoul + lul), Vu € B2 C?),
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(recall that |Qou| + |u| = |u|p2). Theorem 2.24 (page 206) and Theo-
rem 3.16 (page 212-213) of [8] immediately yield the second part of the
statement. O

Remark 2.3. Inequality (3) also yields, by a theorem of Rellich (see [8],
Theorem 2.6, page 377-378), that {Q1}y<1 defines a holomorphic fam-
ily of type (A), for any given t € Iy := (—to,t9), where tg = to(z) =
min{l, [C’o(z2 + 1)/z] 1}. It follows that, being all the Qy self-adjoint with
compact resolvent for all t € Iy, by Theorem 3.9, page 392 of [8] (see also
[18], page 115), all the eigenvalues of Q: are given by analytic functions
A € C¥(Ip;R), k € Z4 (keeping into account repetitions given by multiplic-
ities). Moreover, one may find a sequence of analytic vector-valued functions
fr € C¥(Ip; L2(R; C?)), k € Z,, forming a complete orthonormal family
of the associated eigenfunctions of Q.

As a corollary of Lemma 2.2 and Rellich’s theory, we have the following
a-priori control on the expansion of the lowest eigenvalue of ;.

Corollary 2.4. Let A € C¥(Iyp;R) be the analytic function that represents
the lowest eigenvalue of Qi, which we may suppose, upon shrinking Iy if
necessary, to be simple for all t € Iy (for the lowest eigenvalue of Qg is
simple). Then

AA(0) =0, 82X(0) < 0.
In particular,
A(t) < A(0), for 0 < |t| sufficiently small.

Proof. We start by considering u € C%(Iy; L?(R; C?)) with |u(t)| = 1 for
all ¢t € I, the relative eigenfunction belonging to A (i.e. Quu(t) = A(t)u(t),
t € Iy). We may, and will, suppose u to be real-valued. Let \g = A\(0) =

min Spec (Qo(w, Dw)). Denote for short, B® = L2(R; C?), B2 = B2(R;C?).

Lemma 2.5. There exists 0 < 6, < 1 (dependent only on z) such that, with
I := (—4y,0.) C Iy, we have

Qou, Mu € C(I1;BO).
Also, as a consequence, for any fized t' € I, Quu € C(I1; BY).

Proof of the lemma. By estimate (2) we have the existence of d, € (0,1),
such that

(@) 1Quf1+ 171 <2(IQuf 1 +1f1), Vf € B2 Wt e (=4.,4.).

Moreover, by elliptic regularity, u(t) € B? for all t € Iy. Let now t,ty € I7.
Since

Qu(u(t) —uto)) = M)u(t) — A(to)ulto) — (t—to) Multe) =50, as t—to,
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we have, by (4),
|Quu(t) = Qoulto)]l = 1Qo (u(t) —ulto) )|

S Ju(t) = ulto)] + 1Q: (u(t) - ulto) )| — 0,
as t — to. Again by (2), we therefore have
|Mu(t) ~ Mu(to)] S 1Qo (u(®) — u(t)) | + lu(t) ~u(to)] — 0, as £ to,

The last statement follows from the following inequality (again a conse-
quence of (2)):

1Qeu(t) - Qraulto)l S 1Qo(u(®) = u(to))| + utt) — ulto)l

This concludes the proof of the lemma. O
Lemma 2.6. We have, for all t € I, dyu(t) € B2, and

0 (Quu(t)) = Qudpu(t) + Mu(t), 8y (Mu,u(t)) = 2(Myu(t),u(t))
(recall that u is real-valued). Moreover, QyOyu € C(I1; B®) (and hence also
Mo € C(I; BY)).
Proof of the lemma. Take t,1y € I;. Write

Quu(t) — Qrulto) _ Qou(t) — u(to) n tMu(t) — u(to) + Multy).

t—to t—to t—tp

It follows, for all f € S(R;C?) (recall that Qy = Qf and M = M* on B?)
as t — to,

(Qtu(t) — Qtu(to)
t—1p
= <Qt03tu(t),f>5’5, + (Mu(ty), f), Vf € S(R; C?).
On the other hand,
Qeult) — Quoulto) _ A@)u(t) — Alto)ulto) B°,

, ) s (Bulte), Qof)+o(Brulte), Mf)+(Multo), f) =

r— = r— Or(Au)(to)
as t — tg. Then
() QuOrulte) = —Multo) + 8:(u)(to) € B,
and, by elliptic regularity,
(6) owu(t) € B%, Vtel,.
Hence
(7) 0 (Quu(t)) = Qioru(t) + Mu(t), Vt € I.

Notice that the same argument gives also

Qoatu(t), Matu(t) € BO, Vit € 1.
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Next we have

(MU(t),U(t))t_ (tMU(tO),U(tO)) — (Gpu(to), Mu(to)) + (Mu(to), Gru(to))
—tg

= 2(Moyu(ty),u(ty)), as t—0,

by (6) and the continuity of ¢ — Mu(t).
Finally, by formula (5), it follows that

Qt (atu(t) —37:”(750)) = Qt0pu(t) —Qt, Oru(to) + (Qto _Qt) Oul(to)

=—-M (u(t) — u(to)) + 0t (Au)(t) — (M) (tg) — (t — to) M Opu(to) 10) 0
as t — 0. Hence,
|Qo0u(t) — Qodyu(to)| < [0ru(t) — Orulto)] + |Q:(Oru(t) — dpulto))| — 0,
as t — 0. This proves the lemma. O

We now go back to the proof of the corollary. Write u(0) = ug € Span{yp ®
e1} = Ker(Qo — A\o), where ¢y = /2 and e, = [é] Then

(8) 0= 0, (Ju(®)?) = 2(0m(), u(t), te i,
whence it follows that in particular 9;u(0) € Ker(Qo — X)*. Since
A(t) = (Quu(t),u(?)) = (Qou(t), u(t)) +t(Mu(t), u(t)),
we get
() = 2(Q0pu(t), u(t)) + (Mu(t), u(t))
= 2X(8)(Fpu(t), u(t)) + (Mu(t),u(t)) — (Muo,up) =0, as t—0,

for Mugy € Ker(QO — Xo)* and by (8). Notice that formula (7) and Mug €
Ker(Qo — Xo)* yield ,u(0) # 0, for otherwise

at(M)( ) = 9 A(0)u(0) = Qodru(0) + Mu(0) = Mu(0),

that is Mu(0) = 9;:A(0)u(0), which is impossible.
Notice, moreover, that

(9) OA(t) = (Mu(t),u(t)), VteI.
By Lemma 2.6 we have

(10) OFA(t) = 2(Mdyul(t), u(t)),
and

QtBu(t) = O A()u(t) — Mu(t) + A(t)dru(t),

whence, upon recalling the definition of @,

tMyu(t) = — (Qo - /\(t))Btu(t) n (atx(t) - M)u(t).
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Hence, taking the inner product with u(¢) and using (9) yields
1
A1) (Mau),ut) = =7 ((Qo = A®)dwu(t), u(t))

= _% (@:u(t), (Qo — )\(t))“(t)>’

for all ¢ € I1. Let us now write, for t € I,
1
At) = o + 51&2c')§/\(0) +t2w(t), u(t) = uo + tdu(0) + t2a(t),

and remark that t24(t) € BY, for all ¢t € Iy, for t2a(t) = u(t) —uo — tO4u(0) €

0
BO for all t € .J. Moreover 1i(t) Z, 0?u(0)/2 as t — 0, by the analiticity of
u. Hence

(Qo — M#))u(t) = Qo — Xo) (Bru(0) + ti(t)) — 2 (SENO) + w(t) ()
so that

(12) %((Qo - A(t))atu(t),u(t)) -

= ((Q0 = X)Brut), Byu(0) + ta(t) ) + o(1) — ((Qo = 20)Au(0), &u(0) ),

as t — 0, by Lemma 2.6. Therefore, on the one hand (10) yields
(Myu(t), u(t)) —> %83/\(0), as t— 0,

and on the other (11) and (12) give

(Mpu(t), u(t) — —((Qo = 20)3u(0), dru(0) ) <

((Qo — o)v, U) )
. inf 2" oo <o,
0#£vEB2NKer(Qo—MXo)+ HU"

being 0 # 9;u(0) € Ker(Qo — Xo)* and Qo — Ao > 0 on B2NKer(Qo — \o)* .
This concludes the proof of the corollary. O

Remark 2.7. Notice that the above corollary holds in more general situa-
tions. For instance, it holds for |t| sufficiently small when Ay = Ao + tAs,
D(A;) = D(Ag) = B2, with Ay = A} (globally) elliptic, where A = A}
satisfies estimate (2), Ao = minSpec(Ay) simple, Aj: Ker(Ag — Ag) —

Ker(Ag — Xo)t, inf Ao — o) S, 2> 0.
er(do =), it (o= 20)f, 1) /1]
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3. THE RELLICH METHOD

We start this section by recalling a few facts related to the oscillator-
representation of sly(R). Let

._x+aw T._w—aw
p = ol URES 7
Then ! is the “creation” operator, 1 is the “annihilation” operator and
1 2 )2
[, 91 =1, h(z, Ds) = ¢3p' — 5 @ Ds) = % B (1/)2)—.

Hence, upon defining ¢y = e=*"/2 and ¢, = (¥H)"pg, n € Z, one gets that
{¢n}nez, is an orthogonal basis of L?(R; C) such that
"N‘Pn = @nt1, Yoo =0, Yo =npn 1, (Pn,on) = /T bpnr,
1 1

h(@, Ds)pn = (n+3)pn = inpns €(2, Da)pn = 5 (nln—1pn—z = pna),
for all n € Z . Hence, the basis of L?(R; C?) with respect to which we shall
construct the Rellich expansion is {¢, ®e;; n € Z4,j = 1,2}, where {e1, es}
is the canonical basis of C2. Remark also that for all t € R, Q; preserves the
parity, for both )9 and M do. Hence also the expansion will decompose into
one relative to even-eigenfunctions and one relative to odd-eigenfunctions,
according to the orthogonal, invariant decomposition of

L*(R;C?) = L3yen(R;C?) @ L244(R; C?) =: L3 (R; C*) @ L2 (R; C?).
Let us concentrate on the case z € (0,1), fixed. The case z = 1 is already
explicitly understood in [15], and gives rise to multiplicity 2 eigenvalues.
(This fact will also be trasparent in the construction of the expansion.) We
will at first consider the case in which the limit-eigenvalue, relative to Q,
is Ao(z,m) := z(n + 1/2), for some fixed n € Z,. Let us therefore look for

+o00 +o00
U(t, 2 ) = Ztkuk(z; ')7 A(t) = Z tkAk:(zan)a

where it is no restriction to suppose that the u;’s and Ay are all real. Next,
let us consider the eigenvalue equation

Qi(z, Dg)u(t) = A(t)u(t), subject to |ut)|r2mc2) = l¥nlL2,
which is then written as

400 400 400 k
Z tkA(Z)h($a Dy )uy + Z tkje(x, Dy)up—1 = Z ¢ Z Ae—rtUr(T),
k=0 k=1 k=0 r=0

400 k

Z t* Z(uk—ra UT)L2(R;<C2) = |enl?.

k=0 r=0

We hence get the following recurrence:
[k =0] A(2)h(z, Dz)uo = Aouo, [uo] = en]
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[k =1] A(z)h(z, Dy)us + Je(x, Dy)ug = Aug + Aout, (ug,u1) =0

A(z)h(z, Dy)ue + Je(x, Dy)u; = Aoug + A1ug + Ague

[k =2]
2(ug, uz) + Ju|* =0,
k-1
A(z)h(z, Dy)ug + Je(z, Dy)up—1 = Apuo + Aoug + Z Ak—rty
[step k] & r=1
Z(uk—ra ur) = 0.
r=0

Remark 3.1. It is important to remark that changing ug — sug, s € R,

changes uyp to sug, for all k € Z,. Hence, the normalization conditions
k

Z(uk_r,u,n) =0, k € Z4, remain unchanged. This is crucial to observe,

r=0
for it will then be clear in the recurrence for the eigenvalues of @, that the

expansion of the eigenvalue is independent of |ug|-

It will be useful in the sequel to write the recurrence equations, and the
normalization conditions, also in the following form

(QO - )\O)UO = O’
(R) k—1
(Qo — Ao)ur = Apug + Z Mgty — Mug_1, k> 1,
r=1
k
(N) luol = const, > (up—p,ur) =0, k>1,
r=0

and the terms Mg, k£ > 1, upon taking the scalar product with ug,

k—1
(E) M= [(Mug1,0) = 3 e (i, 00) |/ o>
r=1

Remark 3.2. When )\g is simple, one has that the above recurrence equa-
tions at step k are all uniquely solvable, giving rise to analytic functions
t — A(t) and t — u(t) (see [8], [18], [10]). When A¢ is not simple, and in
our case it will have at most multiplicity 2, things are more complicated, be-
cause the recurrence equations may not be solvable at some step k, or because
of the lack of uniqueness. Howewver, one still has the existence of analytic
functions X9 and w0, j = 1,2, solutions to Qi) (t) = XD (t)ul?)(t) for
t in a neighborhood of 0, with A9 (0) = Ao, ul)(0) = u((f), j = 1,2, where
Ker(Qo — o) = Spanfu(”), u}.

We shall set throughout the sequel ¢_,, =0 for all n € Z.
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We end this section by recalling, for convenience, a few elementary facts
about the spectrum of Qo = A(z)h(z, D;) in L?(R;C?). Of course,

Spec(Qo) = { (i) = 2 7€ 2} U {hol,8) = 25 s e 24},

where the multiplicity of each eigenvalue is 1, unless z? = p,,,/y, for some
positive integers m,n with m < n. In such a case, Ao(z,n) = Ag(1/z,m) and
the multiplicity is 2.

Definition 3.3. We denote the set of “resonant” values of z € (0,1) by

S:{ &; r,s € Ly, S<T}.
V i

Furthermore, when z € S, we say that (n,m) is minimal when n and m
are the least positive integers for which 22 = pim [ pin.

It is important to observe that once z € S is fixed as above with (n,m)
minimal, there are infinitely many eigenvalues of ()y that have multiplicity
2. In fact, since for ¢, m, m' € Z, one has qpy, = pny iff 2lg—1, i.e. ¢ = 2,
for some s € Z, it follows that

42 — Hm _ Hstbm _ Hm—|—s+2ms’ Vs € Z.,
Un Hspin Mn+s+2ns
whence all the eigenvalues of multiplicity 2 are all uniquely given by
1 1
/\o(Z,n + s+ 2’)’),8) = ZMn+s+2ns = ;ﬂm+s+2ms = )\O(g,m +s+ 2ms),

for all s € Z,. We may therefore state the following fact in the form of a
lemma.

Lemma 3.4. Suppose 2> = pm/in, for m < n positive integers and (n,m)
minimal. Then

1
No(2,7) = Xo(,8) = (r5) € So = { (2p+ 1, 2ump+m); p €L}
It hence follows that

1 1
min{min|)\0(z,r) — Nolz, ™), min [Ao(=, 8) — Ao(=, 8)],
r#£r! s#£s' z z

1 1 1
min |[Ag(z,7) — Xo(—,8)|p = — = .
(7‘;5)€50| o(z7) O(Z )l} ZUn A/ HmHn
We will call (zp1n) " = 2/pm = (pmpn) /2, the spacing of (the spectrum
of) Qo-

Remark 3.5. Hence zu, is simple if and only if there is no m < n such
that zptn = 2z ‘pm. In particular the lowest eigenvalue of Qo is always
simple.

In the next section we will give the formula for the expansion in the case of
an eigenvalue A(t) whose “reference eigenvalue” A(0) = Ao(z,n) is simple.
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3.1. The case of \y(z,n) simple. We want to obtain the expansion of
At) = Ao +tA1 + 222 + ..., when \g = A(0) = Xo(2,n) is simple. We
necessarily have to require z # 1. We hence suppose that zu, # 2z, for
allm € Z4 with m < n.

To get an idea of the formula we should expect, we start by computing a
few steps in the expansion.

Step k£ = 0. This is just the eigenvalue equation for )y, which yields that
Uy = Pn Q e1.

Remark 3.6. Notice already at this point that supposing z = 1 would of
course give the same Ao, and the choice of two functions, orthogonal to one
another,
u(j):ga Rej, 3=12
0 n K s
Moreover, considering z~'(n+1/2) as “reference eigenvalue” would give rise
to a function of the kind ¢, ® e,.

Step k£ = 1. In this case, we have the equation
(A(z)h(ac, D,)— )\o)m = Mug — Je(z, Dy)up.

Since Jug = ¢, ® ez, we may write
1
(A(Z)h(fb“a Dy) - Ao) ur=Apn®er— 5 (n(” —Dppo— <Pn+2) ® e,

whence, with u; = [ZH:|, the system of equations
12

z(h(w,Dw) —(n+ %))Ull = A1¢n

(2460 00) 5t + ) ) wiz = =3 (0l — V-2~ ps2).

The first equation immediately gives

M =0, u;p = c(()l)tpn, for some c(()l) € R

1) (1)

As for the second one, we look for u19 of the form ui9 = C_llsOn—Q + 011 Pn+2,

for some c(_lf, cgl) € R to be determined. Notice that the coordinate of uis

with respect to ¢, has to be 0. Then

(1)

1 1
;h(iv,Dz)Uu = ; [leﬂn—QSOn—Q + Cgl)

,Un+290n+2] ;
and, since z i, _o — 2y # 0,
nin —1) (1) 1

(13) =~ , )=
2 (zilun—Q - Z,U'n)

2 (qu%” - Z,un)
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On the other hand

(uo,u1) =V enl? =0 = Y =0,

whence

(1) (1)

A1 =0, uy =uppQ®e:= [C 1Pn-—2+c <Pn+2] ® ez, (uo,u1)=0.

We next consider step k = 2.

Step k£ = 2. In this case, being A\; = 0, we have to consider

(A(z)h(fﬂa D;) — )\o)u2 = e(z,Dy) [C(_lis%—z + C§1)<Pn+2] ® e1 + Aoy, @ eq,

that is the system, with uy = [uﬂ],
U292

1
Z(h(xa Dy) — (n+ 5))’“21 =e(z, Dy) [C(_lgﬁﬁnﬁ + C§1)<Pn+2] + Ao

(zflh(ac,Dw) —z(n+ %))uzg =0.

Being 2?2 # 1 and )¢ simple, the second equation yields ugy = 0. The first
equation may be written as

1
Z(h(x, Dz) - (’I’L+ 5))’1},21 =
(1) (1)
1 0
= 3 [C(j%(n—2)(n—3)90n—4—Cgl)(pn+4] + <A2+%(n+2)(n+ 1)— 21)901“
whence, being on, € Ker (h(37’ D) — (n+ 1/2)), it follows that

1
do=5 (M -+t 1d"), w=uwn@e,

2
where ug; = c(_2%<,0n—4 + 082)<pn + cg)go,hu;, with

2 (n—2)n- )P O

C(_2 8z 2 T Ty
and 082) determined by
) — (uo,ug) _ Jw]*
lonl? 2]¢n|?
Notice that choosing c(()2) = 0 would yield uq = uo = 0, so that, as it will be

seen below, A\, = 0 for all £ > 1.
To properly state the theorem about the expansion, we need the following
definition.
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Definition 3.7. Let n,d € Z, and z € Ry be fized. We define the following
polynomials in the Hermite functions ¢n12j, j € Z,

( jeven

Z cgd)(z;n)¢n+2j, when d s even,
—d<j<d
Pan(2; ) = 9
j odd
d .
Z Cg)(z;n)ﬁpn+2ja when d is odd,
\ —d<j<d

where cgd) (z;n) € C. For simplicity, we shall write cg-d), and it will always

be understood that cg-d) =0 when j >d orn+2j <O0.
We are ready to state the theorem about the expansion.

Theorem 3.8. Let z € (0,1). Let Ao(z,n) = z(n + 1/2), for some n € Z,
with A\o(z,n) simple. One can then find analytic functions A\: Iy — R and
u: Ip — L2(R; C?) (with u(t;-) R?-valued), such that

Quu(t) = A@)u(t), At) — do(2) as =0, [u] =[pn], u(0)=¢n®e,
A(t) = Z Dok (z,n) %, u(t, ;) = Z ug(z;)t¥,

k€Z 4 k€Z 4
Ugk+1(2; ) = P2k+1,n(2; ) ® €2, ugk(2;+) = parn(2;9) @ ey
Hence, in the expansion of A(t) the coefficients Ao y1(z,n) = 0, for all k €

Z, and the Aok (2,n) and the polynomials pok n, and pagy1,, may be explicitly
computed by recurrence. More precisely, one has the following formulas:

1 - —
Aok (z,m) = _(c(_zf 1)(z;n) —(n+2)(n+ 1)c§2k 1)(

5 z; n)) +

k—1
" N5y (2 m)e) (z5m),
s=1

for k> 1 (where we set Y o_, =0);
n(n —1) 1 1
1 ) Cg )(Z, n) = ] )
2(z  pn—2 — zptn) 2(z  pnt2 — 2pn)
with pr = 0 for k < 0;

c(jz (z;n) = —

@ N (z1)2n-2]? + ¢ (230)2 | @nsal®

@ ) = 2lpal? ’
k—1
lel® + 2 (ugk s ur)
c(()%) (z;m) = — r=1 , for k>1;

2lenl?
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and as regards the remaining coefficients of the polynomials p,n(2;¢) one
has:
Formulas for the coefficients of the polynomials poy ,(¢):

1 —
(o) —g (2 )+ 1 - ) (zn), i 4k <n
cCoplzin) =
0, otherwise ;
" 1 (ore
by (23m) = _%Cgi_f)(m );
(oK) S (29)
2 25) (..
¢ (#m) = 22§ <s§|—1 Ao(k—s)(2)e; " (z3m)+

1 _ _
+§ [(n +254+2)(n+2j+ l)cﬁk1 R (z3m) — cg-Zlcl 1)(,z; n)] ),

when |j| =2r + 2, withr =0,1,...,k — 2.
Formulas for the coefficients of the polynomials poi1,(p):

D) @, a2 <

2k+1 2( Ly ap_o — n)
C(,(224-)1)( ;n) = # Hntkm2 A
0, otherwise ;
TR i 10
c2k+1 (z’ )_ 1 ’
2(27 Pntak+2 — Zﬂn)
k-1
(@k+1) (. Y 1 A (2s41) (.
C; (Z, ’I’L) - Zﬁlﬂn—}—?j — Zpin Z 2(k—s) (z)cj (Z, n)+

L7 2k U . 2%
+5 62 zm) — (0 + 2 + 2+ 25 + DL (m)] ),
when |j| =2r+ 1, withr =0,1,...,k — 1.

Proof. The first part of the proof consists of proving by induction that the
Agk+1 are all zero, and that the functions uog, uggy1 are indeed of the stated
form. The second part deals with computing recursively the coefficients Aoy
and the polynomials po and pog+1.

We have already seen that \j = 0, up = ¢, @ e1 = pon(p) ® e1, and

Uy = [Cg%‘ﬁn—Z + c§%n+2] ® e2 = p1.n(p) ® ea. So, suppose the induction

hypothesis true up to an integer r — 1.

e Suppose r = 2k. We have to prove that ugy, = pag.n (@) ®e1. The recurrence
above yields for ug; the equation

2%—1
(A(Z)h(%“an) - Ao)uzk = Aokt + Y Aok—sts — Je(x, Dg)usp_1.

s=1
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Hence, by the induction hypothesis, we get
(A(2)h(w, Da) = Ko uak = dokpn @ e1+
k—1
+Z )‘Z(k—s)pQS,n((p) ey — Je(a:, Dz)kafl,n((P) & e2,

s=1
that is
k—1

1
Z(h(ﬂh Dz) — (n+ §)>U2k,1 = Xokon + > Aa(b—s)P2sm () +

s=1
1 +€('TaDz)p2k—1,n(90)
(z_lh(x, Dy) —z(n + 5))u2k,2 =0.

As before, 22 # 1, M\g(z,n) simple and the second equation yield Ugg,2 = 0.
Let us now isolate the ¢, coefficient in

(14) G(I, Dm)ka—l,n(‘P) =
j odd
(2k—1) . .
Z c; ((n +25)(n + 25 — 1)pnpo—1) — ‘-Pn—l—2(j+1))a
l7]1<2k—1
which is given by

N =

1 _ _
5((n+2)(n+ 1)c{D _ 2 ”).

Upon observing that e(z, Dg)pok—1,n(¢) = D2k,n(p) is a polynomial of the

form Z 5§2k)<pn+2j, for suitable coefficients 5§2k)obtained from (14) above,
|5]1<2k

we immediately get

k-1

1 _ — s

Uk = P2k (9)®e1, Aok = 5 (C(_Qf Y (n42) (n+1)c* 1))—2 /\2(kfs)c(()2 )
s=1

where we set cg.r) =0 for all j € Z, whenever r < 0.

We finally choose the coefficients c(()%), as

k-1
Juk? + 2 (ugp—r, ur)
2K) .\ -1
¢y (z;n) = — 2]()0”"2 , k>1.

The formula for the coefficients of po, , () is immediately obtained from the
system above.

e Suppose now r = 2k + 1. In this case, we have to consider
2k
(A(Z)h(lﬂ, Dy) — )\0) Uskt1 = Aokr1to + D Aopp1—stis — Je(, Dy )tigg.

s=1
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Hence, by the induction hypothesis, we get

(A(Z)h(H?an) - /\0)U2k+1 = Aog419n @ €1+

k-1
Y No(k—s)P25+1,n(0) ® €2 — €(w, Dy )pok.n(p) @ €3,
s=0
that is
1
Z(h(iv,Dx) —(n+ 5))“2“1,1 = Aok 41©n

k—1
1
(z_lh(wa D;) — z(n+ 5))U2k+1,2 = Aa(k—syP2si1n(0)+
s=0
_e(waDw)ka,n((P)-

Again, the second equation gives ugxi12 = pokt1,n(p), for one has that
e(z, Dy)pakyn = Dok+1,n(p), whereas the first one gives g1 = 0 and
Ugk4+1,1 = cpy for some ¢ € R. Now,

2k+1

0= Z (Uok+1-r,ur) =

r=0
k

Z (Pz(k—r),n(SO) ®e1, Par+1,n() ®62> + (p2k+1,n(‘;0) ®eztcpp®er, <Pn®61) +
r=0

k
+ Z(p2(k—r)+1,n(‘10) ® €2, p2rn(p) ® 61) = clen "2 = c¢=0.
r=1

It follows from [8] (see also Satz 1, page 360 of [18], and Theorems IT and
ITI, pages 356 and 359 of [10]), that such functions ¢ — A(¢) and ¢ — u(t)
exist. Equating then the coefficients according to the powers of ¢ in the
equation Qiu(t) = A(t)u(t) gives the above recurrence equations, that we
have uniquely solved. Hence the coefficients must be given by those we
have found above, thereby concluding the proof of the theorem. O

Remark 3.9. Of course, the formulas for Ay and ug can be obtained by the
ones in [18], Satz 1 (page 360, formulas (3a)-(3c)), by specializing matters
to the present case.

Remark 3.10. Recall that the expansion of a simple eigenvalue \(t) of Q4
holds more generally for all (z,t) € Ry x Iy} with z # 1 (value that must be
excluded because it gives rise to higher multiplicity eigenvalues).

For the reader’s convenience, we shall give the formula for the expansion
1 1
in the case the “target” eigenvalue of Qg is given by —(m + 5) and is simple.
z

Notice that in this case there is no integer n > m such that zpu, = 27y,
then. One has the following theorem.
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Theorem 3.11. Let z € (0,1). Let A\o(z~1,m) := 2z~ (m + 1/2), for some
m € Z, be simple. One can then find analytic functions A\: Iy — R and
u: Iy — L2(R; C?) (with u(t;-) R%-valued), such that

Quu(t) = At)u(t), Alt) — Xo(2) as t =0, [a] =|enl, 4(0) = pn®e2,
A=Y A%(%,m)t%, At s) = Y dnlz )t
keZ keZ

liok41(2; ) = —poks1m(z750) ® €1, ok(25+) = Pom (275 0) ® €2,
where the functions Ao and the polynomials p,,, are the ones introduced in
Theorem 3.8. Hence, for instance, for all k > 1 one has the formula

1 1 _n,1 .1
)\2k(;am) = 5(0(,2{“ 1)(;;m) — (m+2)(m+1)c§2k 1)(;;m))+
k—1
1 1
- Z A2(k—s) (;a m)c(()%)(;; m).
s=1

Proof. The proof follows from Remark 3.10. In fact, one considers as
t— 0+

10

and applies the construction of Theorem 3.8 to the eigenvalue A(¢) that tends
to z271(m + 1/2) as t — 0. Hence, it just suffices to replace ¢t by —t, z by
1/z, and e; by Kej, j = 1,2, in the formulas in Theorem 3.8. O

KQK = A(%)h(m,Dw) + (—)M(z,D,), where K — [O 1] ,

As a byproduct of the formulas in Theorems 3.8 and 3.11, we have the
following corollary on the behavior of finite parts of the spectrum of Q); as
t— 0.

Corollary 3.12. Fiz Ny € Z4, and let z ¢ S. Suppose that
_ 2 —1
2?2 > max {Nn’ﬂn2+ nz(n ) }
n=0,..No | fint2 pn  pna(n®+mn+2)

Let Ay n(t), n = 0,..., Ny, be the eigenvalues of Q¢ such that Ay ,(0) =
2y, £-respectively. (We may hence suppose that they are all simple for
n=20,..., Ny, provided t is sufficiently small.) Then there exists § > 0 such
that

Ain(t) < Apn(0), YR=0,...,Ny, Vt € (=4,6).

Proof. The proof follows immediately from the formulas for Ag(z*!,n),
namely
—1 2 1
AQ(Z,TL):_E< n(n 2) +(n-l- )(n;— )>,
4 \pin—2 —2°pn  pPnt2 — 2°pn
e 1 (=1 (+2)(n+1)
n(n — n+2)(n+
/\2(-,71) = —— ( ) + ;) ) .
z 4z \pn—2 =2 *fin  fint2 — 2" “pin

For the above choice of z one has Ap(zt!,n) <0, n =0,..., No. O
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3.2. Expansion for A\pin(t) and pmin(, 8) as t — 0. We now concentrate
on the lowest eigenvalue Apmin(t) of Q;. Since z € (0, 1), we have that Ay = z/2
is the lowest eigenvalue of @)y, and it is isolated. It is therefore interesting to
see how the first few terms in the expansion of Apin(t) look like. We have,

z 1 75 — 3422 + 724
Amin(t) = = — t? — st' + o(t°),
2 ofH2_ 3 (Ko K2
Moz 32z° | — —zpo ) | — — zpo
z z z
as t — 0, whereas the relative eigenfunction (normalized by |u] = |¢ol)
“looks like”
ut:(p0®61+m—g02®62+
()
z
2 1 1 2
—t (po—}— ©4 ®61+0(t ),t—>0

2 H2
8 (@ - Moz) loll? 162 (7 - “0z>
z

In particular, one may write the expansion of the lowest eigenvalue pimin (e, 5)
of Q(a,p)(,Dg) as \/aff — 400 when a <  and «/f is a constant lying
in (0,1) as follows. With the choice of coordinates (z,t) introduced above
(hence z € (0,1) is constant and ¢ € (0,1)), one has

z 1

z 1
a = Z, ﬂ = Ea umin(aaﬁ) = N’min(g’ E)a

and

z 1 1/(z z 5 2(75—3422 +72%) , 5
mZ, Y= (22 2 ¢ ¢
Hmin(3 ) t(2 2 o 2e o2 o))

ast=1/vaB —-0+.

3.3. Higher multiplicities. It is interesting to explore higher multiplici-
ties. Asshown in [15] and [16] (see also [14]), the multiplicity of an eigenvalue
of Q(a,p)(x, Dz) relative to L7 (R;C?) (resp. L? (R;C?)) is at most 2. We
are going to consider the case in which the “reference” eigenvalue of @)y has
multiplicity 2, and is of the kind

1 1 1 1
o=z = (n+ 1) =1 (m+ 1) =doLm)
for some n,m € Z, that amounts to saying that 22 = /1, (recall that
pn =mn+1/2 and, since z € (0,1), we must have m < n).
From Remark 2.3, we have two analytic functions in Iy, that we denote
A (#) and X®)(¢), for which

im AD (#) = lim A (¢) =
%1_)11(1))\ (t) %1_1)%)\ (t) = Ao-
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We also write

= Z )\Qk(zan)tmca 2 Z A21c t2k

kEZ kEZ 4

Let us set
uél) = n @ ey, u((]Q) = pm Q e, Vo :=Ker(Qop— M) = Span{uél),ugm},
and denote by Py the orthogonal projection of L?(R;C?) onto Vj.

One may deal with the following problems:

e Study the case where () (tg) = A2 (y) for some ty € Iy;
e Study the case where A1) (¢) #£ A2)(¢) for all ¢ # 0, sufficiently small;
e Study the case where A1) (t) = X?)(2) for all ¢ € I.

The first problem is of course more difficult than the other two. We will deal
here only with the second one, and actually with a special case of it. The
main point is to find out a way for equating the coefficients in the expansions
of the functions A1) and A?).

Of course, the recurrence procedure introduced in Section 3 has to be
adjusted to the higher multiplicity case. As already remarked there, it is
well-known that the recurrence changes and it becomes less elementary to
get the coefficients of both the expansions of the various branches of the
eigenvalues and of the eigenfunctions (in fact, it might happen at some step
k that the relative recurrence equation is not solvable; this is the main
obstruction to the recurrence). At any rate, we know ([8], [10], [18]) that
also in this case one can find analytic functions

2D I — R, w9 I — L2(R;C?), j=1,2,

such that (the u9) may be taken real-valued, for j = 1,2 for Q; is a real
operator)

Qui(t) = XD (1)u(1), [uD(t)| = [uf’], vt € To, XD (0) = X, j =1,2.
Now, suppose z € S is not of the form p,, o4k, /1n, for some kg € Z. Then
it is easily seen that
M:Vy — Vi,
()

whence it follows that if we assume that the u,c have one and only one

component v(] ) = c(() ]) u(] ) along V4 in the direction of u(()) for all k € Z,

then all the recurrence equations may be uniquely solved, for in this

() (4)

case we always have that the u;”’,...,u;’, and M u,(cjzl have at most one
component along Vp, always in the direction given by u(()J ), which is fixed
by the normahzatlon condition, and hence that the only Vj-component of

( —I— Z’: i /\,c PU ( ) M u,(c] )1, which is therefore along u(() ), can hence

be kllled by the choice of the relative )\(j ). This is equivalent to solving the

recurrence equations (R;) (the ones relative to u(J )), along with (N;) and
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(Ej), as if the eigenvalue Xy were simple, hence writing things down by using
the formulas of Theorem 3.8 (and Theorem 3.11). It is also equivalent to
setting, for j = 1,2,

(15) A = (Mu§u) a2, uf = — RoMuf,

a6) A = [, ZAU (), u§)] /6§12, k> 2,

k—1 ] -
| (o u?) |
(17) u](g]): _T:12”T)H2ugj)+ Z A,(C{)TR()’U,,(“]) — RoMugcjzl, k> 2,
0 r=1

where Ry is the pseudoinverse of Qg — Ag, which is uniquely defined by
(QQ — )\o)Ro = Ro(Qo — )\0) =1—PFy, and Ryu =0, Yu € V.

But equations (15), (16), (17) are exactly equations (3a)-(3c) of Satz 1 in

[18], and being )\ isolated, one has from Rellich’s proof that the recurrence

converges, and it sums up to analytic functions ¢t — A\U)(¢) € R and ¢ —

uU)(t) € L*(R;C?) that are solutions of Qu()(t) = X0 (t)uld)(t), j = 1,2,

with A4 (0) = X\ and u()(0) = (J) , 7 = 1,2, that therefore must coincide

with those obtained in [10] and [8] (Satz 2 of [18] does not apply in the
present case). We have hence proved the following corollary.

Corollary 3.13. Suppose z € S, with 2° = pm/tin, such that m # n —
2 — 4k, for all k € Z.. Consider \o(z,m) = Ao(1/z,m). Then there ezist
analytic functions XV, X : Ij — R and v, u®: Ij — L*(R; C?) such
that [uM] = [@nl, [u®] = lem| and

1
uD(0) = pp®e1, uP(0) = pr®ez, AV (0) = X2 (0) = Ng(2,n) = Xo(Z,m).
Moreover, the coefficients of A9 and w9, j = 1,2, are determined as in
Theorems 3.8 and 3.11.

Let us hence take 22 = p,,/ln, with (n,m) minimal, m < n, and m #
n — 2 — 4k, for all k£ € Z,. One computes

AD(#) = 2 — & [(n+2)(n+ ) nln-1)

] 2 +o(t?), t—0,

4 |2 Yinyo — 2ptn 27 pn_o — Zlin
1 2 1 —1
A@ g =t LAY | D) Fe )y,
z 4 Zhm42 — 2 l,ufm Zhm—2 — 2 I,Um

Is is elementary to see that
1
)‘Q(Z,n) 7 AQ(;,m)'
Hence AV (¢) # A2(¢) as t — 0.
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On the other hand, when z € S all of the other multiple eigenvalues of Qg
are then of the form
Xo(z,n + s+ 2ns) = Ao(%,m + s+ 2ms), Vs € Z,
and also in this case
Ao(z,n + s+ 2ns) # Ag(%,m + s+ 2ms), Vs € Zy.
As regards ()(q,5) We hence have the following fact.
Proposition 3.14. Let o, > 0 be so chosen that either z = \/‘W ¢S or
2m+1

z =
2n+1
for all k € Zy. Then for any given N € Ry there exists Cnpm > 1 such

that

€ S, with m < n, (n, m) minimal, such that m # n—2—4k

{u € SPeC(Q(a,ﬂ) (x,Dx)); p< N}
is made of simple eigenvalues for all o, B as above such that \/af > Cn . m-

Proof of the proposition. The case z € S is immediate. When z € S is as
above, since Xo(z,n+5+2sn) # Aa(2z71, m+s+2ms), for all s € Z, also all
the related A1) (2) # A®)(¢t), for ¢ > 0 sufficiently small, depending on n,m
and s. By virtue of the spacing condition (see Lemma 3.4), the theorems
of [18] and [10] yield the result upon taking the least constant bounding ¢,
that hence depends on N also. O

As a consequence of the above proposition, we may rule out the existence
of multiple eigenvalues of multiplicity greater than 1, whose higher multi-
plicities come, as pointed out in [15] [16] (see also [14]), from the existence
of even and of odd eigenfunctions. In the present context, such eigenvalues
should be produced in the first approximation already at the level of Q).
One should therefore choose 2% = i, / i, with m < m, (n,m) minimal and,
say, n odd and m even. Then the condition m # n — 2 — 4k is fulfilled for all
k € Z . By Proposition 3.14 above, it follows that the perturbed eigenvalue
is simple for all a, 8 such that af > 1 is sufficiently large. Hence, this kind
of multiple eigenvalue (of ), when perturbed, splits into two branches, one
for each parity. Hence we may say the following.

Corollary 3.15. For z € (0,1) fixed as above, for any given N € Ry there
is Cnpm > 1 sufficiently large such that for all o, with a/f = 2% and
aff > CNpm there is no eigenvalue p of Qq,p) (T, Dy) belonging to [0, N)
for which
V" #{0} and V, # {0},
where
V.S ={ue L*(R; C?); Q(a,p)(z, Dy)u = pu and u is even},

V, ={u € L*(R;C?); Q) (7, Dg)u=pu and u is odd}.
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When 22 = p,,_o/tn, with (n,n—2) minimal, let us consider the expansion
with respect fo the eigenvalue A\g = zup, = pm/z of Qp. In this case the
recurrence equations (R) are not solvable at step k = 1. The remedy to this
was found by Rellich ([18]; see also [10]). Write @ := ¢k /|¢k| and recall
that Vy = Ker(Qo — X\o) = Py(L?(R; C?)). An easy computation shows that
in the basis {®, ® €1, om ® €2},

n(n —1)

PyMPy = :

K,

whence it follows that

Spec(PoM Py) = {iw},

Vo:Sp<'m{('5"(g>el+¢m®62 ¢n®61_¢m®62}7

V2 ’ V2
and, with u(()j) =(Pn®er+ (1) P ® e2)/\/§, j=1,2
: . 1
(MU(()J),’U,(()k)) _ (_1)]% 5jk
Now Satz 2 of [18], page 365, can be applied, and, upon recalling that

= AP 55, gk =1,2.

Ro(pr ®e1) = or ®e1,, when k#n,

_r
z(k—n)
and

z
RO((,Ok; ®62) = ﬁ@k ® eo, when k& 7é ’I’L—2,

k
we get the following fact.

Proposition 3.16. Suppose 2> = p, o/pn s0 that zp, = pn_2/z. In the
above motation, one has analytic functions A(J): Iy, — R w: I, —
L%(R; C?) (real valued), j = 1,2, such that |[u¥)| =1,

AUNﬂ==zun+(—1V——Eg;:£lt+
_ﬁ.4n+mm+ﬁf—ﬁiggziﬁ]ﬁ+dﬁ%
and
u(t) = uf+
—1)it1 (p n z+n—2)(n— 2 j
- (15 _— +Dn;64)%( D209 — R | ¢+ oft),

for j = 1,2. As regards Qq,p) (7, Dz), it follows in particular that also in
this case the relative eigenvalue is simple for large \/af.
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4. COMPARISONS

In this section we will compare the approximation of the lowest eigenvalue
of Q(a,8)(, D) given by Rellich’s expansion with the bound of Brummelhuis
(see [1]), with the W.K.B. bound obtained by studying the bicharacteristics
of the lowest eigenvalue of the principal symbol, and finally with the ap-
proximation obtained through the continued fraction introduced in [15].

4.1. Comparison with the bound of Brummelhuis. We start by re-
calling a theorem proved by Brummelhuis in [1] (Theorem 3.5, page 1577),
in a form suitable for our purpose.

Theorem 4.1. Let Q(z,¢) = A2 + 2Bxé + Ca? be a positive semidefinite
CN -Hermitian valued quadratic form on R?, with A > 0. Then there ezxists
a unique Hermitian matriz H solution to

HAT'H+ H(iA™'B)+ (iA"'B)*H — (C —BA™'B) =0
for which Spec (A’I(Z'B —I—H)) C {A € C; Re)X > 0}. One has, by “complet-
ing the squares”, the estimate
Q" (xz,Dy) > pp = lowest eigenvalue of H.
The theorem is a consequence of
(QVu,u) = |AYV2Du+ A~V*(B — iH)zu|*+
+((C — (B —iH)*A™Y(B — iH)zu, zu) + (Hu,u),

and the theory of Riccati equations (see the reference in [1]).
In the case of t~1Qy(z, D), one then has that

1v1—1t2
H=- diag(z,1/z),
t 2
and
el S I _
w(t) F g Zt( 2t +o(t?)), as t—0+
. 1 1 .
Since — < ——— < —, we have the following lemma.

5 " po—poz? 2
Lemma 4.2. For all t > 0 such that t = 1/\/aB is sufficiently small, one

has

(18) /j'H(t) < ,U'min(a’ﬁ)'

Notice that when z=1andt=1/a <1 (i.e. a= > 1),

1vV1—¢2

t 2

= min Spec(Q(a,a) (z, Dz)) .
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4.2. WKB-approximation and the Bohr-Sommerfeld condition. In
this section, we shall study the expansion of the lowest eigenvalue of the
system Q¢(x, D,) obtained by applying the Bohr-Sommerfeld condition to
the WKB-construction. We will here slightly change notation, by dropping
the explicit dependence on the parameter t. We will then write Q¢(z, D;) =
Q% (z, D), the Weyl-quantization of the matrix-valued quadratic form

Q(z,¢) = A(2)h(z,£) +itJzg,
which is the principal symbol of QY. The eigenvalues of Q(z,¢) are

27p2¢2
)\:I:(wag) = H+h($,f) iu\/h($7§)2 + ! ZQ£ ’

1/1
where py = 3 (— + z) > 0, since z € (0,1). It is straightforward to check
z

that 0 < A_(z,£) < Ay (z,€) for all (z,€) # (0,0), and that for ¢ sufficiently
small uniformly in (z,¢) (and in fact for 1+ ¢2/u% < 1/(2zp_)?), we have

(19) “hiz,¢) < <u+ — g1+ t—) h(z,€) < A_(z,€) < zh(z,6),
7

for all (z,£) € R x R. From now on, we shall suppose ¢ sufficiently small,
without any further reference to its smallness. Let us set, for (z, &) # (0,0),

t2$2£2
_[eee e [ @
MO e T e v YTV w2

For (z,&) # (0,0), denote by (4(z,&), *-respectively, the orthonormal
eigenvectors of Q(z, £) belonging to the eigenvalues A (x, §), *-respectively,
defined by

7
(€)= -, ol €) = K(_(x,8),

e i h(z,6)(9(2,6) +2)

where, recall, K = [1 0

0 1]. Notice that {4+ have the following properties:

C:I: S COO(R X R\ {(070)};((:2)’ Ci($’€) = C:I:(gax)a V(:L‘,E) 7é (O’O)a
and
|Ci($af)|<c2 = 17 <C*(‘(L‘7£)7C+(xa£)) = 07 V(.’L‘,f) 7é (070)7

where | - |2 and (-,-) denote the Hermitian norm and inner-product in CZ,
respectively.
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Remark 4.3. It is important to remark that

C_(z,8) € iR xR, (i(z,€) € R xR,
and, for all a, 8 € R,

((i0A(z) = BI)¢-¢), ((iaA() = BT) G Gh) € R,

((i0A(z) = BI)¢- ¢4 R
The following lemma will also be useful.

Lemma 4.4. For all (z,¢) # (0,0), in the basis {¢_(z,€),(4 (x,€)} of C2,
the Hermitian map 0:Q(x,&): C? — C? is represented by the matriz

- (A = A2) (@)
85@(33, 6) = 8A+
- (/\+ - A—) (0eC—, C4) B
By symmetry, the same holds true for the 0, derivative of Q. In particular,

OA_

<8§Q(‘T7 &)C— (‘T, 6), C— (‘T, f)) = 8—§($’ é)a
OA_

<8$Q(‘Ta g)C— (‘Ta 5)1 C— (‘T, 6)) = E(xa 6)5

for all (x,€) # (0,0).

Proof. Since [(+|cz =1, and {(_ € iRX R and {; € Rx iR, we immediately
get that

8§C— € (CC-I-a a{C-I— € (CC— (a‘t any fixed (.’IJ,&) # (O’O))

It suffices now to take the 0 derivative of the equation (Q — A+)(+ =0 to
get

oAt
(0c@)¢x = TG+ (M = A ) (0 )
The same argument applies when taking d,. This concludes the proof of the
lemma. O

For FE > 0 let us now define
Ap={(z,¢) ERx R A_(s,6) = E}.

Lemma 4.5. Let E > 0. The set Ag is diffeomorphic to the circle. It is
externally tangent to the circle {(z,€); zh(z,€) = E} and internally tangent

to the circle {(z,€); (,u+ —p_y/1+ t2/u3)h(w,§) = E}.
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Proof. By using polar coordinates we immediately have

Ag = {(p(0) cos 0, p(6) sinB); 6 € [0,27]},

where
1/2
2FE
(20) p(0) = =
pit — p—y |1+ —5 sin?(26)
pur
The final assertions are an immediate consequence of (19) and (20). O

We next set up the WKB approximation. In the first place, we shall do
this in R x Ry, for the construction may be made global (by taking into
account the Maslov index). We shall hence work with the open Lagrangean
manifold A}, = Ag N (R x R;). From Lemma 4.5 it follows that A} =
{(z,€) € R x Ry; & = ¢'(x)}, where the function (—+/2E/z,1/2E/z) 2
x — ¢(x) is the smooth solution (for ¢ sufficiently small, uniformly in
z,&, for in this case JeA_ =~ &) to A_(z,¢/(z)) = E whose graph lies in
R x R;. (Note that ¢ can be extended as a continuous function to the
whole interval [—1/2E/z,1/2E/z].) Consider now the symplectomorphism
x: (2,8) — (y22,41/2%€), v > 0, and Uy: f(z) — y"/*f(y"/?2) the
metaplectic operator associated with y (which is an isometry of L?(IR;C?)
and automorphism of both S(R; C?) and &'(R; C?)). It is well-known that

U;QW(~777DZ)UX = (Qox)"(z, Dy) =: Q%V(x,Dm)

Our (forced) WKB approximation for the spectral problem related to QY
takes hence the form

Q3@ Da)e™" 1 (@) = e D ),

where

¢7=¢0+7¢1+’Y2¢2+..., vn,:v0+fyv1+fy2v2+....

We next compute the first three terms in the approximation (obtained by
equating the resulting powers of 7), for we are interested in the first non-
trivial correction in the Bohr-Sommerfeld condition (to be written below).
We shall at the end choose v = ¢. The reason why we follow this procedure
(first performing the WKB and then choosing v = ¢ instead of first choosing
v =t and then performing the WKB) is that we want to keep track of the
source of the different pieces in the final t-expansion of the lowest eigenvalue.
We therefore have the following equations (of the terms in y~!, 4% and 7!,
respectively):

(21) (Q@, #h(@)) - B)wo(@) =0,
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(22) Q@) — B)un(@) = 5 (i#h(2) A(2) — T )oo(a)+

+(z’¢6(m)A(z) - ta:J)z'qS’l(:z;)vo(m) + (igh(2)A(2) — ta] )vh (@),
(23) ( Qz, 4y (z)) — E) vz ( (:c)A(z)—tJ)vl(ccH—

(wso( JA(z) - th) (@) () + (igh(2)A(2) — ta] )} (2)+

5 A 20} (2 @) + (@) + i (@holz) — (@) vo ()] +

+idh (2) (i (2) A(2) — tad o1 ().
As regards equation (21), we choose ¢g = ¢ and vo(z) = (_(z, ¢ (z)).
Before discussing the other equations, let us remark the following. Upon

denoting by H,_ the Hamiltonian vector-field associated with A_, that is
-1
Ha_ = 0 0, — 0u) 0, we have d/dz = (0cA |y+)  Ha_|ys, so that

i¢" (x)A(z) —tJ = Hax_ (8§Q)‘A;§, and ¢ (z)A(z) —txJ = i8§Q|AJPS.

v
8£>‘—|Ag

To solve (22), we choose ¢ that makes the r.h.s. of (22) orthogonal to vg.
This is possible. In fact, let us take the Hermitean product with vg. Using
Remark 4.3 and Lemma 4.4, we have

S ((i84() A2) 17 Yoo (), vo(2)) +{ (i () A(2) 1T )i (), vo () =
d
;dd (0Q 1 v0(), () = ;d (agA |A+)
We then obtain that ¢; must satisfy

64 (2) 06Q) ,v0(2), 00(2)) + 5 (6] v0(), v0(x) =,

and hence we may take

1
Z<]51

" foor _\A+ 0@y

This term is well-known. We may hence choose vl( ) orthogonal to wvy(x)
as follows. We start by noting that ¢} = (A | A+ L(Hy_ @1)| where

+
A’

i®1(,€) = —log(0A (2,)), (.6 €RxR,.

Let next, for (z,€) € R x ]R_i_,
i

o 1= 5o (S (BQ)C ¢4 — (M @)\ — A )0 G+
é’ —

+9(Ha_ ().
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Since, as it is readily seen,

(Ha_ (0Q)C-, G4 = (BeA-—BeA+)(Ha_ ¢, ) +HA_ (A= =20 ) (B¢, ¢4) )
we get that for all (z,£) € R x Ry,

- :
= 6;/\_ [5(5g/\+ + A ) (HA_ (- G4 +5HA ((A_ — A ){0eC, g+))+

aq

FA- = A )(iHy_ @1)(3C, )] € R
We may finally take

o= (25

We now deal with (23). Upon taking the Hermitian product of (23) with
vo(z) we get a sum of terms I; through I, respectively, restricted to AL,
defined as follows:

€ R x iR
Af

1 _ Q1
II‘AE: 5(8&)\_‘/‘2) . (H(H)\ (aﬁQ)C-HC—)) AE,
12|Aj5: —5 BEA*‘A;:’
v N
I3|AE_ 6€)\7‘A+<(8§Q)H)\7 ()\+ _ AC+> 7C—> Ag’
E
EH,\7 (8§)\_

I4|A§: —2W_)3)|AE<(82Q)HA_C—5 C—>|A§a

—1
Is|y+= M(*’L\ ( . <A(z)H/\C,C)) +

E 2 8,5>\_
RECLNSCRS)
8§>‘—

4+
AE

Blag= 3 (gt (~agor et @) ) (4. c0)

A
Fli= 2 ( (gt @30 (A
AT 2 2(BeA_)? S B Ve
1 a1
I =— H A _ .
== (o i 00 ) |
It is immediate to see that I,...,Is € R. To solve (23), we therefore have

that ¢9 must satisfy the differential equation

/ 1 5
¢2(.'E) (BEA—)|A$ ( I‘Ag P k‘Ag)
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We are finally in a position to impose the following Bohr-Sommerfeld con-
dition for the (lowest) eigenvalue E. Write Ap N {{ = 0} = {z+(E)} =
{£+/2E/z}, and define the following functions of E :

Uy(E) := 2/ : ¢ (z)dz = /A &dx
x4 (E

7

z_(E)

)
Uy(E) := 2 finite part of (/ ¢>'2(:v)d:c) ,

-(E)

where we put, following [4],

z1(E) z4(E)—-6 A
finite part of / ¢y (x)dz |:= lim / ¢ (x)dx — Uy (E,6) |,
T ) T

_(E 0—0+ —(E)+6

U, being uniquely defined by the finiteness of the limit.
Remark that the term Wo(FE) represents the area of the region of R x R,
containing the origin, whose boundary is Ag. The general Bohr-Sommerfeld
condition for the k-th eigenvalue Ej; may be written as

1
BS,(Ex) := Uo(Bx) + 7 U2(By) = 2m(k + 3) k€Zy,

and in particular the one for the lowest eigenvalue Ej reads (the Maslov
factor being already taken into account in the r.h.s.)

BS,(Ey) := Wo(Eo) + 7°Ua(Ep) = 7.
Remark 4.6. One should add in BS,(E) a term ¥(E)y, where

,(B) = 2[p(2+ (). ¢'(@+(8))) — (- (B). ¢/« (8)) ],

related to the phase function ¢ associated with (4
identically.

‘A . Such a term is O
E

23

Proof of the Remark. Write o(z,¢) :=
u-h(w,€)(g(,€) +2)

, where

z,& # 0. Then
=3y (S [ - ] -
_ % (ewm@ [}; ¢§ — emiel®8) [_1{)/55]) , (z,€) # (0,0),
where

p(2,€) = m/2 — arctan (to(2,€)), (2,€) # (0,0).

Since (4 = K(_, both {_ and (4 have attached the phases +¢, that there-
fore appear, restricted to AE, in the vectors vy, v1 etc. And likewise when
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(z,€) € Ag. That j:<p| A+ and :i:(p‘ A- ‘paste” correctly when £ = 0 is a triv-
E E

ial consequence of the fact that +¢ are globally (in Rx R\ {(0,0)}) defined
phases. O

Remark 4.7. Remark 4.6 agrees with the construction of [7]. In fact, one
may easily compute that the monodromy operator Q_(T') relative to Ag (T

is the period) is the projection whence its eigenvalues are 0,1 and

1 o]
0 0|
the phase correction is thereby 0. This is due to the global existence of the
above phase .

Since we shall take ¢ = « and find all the correction-terms up to order 2, we
will compute the corrections up to order #2 in Uo(E), and only the leading
term (i.e. order #°) in Wy(E). We start out with Ug(FE). We have

1

2m
Uy (E) = E/A fdw—xd{‘ = %/0 p(6)%d6 =

/2# do
O py—po \/1 + 12 sin*(26) /2
whence it follows, by a Taylor-expansion with respect to £,

27 t2 9
\I’()(E):7E(1+W+O(t)>, as t—=0+4.

=F

To examine Us(E), we perform a Taylor-expansion with respect to ¢ in the
terms I through Ig above. To this purpose, it is useful to remark that

1
Hx_ |AJEr= Pt —
\/1 + 12 5in?(20) /u2

Hh|AE+

sin(26)

—¢2
p \/1 + t2sin?(20) / u%

Hzé‘Ag’

and
2z, £)¢ + 2222 2

_2\/h(a:, )2 + 1222€2 /%

aA_ = —_ —
3 ‘AE P& —p A%

) + % i
By — p— L=
NEnET T A

1+ 2t2cos? /u?
My — p—
1+ 25in%(26) /2

p(0)sinf, 6 € (0, ).
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We shall therefore write
Uy(E) = —2 finite part of (/ ¢'2(x(9))2—zd0> ,
0

and select the t*-term in the t-expansion of ¢4 (z(0))dz/df, as t — 0+ (since
U, is already a coefficient of a t2-contribution). Recall that Hj, = €8, — z 0.
For convenience, given a function f depending on t,x,&, we shall say that

[ 1 ift divides f
deg,(f) = { 0 if ¢ does not divide f,

and shall write mo(f) = mo(f)(z, &) for the coefficient of t° in the t-expansion
of the function f. It is easy to see that

deg, (9 (3,)) = 1.
Hence by symmetry the same holds for 9;(_, and, being deg,(A_) = 0, also
for Hy_(_. Since deg; (A1 —A_) = 0, we therefore get deg, (a1 /(A —A_)) = 1.
As a consequence, being deg;(0:A ) = 0,
deg, (1) = deg,(I3) = deg,(I1) = deg,(I5) = degy(Is) = 1,
and they will not be considered in the Oth-order term in the ¢-expansion of
U,. It remains therefore to consider the terms I and I7. One computes
1£% + 227 1 22
I)= —-> 2% )= %
mO( 6) 4 64 ) m()( 7) 82 543

so that the term that counts in the intergral of ¢, is given by

1 /1 22 1
: (@5—4““”)‘@)

We must now perform a final expansion in ¢ in the expression for ¥o(E),
and single out the coefficient of t°. We shall write =(4) for the equivalence
modulo terms divisible by ¢. Since

dz ) . [2E
a0 - ® —p(0) sinf, p(0) =0\ 50

to compute T, (and hence ¥y), we have therefore to consider for § > 0,

™01 — 4z p(h)? cos® 6 1 (™% —p(f)sind
J(6) == —p(6)sinf )do — — ———df
0= | e sapare (PO - o [ O

z [4z—1 [™/2 cos?6 1 (™2
=) 2— do + — —do ) =
) “2E < 822 /5 sin* § + 4z /(5 sin? 0

z (4z—1 1
=: 2@ (87J1(5) + EJ2(5)> .

Upon integrating by parts, we obtain

AL

cos d 1J2(5), and J2(5)20056

Ji(6) = =20 _
10) = 3555 3

sind’
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whence it follows

_ cos d .2\ 2
J((S) :(t) m (42 -1 + (22 + ].) sSin 5) E,
and finally that
< _ cosd A
\IJQ(E,é) = m(42—1+(22+1)S1n 5)E
As a consequence, we therefore have
Uy(E) =0,

that is, there is no correction term induced by the 2nd-order expansion in
v = t of the phase ¢,.
Hence we have, as t — 0+,

2 2
BSt(E) =7t — %Z 5 (]. — 2(t7)+0(t2))7

and finally, upon writing ugs(t) = E/t2,

z t2
= (1-— 2 )
uBs(t) 2t( 2(1—z2)+0(t )), as t >0+

As a consequence,

_ 2
00 = (0 = 5 (85 + ).
2212

2 2
t) — t) = t
so that, being z € (0,1), we have proved the following lemma.

Lemma 4.8. For all t > 0 such that t = 1/\/ap is sufficiently small, one
has

(24) pes(t) < pr(t) < pmin(e, B).

4.3. Comparison with the characterization given in [15]-[16]. In this
final section, we will study the lowest eigenvalue of (4 g) (z, D) by using the
characterization obtained in [15]-[16]. We shall use the notation introduced
in the beginning of the paper. Hence the eigenvalues of Q4 g)(%, Dy) are
denoted by u(«, ), the ones of Qi(z, D) by A(t), related by (on abusing

notation)

z 1

o) = u(Z, ) == ult) = SA()

The eigenvalues of (¢/ \/aﬁ)()(a, g)» which is unitarily equivalent to Q(q,g) (see
[15] and [14]), are finally denoted by £((t)/+/aB. Hence (being vaf = 1/t
and £(t) = V1 —t2/t)

p(t) VB p(t) At)

O “vie wiw (Y




34 ALBERTO PARMEGGIANI

Denote by (min(t) the lowest eigenvalue of Q(a,/j). Since t(min(t) — 2/2 as
t — 0+ (and actually as t — 0), we will always take ¢ > 0 so small and
correspondingly ¢ so large that that

2 32241 2z 3422
22(1+22)"22(1+22)|°

. z 1 z 1—22 ) )
Notice that I, = 3 (1 — m) ' (1 + m)] is centered in
z/2, with diam(I,) = z/2. Also, since to the lowest eigenvalue there cor-
responds an eigenspace spanned by an even eigenfunction, we will consider
the even (i.e. +) case. Recall that uy = N+1/2, uy = (271 +2)/2 > 0, for
z € (0,1). We may hence rewrite the functions Aoy (¢) and dan (¢) of [15] in
the coordinates (z,t) and obtain

t(::yEI*::[

Aon(C) = pan — ypu+ =: gon(v),
dan(¢) = (1 + #)gm(y)2 + #ymgm(y) —y?u =: pan(y)

2 2
= (M%N +y? - 2u2Nu+y)  gztenoen ) = PN () + rzhaneen (v)-

Notice that
1
U {y; P () = 0} - U {zuzv, ;,UN} = Spec(Qo),
NeZy NEZy
and our choice of I, yields that only p(()oo) has a zero in I,, which is exactly
z/2, and, furthermore,

(25) yel, = gn(y),pn(y) >0, VN €Zy,

which shows, once more, that the lowest eigenvalue belongs to 3} .
Following [15], we have next to study the solutions y = t¢ € I, of the
equation

(26) 1—0(¢) =

where (transposing the notation of [15] to the present one)

2(£(t)? + 1) N(2N — 1)gan (y)go(v—1) ()

yv-1(¢) = 0L p2n (Y)Pov—1) (¥)

=:gn-1(y), N=>1

These rational functions are actually regular for y € I, by virtue of (25).
We shall hence consistently define

5 Y (y) Fk+1(y)

) T Aa)
1—... 1—...

=fO), and, fork>1, fO(y) :=

1—
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whence

Ay oy k()
(27) [y) = 1= fer)(y) VEk € Zy.

Equation (26) now becomes
(28) 1_'70(:‘/):.]?(?/)’ y € I.
The next lemma allows us to control the right-hand-side of (28).

Lemma 4.9. There ezists a universal constant Cyx > 0 (dependent only on
z and the diameter of I,) such that

2
1
max Yy (y) < C*e + VN > 1.

yEI* £4 ’

Proof. Since gzN(y),pgoA?) (y) > 0 for all y € I, and all N > 1, we immedi-
ately have that

pan(y) > P (y), ¥y € I, VN > 1.
Now,

pgoz\?)(y) = ,u% + y2 - 2HOM+y + 4N2 + 4N/1,() — 4Nu_|_y =
= pi) (y) + AN? + ANgo(y) > AN?, Wy € L,
for pg°°) (y) > 0 and go(y) > 0 there. On the other hand, since gan(y) < pon
on I,, we get

2N(2N —1)gon (¥)g2nv—1)(y) _ 2N (2N — 1)pan po(
pan (Y)Pa(v—1)(¥) N 42N%(N — 1)

This concludes the proof of the lemma. O

ND <@, YN >2.

Hence, there exists £, = £(t.) > 1 such that for all £ > £, (that is 0 < ¢ < ty;
1
recall that £ = ¢t~1v/1 — 2), one has max I7n (y)| < 7 for all N > 2, so that
yelx
Worpitzky’s Theorem yields the following corollary.

Corollary 4.10. One has

(29) max | f¥)(y)| <

L VE>1, V>4,
yEI*

N =

whence it follows, by relation (27), the £-dependent inequality

2
7 1
f““)(y)‘ < 20*6—1’, Vk € Zy, VE> 0,

(30) max 7

yElx
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We now look for y = y(1/£2) = yo+y2/£? € L., as £ — +oo (the expansion
in negative powers of £2 is more convenient at this stage) such that the
equivalent equation (by virtue of (25))

60 pa(u))e(u() [1-70(v(z) -

is satisfied up to o(1/£2) as £ — +o00. On using
pan (y)pan—2(y) = iy (W)PSN. (1) +
2 o o
+5 (HZNQZN(y)pgN)—Q(y) + pan—2gan—2(y)Psr) (y)) +

4
‘|‘£_4,U2NN2N7292N (y)gan—2(y),

one immediately chooses yo = z/2, and, as it is easily computed by Taylor-

(00)

expansion, since py”  (yo) = 0, it turns out that yo has to satisfy the equation

Yo = — 211090 (0)P5™ (40) — 290 (y0)92(v0)
P5™ (v0) 8,p5™ (90)

2 2

that is yo = 272(5 — ) being py ' (yo) =5 — 27, Oypy (yo) = T
1— 22 9— 22
go(yo) = 1 and go2(yo) = . Hence, finally,

1 z 1—-22 1 .
y(é_Q) =5 (1 + WE—Z> , ¢ large positive,

is the required solution, for one has that the right-hand-side of (31) is
O(1/£*) then. Since £(t) = V1 — 2/t and V1 — 2 (in(t) = Amin(t)/t, we
at last get (upon expanding v/1 —#2 and using £(t) 2 = #2(1 + o(1))) the
following approximation of Amin(t)/t = fimin(t) as t — 0+ :

(32) pew (t) = %\/1 —t@(ﬁ) -

2
_ %(1 - %tQ + 0(t2)> (% + %# + 0(t2)>: % (g - _ZZQ £+ 0(t2)>
as t — 0+ . Hence pupw(t) is the best approximation (to second order)
of the lowest eigenvalue of Q4 g) that we have found (as it should of course
be). Of course, one may indeed compute (and give a different interpretation
of the coefficients arising in the Rellich expansion) by means of equation
(31), all the perturbation-coefficients obtained through Rellich’s method,
and hence an approximation to any order t2* of the lowest eigenvalue. In
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fact, for instance, to compute the order ¢*, one considers y = y(1/£2) =
Yo +y2/0% +y4*, and plug it into equation (31), that can now be written as

Pa(1)02 ()P0 (v) ll—wy) N) ] _
1—92(y) Y (f )

kEZ+

= P)p20)*po(0)[1-30() ~1(0) (1+320) + %) FO )+ O ) )] = 0.

At last, since in {¢ € R; t¢ € I} there cannot be other eigenvalues of
Q(a,p) apart from the lowest eigenvalue, one has also proved the following
theorem (stated in the present case 0 < a < f).

Theorem 4.11. For det(A) = af > 1 sufficiently large, the lowest eigen-
value pimin of Q(a,p) (T, Dy) satisfies equation (26), that is

(33) 1—70<M> :f(M)_

We close the paper by remarking that it is of course also interesting to
explore eigenvalues of multiplicity greater than or equal to 2 which belong
to E(jf, or XX N B (L-respectively). To fix ideas, let us consider the fol-
lowing situation. As remarked in [16], eigenvalues p € g of Q(q,8) (7, Dz)
are determined by the zeroes of particular polynomials. Consider then the
case in which the multiple eigenvalue pg := A\of/+/af is determined by the
condition (in the notation of [15] and [16])

(34) AQ(}\O) = 0, detLo(/\()) = 0.
Using the aforeintroduced notation, condition (34) can be rewritten as
(35) 92(¥0) = 0, po(yo) =0,

whence we get the relation between z and £ (and thus )

5— 4\/1——
. RPN S

As? — +00, z(¢) approaches monotonically the value 1/3. This shows that in
H, (with a < B) there is a simple curve T := {(a(£), (£)); £ > 1/v/2} that
starts at o = 8 and is asymptotically tangent to the line a(o0) = £(00)/9,
and such that Q,(¢) s(0)) (T, Dz) has a multiple eigenvalue there. The curve
I intersects the line o = 223 for each fixed z € (1/3,1] at a single point
that determines £ as a function #(z). It follows that a lower bound for the
constant Cn p, m of Proposition 3.16 is therefore 1/£(z)? + 1. Of course, the
same reasoning can be carried out in all the other cases.
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