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ON THE DISTRIBUTION OF MATRIX ELEMENTS
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PAR KURLBERG AND ZEEV RUDNICK

ABSTRACT. For many classically chaotic systems it is believed that
the quantum wave functions become uniformly distributed, that is
the matrix elements of smooth observables tend to the phase space
average of the observable. In this paper we study the fluctuations
of the matrix elements for the desymmetrized quantum cat map.
We present a conjecture for the distribution of the normalized ma-
trix elements, namely that their distribution is that of a certain
weighted sum of traces of independent matrices in SU(2). This
is in contrast to generic chaotic systems where the distribution
is expected to be Gaussian. We compute the second and fourth
moment of the normalized matrix elements and obtain agreement
with our conjecture.

1. INTRODUCTION

A fundamental feature of quantum wave functions of classically chaotic
systems is that the matrix elements of smooth observables tend to the
phase space average of the observable, at least in the sense of conver-
gence in the mean [14, 2, 16] or in the mean square [17]. In many
systems it is believed that in fact all matrix elements converge to the
micro-canonical average, however this has only been demonstrated for
a couple of arithmetic systems: For “quantum cat maps” [11], and
conditional on the Generalized Riemann Hypothesis' also for the mod-
ular domain [15], in both cases assuming that the systems are desym-
metrized by taking into account the action of “Hecke operators”.

As for the approach to the limit, it is expected that the fluctuations
of the matrix elements about their limit are Gaussian with variance
given by classical correlations of the observable [7, 5]. In this note we

Date: Febrary 18, 2003.

This work was supported in part by the EC TMR network “Mathematical
aspects of Quantum Chaos” (HPRN-CT-2000-00103). P.K. was also supported in
part by the NSF (DMS 0071503), the Royal Swedish Academy of Sciences and
the Swedish Research Council. Z.R. was also supported in part by the US-Israel
Bi-National Science Foundation.

LAn unconditional proof was recently announced by Elon Lindenstrauss.
1



2 PAR KURLBERG AND ZEEV RUDNICK

study these fluctuations for the quantum cat map. Our finding is that
for this system, the picture is very different.

We recall the basic setup [8, 3, 4, 11] (see section 2 for further back-
ground and any unexplained notation): The classical mechanical sys-
tem is the iteration of a linear hyperbolic map A € SL(2,Z) of the
torus T? = R?/Z? (a “cat map”). The quantum system is given by
specifying an integer N, which plays the role of the inverse Planck con-
stant. In what follows, N will be restricted to be a prime. The space
of quantum states of the system is Hy = L*(Z/NZ). Let f € C=(T?)
be a smooth, real valued observable and Opy (f) : Hy — Hy its quan-
tization. The quantization of the classical map A is a unitary map
U, N (A) of H N-

In [11] we introduced Hecke operators, a group of commuting uni-
tary maps of Hy, which commute with Uy (A). The space Hy has an
orthonormal basis consisting of joint eigenvectors {1;}iL, of Uy(A),
which we call Hecke eigenfunctions. The matrix elements (Opy(f)v;, ;)
converge® to the phase-space average [, f(z)dz [11]. Our goal is to
understand their fluctuations around their limiting value.

Our main result is to present a conjecture for the limiting distribution
of the normalized matrix elements

FV .= VN (<opN(f)¢j,¢j> - /Nf(ac)dac> .
For this purpose, define a binary quadratic form associated to A by
Qz,y) =ca’+ (d—auy —by*, A= (i Z)

For an observable f € C*°(T?) and an integer v, set

Ay =Y ()" f(n)
n=(n1,n2)€Z?
Q(n)=v
where f(n) are the Fourier coefficients of f.
Conjecture 1. As N — oo through primes, the limiting distribution

of the normalized matriz elements Fj(N) 1s that of the random variable

Xp=> fF)u,)
v#£0
where U, are independently chosen random matrices in SU(2) endowed

with Haar probability measure.

2For arbitrary eigenfunctions, that is ones which are not Hecke eigenfunctions,
this need not hold, see [6].
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This conjecture predicts a radical departure from the Gaussian fluc-
tuations expected to hold for generic systems [7, 5]. Our first result
confirms this conjecture for the variance of these normalized matrix
elements.

Theorem 2. As N — oo through primes, the variance of the normal-

1zed matrixz elements F ]-(N) 1S given by
N
(1.1) Z P B(XG) =) ()P
=1 v#0

For a comparison with the variance expected for the case of generic
systems, see Section 6.1. A similar departure from this behaviour of the
variance was observed recently by Luo and Sarnak [13] for the modular
domain. For another analogy with that case, see section 6.2.

We also compute the fourth moment of Fj(N) and find agreement
with Conjecture 1:

Theorem 3. The fourth moment of the normalized matriz elements s
given by

N
1 ),
5 2 EV I = BOX) =2 11# ()

j=1 v#£0

as N — oo through primes.

In the case of split primes, that is primes N for which the cat map
A is diagonalizable modulo N, the matrix elements are given by one-
variable character sums (see Section 6.3) and one may hope to attack
Conjecture 1 in that case via a monodromy argument as in [9].
Acknowledgements: We thank Peter Sarnak for discussions on his
work with Wenzhi Luo [13].

2. BACKGROUND

The full details on the cat map and its quantization can be found in
[11]. For the reader’s convenience we briefly recall the setup:

2.1. Classical dynamics. The classical dynamics are given by a hy-
perbolic linear map A € SL(2,Z) so that z = (§) € T? — Az is a
symplectic map of the torus. Given an observable f € C*°(T?), the
classical evolution defined by A is f — foA, where (foA)(z) = f(Az).
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2.2. Kinematics: The space of states. As the Hilbert space of
states, we take distributions 1/(q) on the line R which are periodic in
both the position and the momentum representation. This restricts A,
Planck’s constant, to take only inverse integer values. With h = 1/N,
the space of states, denoted Hy, is of dimension N and consists of
periodic point-masses at the coordinates ¢ = Q/N, Q € Z. We identify
Hy with L?(Z/NZ), where the inner product (-, -) is given by

) =5 O Q@)

Q@ mod N

2.3. Observables: The basic observables are given by the operators
Tn(n1,m9) acting on ¢ € L?(Z/NZ) via:

1) Tnlmn) (@) = e )p(Q +m)
where
e(z) = 2™ .
Note that
(2.2) Tn(n+2N)=Tn(n)

For any smooth classical observable f € C°(T?) with Fourier ex-
pansion

f@)= 3 flnume(mp+nyg), z=(}) €T
n1,n2€EZL
its quantization, Opy (f), is given by
Opy(f) == D fni,n2)Ty(n,na)

n1,n2€Z

2.4. Dynamics: We let I'(4,2N) C SL(2,Z) be the subgroup of ma-
trices that are congruent to the identity matrix modulo 4 (resp., 2) if
N is even (resp., odd). For A € I'(4,2N) we can assign unitary op-
erators Uy (A), acting on L?(Z/NZ), having the following important
properties:

e “Exact Egorov”: For all observables f € C°°(T?)

UN(A)_1 Opn (f)Un(A) = Opy(f o A).

e The quantization depends only on A modulo 2N: if A, B €
I'(4,2N) and A =B mod 2N then

UN(A) = UN(B)
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e The quantization is multiplicative: if A, B € I'(4,2N), then
(2.3) Un(AB) = Un(A)Un(B)

2.5. Hecke eigenfunctions. Let o, ™! be the eigenvalues of A. Since
A is hyperbolic, « is a unit in the real quadratic field K = Q(«). Define
an order O of K by letting O = Z[a]. (Note that O is not necessarily
equal to the full ring of integers in K.) Let v = (v1,v2) € O? be a
vector such that vA = av. Let I := Z[vy,vo] C O. Then [ is an
$-ideal, and the matrix of « acting on I by multiplication in the basis
vy, vy is precisely A. The choice of basis of I gives an identification
I = 7Z? and the action of O on the ideal I by multiplication gives a
ring homomorphism
L9 — Maty(Z)
with the property that the determinant of +(8), 5 € O, is given by
N(B), where N : Q(a) — Q is the norm map.
Reducing the norm map modulo 2N gives a well defined map

NQN : D/2ND — Z/QNZ,

and we let C(2N) be the elements in the kernel of this map that are
congruent to 1 modulo 49O (resp., 29) if N is even (resp., odd).
Now, reducing ¢ modulo 2N gives a map
Loy : C(2N) = SL,(Z/2NZ).
Since C'(2N) is commutative, the properties in section 2.4 imply that

{Un(an(B)) : B € C}

forms a family of commuting operators. Analogously with modular
forms, we call these Hecke operators, and functions ¢y € Hy that are si-
multaneous eigenfunctions of all the Hecke operators are denoted Hecke
etgenfunctions. Note that a Hecke eigenfunction is an eigenfunction of
UN(LQN(OK)) = UN(A)

We note an invariance property of matrix elements, namely that they
are invariant under the Hecke operators:

(Opn ()¢5, ¥5) = (Opy(f 0 B)y,4b5), B € C(2N)
This follows from ; being eigenfunctions of the Hecke operators C'(2N).
In particular, taking f(z) = e(nz) we see that

(2.4) (T (n)s, ) = (T (nB)t;, ;5)
Moreover, since —I € C'(2N), we have

(Tn(n)iby, by) = (g, T (n) ) = (Tn(—n)s, ¥5) = (T (n)y, 1y),

and this implies that the matrix elements are real.
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2.6. The quadratic form associated to A: We define a binary qua-

dratic form associated to A = (Z 2) by

Q(z,y) = ca® + (d — a)zy — by’

The rationale for it is as follows: Let of! = 2FerVierd -4 V(;er)2_4 be the
eigenvalues of A and © = Z|[a] the order associated to A. Let v =
(v1,v2) € O? be an eigenvector for A with eigenvalue a: vA = av. We
may take v = (¢, — a). Let I := Z[vy,vs] = Z]c,a —a] C O. Then I
is an ©-ideal, and the matrix of a acting on I by multiplication in the
basis vy, vy is precisely A.

We now consider the quadratic form induced by the norm form on
the ideal I. There is some leeway in its definition corresponding to
changes of basis and multiplication by integers. One choice is to take

N (zvy + yvo)
N(I)
where N (I) = #9O/I. In our case, since I = Z[c,a—a] and O = Z[1, o]
we have N (I) = |¢|]. A computation shows that the quadratic form is
then
|1?| (®z® + ¢(d — a)zy — bey?) = sign(c) (cz® + (d — a)zy — by?)
Up to sign, this is the quadratic form @) above.

By virtue of the definition of ) as a norm form, we see that A
and the Hecke operators are isometries of (), and since they have unit
norm they actually land in the special orthogonal group of (). That is
we find that under the above identifications, C(2N) is identified with
{B € SO(Q,Z/2NZ) : B=1 mod 2}.

2.7. A rewriting of the matrix elements. We now show that when
1 is a Hecke eigenfunction, the matrix elements (Opy(f)v, 1) have a
modified Fourier series expansion which incorporates some extra in-
variance properties.

Lemma 4. If m,n € Z*? are such that Q(m) = Q(n), then for all
sufficiently large primes N we have m = nB mod N for some B €

SO(Q,Z/NZ).

Proof. We may clearly assume @(m) # 0 because otherwise m =n =0
since () is anisotropic over the rationals. We take N a sufficiently
large odd prime so that @ is non-degenerate over the field Z/NZ. If
N > |Q(m)| then @(m) # 0 mod N and then the assertion reduces
to the fact that if ) is a non-degenerate binary quadratic form over
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the finite field Z/NZ (N # 2 prime) then the special orthogonal group
SO(Q,Z/NZ) acts transitively on the hyperbolas {Q(n) = v}, v #
0 mod N. This is easy to check since the quadratic form is either

equivalent to the split form x,xo or to the norm form of a quadratic
extension of Z/NZ. O

Lemma 5. Fiz m,n € Z* such that Q(m) = Q(n). If N is a suffi-
ciently large odd prime and v a Hecke eigenfunction, then
(=)™ (In(n)y, ¢) = (=1)™"™(Tx(m), ¥)
Proof. For ease of notation, set
e(n) == (=1)™mm

By Lemma 4 it suffices to show that if m = nB mod N for some

B € SO(Q,Z/NZ) then e(n){Ty(n)y, ) = e(m){(Tn(m), ).
By the Chinese Remainder Theorem,

SO(Q,Z/2NZ) ~ SO(Q,Z/NZ) x SO(Q,Z/2Z)
(recall N is odd) and so
C@2N) =~ {B € SO(QZ/2NZ): B=1 wmod 2} ~ SO(Q,Z/NZ)x{I}
Thus if m =nB mod N for N € SO(Q,Z/NZ) then there is a unique
B € C(2N) so that m =nB mod N.

We note that €(n)Tv(n) has period N, rather than merely 2V for
Tn(n) (see (2.2)). Then since m =nB mod N,

e(m)Ty(m) = e(nB)Ty(nB) = e(n)Ty(nB)
(recall that B € C(2N) preserves parity: nB =n mod 2, so €(nB) =

€(n)).
Thus for v a Hecke eigenfunction,
e(m)(Ty (m)p, ) = e(n)(Tn (nB), ) = e(n){Tw (n)i), v)
the last equality by (2.4). O

Define for v € Z
A=Y  (~1)"™f(n)
n€Z2:Q(n)=v
and
(2.5) Vi (¥) := VN (=1)"" (T (n)y, ¥)

where n € Z? is a vector with Q(n) = v (if it exists) and set V, (¢)) = 0
otherwise. By Lemma 5 this is well-defined, that is independent of the
choice of n. Then we have
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Proposition 6. If 1 is a Hecke eigenfunction, f a trigonometric poly-
nomial, and N > No(f), then

VN(Opy (), ) =D f#@)V (1)

To simplify the arguments, in what follows we will restrict ourself to
dealing with observables that are trigonometric polynomials.

3. ERGODIC AVERAGING

We relate mixed moments of matrix coefficients to traces of certain
averages of the observables: Let

BEC(2N)
The following shows that D(n) is essentially diagonal when expressed
in the Hecke eigenbasis.

Lemma 7. Let D be the matriz obtained when ezpressing D(n) in

terms of the Hecke eigenbasis {wg}f\ir If N is inert in K, then D is
diagonal. If N splits in K, then D has the form

Dy Dy 0 0 0

Dy Dy 0 0 0

- 0 0 Ds3 0 0

D=10 0 0 Dy 0
0 0 0 0 ... Dyn

where 1,1y correspond to the quadratic character of C(2N). More-
over, in the split case, we have

Dyl < N~'/?
forl1<i,7<2.

Proof. If N is inert, then the Weil representation is multiplicity free
when restricted to C(2N) (see Lemma 4 in [10].) If N is split, then
C(2N) is isomorphic to Fy (i.e., the invertible elements of Fy, where
Fy is the finite field with N elements), and the trivial character occurs
with multiplicity one, the quadratic character occurs with multiplic-
ity two, and all other characters occur with multiplicity one (see [12],
section 4.1.)

As for the bound on in the split case, assume first that f(x,y) =
(M=) for some ny, ny € Z, such that n = (ny, ny) is not an eigen-
vector of A modulo N. We may give an explicit construction of the
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Hecke eigenfunctions as follows (see [12], section 4 for more details):
there exists M € SLy(Z/2NZ) such that the eigenfunctions 1, 15 can
be written as

1 = VN - Uy (M)d,

Py = \/% ~Un(M)(1 = &)

where dg(z) = 1if 2 =0 mod N, and dy(x) = 0 otherwise. Now,
Dy; = (Tn((n1, n2))thi, 5)
and if we let ¢; = vV/Ndy and ¢y = \/% (1 —dp), exact Egorov gives
(T ((n1,m2))i, 5) = (T ((n, m3)) i, b5)

where (nf,n}) = (n1,n2)M mod N. Since n is assumed not to be an
eigenvector of A, we have n} Z0 mod N and n), 20 mod N. Hence

and

D1y = (T ((ny, n3)) 1, ¢1) = %Z (Tn((n1,m5))d0) (z)d0 ()
(") 50(0 -+ 1) = 0

since n{ 0 mod N. Similarly,
Dy =<TN((7L'1,”'2))¢2, b2)

_ N 1 nllnIQ)Ze(nlﬂ)(l—60)(m+n'1)(1—5o)($)

“voivlan ) 24Uy
1 nng nha
=1y 2 R
1<z<N-1
z#—n}

which is O(1/N) since n}, # 0 mod N. Finally,

Dy = (Tn((n1,m5)) b2, 1) =

= —I—NN_ 1 % D (Tn((nh, nh)) (1 = &) (2)do(x) =
1 niny. nbH-0 o 1
— e 01— ) 0+ ) = O ),

and a similar argument shows that Dy, = O(N~Y/2). O
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Remark: In the split case, it is still true that D;; < N~/2 for all
1,7, but this requires the Riemann hypothesis for curves, whereas the
above is elementary.

Lemma 8. Let {4;}, be a Hecke basis of Hy, and let k,1,m,n € Z*.

Then
Z(TN(m)%‘, $i) (T (n)s, i) = tr (D(m)D*(n)) + O(N)
Moreover,
Z(TN(/‘C)%, Vi) (TN (D i, i) (T (m) i, i) (T (n) i, i)

= tr (D(k)D*(1)D(m)D*(n)) + O(N?)
Proof. By definition

Z(TN(m)wi, Vi) (T (n)bs, i) = Z D(m);D(n);

On the other hand, by lemma 7,

tr (D(m)D(n)*) = Dia(m)Day(n) + Doy (m)Dia(n) + Z D;i(m)Dyi(n)
where Dy3(m), Doi(m), Dia(n) and Dayy(n) are all O(N—/2). Thus

Z(TN(m)wz‘, i)(Tn ()i, i) = tr (D(m)D(n)*) + O(N )

i=1

The proof of the second assertion is similar. O

4. PROOF OF THEOREM 2

In order to prove Theorem 2 it suffices, by Proposition 6, to show
that

N—voo N 4= 0 ifu#v,
where U, U, € SU, are random matrices in SU, that are independent

if v # p.
To proceed we will need to evaluate the trace of T (nBy)Txy(mBz)*.

lim S VL) Valdy) = B(u(U,) 1(U,) = {1 =
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Lemma 9. If N is odd and By, B, € C(2N) then

(=1)ymmatmn2 N ifp B = mB, mod N,

tr(Tn (nB1)Tn(mBz)*) = {0 otherwise

Proof. Recall from [11, section 2.3] that
(4.1) Tn(mBg)* = Ty(—mBs),

(42) TN(nBl)TN(—mBQ) = 6(&)(TZB1, —mBg)/2N)TN(nB1 - mBg)
where w(z,y) = x1y2 — Z2y1, and that

0 if x #(0,0) mod N,

e(32)N ifz=(0,0) mod N.

43)  tr(Ty(z)) = {

(Note that e(=5372) = e(=%%) if z = (0,0) mod N.) Since B; =

By =1 mod 2 and nB; = mBy mod N, we find that
. w(nBy,—mBy)\ . w(n,—m)\ _ o (2 — mme
2N N 2 B 2

tr(Ty(nB, — mB,)) = e <_("1 - ml;("z - m2)> N.

and

Thus

tr(TN(nBl)TN(mBQ)*) =€ (

oIy — N1Mmo — (’I’Ll - ml)(ng — m2)) N =
2

mimg — M1 Na
g e _—
2

) N = (_1)m1m2*n1n2N — (_1)m1m2+n1n2N
O

Proposition 10. Let {¢;}¥, be a Hecke basis of Hy. If N > No(u, v)
is prime and u,v Z0 mod N, then

1 & —— (140N ifu=v,
N ; Vol)Val¥s) = {O(Nl) otherwise.

Proof. Choose m,n € Z? such that Q(m) = u and Q(n) = v. By (2.5)
and Lemma 8 we find that

1 & S
N ; Vu(wj)vu(wj)

N

(—1ymametmnz N (T )by, ) (T (m)ahs, ;)

i=1

= (=1)™mtmm ¢ (D(n)D(m)*) + O(N )
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Now,

D) Dim)” = m B Bzze(:,“(mv) Tv(nBTvm ey

Taking the trace of both sides and applying Lemma 9, we get

1 N
ZVV 1/’] =

(_1)m1m2—|—n1n2 mima+nin -1
= C@N)! > (SN O(NT
B],BQEC(2N)

nB1=mBs mod N

N _ o 1
ZW-HBEC(QN).TL:TI’LB mod N} + O(N7)

which, since |C(2N)| = N £ 1, equals

_ J1+O(NT) if there exists B € C(2N) such that n =mB mod N,
oY otherwise.

Finally, for N large enough (i.e., N > Ny(u,v)), Lemma 4 gives that
n=mB mod N for some B € C(2N) is equivalent to u = v.
g

5. PROOF OF THEOREM 3

5.1. Reduction. In order to prove Theorem 3 it suffices to show that

(61) Jim Vel ATVl Vols) =

= E(tr(U,) tr(U)) tr(U,,) t(0,))

where U,,U,,U, and U, are random matrices in SU,.
Let S C Z* be the set of four-tuples (k, A, y, ) such that k = \, pu =
V,Or K=U, A=V, 0r K=V, A=, butnot k =A=pu=v.
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Proposition 11. Let {1;}Y | be a Hecke basis of Hy and let k, \, u,v €
Z. If N s a sufficiently large prime, then

N
- Zvn ¥5) V/\ W)V V2 (¥5) =
]:1

240N ife=A=p=v,
=< 1+0ONTY if(k,\p,v) €S,
O(N~1/?) otherwise.

Given Proposition 11 it is straightforward to deduce (5.1), we need
only to note that

E((trtU)") =2, E((trtU)*) =1, E(trU)=0.

Since the proof of Proposition 11 will occupy the remainder of this
section, we give a brief outline of the proof for the convenience of the
reader:

(1) Express the left hand side of (5.1) as the trace of averaged
observables.

(2) Rewrite the trace as an exponential sum.

(3) Show that the exponential sum is quite small unless pairwise
equality of k, A, u, v occurs, in which case the exponential sum
is given by the number of solutions (modulo N) of a certain
equation.

(4) Determine the number of solutions.

5.2. Ergodic averaging. Choose k,l,m,n € Z? such that Q(k) =
k,Q(l) = A\, Q(m) = p, and Q(n) = v. Then

1 & —_—
_Zvn % VA w] (%)Vu(%) =
j=1

2

— ( 1)k1k2+l1l2+m1m2+n1n2N.

N

Y AT (k)b ) (T (1) b5, ) (T (m) by, ) (T (n) 5, 45

j=1
which, by Lemma 8, equals

(_1)k1k2+l1l2+m1m2+n1nzN tr (D(k)D(l)*D(m)D(n)*) + O(Nfl)
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Now,
D(k)D(1) D(m)D(n)* =
1 N x
— W Z TN(kBl)TN(lBQ) TN(mB3)TN(nB4)

B1,B2,B3,B4€C(2N)

and in order to evaluate the trace we will need the following four vari-
able analogue of Lemma 9:

Lemma 12. If N is odd, By, By, B3, By € C(2N) and kB, — IBy +
mBs —nB; =0 mod N, then

(52) tr (TN(kBl)TN(le)*TN(mBg)TN(nB4)*) =

(_1)k1k2+l1lz+m1m2+n1n26 (t(w(ka _lB2) X]w(mB& _nB4))) N

where 2t =1 mod N.
On the other hand, if kB; — By + mBs —nB, Z0 mod N, then

tr (TN(k'31)TN(lBg)*TN(mBg)TN(nB4)*) =0

Proof. By (4.1) and (4.2) we have

(5.3) Tn(kB1)Tx(1By) Ty (mBs)Tx(nBy)* =
— Ty (kB1) T (—1By)Ty (mBs) T (—nBy) =
_. (w(kBl, —1B5) + w(mBs, —nBy)
2N
_. (w(kBl, —IBy) + w(mBs, —nBy) + w(kBy — By, mBs, —nB4)) .
2N
Ty (kB: — 1By +mBs — nBy)

) TN(kBl—lBQ)TN(mBg—TLB4) =

By (43), tI‘(TN(kBl — lB2 + mB3 — nB4)) = 0 unless kBl — lBQ +
mB3s —nB; =0 mod N, hence the second assertion follows.

As for the first assertion, assume that kB; — [By + mB3 —nB, =0
mod N. Then w(kB; — By, mB3 —nB;) =0 mod N, and since B; =
By = B3 = B, =1 mod 2, we have

w(kBy — By, mBs —nBy)\  (w(k—1,m—n)
e o =e 5 :
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This, together with (4.3) gives

(54) tr (TN(kBl)TN(—ZBQ)TN(TI'LB3)TN(—7’LB4)) =
— (_1)(kl_l1+m1—Tll)(kz—l2+m2—n2)‘

- €

w(k—=1,m—n) N w(kB1, —1By) + w(mBsz, —nBy) N
2 2N

Since w(kBy, —IBs) + w(mBs, —nB,) = w(k,—1) + w(m,—n) mod 2,
the Chinese Remainder Theorem gives

2N

_. <w(k, 1) +2 w(m, —n))e (t(w(kBl, 1By ; w(mBs, —nB4)))

(5:5) e (W“Bb ~LBy) + w(mbBs, —nB4>)

where 2t =1 mod N. The result now follows since

. (L&)(k‘ — l,2m — n)) _ (_1)(k1—l1)(m2—n2)—(k2—l2)(M1—nl)

and

(_ 1)k1l2—k2l1+m1n2—m2n1

. (W(k,—l) ;w(m, —n))

and thus the sign of (5.4) is given by

(5.6)
(_1)(k1—l1+m1—n1)(k2—l2+m2—n2)e ((JJ(k - l7 m — n) + w(k7 _l) + (.U(m, —TL))

2 2
— (_1)(k1—l1+m1 —n1)(k2—la+ma—n2)+(k1—l1)(m2—n2)—(k2—l2)(m1—n1)+kila—kali +minz—mani _

— (_1)k1k2+lll2+m1m2+n1n2

0
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Thus, using Lemma 12 we obtain

1) Do Vel T Va0 Vi) =

N
— (—1)krketlilztmimetnin, ]
=1) CEN

Z tr (T (kBy)Ty (IBs) Ty (mBs) Ty (nBy)*) =
Bi1,B2,B3,B4€C(2N)

N2
~CeN)[E

(t(w(kBl, _ZBQ) —+ w(mBg, —nB4)))
> e ¥

B1,B2,B3,B4€C(N)
kB1—IB2+mBs—nBs=0 mod N

(Note that e (t(w(kBl’_IBZH‘”(mBg”_"B“))) only depends on By, By, B3, By

N
modulo N, and since |C(N)| = |C(2N)| we may sum over B; € C(N)
instead of B; € C(2N).)

5.3. Exponential sums over curves. In order to show that there is
quite a bit of cancellation in (5.7) when pairwise equality of norms do
not hold, we will need some results on exponential sums over curves.
Let X be a projective curve of degree d; defined over the finite field
F,, embedded in n-dimensional projective space P* over IF,. Further,
let R(X1,...,X,y1) be a homogeneous rational function in P", defined
over I, and let dy be the degree of its numerator. Define

sunx= Y o)

acEX(]Fpm ) p

where ¢ is the trace from Fy» to F,, and the accent in the summation
means that the poles of R(z) are excluded. Bombieri has proved that
the following bound on |S,,(R, X)| holds.

Theorem 13 ([1], Theorem 6). If didy < p and R is not constant on
any component I' of X then

In order to apply Bombieri’s Theorem we need to show that the
components of a certain algebraic set are at most one dimensional, and
in order to do this we show that the number of points defined over Fy
is O(N). (Such a bound can not hold for all N if there are components
of dimension two or higher.)
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Lemma 14. Let a,b € Fy[a]. If a # 0 and the equation

M =ay +b, v1,7% € C(N)

is satisfied for more than two values of vz, then b =0 and N (a) = 1.

Proof. Taking norms, we obtain 1 = A (a) + N (b) + tr(aby2) and hence
tr(abys) is constant. If @b # 0, this means that the coordinates (z,y)
of v, when regarding 7, as an element of F% , lies on some line. On
the other hand, A(72) = 1 corresponds to 7, satisfying some quadratic
equation, hence the intersection can be at most two points. (In fact,
we may identify C'(NN) with the solutions to z2 — Dy? = 1 for z,y € Fy,

and some fixed D € Fy.)
O

Lemma 15. Fiz k,I[,m,n € Z? and let X be the set of solutions to
k—1By +mBs —nB;, =0 mod N, By, Bs, B, € C(N)

If Q(k),Q(),Q(m),RQ(n) # 0 mod N, then |X| < 3(N +1) for N

sufficiently large.

Proof. We use the identification of the action of C'(N) on F4 with the
action of C(N) on Fy[a]. The equation

k—lB2+mBg—7’LB4EO mod N
is then equivalent to

K—ABa+ B3 —vBy =0
where 3; € C(N) and &, A\, u, v € Fy[a]. We may rewrite this as

Kk — Ao = vy — pufs = Ba(v — uBs/Bu)
and letting ' = f3//4, we obtain

K — AB2 = Ba(v — pf3)

If v — ppB' =0 then k — A\By = 0, and since Q(1), Q(m) Z 0 mod N
implies that A,y are nonzero®, we find that 3, and B’ are uniquely
determined, whereas (3, can be chosen arbitrarily. Thus there are at
most |C(NV)| solutions for which v — ug’ = 0.

Let us now bound the number of solutions when v — uf’ # 0: after
writing

K — My = Ba(v — pup’)

as
K -

V—u6’+v—uﬂ’

3Recall that @, up to a scalar multiple, is given by the norm.

ﬁ? = /647
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Lemma 14 gives that there can be at most two possible values of (3, 5,
for each f', and hence there are at most 2|C(N)| solutions for which
v—uB #0.

Thus, in total, X can have at most |C(N)| + 2|C(N)| < 3(N + 1)
solutions.

g

5.4. Counting solutions. We now determine the components of X

t(w(kB1,—1B2)+w(mBs,—nBy)) \ -
( T 3 4 ) is constant.

on which e
Lemma 16. Assume that Q(k),Q(1), Q(m),Q(n) Z0 mod N, and let
Sol(k,l,m,n) be the number of solutions to the equations

(58) kBl — lBg + m33 — TLB4 =0 mod N

(5.9) w(kBy, —1By) + w(mBs,—nB,) = —C  mod N

where B; € C(N). If C =0 mod N and N is sufficiently large, then
(5.10)

2|C(N)1? if Q(k) = Q(l) = Q(m) = Q(n),
Sol(k,l,m,n) = { |C(N)]* + O(IC(N)]) if (Q(k),Q(1), Q(m), Q(n)) € S,
O(|C(N)]) otherwise.

On the other hand, if C Z0 mod N then
Sol(k, 1, m,n) = O(|C(N)]).

Proof. For simplicity®, we will assume that N is inert. It will be con-
venient to use the language of algebraic number theory; we identify
(Z/NZ)? with the finite field Fy> = Fy(v/D) by letting m = (z,v)
correspond to p = x 4+ yv/D. First we note that if n = (2, w) corre-
sponds to v then

w(m,n) = zw — zy = Im((z — yVD)(z + wVD)) =

= Im((z + yVD)(z + wVD))

where Im(a 4+ bv/D) = b, and hence w(m,n) = Im(7v).

Thus, with (k,1, m,n) corresponding to (v, vs, vs, 1y), the values of
Q(k),Q(),RQ(m),Q(n) modulo N are (up to a scalar multiple) given
by N (v1), N (1), N (13), N (v4). Putting u; = v;5; for 5; € C(N), we
find that w(kB;, —1By) + w(mBs, —nBy) = —C can be written as

Im (71 po + Bapa) = C-

4The split case is similar except for possibility of zero divisors, but these do not
occur when k,I,m,n are fixed and N is large enough.
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Now, kB, — By + mBs —nB, =0 mod N is equivalent to p; — s =
14 — p3. Taking norms, we obtain

N(Nl) +N(N2) — tr(fpe) = N(M4) +N(u3) — tr(faps)
and hence
tr(faps) = tr(fipe) + No+ Ny — Ny — No
if we let N; = N (v;). Since tr(u) = 2Re(u) = 2Re(z), we find that
2 Re(%;@) =2 Re(plm) + N4 —+ N3 — N1 — N2
On the other hand, Im (@12 + Ti3i4) = C implies that
Im(pzpa) = —Im(fpe) + C = Im(uifiz) + C
and thus
Hapta = pifly + K
where K = (N;+ N3 — N; — N5)/2+C+/D. Hence we can rewrite (5.8)
and (5.9) as
Hsfta = piifiz + K
M1+ 3 = Mo + [l
My = Viﬁi, ﬁz € C(N) for i = 1,2,3,4.
Case 1 (K #0). Since p; = v;3; with 8; € C(N), we can rewrite

Hapa = pafiz + K

as
T3vafs) B3 = 51/ Pe + K,
and hence

Bu/Bs = ” (Vll/zﬁl/ﬁz + K).

Applying lemma 14 with v, = 54 / Bs and vy, = B/, gives that £/ 0,
and hence pu;Jiz, must take one of two values, say C or Cy. But u iz =

C: implies that u; = ,U,Q]C\;—; and hence py = p3 CIJ\;LK We thus obtain
Ci+ K

pa(1 — E) p1 — po = pta — p3 = pz(1 — N, )
Now, if py # po then both 1 — % and 1 — Cﬁv*;K are nonzero. Thus

to is determined by ps, which in turn gives that p; as well as py is
determined by ps. Hence, there can be at most C(N) solutions for
which p; # po. (The case uijiz = Cy is handled in the same way.)

On the other hand, for pu; = o we have the family of solutions

(5.11) 1= po, 4 = 3
(note that this implies that C = Im (s + fzps) = 0.)
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Case 2 (K =0). Since K =0 and py = pg + pa — pi3 we have

Bapa = pafiz + K = (2 + pa — p3) o2
and hence
pa(fis — fi2) = (p2 — p3)fia
If uo — p3 = 0, we must have pu; = uy, and we obtain the family of
solutions

(5.12) Mo = M3, [ = 4

On the other hand, if uy — pu3 # 0, we can express p4 in terms of o
and ps:

M2 —p3__ No—Tpus
o = ——MHo= 7 ——
H3 — 2 N3 — Tapis

which in turn gives that

33

(5.13) /141:/124‘/14_,“3:,“2"'%_@%_“3
M3 — M2
M2 —py, . fo—fl3 flo—fpl3__ pofis — Ny
=———(3—)+——s=———"/3 = —s
i3 — [ig i3 — [i2 13 — [ig p2ftz — Ny

Summary. If K # 0 there can be at most 2|C(N)| “spurious” solu-
tions for which p; # ps; other than that, we must have

M1 = M2, M3 = H4.
On the other hand, if K = 0, then either

Mo = M3, M1 = H4.
or

_po—p3_ No—Tious M2 —p3__ pops — N3
= —H2 = — M3 M= —— M= 2
H3 — A2 N3 — apis fiz — fi2 papts — No
We note that the first case can only happen if N; = Ny and N3 = Ny,
the second only if Ny = N3 and N; = Ny, and the third only if Ny = Ny
and N; = Nj. Moreover, in all three cases, C = Im(K) = Im(fipe +
m3pe) = 0. We also note that if Ny = Nj, then the third case simplifies

to p1 = po and pz = pye. We thus obtain the following:

If C # 0 then K # 0 and there can be at most O(NN) “spurious
solutions”.

If C =0and Ny = Ny = N3 = N, then K = 0 and the solutions are

given by the two families

Ha

M2 = M3, M1 = M4

and L _
o Ny — Tigpis o3 — N3

Ha = N, — mm“?’ = H3, M=
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If C=0and N; = Ny # N, = N3 then K = 0 and there is a family
of solutions given by
M2 = M3, M1 = H4.
Similarly, if C' = 0 and N; = N3 # Ny = N, then K = 0 and there
is a family of solutions given by

_ Mo — U3 __ Mo — U3 ___

Ha = ————M2, H1= _—_——HM3
M3 — M2 M3 — M2

If C =0and N; = Ny # N3 = N, then K # 0, in which case we
have a family of solutions given by

M1 = M2, H3 = M4
as well as O(N) “spurious” solutions.

Finally, if C' = 0 and pairwise equality of norms do not hold, then
we must have K # 0 (if K = 0 then Gzus = pfiz + K implies that
N3Ny = NNy, which together with Ny + Ny = N3 + N, gives that
either Ny = N3, Ny = N, or N; = Ny, N, = N3) and in this case there
can be at most O(N) “spurious” solutions.

Finally, Lemma 4 gives (for k,l,m,n fixed and N large enough)
that pairwise equality of norms modulo N implies pairwise equality of

Q(k), Q(1), @(m), Q(n). -

5.5. Conclusion. We may now evaluate the exponential sum in (5.7)

Proposition 17. If Q(k),Q(l),Q(m),Q(n) Z 0 mod N then, for N
sufficiently large, we have

(5.14)

Z . (t(w(kBl, —1By) ;w(mBg, —nB4))>

B1,B2,B3,B4€C(N)
kB1—IB2+mB3s—nB4=0 mod N

2C(N)?+O(IC(N)]) if Q(k) = Q) = Q(m) = Q(n),
={ICV)P+O(C(V)))  if (Q(k),Q(), Q(m),Q(n)) € S,
O(|C(N)|?/?) otherwise.

Proof. Since both w(kBi, —IBs)+w(mBs, —nB,) and kB;—[By+mBs—
nB, are invariant under the substitution

(Bla B27 B3: B4) — (B,Bb BIBZ: BIB3: BIB4)
for B’ € C(N), we may rewrite (5.14) as

(5.15)
t(w(k, —1By) + w(mBs, —nBy))
> o )

C(N)| -
o) =
B3,B3,B4€C(N)
k—IBs+mB3—nB4=0 mod N
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Let X be the set of solutions to
k—I[By+mBs —nBy=0 mod N, By, Bs, B, € C(N)

By Lemma 15, the dimension of any irreducible component of X is
at most 1. The contribution from the zero dimensional components
of X is at most O(|C(N)|). As for the one dimensional components,
Lemma 16 gives that w(k, —1Bsy) + w(mBs, —nBy) cannot be constant
on any component unless pairwise equality of norms holds. Thus, if
pairwise equality of norms does not hold, Bombieri’s Theorem gives

S . (t(w(k, 1B, +;(m33, —nB4)))

B2,B3,B4EC(N)
k—IB>+mB3s—nB4=0 mod N

= O(N'?) = O(|C(N)['?)

On the other hand, if w(kBi, —1Bs) + w(mBs, —nB,) equals some
constant C' modulo NV on some one dimensional component, then lemma 16
gives the following: C' = 0 mod N, and (5.15) equals Sol(k,,m,n),
which in turn equals |C'(N)|? or 2|C(N)|? depending on whether Q(k) =
Q) =Q(m) =Q(n) mod N or not.

]

Proposition 11 now follows from Proposition 17 on recalling that (see

(5.7))

1 & -
ZVn ¢J V/\ w] (@/’J)Vu(w]) =
_7:1

J— N—2 .
@)
t(w(kBy, —IB;) + w(mBs, —nBy))
> ¢ ( N )

B1,B2,B3,B4€C(N)
kB1—IB24+mB3s—nBs4=0 mod N

and that |C(N)| = |C(2N)| = N = 1.

6. DISCUSSION

6.1. Comparison with generic systems. It is interesting to com-
pare our result for the variance with the predicted answer for generic
systems (see [7, 5]), which is

(6.1) Z fo(@) fo(Alz)dz
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where fo = f — sz y)dy. Using the Fourier expansion this equals

Z > Fm)Fman

t=—00 0#£ncZ?

By collecting together frequencies n lying in the same A-orbit, this can

be written as )

YooY fm

me(Z2—0)/(A) |neEm(A)
where (A) denotes the group generated by A. We can further massage
this expression into a form closer to our formula (1.1) by noticing that
the expression €(n) := (—1)™"™ is an invariant of the A-orbit: ¢(n) =
e(nA), because we assume that A = I mod 2. Thus we can rewrite
the generic variance (6.1) as

(6.2) > S (=1)m™ f(n)

me(Z2—0)/(A) |nem(A)

The comparison with our answer (1.1), namely
2

YU nmrfn

v#0 |Q(n)=v

is now clear: Both expressions would coincide if each hyperbola {n €
Z? : Q(n) = v} consisted of a single A-orbit. It is true that each
hyperbola consists of a finite number of A-orbits for v # 0, but that
number varies with v.

6.2. A differential operator. We discuss yet another analogy with
the modular domain, pointed out to us by Peter Sarnak: We define a
differential operator L on C*(T?) by

L= 50

472

0 0

op’ 6q)

so that Ef(n) =Q(n)f(n).
Given observables f, g, we define a bilinear form B(f, g) by

=> et )
v#£0
so that (cf. Conjecture 1)

B(f7 g) = E(XfX!])
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and by Theorem 2, B(f, f) is the variance of the normalized matrix
elements.
It is easy to check that L is self adjoint with respect to B, i.e.,

B(Lf,9) = B(f,Lg) .
Note that L is also self-adjoint with respect to the bilinear form derived
from the expected variance for generic systems (6.1), (6.2). This feature
was first observed for the modular domain, where the role of L is played
by the Casimir operator [13].

6.3. Connection with character sums. We now explain the con-
nection of Conjecture 1 with the theory of exponential sums in the
case of split primes, that is primes N for which the cat map A is di-
agonalizable modulo N. As we show below, in this case the matrix
elements are given by one-variable character sums and one may hope
to attack Conjecture 1 in that case via a monodromy argument as in
[9].

Suppose N is an odd prime for which A is diagonalizable modulo
N, that is there is a matrix M € SLy(Z/2NZ) so that A= MDM™!
mod 2N. In [12] we explained that in that case the normalized Hecke
eigenfunctions are given in terms of the Dirichlet characters modulo N

as iy ==/ 77Un(M)x, and in addition if we denote by &y the Dirac

mass at the origin then ¢y = vV NUy(M)dy is an additional Hecke
eigenfunction. We can write the matrix elements (T (n)1,,1,) as
characters sums: By Egorov we have

N
(Tn(n) Yy, ¥y) = m(TN(nM)X, X)
and putting m = (my, me) = nM this is given by

(T, ) = MmN 5™ o) (@ + m)N(@)
Q mod N

As for the eigenfunction vy corresponding to the Dirac mass &gy, the
matrix coefficient (T (n)io, o) will vanish for N sufficiently large, in
fact for all N such that the vector n is not an eigenvector for A mod N.
Indeed,

(Tv(n)o, vo) = ™37 o("22)50(Q + m)5a(@)

Q mod N

and for this not to vanish we need m; = 0, which happens precisely
if m = (0,mg) = nA is an eigenvector of the diagonal matrix D, or
equivalently if n is an eigenvector of A = M DM ™.
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