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Strongly Regular J-Inner Matrix Functions and
Related Problems

Damir Z. Arov and Harry Dym

Abstract. A number of characterizations of the class of strongly regular J-
inner matrix valued functions and descriptions of the corresponding reproduc-
ing kernel Hilbert spaces and formulas for the reproducing kernels of these
spaces are reviewed. Applications to bitangential interpolation problems, bi-
tangential inverse problems for canonical integral and differential systems,
J-unitary nodes and Livsic-Brodskii J-nodes are surveyed. Most of the fur-
nished information is adapted from the papers [ArD1]-[ArD11]. However, in
the last two sections, some new results are presented.
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1. Introduction

The class UsR(J) = UsR(J, Ω+) of strongly regular J-inner in Ω+ mvf’s (matrix
valued functions) was introduced, investigated and applied to bitangential inverse
problems for canonical integral and differential systems in [ArD1]-[ArD8]. A survey
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of some of our results will be given below and some other related results on operator
nodes with characteristic matrix functions of the class UsR(J) will be formulated.

Here and below J is a fixed m × m signature matrix: J∗ = J−1 = J ; Ω+ is
one of the domains D+ or C+ in the complex plane C, where

D+ = {λ ∈ C : |λ| < 1}, C+ = {λ ∈ C : Iλ > 0}.

The matrices

jpq =

[
Ip 0
0 −Iq

]
, Jp =

[
0 −Ip

−Ip 0

]
, Jp =

[
0 −iIp

iIp 0

]
(1.1)

are often considered as a signature matrix J .

The class UsR(jpq) is formed by the resolvent matrices (in the terminology
of M.G. Krein) of generalized bitangential interpolation problems in the Schur
class Sp×q of p × q mvf’s that are holomorphic and contractive in Ω+ in the so
called strictly completely indeterminate case. There is an analogous connection
between the class UsR(Jp) and generalized bitangential interpolation problems in
the Caratheodory class Cp×p of p × p-mvf’s that are holomorphic with positive
real part in Ω+. These connections were considered in [ArD4] and [ArD6]. They
will be discussed in Section 3.

In Section 4, criteria for a mvf in the class U(J) = U(J, Ω+) of J-inner
mvf,s with respect to Ω+ to belong to UsR(J) that are taken from [ArD11] will
be presented. They are formulated in terms of the Treil-Volberg matrix version of
the Muckenhoupt (A2)-condition on a mvf ∆(ζ) that is nonnegative a.e. on the
boundary ∂Ω+ of Ω+ and is defined by the given mvf U ∈ U(J). Earlier in [ArD10]
we obtained other criteria that was also formulated in terms of an (A2)-condition
but for other mvf’s ∆(ζ) and with an extra condition.

To every mvf U ∈ U(J) there corresponds a RKHS (reproducing kernel
Hilbert space) H(U), the theory of which was developed and extensively stud-
ied by L. de Branges [Br1]–[Br3] and then applied to assorted problems of analysis
by L. de Branges himself, partially in collaboration with J. Rovnyak [BrR], and by
others, see e.g., [Al], [ADRS], [AlD1]–[AlD3], [An], [Ba], [BaC], [Dy4], [DI], [Re],
[Ro], [Sak], [Wi].

In Section 5 the characteristic properties of the space H(U) that correspond
to U ∈ UsR(J) are formulated and a description of the space H(U) for U ∈
UsR(Jp) is given. These results were obtained in our papers [ArD4], [ArD7]. In
these papers, we also obtained useful formulas for the RK’s (reproducing kernels)
KU

ω (λ) for J = jpq and J = Jp. These expressions were then applied to obtain
formulas for the solutions of bitangential inverse problems for canonical integral
and differential systems with matrizants Ut(λ) = U(t, λ), 0 ≤ t < d, that satisfy
the extra condition

Ut ∈ UsR(J), 0 ≤ t < d,(1.2)

in [ArD2], [ArD4], [ArD7].
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In our investigations, following a stategy that originates with M.G. Krein,
we interpret the entire mvf’s Ut(λ) ∈ UsR(J) as the resolvent matrix of a general-
ized bitangential Krein extension problem for helical mvf in the so called strictly
completely indeterminate case. Such GKEP’s were investigated in [ArD9]. Some
of our results on the bitangential inverse problems will be discussed in Section 6.

We wish to emphasize, that in our formulation of bitangential inverse prob-
lems, the frequency characteristic of the canonical system (such as a spectral func-
tion, an input impedance matrix, an input scattering matrix or a monodromy
matrix) that is usually considered as the given data is augmented by a normalized
monotonic continuous chain of pairs of entire inner mvf’s, that is associated in a
certain sense with the matrizant Ut(λ) of the underlying system.

In Section 7, we present formulas for the solution of the bitangential inverse
impedance problem that are adapted from [ArD7].

In Section 8, we consider a class of RKHS’s B(E) that are based on a p× 2p
mvf E(λ) that is meromorphic in C+. If E(λ) is entire, then B(E) is a RKHS of
entire p × 1 vvf’s. The theory of such spaces of entire functions was introduced
and extensively developed by L. de Branges [Br2], [Br3] and the references cited
therein. These spaces play a useful role in the spectral theory of differential and
integral equations and a number of other areas of analysis; see e.g., [Dy1]-[Dy6],
[DI], [DK], [DMc], [Dyu], [Gu], citeKW1, [KW2], [Sak], [Wi], [Wo], [Yu]. We char-
acterize those spaces B(E) of meromorphic vvf’s that are invariant under the back-
wards shift operator and introduce the notion of left and right strongly regular de
Branges spaces in terms of two generalized Fourier transforms. We then present
some characterizations of these two classes of strongly regular de Branges spaces
that are related to the corresponding characterizations of left and right strongly
regular J-inner mvf’s.

There is a well known two-sided connection between the theory of mvf’s that
are J-contractive in Ω+ and the theory of characteristic mvf’s of operator nodes.
In particular, it is known that a mvf U ∈ U(J) that is holomorphic at the point
λ = 0 may be considered as the characteristic mvf of a simple operator node: of
a J-unitary node if Ω+ = D+ or of an LB (Livsic-Brodskii) J-node if Ω+ = C+

and U(0) = Im. Moreover, there exist functional models of these nodes, in which
the main operators are modelled as backward shift operators in the space H(U).
On the basis of these models and our results on the spaces H(U) for U ∈ UsR(J)
the characteristic properties of simple operator nodes with characteristic mvf’s
U(λ) of the class UsR(J) were obtained by Z.D. Arova in [Ara1]-[Ara4]. Other
characterizations of these classes of operator nodes are considered in [Ar] and
Section 9 of this survey.

2. Definition of the class UsR(J)

We recall that an m × m mvf U(λ) that is meromorphic in Ω+ belongs to the class
U(J) = U(J, Ω+) of J-inner mvf’s with respect to Ω+ if it has J-contractive values
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U(λ) at the points of holomorphy in Ω+ and J-unitary boundary values U(ζ) a.e.
on ∂Ω+.

Let J 6= ±Im be a signature matrix and let

p = rank (Im + J), q = rank (Im − J).(2.1)

Then there exists a unitary m × m matrix V such that

J = V ∗jpqV (V ∗V = V V ∗ = Im).(2.2)

Moreover,

U ∈ U(J) ⇐⇒ W (λ) = V U(λ)V ∗ belongs to the class U(jpq).(2.3)

It is well known that the linear fractional transformation

TW [ε] = (w11ε + w12) (w21ε + w22)
−1(2.4)

that is based on the four-block decomposition

W =

[
w11 w12

w21 w22

]
(2.5)

with blocks w11 and w22 of sizes p × p and q × q is well defined on Sp×q when
W ∈ U(jpq), i.e., Sp×q ⊂ D(TW ), where

D(TW ) = { ε : det(w21ε + w22) 6≡ 0 }.(2.6)

Moreover,

TW [Sp×q ] ⊂ Sp×q , and TW [Sp×q
in ] ⊂ Sp×q

in .(2.7)

Here we use notations:

TW [E] = {TW (ε) : ε ∈ E },(2.8)

Sp×q
in is the class of p × q mvf’s that are inner with respect to Ω+ if p ≥ q and are ∗-

inner with respect to Ω+ if p < q. By a theorem of L.A. Simakova [Si], the property
(2.7) is characteristic for W ∈ U(jpq): if W is an m × m mvf that is meromorphic
in Ω+ with det W (λ) 6≡ 0 such that (2.7) holds, then ρ(λ)W (λ) ∈ U(jpq) for some
scalar function ρ(λ).

Let
o

S
p×q = { s ∈ Sp×q : ‖s‖∞ < 1 }.(2.9)

Definition 2.1. A mvf W ∈ U(jpq) is said to be strongly regular if

TW [Sp×q ]∩
o

S
p×q 6= ∅.(2.10)

Let J 6= ±Im and let V be a unitary matrix such that (2.2) holds.

Definition 2.2. A mvf U ∈ U(J) is said to be a strongly regular J-inner mvf with
respect to Ω+ if the mvf W (λ) = V U(λ)V ∗ is a strongly regular jpq-inner mvf
with respect to Ω+.
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The class of strongly regular J-inner mvf,s with respect to Ω+ will be denoted
by the symbol UsR(J, Ω+), or UsR(J) for short, when the domain is either clear
from the context, or not important.

If J = Jp, then q = p and

Jp = V∗jpV, where jp = jpp and V =
1√
2

[
−Ip Ip

Ip Ip

]
.(2.11)

Let V and V be unitary matrices that are considered in the relations (2.2)
and (2.11) and, for an m × m mvf U(λ), let

W (λ) = V U(λ)V ∗ and, for q = p, let A(λ) = VV U(λ)V ∗V∗.(2.12)

Then

U ∈ U(J) ⇐⇒ W ∈ U(jpq) and, if q = p, U ∈ U(J) ⇐⇒ A ∈ U(Jp)

U ∈ UsR(J) ⇐⇒ W ∈ UsR(jpq) and, if q = p, U ∈ UsR(J) ⇐⇒ A ∈ UsR(Jp).

Linear fractional transformations based on the four-block decomposition of
mvf’s A(λ) ∈ U(Jp)

A(λ) =

[
a11(λ) a12(λ)
a21(λ) a22(λ)

]
(2.13)

with blocks aij(λ) that are p × p mvf’s map Cp×p ∩ D(TA) into Cp×p. However, it
turns turns out to be more useful to consider the linear fractional transformations
based on the mvf’s

B(λ) =

[
b11(λ) b12(λ)
b21(λ) b22(λ)

]
= A(λ)V,(2.14)

since the set

C(A) = TB[Sp×p ∩ D(TB)](2.15)

is a larger subset of Cp×p than TA[Cp×p ∩ D(TA)]. We remark that

Cp×p = TV[Sp×p ∩ D(TV)](2.16)

and define
o

Cp×p = TV[
o

S
p×p].(2.17)

Then
o

Cp×p = { c ∈ Cp×p : c ∈ Hp×p
∞ and (Rc(ζ))−1 ∈ Lp×p

∞ }.(2.18)

A mvf A ∈ U(Jp) belongs to the class UsR(Jp) if and only if

C(A)∩
o

Cp×p 6= ∅.(2.19)

In the sequel we shall present a number of different characterizations of
the class UsR(J) and, somewhat later in the development, shall rename the class
UsR(J) to the class UrsR(J) of right strongly regular J-inner mvf’s and shall in-
troduce a second class UlsR(J) of left strongly regular J-inner mvf’s.
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3. Connection with generalized bitangential Nevanlinna-Pick
problems

The generalized Schur Interpolation Problem GSIP (b1, b2; s
o) based on a given

set of mvf’s b1 ∈ Sp×p
in , b2 ∈ Sq×q

in and so ∈ Sp×q is to describe the set

S(b1, b2; s
o) = { s ∈ Sp×q : b−1

1 (s − so)b−1
2 ∈ Hp×q

∞ }.(3.1)

This problem is said to be strictly completely indeterminate if

S(b1, b2; s
o)∩

o

S
p×q 6= ∅.(3.2)

There is a two-sided connection between such problems and the class UsR(jpq). To
explain this, recall that the Potapov-Ginzburg transform S = PG(W ) of a mvf
W ∈ U(jpq) is defined by the formula

S =

[
s11 s12

s21 s22

]
=

[
(w#

11)
−1 w12w

−1
22

−w−1
22 w21 w−1

22

]
,(3.3)

where f#(λ) = f(λ∼)∗,

λ∼ =

{
1/λ, if Ω+ = D+,

λ, if Ω+ = C+,
(3.4)

and the pseudocontinuation of a mvf U ∈ U(J) into the domain Ω− = Ext Ω+ is
defined by the J-symmetry principle:

U(λ) = J(U#(λ))−1J.(3.5)

The diagonal blocks blocks of S(λ) satisfy the conditions s11 ∈ Sp×p, det s11 6≡
0 and s22 ∈ Sq×q , det s22 6≡ 0 and hence admit inner-outer and outer-inner factor-
izations:

s11 = b1ϕ1, b1 ∈ Sp×p
in , ϕ1 ∈ Sp×p

out ,(3.6)

s22 = ϕ2b2, b2 ∈ Sq×q
in , ϕq ∈ Sq×q

out .(3.7)

The pair {b1, b2} of inner mvf’s considered in (3.6), (3.7) is called an associated
pair of the jpq-inner mvf W and we denote such a pair by writing {b1, b2} ∈ ap (W ).
From this definition and general results on GSIP’s we obtained the following two
theorems.

Theorem 3.1. [ArD4]. Let the GSIP (b1, b2; s
o) be strictly completely indetermi-

nate. Then there exists a mvf W ∈ U(jpq) such that

S(b1, b2; s
o) = TW [Sp×q ].(3.8)

Moreover, every such mvf W (λ) belongs to the class UsR(jpq) and, in the set of
these mvf’s, there exists a W ∈ UsR(jpq) such that

{b1, b2} ∈ ap (W ).(3.9)

A mvf W ∈ UsR(jpq) for which (3.8) and (3.9) hold is defined up to a constant
jpq-unitary right multiplier. If b1(λ) and b2(λ) are both entire inner mvf’s, then
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W (λ) is also an entire mvf and may be uniquely specified by the conditions (3.8),
(3.9) and the normalization condition W (0) = Im.

Theorem 3.2. [ArD4]. Let W ∈ UsR(jpq). Let

{b1, b2} ∈ ap (W ) and so ∈ TW [Sp×q ].(3.10)

Then the GSIP (b1, b2; s
o) is strictly completely indeterminate and the formula

(3.8) holds. If W (λ) is entire, then b1(λ) and b2(λ) are both entire.

There exist analogous results on GCIP’s (Generalized Caratheodory Interpo-
lation Problems) and the class UsR(Jp). To formulate them for a mvf A(λ) ∈ U(Jp)
we consider the corresponding mvf B(λ), defined by formula (2.14).

The mvf’s b#
21

−1
and b−1

22 have inner-outer and outer-inner factorizations in

the Smirnov class 1 N p×p
+ in Ω+:

b#
21

−1
= b3ϕ3, where b3 ∈ Sp×p

in , ϕ3 ∈ N p×p
out ,(3.11)

b−1
22 = ϕ4b4, where b4 ∈ Sp×p

in , ϕ4 ∈ N p×p
out .(3.12)

The pair {b3, b4} is called an associated pair of the second kind of the mvf
A(λ) and we write {b3, b4} ∈ apII (A). (If W (λ) = VA(λ)V and {b1, b2} ∈ ap (W ),
then {b1, b2} is called an associated pair of the first kind of A(λ) and we write
{b1, b2} ∈ apI (A).)

Let b3 ∈ Sp×p
in , b4 ∈ Sp×p

in and co ∈ Cp×p be given mvf’s. Then GCIP
(b3, b4; c

o) is to describe the set

C(b3, b4; c
o) = { c ∈ Cp×p : b−1

3 (c − co)b−1
4 ∈ N p×p

+ }.(3.13)

This problem is said to be strictly completely indeterminate, if

C(b3, b4; c
o)∩

o

Cp×p 6= ∅.(3.14)

Theorem 3.3. [ArD6]. Let the GCIP (b3, b4; c
o) be strictly completely indetermi-

nate. Then there exists a mvf A(λ) ∈ U(Jp) such that

C(b3, b4; c
o) = C(A).(3.15)

Moreover every such mvf A(λ) belongs to the class UsR(Jp) and, in the set of these
mvf’s, there exists an A ∈ UsR(Jp) such that

{b3, b4} ∈ apII (A).(3.16)

A mvf A ∈ UsR(Jp) for which (3.15) and (3.16) hold is defined up to a constant
Jp-unitary right multiplier. If b3(λ) and b4(λ) are both entire inner mvf’s, then
A(λ) is also an entire mvf and may be uniquely specified by the conditions (3.15),
(3.16) and the normalization condition A(0) = Im.

1N p×p

+
= {g/h : g ∈ Sp×p and h ∈ S1×1

out };N p×p

out = {g/h : g ∈ Sp×p

out and h ∈ S1×1
out }.
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Theorem 3.4. [ArD6]. Let A ∈ UsR(Jp). Let

{b3, b4} ∈ apII (A) and co ∈ C(A).(3.17)

Then the GCIP (b3, b4; c
o) is strictly completely indeterminate and formula (3.15)

holds. If A(λ) is entire, then b3(λ) and b4(λ) are both entire.

A GCIP (b3, b4; c
o) that is based on entire mvf’s b3(λ) and b4(λ), is equivalent

to a generalized bitangential Krein extension problem for the so called helical mvf’s
g(t) that correspond to mvf’s c(λ) ∈ Cp×p by the formula

c(λ) = λ2

∞∫

0

eiλtg(t) dt, g(0) ≤ 0.(3.18)

This GKEP was considered in [ArD9].

4. Criteria for U ∈ UsR(J) in terms of Muckenhoupt conditions

In [ArD10] we obtained a necessary and sufficient condition on U ∈ U(J) under
which U ∈ UsR(J). In this formulation there are two conditions, one of which is
the Treil-Volberg matrix version of the Muckenhoupt (A2)-condition

sup
I

‖(∆I)
1/2((∆−1)I)

1/2‖ < ∞,(4.1)

where

∆I =
1

|I |

∫

I

∆(ζ) |dζ|,(4.2)

∆(ζ) is a mvf that is defined in terms of U(λ) (and J) and is nonnegative a.e. on
∂Ω+, I is a subarc of T = {ζ : |ζ| = 1} if Ω+ = D+ and I is a finite subinterval
of R, if Ω+ = C+. In both settings, |I | denotes the length of I .

Remark 4.1. The condition (4.1) is equivalent to the determinant condition

sup
I

((det ∆I) · (det((∆−1)I))) < ∞;(4.3)

see [ArD11].

In [ArD11] we obtained new and simpler criteria for a mvf U ∈ U(J) to be
strongly regular that is based on a different choice of the mvf ∆(ζ) than was con-
sidered in [ArD10] and is summarized below. In fact, in both [ArD10] and [ArD11],
we considered two notions of strong regularity: left and right, and introduced the
classes UlsR(J) and UrsR(J) of left and right strongly regular J-inner mvf’s. The
latter coincides with the class UsR(J) that was considered earlier. These two classes
are connected by the relation

U(λ) ∈ UlsR(J) ⇐⇒ U∼(λ) ∈ UrsR(J),

where
U∼(λ) = JU#(−λ)J.
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Let

P =
1

2
(Im + J), Q =

1

2
(Im − J)(4.4)

and, for a mvf U ∈ U(J) with J 6= ±Im, let

Gr(ζ) = P + U(ζ)∗QU(ζ) and Gl(ζ) = P + U(ζ)QU(ζ)∗ a.e. ζ ∈ ∂Ω+.

(4.5)

Let

W (λ) = V U(λ)V ∗ =

[
w11(λ) w12(λ)
w21(λ) w22(λ)

]
,(4.6)

for U ∈ U(J), where J 6= ±Im and V satisfies (2.2). Let

s21(λ) = −w−1
22 (λ)w21(λ) and s12(λ) = w12(λ)w22(λ)−1.(4.7)

Then

V ∗(Gr(ζ))−1V =

[
Ip s21(ζ)∗

s21(ζ) Iq

]
=: ∆r(ζ),(4.8)

V ∗(Gl(ζ))−1V =

[
Ip −s12(ζ)

−s12(ζ)∗ Iq

]
=: ∆l(ζ)(4.9)

and we have the following conclusions:

Theorem 4.2. [ArD11]. Let U ∈ U(J). Then:
(a)

U ∈ UrsR(J) ⇐⇒ ∆(ζ) = ∆r(ζ)satisfies the (A2)-condition (4.1)

⇐⇒ ∆(ζ) = Gr(ζ) satisfies the (A2)-condition (4.1).

(b)

U ∈ UlsR(J) ⇐⇒ ∆(ζ) = ∆l(ζ) satisfies the (A2)-condition (4.1)

⇐⇒ ∆(ζ) = Gl(ζ) satisfies the (A2)-condition (4.1).

5. The de Branges spaces H(U) for U ∈ UsR(J)

The RK KU
ω (λ) of the RKHS H(U) based on a mvf U ∈ U(J) is defined by the

formula

KU
ω (λ) = (ρω(λ))−1(J − U(λ)JU(ω)∗), ω 6= λ∼,(5.1)

where

ρω(λ) =

{
1 − λω, if Ω+ = D+,

−2πi(λ − ω), if Ω+ = C+.
(5.2)

A mvf U ∈ U(J) and the vvf’s g ∈ H(U) have pseudocontinuations into the
extended complex plane C ∪ {∞} and we consider U(λ) and g(λ) on the sets of
analyticity hU and hg of these extended functions in C∪{∞}. The RK KU

ω may be
considered on hU ×hU . The vvf’s g(λ) ∈ H(U) have nontangential boundary values
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g(ζ) at a.e. point ζ ∈ ∂Ω+, when λ tends to ζ nontangentially (with respect to
∂Ω+) from C\∂Ω+. We write H(U) ⊂ Lm

2 if g(ζ) ∈ Lm
2 (∂Ω+) for every g ∈ H(U).

Theorem 5.1. [ArD1]. Let U ∈ U(J), where J 6= ±Im. Then U ∈ UsR(J) if and
only if one of the following equivalent properties holds:

1) H(U) ⊂ Lm
2 .

2) H(U) is a (closed) subspace of Lm
2 .

3)

γ1‖g‖Lm
2
≤ ‖g‖H(U) ≤ γ2‖g‖Lm

2
(5.3)

for every g ∈ H(U), where γ1 and γ2 are finite constants such that 0 < γ1 ≤ γ2.

Remark 5.2. The preceding theorem implies that U(J) ∩ Lm×m
∞ ⊂ UsR(J). More-

over, this inclusion is proper. Examples that illustrate this are furnished in Subec-
tion 7.6 of [ArD10].

Let Hm
2 (Ω±) be the Hardy spaces of m × 1 vvf’s g(λ) that are holomorphic

in Ω± and have finite H2-norm. (If Ω− = D− = Ext D+ and g ∈ Hm
2 (Ω−) then

g(∞) = 0.)
Upon identifying the vvf’s g(λ) with their boundary values g(ζ) we have:

Km
2 ⊕ Hm

2 = Lm
2 , where Hm

2 = Hm
2 (Ω+) and Km

2 = Hm
2 (Ω−).(5.4)

Let

H±(U) = H(U) ∩ Hm
2 (Ω±)(5.5)

for U ∈ U(J).

Theorem 5.3. [ArD1]. Let U ∈ UsR(J), where J 6= ±Im. Then

H(U) = H−(U)+̇H+(U).(5.6)

Let Mc be the operator in Lp
2 = Lp

2(R) of multiplication by a mvf c ∈ Lp×p
∞

and, for b ∈ Sp×p
in , let

H(b) = Hp
2 	 bHp

2 , H∗(b) = Kp
2 	 b−1Kp

2 .(5.7)

These two spaces are RKHS’s with respect to the standard inner product in Lp
2

with RK’s

kb
ω(λ) =

Ip − b(λ)b(ω)∗

ρω(λ)
and lbω(λ) =

b(λ)−1b(ω)−∗ − Ip

ρω(λ)
,

respectively. The following description of the space H(A) for A ∈ UsR(J, C+) is
given in [ArD7] in terms of the three mvf’s

{b3, b4} ∈ apII (A)(5.8)

and

c ∈ C(A) ∩ Hp×p
∞ .(5.9)
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Φ11 = ΠH(b3)Mc

∣∣
Hp

2

, Φ12 = ΠH(b3)Mc

∣∣
H∗(b4)

, Φ22 = ΠKp

2
Mc

∣∣
H∗(b4)

,(5.10)

where ΠL is the orthoprojection onto L.

Theorem 5.4. [ArD7]. Let A ∈ UsR(J, C+). Then the operator LA that is defined
by the rule

LA :

[
g
h

]
−→

[
−Φ∗

11g + Φ22h
g + h

]
(5.11)

is a bounded linear map from H(b3) ⊕H∗(b4) onto H(A):

H(A) =

{[
−Φ∗

11g + +Φ22h
g + h

]
: g ∈ H(b3) and h ∈ H∗(b4)

}
.(5.12)

Moreover, if

f = LA

[
g
h

]
=

[
−Φ∗

11g + +Φ22h
g + h

]

for some choice of g ∈ H(b3) and h ∈ H∗(b4), and

∆A = 2<
[

Φ11|H(b3) Φ12

0 ΠH(b4)Φ22

]
,

then

‖f‖2
H(A) = 〈∆A

[
g
h

]
,

[
g
h

]
〉Lm

2

= 〈(c + c∗)(g + h), (g + h)〉Lp

2
.

(5.13)

In [ArD7] we also obtained a formula for the RK KA
ω in terms of the solution

of a linear system of equations with coefficients 2<Φ11, Φ12, Φ∗
12 and 2<Φ22 and

a right hand side that is defined by the mvf’s c, b3 and b4 and a dual pair ḃ3, ḃ4 of
inner p × p inner mvf’s that are defined essentially uniquely by the relations

Φ∗
11H(b3) = H(ḃ3) and Φ∗

22H∗(b4) = H∗(ḃ4).

In applications to inverse problems and operator nodes, the case 0 ∈ hA and
formulas for KA

0 (λ) are of particular interest; see Section 7 for a sample. In this
case, the formulas referred to above yield the following result:

Theorem 5.5. [ArD7]. Let A ∈ UsR(J, C+), let 0 ∈ hA and let b5, b6 be any pair of
inner p × p mvf’s such that

(ḃ3)
−1b5 ∈ Sp×p

in and b6(ḃ4)
−1 ∈ Sp×p

in .

Then

KA
0 = LA

[
û11 û12

û21 û22

]
,(5.14)
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where the ûij = ûij(λ) are p × p mvf’s that are obtained as the solutions of the
system of equations

∆A

[
û11 û12

û21 û22

]
=

[
−Φ11k

b5
0 kb3

0

Φ∗
22l

b6
0 lb40

]
(5.15)

and the operators in formulas (5.14) and (5.15) act on the indicated matrix arrays
column by column. In particular, the columns of û11(λ) and û12(λ) belong to H(b3)
and the columns of û21(λ) and û22(λ) belong to H∗(b4).

Earlier analogous results on the description of the RKHS H(W ) and a formula
for the RK KW

ω (λ) were obtained for W ∈ UsR(jpq) in [ArD4].

6. Canonical systems with matrizants of the class UsR(J)

In our papers [ArD2], [ArD4], [ArD7], we obtained formulas for the solutions of
bitangential inverse problems for canonical integral systems of the form

u(t, λ) = u(0, λ) + iλ

t∫

0

u(s, λ) dM(s)J, 0 ≤ t < d,(6.1)

and the corresponding canonical differential systems of the form

du

dt
= izu(t, λ)H(t)J, 0 ≤ t < d(6.2)

with J = jpq and J = Jp from the formulas for KW
0 (λ) and KA

0 (λ).
In our analysis, we assume that the mvf M(t) that appears in the system (6.1)

is a continuous nondecreasing m × m mvf on the interval [0, d) with M(0) = 0 and
that u(t, λ) is a continuous k × m mvf on [0, d). In the system (6.2) H(t) is assumed
to be locally summable m × m mvf that is nonnegative a.e. on [0, d) and u(t, λ)
is a k × m mvf that is absolutely continuous on every closed subinterval of [0, d).
The system (6.2) is equivalent to the system (6.1) with

M(t) =

t∫

0

H(s) ds, 0 ≤ t < d.(6.3)

The matrizant Ut(λ) = U(t, λ) of the system (6.1) (or (6.2)) is the solution
of this system with initial condition U(0, λ) = Im. It belongs to the class E ∩U(J)
of entire J-inner mvf’s and Ut(0) = Im for every t ∈ [0, d). Moreover

(Ut1)
−1Ut2 ∈ E ∩ U(J), if 0 ≤ t1 ≤ t2 < d.(6.4)

Our next objective is to introduce the notions of input scattering matrices
and input impedance matrices for systems (6.1) and (6.2 with arbitrary signature
matrices J 6= ±Im. To this end, we set

Wt(λ) = V Ut(λ)V ∗ and At(λ) = VWt(λ)V∗, 0 ≤ t < d,(6.5)
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where V and V are defined by (2.2) and (2.11), and let

Sscat =
⋂

0≤t<d

TWt
[Sp×q ] and Cimp =

⋂

0≤t<d

C(At).(6.6)

The set Sscat of input scattering matrices is not empty because

TWt2
⊂ TWt1

⊂ Sp×q for t1 ≤ t2 < d

and Sp×q is sequentially compact. We shall call a mvf s ∈ Sp×q an input scatter-
ing matrix of the considered system. The sets C(At) are monotone non decreasing
nonempty subsets of Cp×p. However, the set Cimp of input impedance matrices may
be empty unless additional restrictions are imposed because Cp×p is not sequen-
tially compact. We shall call a mvf c ∈ Cimp an input impedance matrix of the
considered system.

The mvf’s bt
j(λ) in the chains of associated pairs

{bt
1, b

t
2} ∈ ap (Wt), 0 ≤ t < d(6.7)

and

{bt
3, b

t
4} ∈ apII (At), 0 ≤ t < d(6.8)

of inner mvf’s are entire and they may be normalized by the condition bt
j(0) = I ,

1 ≤ j ≤ 4. Moreover, these two chains are monotonic in the following sense:

(bt1
1 )−1bt2

1 ∈ E ∩ Sp×p
in , bt2

2 (bt1
2 )−1 ∈ E ∩ Sq×q

in ,(6.9)

(bt1
3 )−1bt2

3 ∈ E ∩ Sp×p
in , bt2

4 (bt1
4 )−1 ∈ E ∩ Sp×p

in ,(6.10)

if 0 ≤ t1 ≤ t2 < d. This property follows from (6.4).

In [ArD1]-[ArD8] we investigated canonical systems of the form (6.1) with
property (1.2). We proved that for such systems the chains of normalized associated
pairs are continuous in the sense that the mvf’s bt

j(λ) are continuous with respect
to t on the interval [0, d) for every fixed λ ∈ C. In our considerations, the given
data for a bitangential inverse problem is not just a frequency characteristic of the
system such as an input scattering matrix s(λ), or an input impedance matrix c(λ),
or a spectral function or a monodromy matrix, but also a normalized monotonic
continuous chain of pairs of entire mvf’s {bt

1, b
t
2}, 0 ≤ t < d or {bt

3, b
t
4}, 0 ≤ t < d,

that relate to the system via (6.7) or (6.8), respectively.

The next theorem, which guarantees the existence and uniqueness of a solu-
tion to the bitangential inverse impedance problem with given data (c, bt

3, b
t
4, 0 ≤

t < d) is established in [ArD6]. The proof of this theorem is based on Theorem 3.3.
This theorem is applied to obtain similar conclusions for the bitangential inverse
spectral problem in [ArD8]. Analogous results were obtained earlier for the bi-
tangential inverse monodromy problem in [ArD2] and for the bitangential inverse
input scattering problem in [ArD4].
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Theorem 6.1. Let c ∈ Cp×p, let {bt
3(λ), bt

4(λ)}, 0 ≤ t < d, be a normalized mono-
tonic continuous chain of entire inner p × p mvf’s and assume that

C(bt
3, b

t
4; c) ∩ C̊p×p 6= ∅ for every t ∈ [0, d) .(6.11)

Then there exists exactly one canonical integral system (6.1) with matrizant At(λ) =
A(t, λ), 0 ≤ t < d, that satisfies the following conditions:

(1) c ∈ Cimp .

(2) {bt
3, b

t
4} ∈ apII(At) for every t ∈ [0, d) .

(3) At ∈ UsR(Jp) for every t ∈ [0, d) .

In particular, the condition (6.11) is satisfied if c ∈ C̊p×p.

7. Formulas for the solution M(t) of the bitangential inverse
impedance problem and for the corresponding matrizant.

Under assumption (6.11), there exists a mvf

ct ∈ C(At) ∩ Hp×p
∞(7.1)

for every t ∈ [0, d) and hence, upon writing Φt
ij for the operators Φij defined in

formula (5.10) with bt
3(λ) in place of b3(λ), bt

4(λ) in place of b4(λ) and ct(λ) in
place of c(λ), we obtain

Φt
11 = ΠH(bt

3
)Mct

∣∣∣Hp

2
, Φt

22 = Π−Mct

∣∣∣
H∗(bt

4
)

and Φt
12 = ΠH(bt

3
)Mct

∣∣∣
H∗(bt

4
)

.

(7.2)

Correspondingly, let

Y t
1 = ΠH(bt

3
)

{
Mct + (Mct)∗

}∣∣∣∣
H(bt

3
)

= 2<
(

Φt
11

∣∣∣∣
H(bt

3
)

)
,(7.3)

Y t
2 = ΠH∗(bt

4
)

{
Mct + (Mct)∗

}∣∣∣∣
H∗(bt

4
)

= 2<
(

ΠH∗(bt
4
)Φ

t
22

)
,(7.4)

τ3(t) = limν↑∞
log ‖bt

3(−iν)‖
ν

and τ4(t) = limν↑∞
log ‖bt

4(−iν)‖
ν

.(7.5)

Then, the entire inner p × p mvf bt
j(λ) is of exponential type τj(t), H(bt

3) ⊂
H(eτ3(t)Ip), H∗(b

t
4) ⊂ H(eτ4(t)Ip) and, as the type of ḃt

j is equal to the type of

bt
j ,

Φ∗
11H(bt

3) ⊆ H(eτ3(t)Ip) and Φ22 H∗(b
t
4) ⊆ H∗(eτ4(t)Ip) .

Therefore, we can choose

b5(λ) = bt
5(λ) = eiλτ3(t)Ip and b6(λ) = bt

6(λ) = eiλτ4(t)Ip

in Theorem 5.5.
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In order to keep the notation relatively simple, an operator T that acts in the
space of p× 1 vvf’s will be applied to p× p mvf’s with columns f1, . . . , fp column
by column: T [f1 · · · fp] = [Tf1 · · ·Tfp].

Theorem 7.1. In the setting of the last theorem, let τ3(t) and τ4(t) be defined by
formula (7.5), and recalling that (R0f)(λ) = {f(λ) − f(0)}/λ, let

ŷt
11(λ) = −1

i

(
Φt

11(R0eτ3(t)Ip)
)
(λ) , ŷt

12(λ) =
1

i
(R0b

t
3)(λ)(7.6)

ŷt
21(λ) =

−1

i

(
(Φt

22)
∗(R0e−τ4(t)Ip)

)
(λ) , ŷt

22(λ) = −1

i
(R0(b

t
4)

−1)(λ) .(7.7)

Then the RK Kt
ω(λ) of the RKHS H(At) evaluated at ω = 0 is given by the formula

Kt
0(λ) =

1

2π

[
x̂t

11(λ) + x̂t
21(λ) x̂t

12(λ) + x̂t
22(λ)

ût
11(λ) + ût

21(λ) ût
12(λ) + ût

22(λ)

]
,(7.8)

where:

(1) The ût
ij(λ) are p × p mvf’s such that the columns of ût

1j(λ) and ût
12(λ)

belong to H(bt
3) and the columns of ût

21(λ) and ût
22(λ) belong to H∗(b

t
4).

The ût
ij(λ) may be defined as the solutions of the systems of equations:

Y t
1 ût

1j + Φt
12û

t
2j = ŷt

1j(λ)(7.9)

(Φt
12)

∗ût
1j + Y t

2 ût
2j = ŷt

2j(λ) , j = 1, 2 .(7.10)

(2) The mvf’s x̂t
ij(λ) are defined by the formulas

x̂t
1j(λ) = −(Φt

11)
∗ût

1j ,
x̂t

2j(λ) = Φt
22û

t
2j , j = 1, 2 .(7.11)

Remark 7.2. In the one-sided cases, when either bt
4(λ) = Ip or bt

3(λ) = Ip, the
formulas for recovering M(t) are simpler. For example, if bt

4(λ) = Ip, then τ4(t) = 0
and H∗(b

t
4) = {0} and hence ût

2j = 0, x̂t
2j = 0, and the equation for equations ût

1j

and the formula for x̂t
1j simplify to

Y t
1 ût

1j = ŷt
1j(λ) , j = 1, 2,(7.12)

and

x̂t
1j = −(Φt

11)
∗ût

1j , j = 1, 2,(7.13)

Theorem 7.3. Let {c(λ); bt
3(λ), bt

4(λ), 0 ≤ t < d} be given, where c ∈ Cp×p and
{bt

3(λ), bt
4(λ)}, 0 ≤ t < d, is a normalized monotonic continuous chain of pairs of

entire inner p × p mvf’s and let assumption (6.11) be in force. Then the unique
solution M(t) of the inverse input impedance problem considered in Theorem 6.1
is given by the formula

M(t) = 2πKt
0(0) =

∫ τ3(t)

0

[
xt

11(a) xt
12(a)

ut
11(a) ut

12(a)

]
da +

∫ 0

−τ4(t)

[
xt

21(a) xt
22(a)

ut
21(a) ut

22(a)

]
da

(7.14)
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and the corresponding matrizant may be defined by the formula

At(λ) = Im + 2πiKt
0(λ)Jp ,(7.15)

where Kt
0(λ) is specified by formula (7.8) and xt

ij(a) and ut
ij(a) designate the

inverse Fourier transforms of x̂t
ij(λ) and ût

ij(λ), respectively.

Remark 7.4. Upon writing Lt for LAt
, ∆t for ∆At

, and Kt
ω(λ) for KAt

ω (λ), the

formula for the RK Kt
0(λ)u = KAt

0 (λ)u can be expressed in the form

Kt
0(λ)u = Lt∆

−1
t Gtu, where Gt =

[
−Φt

11k
bt
5

0 k
bt
3

0

(Φt
22)

∗l
bt
6

0 l
bt
4

0

]
,

for every u ∈ Cm and hence

u∗M(t)u = 2π〈Kt
0u, Kt

0u〉H(At) = 2π〈Lt∆
−1
t Gtu, Lt∆

−1
t Gtu〉H(At)

= 2π〈∆−1
t Gtu, Gtu〉st.

8. The de Branges spaces B(E)

We turn next to a class of RKHS’s B(E) that were introduced and exploited to
study spectral problems for integral and differential systems by L. de Branges
[Br1], [Br2]; for subsequent developments and applications, see also the references
cited in the first section. In the spectral theory of integral and differential systems,
the spaces B(E) are spaces of entire vvf’s. However, in other problems of analysis
it is useful to consider spaces B(E) of vvf’s that are meromorphic in Ω+. In this
more general setting, the space B(E) may be defined in terms of a p × 2p mvf

E(λ) = [E−(λ) E+(λ)],(8.1)

where {E−(λ), E+(λ)} is a pair of p × p mvf’s that are meromorphic in C+ and
are such that

det E+(λ) 6≡ 0 and χ = E−1
+ E− belongs to the class Sp×p

in .(8.2)

We shall call a pair of mvf’s that meet this property a de Branges pair and shall
refer to the corresponding p × 2p mvf E(λ) as a de Branges function. With each
such de Branges function, there is an associated RKHS B(E) of p × 1 vvf’s with
RK

KE

ω (λ) = −E(λ)jpE(ω)∗

ρω(λ)
=

E+(λ)E+(ω)∗ − E−(λ)E−(ω)∗

ρω(λ)
.(8.3)

The formula

f −→ E−1
+ f

defines a unitary map from B(E) onto H(χ).
For the rest of this section we shall restrict attention to the case Ω+ = C+.

In this setting, if E+(λ) tends to a limit E+(µ) as λ tends non tangentially to
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µ ∈ R at a.e. point µ ∈ R and det E+(µ) 6= 0 a.e., then f(λ) has nontangential
limits f(µ) at a.e point µ ∈ R for every f ∈ B(E) and

‖f‖2
B(E) = ‖E−1

+ f‖2
st =

∫ ∞

−∞

f(µ)∗∆E(µ)f(µ)dµ,

where

∆E(µ) = E−1
+ (µ)∗E−1

+ (µ).(8.4)

Moreover,

f ∈ B(E) ⇐⇒ E−1
+ f ∈ H(χ)

⇐⇒ E−1
− f ∈ H∗(χ)

⇐⇒ E−1
+ f ∈ Hp

2 and E−1
− f ∈ Kp

2

We turn next to de Branges spaces B(E) based on mvf’s E(λ) that meet the
following additional constraints:

0 ∈ hE, E+(0) = Ip, E−(0) = Ip and − iχ′(0) > 0.(8.5)

The significance of this extra assumption rests on the fact that

−iχ′(0) > 0 ⇐⇒ KE

0 (0) > 0 ⇐⇒ {f(0) : f ∈ B(E)} = C
p;(8.6)

see [ArD7] for the justification. It is convenient to set

G+(λ) =
E+(λ) − Ip

λ
and G−(λ) =

E−(λ) − Ip

λ
(8.7)

when these constraints are in effect.

Theorem 8.1. Let {E+, E−} be a de Branges pair that satisfies the extra constraints
(8.5). Then the following conditions are equivalent:

1. The RKHS B(E) is invariant under the action of the backwards shift op-
erator

R0 : f −→ f(λ) − f(0)

λ
.(8.8)

2. G+u ∈ B(E) and G−u ∈ B(E) for every u ∈ Cp.
3.

E+ ∈ Πp×p, E−1
+ G+ ∈ Hp×p

2 , E− ∈ Πp×p and E−1
− G− ∈ Kp×p

2 .(8.9)

4. There exists an m × m mvf A ∈ U(Jp, C+) such that

0 ∈ hA, A(0) = Im and E(λ) =
√

2[0 Ip]A(λ)V.(8.10)

Proof. Suppose first that (1) is in force and that g ∈ B(E). Then the vvf’s g(λ)
and h(λ) = (E−1

+ g)(λ) are both holomorphic at the point λ = 0 and the identity

h(λ) − h(0)

λ
= E−1

+ (λ)(R0g)(λ) +
E−1

+ (λ) − Ip

λ
g(0)
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implies that the second term on the right belongs to H(χ). Moreover, in view of
the constraint (8.5) and the observation (8.6), it follows that

E−1
+ (λ) − Ip

λ
u ∈ H(χ)

for every choice of u ∈ Cp.
Next, since χ−1H(χ) = H∗(χ) and λ−1(χ−1(λ) − Ip)u ∈ H∗(χ), the identity

χ−1(λ)

{
E−1

+ (λ) − Ip

λ

}
u =

E−1
− (λ) − Ip

λ
u − χ−1(λ) − Ip

λ
u

leads immediately to the conclusion that

E−1
+ (λ) − Ip

λ
u ∈ H(χ) ⇐⇒ E−1

− (λ) − Ip

λ
u ∈ H∗(χ).

Therefore, since
E−1

+ (λ) − Ip

λ
u ∈ H(χ) ⇐⇒ G+u ∈ B(E)

and
E−1

− (λ) − Ip

λ
u ∈ H∗(χ) ⇐⇒ G−u ∈ B(E)

for every u ∈ Cp it is readily seen that (1) implies (2) and (2) implies (3).
Next, with the help of the evaluation

〈h(µ) − h(0)

µ
, f(µ)〉st = 〈h(µ),

f(µ) − χ(µ)f(0)

µ
〉st,

which is valid for every choice of h and f in H(χ), it may be shown that the adjoint
of the backwards shift operator R0 acting in B(E) is given by the formula

(R∗
0g)(λ) = (R0g)(λ)

− i

{
G−(λ)

1

2π

∫ ∞

−∞

G−(µ)∗∆E(µ)g(µ)dµ − G+(λ)
1

2π

∫ ∞

−∞

G+(µ)∗∆E(µ)g(µ)dµ

}
.

Let

C =

[
C1

C2

]
,(8.11)

where

C1 : g ∈ B(E) −→
√

π

2πi

∫ ∞

−∞

(G+(µ) + G−(µ))
∗
∆E(µ)g(µ)dµ(8.12)

C2 : g ∈ B(E) −→
√

π

2πi

∫ ∞

−∞

(G+(µ) − G−(µ))
∗
∆E(µ)g(µ)dµ(8.13)

=
√

πg(0).

Then

R0 − R∗
0 = iC∗JpC(8.14)
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and hence the m × m mvf

AE(λ) = Im + iλC(I − λR0)
−1C∗Jp(8.15)

satisfies the identity

Jp − AE(λ)JpAE(ω)∗ = −i(λ − ω)C(I − λR0)
−1(I − ωR∗

0)
−1C∗.(8.16)

Thus, AE(λ) belongs to the class U(Jp, C+) and meets the constraints (8.10). This
completes the proof that (3) implies (4).

It remains only to prove that (4) implies (1), but that is selfevident. �

Remark 8.2. The mvf A(λ) = AE(λ) that was constructed in the proof of the last
theorem satisfies the condition

TA[Ip] = iα +
1

iπ

∫ ∞

−∞

(
1

λ − µ
− µ

1 + µ2

)
∆E(µ)dµ(8.17)

for some Hermitian matrix α ∈ Cp×p. It is in fact the only mvf in the class
U(Jp, C+) that meets both (8.10) and this last condition.

We shall say that a de Branges function E(λ) is regular if it meets both of
the conditions (8.5) and (8.9). Correspondingly, we shall say that the de Branges
space B(E) is regular if E(λ) meets the constraint (8.5) and B(E) is invariant under
the backwards shift operator R0. In view of the last theorem, the p× 2p mvf E(λ)
is regular if and only if the space B(E) is regular. The class of regular de Branges
spaces B(E) of entire vvf’s play a significant role in the spectral theory of integral
and differential systems.

We now introduce a pair of generalized Fourier transforms on regular de
Branges spaces B(E) by the formulas

Fr(λ] =
1√
2π

C(I − λR0)
−1g

=
1√
2

[
1

2πi

∫∞

−∞
(G+(µ) + G−(µ))

∗
∆E(µ)λg(λ)−µg(µ)

λ−µ dµ

g(λ)

]

and

Fl(λ) =
1√
2π

C(I + λR∗
0)

−1g

= A∼
E (λ)Fr(−λ).

The identities (8.16) and

Jp − A∼
E (λ)JpA

∼
E (ω)∗ = −i(λ − ω)C(I − λR0)

−1(I − ωR∗
0)

−1C∗.(8.18)

imply that Fr is a unitary map from B(E) onto H(AE) and that Fl is a unitary
map from B(E) onto H(A∼

E
). Consequently, Frg ∈ Πm and Flg ∈ Πm for every

g ∈ B(E). Therefore, both transforms have boundary values for a.e. µ ∈ R.
We shall say that a regular de Branges function E(λ) is right strongly regular

if Frg ∈ Lm
2 for every g ∈ B(E) and that it is left strongly regular if Flg ∈ Lm

2 (R)
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for every g ∈ B(E). Correspondingly, we shall say that the space B(E) is left or
right strongly regular according as E(λ) is left or right strongly regular.

Theorem 8.3. Let E(λ) be a regular de Branges function. Then the following state-
ments are equivalent:

1. E(λ) is right strongly regular.
2. {Frg : g ∈ B(E) is a closed subspace of Lm

2 (R).
3. There exist a pair of positive constants γ1 and γ2 such that

γ1‖Frg‖st ≤ ‖g‖B(E) ≤ γ2‖Frg‖st.

Proof. In the given setting, the generalizef transform Fr is a unitary operator from
B(E) onto H(AE) and E(λ) is right strongly regular if and only if AE ∈ UsR(Jp).
Thus the theorem is equivalent to Theorem 5.1. �

If E(λ) is right strongly regular, then, as follows readily from the definition of
Frg and a well known theorem of Banach, there exist a pair of positive constants
α1 and α2 such that

α1‖g‖st ≤ ‖g‖B(E) ≤ α2‖g‖st.

Thus, in this setting, B(E) is a closed subspace of Lp
2(R) (with respect to Lebesgue

measure). In fact,

B(E) = H(b3) ⊕H∗(b4),(8.19)

with scalar product

〈g, h〉B(E) =

∫ ∞

−∞

h(µ)∗∆E(µ)f(µ)dµ,(8.20)

where the pair {b3, b4} of inner p× p mvf’s may be obtained from the inner-outer
and outer-inner factorizations

(E#
− )−1 = b3ϕ3 and E−1

+ = ϕ4b4,

respectively.
We remark that if E(λ) is a regular de Branges function, then the generalized

transform Fl is a unitary operator from B(E) onto H(A∼
E

) and

E(λ) is left strongly regular ⇐⇒ AE ∈ UlsR(Jp) ⇐⇒ A∼
E ∈ UrsR(Jp).

Thus, an application of Theorem 5.1 to A∼
E

yields the following result:

Theorem 8.4. Let E(λ) be a regular de Branges function. Then the following state-
ments are equivalent:

1. E(λ) is left strongly regular.
2. {Flg : g ∈ B(E) is a closed subspace of Lm

2 (R).
3. There exist a pair of positive constants γ1 and γ2 such that

γ1‖Flg‖st ≤ ‖g‖B(E) ≤ γ2‖Flg‖st.

Theorem 8.5. Let E(λ) be a regular de Branges function. Then E(λ) is left strongly
regular if and only if the density ∆E(µ) satisfies the Treil-Volberg matrix version
of the Muckenhoupt (A2) condition.
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Proof. This is immediate from Theorem 7.5 in [ArD10]. �

9. Operator nodes with characteristic matrix functions of the class
UsR(J)

Let U0(J) = U0(J, Ω+) be the subclass of mvf’s U(λ) from U(J, Ω+) that are
holomorphic at the point λ = 0 and,in addition, are normalized by the condition
U(0) = Im when Ω+ = C+. It is known that every mvf U(λ) of the class U0(J) may
be represented as the characteristic matrix function UΣ(λ) of a simple operator
node Σ that is a J-unitary node if Ω+ = D+ and is an LB (Livsic-Brodskii) J-node,
if Ω+ = C+.

We recall that a colligation Σ = (A, C; X, Y ) is called an LB J-node if J ∈
L(Y ) is a signature operator, A ∈ L(X), C ∈ L(X, Y ) and

A − A∗ = iC∗JC.(9.1)

Such a node Σ is called simple if
⋂

n≥0

Ker CAn = {0}.(9.2)

The function

UΣ(λ) = I + iλC(I − λA)−1C∗J(9.3)

is called the characteristic function of the LB J-node Σ. Two LB J-nodes Σi =
(Ai, Ci; Xi, Yi) (i = 1, 2) are said to be unitarily equivalent if

A1 = R−1A2R and C1 = C2R,(9.4)

where R ∈ L(X1, X2) is a unitary operator. It is known that if the characteristic
functions UΣ1

(λ) and UΣ2
(λ) of two simple LB J-nodes Σ1 and Σ2 coincide in a

neighbourhood of zero, then these nodes are unitarily equivalent. If m = dimY <
∞, then the operators from L(Y ) may be defined in terms of an orthonormal
basis in Y by m × m matrices and then the corresponding mvf UΣ(λ) is called the
characteristic matrix function of Σ. In this case Cm may be considered instead of
Y and then J and UΣ(λ) denote m × m matrices that define the corresponding
operators from L(Cm) in the standard basis.

An LB J-node is said to be dissipative (accumulative), if J = I (J = −I ,
respectively).

From now on we restrict attention to simple LB-J nodes Σ with characteristic
function UΣ ∈ U0(J, C+).

The supplementary identities

KUΣ

ω (λ) =
1

2π
C(I − λA)−1(I − ωA∗)−1C∗(9.5)

and

K
U∼

Σ

ω (λ) =
1

2π
C(I + λA∗)−1(I + ωA)−1C∗(9.6)
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follow easily from the formulas (9.1) and (9.4). These identities imply that the two
generalized Fourier transforms

(Frx)(λ) =
1√
2π

C(I − λA)−1x and (Flx)(λ) =
1√
2π

C(I + λA∗)−1x(9.7)

are unitary maps from X onto H(UΣ) and from X onto H(U∼
Σ ), respectively.

Moreover, the simple LB-J node Σ = (A, C; X, Cm) with characteristic function

UΣ(λ) ∈ U(J, C+) and the functional model
o

Σ= (R0, C0;H(UΣ), Cm) based on the
operators

R0 : f ∈ H(UΣ) −→ f(λ) − f(0)

λ
(9.8)

C0 : f ∈ H(UΣ) −→
√

2πf(0) ∈ C
m :(9.9)

are unitarily equivalent:

A = (Fr)
−1R0Fr and C = C0Fr.

In much the same way the transform Fl defines a unitary equivalence between

the simple LB-J node Σ̃ = (−A∗, C; X, Cm) with characteristic function U∼
Σ ∈

U(J, C+) and the functional model based on H(U∼
Σ ).

If J = Jp and the characteristic function AΣ(λ) of the simple LB-Jp node
Σ = (A, C; X, Cm) belongs to the class U0(Jp, C+) and is such that the mvf

c0(λ) = (TAΣ
[Ip])(λ)(9.10)

admits a representation of the form

c0(λ) = iα +
1

πi

∫ ∞

−∞

(
1

µ − λ
− µ

1 + µ2

)
∆E(µ)dµ(9.11)

for some p × p Hermitian matrix α, then

E(λ) =
√

2[Ip 0]AΣ(λ)

is a regular de Branges matrix and

AΣ(λ) = AE(λ),

where AE(λ) is the mvf that was constructed in the proof of Theorem 8.1. This in
turn provides another functional model ΣE = (R0, C;B(E), Cm) of the simple LB-
Jp node Σ, where R0 now designates the backwards shift operator acting in B(E)
and the operator C is defined by formulas (8.11)-(8.13). This functional model is

easily obtained from the model
o

Σ since the map

f −→
√

2[0 Ip]f

is a unitary operator that carries the backwards shift R0 in H(AΣ) into the shift
acting in B(E). If the mvf c0(λ) that is defined in (9.10) meets the condition (9.11),
then the generalized Fourier transform

F (2)
r x =

1√
2π

[0 Ip]C(I − λA)−1x
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is a unitary operator from X onto B(E). This serves to establish the unitary
equivalence of the simple LB-Jp node Σ with the functional model ΣE.

We remark that

(9.11) holds ⇐⇒
∞⋂

n=0

[0 Ip]C kerAn = {0};(9.12)

see [ArD8].

Theorem 9.1. Let Σ = (A, C; X, Cm) be a simple LB Jp-node with a characteristic
matrix function UΣ(λ) that is a right strongly regular Jp-inner mvf with respect to
C+. Let

{b3, b4} ∈ apII (UΣ) and b2(0) = b4(0) = Ip.(9.13)

Let
o

Σ+ = (
o

A+,
o

C +;
o

X +, Cp) and
o

Σ− = (
o

A−,
o

C−;
o

X−, Cp) be simple dissipative
and simple accumulative LB nodes with characteristic matrix functions b3(λ) and
b−1
4 (λ), respectively. Then

A = R−1

[ o

A+ 0

0
o

A−

]
R, [0p×p Ip]C = [

o

C+

o

C−]R,(9.14)

for some R that satisfies the conditions

R ∈ L(X,
o

X+⊕
o

X−), R−1 ∈ L(
o

X+⊕
o

X−, X).(9.15)

Moreover,
o

X− = {0} ⇐⇒ b4(λ) ≡ Ip ⇐⇒ UΣ ∈ Nm×m
+

and
o

X+ = {0} ⇐⇒ b3(λ) ≡ Ip ⇐⇒ UΣ ∈ Nm×m
− .

Proof. The given simple LB nodes Σ,
o

Σ+,
o

Σ− can be replaced by their functional

models. In these models, A,
o

A −,
o

A +, are backwards shifts in the spaces X =

H(UΣ),
o

X + = H(b3),
o

X − = H∗(b4), respectively and the operators C,
o

C +,
o

C −

map a vvf g from their respective domains X,
o

X+,
o

X− into
√

2πg(0). In the given
setting, Theorem 5.4 is applicable to the mvf A(λ) = UΣ(λ) and the operator
R = (LA)−1 satisfies the stated assertions. �

Theorem 9.2. [Ar]. Let Σ = (A, C; X, Cm) be an LB jpq-node with characteristic
matrix function UΣ(λ) = W (λ) that is jpq-inner with respect to C+ . Let

{b1, b2} ∈ ap (W ), b1(0) = Ip, and b2(0) = Iq .(9.16)

1. Let Σ be a simple node and W ∈ UsR(jpq). Let
o

Σ+ = (
o

A+,
o

C+;
o

X+, Cp) be

a simple dissipative LB node with characteristic matrix function b1(λ) and
o

Σ− =
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(
o

A−,
o

C −;
o

X −, Cq) be a simple accumulative LB node with characteristic matrix
function b2(λ)−1. Then

A = R−1

( o

A+ 0

0
o

A−

)
R,

o

C±= P±CR−1|
o

X±(9.17)

for some R such that

R ∈ L(X,
o

X+⊕
o

X−), R−1 ∈ L(
o

X+⊕
o

X−, X),(9.18)

where P+ = diag{Ip, 0q×q} and P− = diag{0p×p, Iq}. Moreover,

o

X− = {0} ⇐⇒ b2(λ) ≡ Iq ⇐⇒ W ∈ Nm×m
+ (C+)

and
o

X+ = {0} ⇐⇒ b1(λ) ≡ Ip ⇐⇒ W ∈ Nm×m
− (C−).

2. Conversely, if
o

Σ+ = (
o

A+,
o

C+;
o

X+, Cp) is a dissipative LB node and if
o

Σ− =

(
o

A−,
o

C−;
o

X−, Cq) is an accumulative LB node such that (9.17) and (9.18) hold,
then W ∈ UsR(jpq).

Proof. A proof of the first statement may be based on the description of the space
H(W ) for W ∈ UsR(jpq) that is furnished in [ArD4], in much the same way that
the last theorem was verified.

The verification of the second assertion rests on the fact that the generalized

right Fourier transforms based on the nodes
o

Σ+ and
o

Σ− map into Lp
2 and Lq

2,
respectively and the fact that if

f =

[
g
h

]
∈ H(W ) and W ∈ U(jpq),

then

f ∈ Lm
2 ⇐⇒ g ∈ Lp

2 ⇐⇒ h ∈ Lq
2.

�

If UΣ ∈ E ∩U(J), i.e., if the simple node Σ is a Volterra node, then the bj(λ)

are entire inner functions and consequently the nodes
o

Σ+ and
o

Σ− considered in
the preceding two theorems are Volterra. If m = 2, then b1(λ) = b3(λ) = eiλτ3

and b2(λ) = b4(λ) = eiλτ4 , where τ3 and τ4 are nonnegative numbers that may
be computed by formula (7.5) with bj(λ) in place of bt

j(λ) for j = 3 and j = 4.

The functional models based on the backwards shift acting in H(b3) and H∗(b4)
are of course still applicable. However, since H(b3) = L2([0, τ3])

∧ and H∗(b4) =
L2([−τ4, 0])∧, the identities

h(λ) =

∫ τ3

0

eiλah∨(a)da =⇒ (R0h)(λ) = i

∫ τ3

0

eiλb

(∫ τ3

b

h∨(a)da

)
db
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and

h(λ) =

∫ 0

−τ4

eiλah∨(a)da =⇒ (R0h)(λ) = i

∫ 0

−τ4

eiλb

(∫ b

−τ4

h∨(a)da

)
db

lead to well known functional models based on integration operators acting in
the indicated subspaces of L2. In particular, the functional model of a simple
dissipative Volterra node with characteristic function eiλτ3 may be chosen equal

to
o

Σ+ = (
o

A+,
o

C+; L2([0, τ3]), C), where

(
o

A+u)(t) = i

∫ τ3

t

u(a)da and
o

C+u =

∫ τ3

0

u(a)da for u ∈ L2([0, τ3]).

In much the same way, the functional model of a simple accumulative Volterra

node with characteristic function e−iλτ4 may be chosen equal to the node
o

Σ− =

(
o

A−,
o

C−; L2([−τ4, 0])), C), where

(
o

A−u)(t) = i

∫ t

−τ4

u(a)da and
o

C−u =

∫ 0

−τ4

u(a)da for u ∈ L2([−τ4, 0])).

Correspondingly, the operator R considered in the preceding two theorems acts
from X onto L2([0, τ3]) ⊕ L2([−τ4, 0].

There exist analogues of the preceding two theorems for the case UΣ ∈
UlsR(J) that may be obtained by applying the preceding results to U∼

Σ and recall-
ing that

UΣ ∈ UlsR(J) ⇐⇒ U∼
Σ ∈ UrsR(J).

Analogs of Theorem 9.2 (see [Ar]) and of Theorem 9.1 may also be obtained for
J-unitary nodes with characteristic matrix functions of the class UsR(J, D+).

The properties of left strongly regular spaces B(E) and of operators in these
spaces related to the backwards shift R0 were studied by other methods in the
case that E+(λ) and E−(λ) are scalar entire functions by G.M. Gubreev [Gu], as
an application of his theory of regular quasiexponentials. In particular, he noted
the connection between the class UlsR(Jp) and the class of left strongly regular de
Branges spaces B(E) when p = 1 and E(λ) is entire. Some of his results may be
obtained from the analysis in the last two sections.

Analogues of the last two theorems on LB J-nodes and J-unitary nodes
with strongly regular J-inner characteristic matrix functions were obtained by Z.
Arova in her PhD thesis, see also [Ara2]. Her characterizations of the class of
simple operator nodes Σ with characteristic matrix function UΣ ∈ UrsR(J) used
somewhat different nodes than were exhibited here. Thus, for example, in place of
the relations (9.17), she used the relations

A = R−1

( o

A+ 0

0
o

A−

)
R,

o

C±= CR−1|
o

X±,(9.19)

where
o

Σ + = (
o

A +,
o

C +;
o

X +, Cm) and
o

Σ − = (
o

A −,
o

C −;
o

X −, Cm) are simple
dissipative and simple accumulative LB nodes, respectively.
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