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Strongly Regular J-Inner Matrix Functions and
Related Problems

Damir Z. Arov and Harry Dym

Abstract. A number of characterizations of the class of strongly regular J-
inner matrix valued functions and descriptions of the corresponding reproduc-
ing kernel Hilbert spaces and formulas for the reproducing kernels of these
spaces are reviewed. Applications to bitangential interpolation problems, bi-
tangential inverse problems for canonical integral and differential systems,
J-unitary nodes and Livsic-Brodskii J-nodes are surveyed. Most of the fur-
nished information is adapted from the papers [ArD1]-[ArD11]. However, in
the last two sections, some new results are presented.
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1. Introduction

The class Usr(J) = Usr(J, Q4) of strongly regular J-inner in Q4 mvf’s (matrix
valued functions) was introduced, investigated and applied to bitangential inverse
problems for canonical integral and differential systems in [ArD1]-[ArD8]. A survey
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of some of our results will be given below and some other related results on operator
nodes with characteristic matrix functions of the class Usg(J) will be formulated.

Here and below J is a fixed m x m signature matrix: J* = J=1 = J; Q, is
one of the domains D or C, in the complex plane C, where

Dy ={AeC: |\ <1}, Ci={AeC:3x>0}

The matrices

.| I, 0 _ 0o -1 0 =i,
P R S Y
are often considered as a signature matrix J.

The class Usr(jpq) is formed by the resolvent matrices (in the terminology
of M.G. Krein) of generalized bitangential interpolation problems in the Schur
class 8P*7 of p x ¢ mvf’s that are holomorphic and contractive in Q4 in the so
called strictly completely indeterminate case. There is an analogous connection
between the class Usr(Jp) and generalized bitangential interpolation problems in
the Caratheodory class CP*P of p X p-mvf’s that are holomorphic with positive
real part in Q4. These connections were considered in [ArD4] and [ArD6]. They
will be discussed in Section 3.

In Section 4, criteria for a mvf in the class U(J) = U(J,Q4) of J-inner
mvf,s with respect to Q4 to belong to Usr(J) that are taken from [ArD11] will
be presented. They are formulated in terms of the Treil-Volberg matrix version of
the Muckenhoupt (As)-condition on a mvf A({) that is nonnegative a.e. on the
boundary 9Q4 of Q4 and is defined by the given mvf U € U(J). Earlier in [ArD10]
we obtained other criteria that was also formulated in terms of an (Asz)-condition
but for other mvf’s A(¢) and with an extra condition.

To every mvf U € U(J) there corresponds a RKHS (reproducing kernel
Hilbert space) H(U), the theory of which was developed and extensively stud-
ied by L. de Branges [Br1]-[Br3] and then applied to assorted problems of analysis
by L. de Branges himself, partially in collaboration with J. Rovnyak [BrR], and by
others, see e.g., [Al], [ADRS], [AID1]-[AID3], [An], [Ba], [BaC], [Dy4], [DI], [Re],
[Ro], [Sak], [Wi].

In Section 5 the characteristic properties of the space H(U) that correspond
to U € Usr(J) are formulated and a description of the space H(U) for U €
Usr(Jp) is given. These results were obtained in our papers [ArD4], [ArD7]. In
these papers, we also obtained useful formulas for the RK’s (reproducing kernels)
KY(\) for J = j,q and J = J,. These expressions were then applied to obtain
formulas for the solutions of bitangential inverse problems for canonical integral
and differential systems with matrizants Uy(\) = U(¢, A), 0 < t < d, that satisfy
the extra condition

(1.2) U; € Usr(J), 0<t<d,
in [ArD2], [ArD4], [ArD7].
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In our investigations, following a stategy that originates with M.G. Krein,
we interpret the entire mvf’s U;(\) € Usg(J) as the resolvent matrix of a general-
ized bitangential Krein extension problem for helical mvf in the so called strictly
completely indeterminate case. Such GKEP’s were investigated in [ArD9]. Some
of our results on the bitangential inverse problems will be discussed in Section 6.

We wish to emphasize, that in our formulation of bitangential inverse prob-
lems, the frequency characteristic of the canonical system (such as a spectral func-
tion, an input impedance matrix, an input scattering matrix or a monodromy
matrix) that is usually considered as the given data is augmented by a normalized
monotonic continuous chain of pairs of entire inner mvf’s, that is associated in a
certain sense with the matrizant U;(A) of the underlying system.

In Section 7, we present formulas for the solution of the bitangential inverse
impedance problem that are adapted from [ArD7].

In Section 8, we consider a class of RKHS’s B(€) that are based on a p X 2p
mvf E(\) that is meromorphic in C4. If €()) is entire, then B(€) is a RKHS of
entire p x 1 vvf’s. The theory of such spaces of entire functions was introduced
and extensively developed by L. de Branges [Br2|, [Br3] and the references cited
therein. These spaces play a useful role in the spectral theory of differential and
integral equations and a number of other areas of analysis; see e.g., [Dyl]-[Dy6],
[DI], [DK], [DMc], [Dyu], [Gu], citeKW1, [KW2], [Sak], [Wi], [Wo], [Yu]. We char-
acterize those spaces B(€) of meromorphic vvf’s that are invariant under the back-
wards shift operator and introduce the notion of left and right strongly regular de
Branges spaces in terms of two generalized Fourier transforms. We then present
some characterizations of these two classes of strongly regular de Branges spaces
that are related to the corresponding characterizations of left and right strongly
regular J-inner mvf’s.

There is a well known two-sided connection between the theory of mvf’s that
are J-contractive in Q4 and the theory of characteristic mvf’s of operator nodes.
In particular, it is known that a mvf U € U(J) that is holomorphic at the point
A = 0 may be considered as the characteristic mvf of a simple operator node: of
a J-unitary node if Q4 = D4 or of an LB (Livsic-Brodskii) J-node if Q4 = C,.
and U(0) = I,,,. Moreover, there exist functional models of these nodes, in which
the main operators are modelled as backward shift operators in the space H(U).
On the basis of these models and our results on the spaces H(U) for U € Usgr(J)
the characteristic properties of simple operator nodes with characteristic mvf’s
U(N) of the class Usr(J) were obtained by Z.D. Arova in [Aral]-[Arad]. Other
characterizations of these classes of operator nodes are considered in [Ar] and
Section 9 of this survey.

2. Definition of the class Uz (J)

We recall that an m x m mvf U()\) that is meromorphic in € belongs to the class
U(J) =U(J, Q) of J-inner mvi’s with respect to Q4 if it has J-contractive values
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U(\) at the points of holomorphy in Q4 and J-unitary boundary values U(() a.e.
on 0€.
Let J # +1,,, be a signature matrix and let

(2.1) p =rank (I, + J), q = rank (I, — J).
Then there exists a unitary m x m matrix V such that

(2.2) J=V*5pV (V*V =VV*=1,).
Moreover,

(2.3) Uel(J) <= W(A) =VU(A)V™ belongs to the class U(jpq).

It is well known that the linear fractional transformation

(2.4) Tw[E] = (w115 =+ ’wlg) (’w21€ + ’LU22)71
that is based on the four-block decomposition
(2.5) W = [ et }

W21 W22

with blocks wi1 and way of sizes p x p and ¢ x ¢ is well defined on SP*? when
W € U(jpy), ie., SP%4 C D(Ty ), where

(2.6) D(Tw) ={e : det(waie + waz) Z0}.
Moreover,
(27) TW[SPXQ] C SPXQ, and TW[anXQ] C Szpnxq.

Here we use notations:
(2.8) TwlE] = {Tw() : c€ E},

8P is the class of p x ¢ mvf’s that are inner with respect to Q. if p > ¢ and are *-
inner with respect to Q4 if p < ¢. By a theorem of L.A. Simakova [Si], the property
(2.7) is characteristic for W € U(jpq): if W is an m x m mvf that is meromorphic
in Q4 with det W(X) # 0 such that (2.7) holds, then p(A)W(X) € U(jpq) for some
scalar function p(A).

Let

(2.9) SPXT = {5€ 8P |s]los < 1}
Definition 2.1. A mvf W € U(j,q) is said to be strongly reqular if
(2.10) Ty [SP*9)N 579 £ 0.

Let J # +1,, and let V' be a unitary matrix such that (2.2) holds.

Definition 2.2. A mvf U € U(J) is said to be a strongly regular J-inner mvf with
respect to Q4 if the mvf W(X) = VU(AN)V* is a strongly regular j,,-inner mvf
with respect to Q4.
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The class of strongly regular J-inner mvf,s with respect to Q24 will be denoted
by the symbol Usr(J,Q4), or Usg(J) for short, when the domain is either clear
from the context, or not important.

If J = J,, then ¢ = p and

— % g — 1 I, I,
(2.11) Jp =050, where j,=jpp and U= 7 [ L 1, } .
Let V' and U be unitary matrices that are considered in the relations (2.2)
and (2.11) and, for an m x m mvf U(\), let

(2.12) W) =VUMNV* and, for g =p, let AN =BVUN)V*T*.
Then

UcelU(J) <= Wel(jp,) and,ifqg=p, Uecl(J)= AclU(Jp)
Ueclsp(J) <= W elUsr(jpg) and,ifg=p, U €Ur(J) <= AcUsr(Jp).

Linear fractional transformations based on the four-block decomposition of
mvf’s A(X) € U(Jp)

ai1 ()\) a12 ()\)
2.13 AN) =
(213) ORI
with blocks a;;(A) that are p x p mvf’s map CP*P N D(T4) into CP*P. However, it
turns turns out to be more useful to consider the linear fractional transformations
based on the mvf’s

(2.14) B(\) = [ Zigii Z;zgii ] — AT,

since the set

(2.15) C(A) = Tg[SP*P N D(T)]

is a larger subset of CP*P than T4 [CP*P N'D(T4)]. We remark that
(2.16) CP*P = Ty [SP*P N D(Twy)]

and define

(2.17) CPXP = T [§P*P].

Then

(2.18) CrP = {ceCP*P : ce HPXP and (Re(C)) ™t € LEXP ).

A mvf A € U(J,) belongs to the class Usr(Jp) if and only if

(2.19) C(A)N CP<P £ .

In the sequel we shall present a number of different characterizations of
the class Usr(J) and, somewhat later in the development, shall rename the class
Usr(J) to the class U5z (J) of right strongly regular J-inner mvf’s and shall in-
troduce a second class Ujsr(J) of left strongly regular J-inner mvf’s.
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3. Connection with generalized bitangential Nevanlinna-Pick
problems

The generalized Schur Interpolation Problem GSIP (by,bg; s°) based on a given
set of mvf’s by € 8PP by € ST and s° € SP*7 is to describe the set

(3.1) S(by,bo;s°) = {5 € SP*1 : byt (s — s%)by ' € HPX9}.
This problem is said to be strictly completely indeterminate if
(3.2) S(by, b; )N SPXT £ ),

There is a two-sided connection between such problems and the class Usg (jpqg). To
explain this, recall that the Potapov-Ginzburg transform & = PG(W) of a mvf
W € U(jpq) is defined by the formula

(3.3) S = [ 211 512 ] — [ (_w#l_);l w121_012721 :
21 S22 Woy W21 Woy
where f#(\) = f(A~)",
~ [ 1/x,  if  Qp =Dy,
B4 S I U

and the pseudocontinuation of a mvf U € U(J) into the domain 2_ = Ext Q4 is
defined by the J-symmetry principle:

(3.5) U\ = J(UFN) "
The diagonal blocks blocks of S(A) satisfy the conditions s11 € SP*P, det s11 #

0 and sg2 € S9%7, det s99 #Z 0 and hence admit inner-outer and outer-inner factor-
izations:

(3.6) s11 = bign, bieSpP, e S
(3.7) S22 = oaby, b €SI o, €SI

The pair {b1, b2} of inner mvf’s considered in (3.6), (3.7) is called an associated
pair of the j,q-inner mvf W and we denote such a pair by writing {b1,b2} € ap (W).
From this definition and general results on GSIP’s we obtained the following two
theorems.

Theorem 3.1. [ArD4]. Let the GSIP (by,bs;s°) be strictly completely indetermi-
nate. Then there exists a muf W € U(jpq) such that

(38) S(bl, bg; SO) = Tw[Squ].

Moreover, every such muf W(X) belongs to the class Usr(jpq) and, in the set of
these muf’s, there exists a W € Usr(jpq) such that

(3.9) {b1,b2} € ap (W).

A muf W € Usr(jJpq) for which (3.8) and (3.9) hold is defined up to a constant
Jpg-unitary right multiplier. If b1(X) and ba(X) are both entire inner muf’s, then
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W(A) is also an entire muf and may be uniquely specified by the conditions (3.8),
(3.9) and the normalization condition W (0) = I,.

Theorem 3.2. [ArD4]. Let W € Usg(jpq)- Let
(3.10) {b1,b2} € ap (W) and s° € Ty [SP*].

Then the GSIP (by,ba;s°) is strictly completely indeterminate and the formula
(3.8) holds. If W(A) is entire, then by(A) and ba(N\) are both entire.

There exist analogous results on GCIP’s (Generalized Caratheodory Interpo-
lation Problems) and the class Usg(Jp). To formulate them for a mvf A(X) € U(Jp)
we consider the corresponding mvf B()), defined by formula (2.14).

~1

The mvf’s b#l and by, have inner-outer and outer-inner factorizations in

the Smirnov class * NP7 in Q.

—1
(3.11) bfl = bsps, where b3 € anXp, 03 € NEXP
(3.12) byy = paby, where by €SP g€ NEXP.

The pair {bs,bs} is called an associated pair of the second kind of the mvf
A(X) and we write {b3,bs} € apy; (A). (I W(X) = BAN)D and {b1,b2} € ap (W),
then {b1,b2} is called an associated pair of the first kind of A()\) and we write
{b1,b2} € apy (4).)

Let b3 € SPXP, by € SLXP and ¢® € CP*P be given mvf’s. Then GCIP
(b3, bg; c?) is to describe the set

(3.13) C(b3,by;c®) ={ceC’ : b3 (c— )byt € NP*PL.
This problem is said to be strictly completely indeterminate, if
(3.14) C(bs, ba; )N CP<P # 0,

Theorem 3.3. [ArD6]. Let the GCIP (bs,by;c®) be strictly completely indetermi-
nate. Then there exists a muf A(X) € U(J)p) such that

(3.15) C(bg,b4;c°) ZC(A)

Moreover every such muf A(X) belongs to the class Usr(J,) and, in the set of these
muf’s, there exists an A € Usr(Jp) such that

(3.16) {bs, b4} € apy (A).

A muf A € Usr(Jp) for which (8.15) and (8.16) hold is defined up to a constant
Jp-unitary right multiplier. If bs(X) and by(X) are both entire inner muf’s, then
A(N) is also an entire myf and may be uniquely specified by the conditions (3.15),
(3.16) and the normalization condition A(0) = L.

INT*P = {g/h: g € SP*P and h € Sgu! L NDF = {g/h: g € SLLF and h € S50 ).

out out out out
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Theorem 3.4. [ArD6]. Let A € Usr(Jp). Let

(3.17) {b3,ba} € ap;; (A) and c° € C(A).

Then the GCIP (bs, by; c®) is strictly completely indeterminate and formula (3.15)
holds. If A(X) is entire, then b3(\) and by(\) are both entire.

A GCIP (b3, by; ¢°) that is based on entire mvf’s b3 () and by()), is equivalent
to a generalized bitangential Krein extension problem for the so called helical mvf’s
g(t) that correspond to mvf’s ¢(\) € CP*P by the formula

oo

(3.18) (V) = A2 / Mgty dt, g(0) < 0.
0
This GKEP was considered in [ArD9].

4. Criteria for U € U;r(J) in terms of Muckenhoupt conditions

In [ArD10] we obtained a necessary and sufficient condition on U € U(J) under
which U € U;r(J). In this formulation there are two conditions, one of which is
the Treil-Volberg matrix version of the Muckenhoupt (Asz)-condition

(4.1) sup (A1) (A1) < .
where

1
(4.2) Ar =7 / AQ) 1,

A(¢) is a mvf that is defined in terms of U(A) (and J) and is nonnegative a.e. on
00y, I'isasubarc of T = {( : |(| =1} if Q4 =D, and I is a finite subinterval
of R, if Q4 = C4. In both settings, || denotes the length of I.

Remark 4.1. The condition (4.1) is equivalent to the determinant condition
(4.3) sup((det Ay) - (det((A™1);))) < oo;
I

see [ArD11].

In [ArD11] we obtained new and simpler criteria for a mvf U € U(J) to be
strongly regular that is based on a different choice of the mvf A({) than was con-
sidered in [ArD10] and is summarized below. In fact, in both [ArD10] and [ArD11],
we considered two notions of strong regularity: left and right, and introduced the
classes Uisg(J) and Ursg(J) of left and right strongly regular J-inner mvf’s. The
latter coincides with the class Usr(J) that was considered earlier. These two classes
are connected by the relation

UN) € Upsp(J) = U™(N) € Upsr(J),

where
U~(N\) = JUH(=\)J.
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Let
1 1
(4.4) P=5Un+J), Q=5In-J)
and, for a mvf U € U(J) with J # %1,,, let
(4.5)

G (Q)=P+U(Q'QU(C) and Gi(¢) =P +U(QQU(()" ae (€N
Let

(4.6) W(\) = VUNV* = [ Z;Ei; Z;zg; ] :

for U € U(J), where J # +1,,, and V satisfies (2.2). Let

(4.7) 591(\) = —wiy (N)war (\) and s12(\) = wia(A)waa(N) L.
Then

(1) VG = | O e
(19) viaorv = | o 7Y sac

and we have the following conclusions:

Theorem 4.2. [ArD11]. Let U € U(J). Then:
(a)
Uelsr(J) <= A() = Ar(Q)satisfies the (As)-condition (4.1)
<~ A(() = G(C) satisfies the (Az)-condition (4.1).
(b)
UeclUsr(J) <= A() = A(Q) satisfies the (As)-condition (4.1)
<— A(Q) = Gi(Q) satisfies the (Aa)-condition (4.1).

5. The de Branges spaces H(U) for U € Usp(J)

The RK KY()\) of the RKHS H(U) based on a mvf U € U(J) is defined by the
formula

(5.1) KEJN) = (poN) T =UNJU(W)"),  w#A7,
where
(52) 0 ={ ok o —en

A mvf U € U(J) and the vvf’s g € H(U) have pseudocontinuations into the
extended complex plane C U {oco} and we consider U(\) and g(A) on the sets of
analyticity by and b, of these extended functions in CU{cc}. The RK KY may be
considered on hy x hy. The vvi’s g(A\) € H(U) have nontangential boundary values
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9(¢) at a.e. point ¢ € 904, when X tends to ¢ nontangentially (with respect to
904 ) from C\ Q. We write H(U) C L5 if g(¢) € LT (992) for every g € H(U).

Theorem 5.1. [ArD1]. Let U € U(J), where J # £1,,. Then U € Usr(J) if and
only if one of the following equivalent properties holds:

1) H(U) Cc LY.

2) H(U) is a (closed) subspace of LY.

3)

(5-3) nlglley <lglrw) < ellgllcy
for every g € H(U), where v1 and 72 are finite constants such that 0 < 1 < ya.
Remark 5.2. The preceding theorem implies that U (J) N L7*™ C Usr(J). More-

over, this inclusion is proper. Examples that illustrate this are furnished in Subec-
tion 7.6 of [ArD10).

Let H3*(21) be the Hardy spaces of m x 1 vvi’s g(\) that are holomorphic
in Q4 and have finite He-norm. (If Q_ = D_ = Ext Dy and g € HJ*(Q2_) then
g(00) =0.)

Upon identifying the vvf’s g(A) with their boundary values g(¢) we have:
(5.4) Ko Hr=L7, where HJ"=H(Q:) and K" = HP'(Q).

Let
(5.5) H(U) = HU) N H" ()
for U € U(J).
Theorem 5.3. [ArD1]. Let U € Usr(J), where J # £1,,,. Then
(5.6) HU) =H_(U)+H4(U).

Let M, be the operator in L) = LE(R) of multiplication by a mvf ¢ € LEXP
and, for b € SE*P . let
(5.7) H(b) = HY © bHY, H.(b) = K§ o b ' K?.
These two spaces are RKHS’s with respect to the standard inner product in L%
with RK’s

) = o BB B ~1b(w) 1,
Pu(A) pw(X)

respectively. The following description of the space H(A) for A € Usr(J,C4) is
given in [ArD7] in terms of the three mvf’s

(5.8) {b3,ba} € apy; (A)

and

(5.9) ¢ € C(A) N HEXP,

and I (\) =
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(510) (1)11 = HH(bg)MC|H§5 (1)12 = HH(bB)MC|H*(b4)’ @22 = HKgMC‘H*(IM)’
where II;, is the orthoprojection onto L.

Theorem 5.4. [ArD7]. Let A € Usr(J,C,). Then the operator L4 that is defined
by the rule

|9 —®79 + Pazh
(5.11) LA.[h}H{ P
is a bounded linear map from H(bs) ® H.(bs) onto H(A):
(5.12)  H(A) = {[ *@Hzizq’”h } L geM(bs) and he H*(b4)}.

Moreover, if

_ g | _ | —Phig++P22h
fLA[h}{ g+h

for some choice of g € H(bs) and h € H.(bs), and
D@11 |24(b) D10
Ay =28 3
A { 0 Myyp) P22 |’
then

2 — 9 g
= (le+c)g+h),(9+h))rg-
In [ArD7] we also obtained a formula for the RK K2 in terms of the solution
of a linear system of equations with coefficients 2R®11, ®12, P}, and 2RP,2 and

a right hand side that is defined by the mvf’s ¢, b3 and by and a dual pair b, by of
inner p X p inner mvf’s that are defined essentially uniquely by the relations

¥ H(bs) = H(bs) and Bl M., (bs) = He(by).

In applications to inverse problems and operator nodes, the case 0 € hy and
formulas for K§'()\) are of particular interest; see Section 7 for a sample. In this
case, the formulas referred to above yield the following result:

Theorem 5.5. [ArD7]. Let A € Usr(J,C4), let 0 € ha and let by, be be any pair of
inner p X p muf’s such that

(63)_155 S anXp and bﬁ(i)4)_1 S SZPHXP.

Then

a a
(5.14) K& = La lA” J?] ,

U21 U22
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where the W;; = U;;(A\) are p x p muf’s that are obtained as the solutions of the
system of equations

u11 U2 — Oy kg kg
(515) Ay [621 622‘| = l (1)32186 184
and the operators in formulas (5.14) and (5.15) act on the indicated matriz arrays

column by column. In particular, the columns of t11(\) and u12(N\) belong to H(bs)
and the columns of U1 () and U2z (N) belong to H.(by).

Earlier analogous results on the description of the RKHS H (W) and a formula
for the RK KV ()\) were obtained for W € Usg(jpq) in [ArD4].

6. Canonical systems with matrizants of the class Uz (.J)

In our papers [ArD2], [ArD4], [ArD7], we obtained formulas for the solutions of
bitangential inverse problems for canonical integral systems of the form
t

(6.1) Wt ) = u(0,\) + i)\/u(s,)\) dM(s)J, 0<t<d,
0
and the corresponding canonical differential systems of the form
d
(6.2) d—zt‘ —iu(t, NH()], 0<t<d

with J = j,, and J = J, from the formulas for KV (X) and K§'()).

In our analysis, we assume that the mvf M(¢) that appears in the system (6.1)
is a continuous nondecreasing m x m mvf on the interval [0, d) with M (0) = 0 and
that u(t, ) is a continuous k x m mvf on [0, d). In the system (6.2) H (¢) is assumed
to be locally summable m x m mvf that is nonnegative a.e. on [0,d) and wu(t, \)
is a k x m mvf that is absolutely continuous on every closed subinterval of [0, d).
The system (6.2) is equivalent to the system (6.1) with

(6.3) M(t) = /H(s) ds, 0<t<d.
0

The matrizant Uy(A) = U(t, A) of the system (6.1) (or (6.2)) is the solution
of this system with initial condition U (0, \) = I,,,. It belongs to the class £NU(J)
of entire J-inner mvf’s and U;(0) = I,,, for every ¢ € [0, d). Moreover

(6.4) (U))MU, € ENUT), if 0<t <ty <d.

Our next objective is to introduce the notions of input scattering matrices
and input impedance matrices for systems (6.1) and (6.2 with arbitrary signature
matrices J # +1,,,. To this end, we set

65)  W,(\) =VU,(N)V* and A,(\) = BW,(NT*, 0<t<d,
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where V' and U are defined by (2.2) and (2.11), and let

(6.6) Sscat = [ Tw,[87] and Cimp= [ C(Ar).

0<t<d 0<t<d
The set Sgeqt of input scattering matrices is not empty because
TI/V,52 C Tth C SPXT for t1 <ty<d

and SP*? is sequentially compact. We shall call a mvf s € SP*? an input scatter-
ing matrix of the considered system. The sets C(A;) are monotone non decreasing
nonempty subsets of C?*P. However, the set Cim, of input impedance matrices may
be empty unless additional restrictions are imposed because CP*P is not sequen-
tially compact. We shall call a mvf ¢ € C;;,;, an input impedance matrix of the
considered system.

The mvf’s b5()) in the chains of associated pairs

(6.7) {64, b5} € ap (W), 0<t<d
and
(6.8) {bL, b5} € apyy (Ay), 0<t<d

of inner mvf’s are entire and they may be normalized by the condition b§-(0) =1,
1 < j < 4. Moreover, these two chains are monotonic in the following sense:

(6.9) (B e ENSEXP, bRt e EnSIX,
(6.10) (b5 1o € ENSEXP, bRt e ENSHF?,

if 0 <t; <t9 < d. This property follows from (6.4).

In [ArD1)-[ArDS8] we investigated canonical systems of the form (6.1) with
property (1.2). We proved that for such systems the chains of normalized associated
pairs are continuous in the sense that the mvf’s b;- (M) are continuous with respect
to t on the interval [0,d) for every fixed A € C. In our considerations, the given
data for a bitangential inverse problem is not just a frequency characteristic of the
system such as an input scattering matrix s(), or an input impedance matrix ¢(\),
or a spectral function or a monodromy matrix, but also a normalized monotonic
continuous chain of pairs of entire mvf’s {b%, b5}, 0 <t < d or {b},b}, 0 <t < d,
that relate to the system via (6.7) or (6.8), respectively.

The next theorem, which guarantees the existence and uniqueness of a solu-
tion to the bitangential inverse impedance problem with given data (c,b%,b%,0 <
t < d) is established in [ArD6]. The proof of this theorem is based on Theorem 3.3.
This theorem is applied to obtain similar conclusions for the bitangential inverse
spectral problem in [ArD8]. Analogous results were obtained earlier for the bi-
tangential inverse monodromy problem in [ArD2] and for the bitangential inverse
input scattering problem in [ArD4].
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Theorem 6.1. Let c € CP*P, let {b4(N\),b5(N)},0 <t < d, be a normalized mono-
tonic continuous chain of entire inner p X p muf’s and assume that

(6.11) C(bs,bY;¢) NCP*P £ for every t € [0,d) .

Then there exists exactly one canonical integral system (6.1) with matrizant Ax(\) =
A(t,N), 0 <t < d, that satisfies the following conditions:

(1) ceE Cimp .
(2) {65,045} € aprr(Ay) for every t € [0,d) .
(3) Ay € Usr(Jp) for every t € [0,d) .

In particular, the condition (6.11) is satisfied if ¢ € CP*P.

7. Formulas for the solution M (t) of the bitangential inverse
impedance problem and for the corresponding matrizant.

Under assumption (6.11), there exists a mvf

(7.1) ct e C(A,) N HEXP

for every ¢t € [0,d) and hence, upon writing <I>§j for the operators ®;; defined in
formula (5.10) with b5()\) in place of bg()\), by (N) in place of by(A\) and c*(\) in
place of ¢()), we obtain

(7.2)

(I)il = HH(bg)Mct HE @;2 =I1_M_. and (1)52 — HH(bg)Mct

L(bY) H.(bh)
Correspondingly, let
13 ¥ = Ty +<Mct>*}‘ (et ).

H(bY) H(b%)

H (b))

— log ||b%(—i — log ||b% (—i
(75) m(t) = Ty PEIBC g 7yr) = Ty BN
v v

Then, the entire inner p x p mvf b%(\) is of exponential type 7;(t), H(b}) C
H(er,Ip), He(by) C H(er,1)1p) and, as the type of b§ is equal to the type of
bt
J7

D1 H(EL) © Hler,(y1y) and Ban Ho(0) € Haleryo )
Therefore, we can choose

bs(A) = bE(N) = e, and bg(\) = b(N) = e,

in Theorem 5.5.
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In order to keep the notation relatively simple, an operator T" that acts in the
space of p x 1 vvf’s will be applied to p x p mvf’s with columns fi,..., f, column
by column: T[f1--- fp] = [Tf1---Tfp]

Theorem 7.1. In the setting of the last theorem, let T5(t) and 14(t) be defined by
formula (7.5), and recalling that (Rof)(A\) = {f(A\) — f(0)}/A, let

(76) T = — (@h(Roen0h)) O) 5 52 =  (Rob)()
(17 Fa) = = (Bh) (Roconh)) O, Thal) =~ (Ro6) (N -

Then the RK K!,(\) of the RKHS H(A:) evaluated at w = 0 is given by the formula

1[0 +35 00 &0 + 20
78 Kt A _ ,\11 A21 A12 A22 ,
(78) oV =30 (BN £ @ (N () + ake(N)

where:
(1) The uj;(A) are p x p muf’s such that the columns of uj;(\) and Ujy(N)
belong to H(b%) and the columns of U (N) and Uhy(N) belong to H.(bh).

The ﬂ‘;j()\) may be defined as the solutions of the systems of equations:

(7.9) Y] aﬁj + (1)52175]‘ = ﬁg(/\)
(7~10) (‘I)iz)*aﬁj +that2j = /y\tQj()‘) y J=1,2.
(2) The muf’s T};(N) are defined by the formulas
E55;‘()‘) = _((I)ﬁl)*aﬁj )
(7.11) T\ =dbhah, , j=1,2.

Remark 7.2. In the one-sided cases, when either b4(\) = I, or b5(\) = I, the
formulas for recovering M (t) are simpler. For example, if b (\) = I,,, then 74(¢) =0
and H.(b}) = {0} and hence u; = 0,7%; = 0, and the equation for equations f;
and the formula for Z{; simplify to

and

Theorem 7.3. Let {c(A\);b5(N),b4(N), 0 < ¢ < d} be given, where ¢ € CP*P and
{5(N),b5(\)}, 0 <t < d, is a normalized monotonic continuous chain of pairs of
entire inner p X p muf’s and let assumption (6.11) be in force. Then the unique
solution M (t) of the inverse input impedance problem considered in Theorem 6.1
is given by the formula

(7.14)
M(t) = 2rK(0) = /O o [:”i“(a) zf}Q(‘ﬂ da + / i {z,t%l(“) 2(9)] 44

ui; (a) uiy(a) —74(t)
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and the corresponding matrizant may be defined by the formula
(7.15) Ar(N) = Ly, +2miKE (M),
where K§(X\) is specified by formula (7.8) and x};(a) and uj;(a) designate the

inverse Fourier transforms of fgj(/\) and ﬂﬁj(/\), respectively.

Remark 7.4. Upon writing L; for La,, A; for Aa,, and K% ()\) for KAt()\), the
formula for the RK KE(A\)u = KZ'*(A\)u can be expressed in the form

ot s by
Ki(\u = LiA;'Gu, where Gy = P11k Ko ] ,

« 1b8 bt
(‘1’32) Ly’ ly*

for every u € C™ and hence

M (t)u = 2m(Kfu, K{u)pa,) = 2m(LiA; Gou, LA Gyudpay)
= 27T<At_1Gt’LL, Gm)st.

8. The de Branges spaces B(¢)

We turn next to a class of RKHS’s B(€) that were introduced and exploited to
study spectral problems for integral and differential systems by L. de Branges
[Br1], [Br2]; for subsequent developments and applications, see also the references
cited in the first section. In the spectral theory of integral and differential systems,
the spaces B(€) are spaces of entire vvi’s. However, in other problems of analysis
it is useful to consider spaces B(€) of vvi’s that are meromorphic in Q4. In this
more general setting, the space B(€) may be defined in terms of a p x 2p mvf

(8.1) ) =[E-(N)  EL(N)];

where {E_()\), E4(\)} is a pair of p x p mvf’s that are meromorphic in C; and
are such that

(8.2) det Ex(\) 20 and x = E;'E_ belongs to the class SL”.

We shall call a pair of mvf’s that meet this property a de Branges pair and shall

refer to the corresponding p x 2p mvf &(A\) as a de Branges function. With each

such de Branges function, there is an associated RKHS B(€&) of p x 1 vvf’s with

RK

03 KEO)— - EVIEE) | ELNELW) -~ ELOE- ()"
pu(X) pw(X)

The formula
f— EI'f
defines a unitary map from B(€) onto H(x).

For the rest of this section we shall restrict attention to the case Q4 = C,.
In this setting, if E(\) tends to a limit F;(u) as A tends non tangentially to
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1 € R at a.e. point y € R and det F4 () # 0 a.e., then f(\) has nontangential
limits f(u) at a.e point p € R for every f € B(€) and

1130 = IEZ2FI2 = / 0 e () f () ds,
where

(8.4) Ae(p) = E7H(w) E7 ().
Moreover,
feB@) = E{'feH(X)
— E'feH.(x)
< E;'feHYand EZ'f e K}

We turn next to de Branges spaces B(€&) based on mvf’s &(\) that meet the
following additional constraints:

(8.5) 0€be,E4(0)=1,,E_(0) =1, and —ix'(0) > 0.

The significance of this extra assumption rests on the fact that

(8.6) —ix'(0) > 0 <= K§(0) >0 <= {f(0): f € B(&)} = CP;

see [ArD7] for the justification. It is convenient to set

EL(N -1,
A

when these constraints are in effect.

E_(\) -1,

(8.7) Gi(\) = and G_(\) =

Theorem 8.1. Let {E, E_} be a de Branges pair that satisfies the extra constraints
(8.5). Then the following conditions are equivalent:

1. The RKHS B(€) is invariant under the action of the backwards shift op-

erator

(8.8) Ry : f — M

2. Gyu € B(€) and G_u € B(€) for every u € CP.
3.

(8.9) Ey eI”?, E7'Gy € HY*P E_ € IP*P and EZ'G_ € K},
4. There exists an m x m muf A € U(Jp,Cy) such that
(8.10) 0€ba, A0) = I, and €(N) =20 I,]JAN)D.

Proof. Suppose first that (1) is in force and that g € B(&). Then the vvi’s g(\)
and h(\) = (E7'g)(\) are both holomorphic at the point A = 0 and the identity

B = MO _ sy ragy ) + D e
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implies that the second term on the right belongs to H(x). Moreover, in view of
the constraint (8.5) and the observation (8.6), it follows that

E; (i\) — Ipu € H(x)

for every choice of u € CP.
Next, since x 1H(x) = Ha(x) and A~ (x "1 (\) — I,)u € H.(x), the identity

Xl(A){E?(A)Ip}u 2OV P G OV et 1

) - ) )
leads immediately to the conclusion that
E7YON) -1 EZ' (N

3 Pue Hiy) <= )\_puEH*( ).
Therefore, since

Ef(i) “ D e H(y) = Gau € B(@)
and B -1

_fpu € Hi(x) <= G_u € B(€)

for every u € CP it is readily seen that (1) implies (2) and (2) implies (3).
Next, with the help of the evaluation

h(p) = h(0 f(p) = x(1) f(0)

LR = (g, =X

which is valid for every choice of h and f in H(x), it may be shown that the adjoint
of the backwards shift operator Ry acting in B(€&) is given by the formula

(Bog)(A) = (Rog)(N)

- i{G—(A)% _O; G—(u)*Ae(u)g(u)du—&(A)%/_O; G+(u)*Ae(u)g(u)du}-
Let
(8.11) C = [ g; } :
where
812) CiigeBE© — X[ (G + o) Aelwlalidn
©13) CrgeBE) — Y[ (6w -G ) Aelglnin
— /7g(0)

Then
(8.14) Ry — Ry =iC*J,C
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and hence the m x m mvf

(8.15) Ae(\) = I, +iMC(I — ARy) ' C*J,

satisfies the identity

(8.16) Jp — Ac(N)JpAe(w)* = —i(A —w)C(I — ARo)*(I —wRy)~'C*.

Thus, Ae(A) belongs to the class U(Jp, C4) and meets the constraints (8.10). This
completes the proof that (3) implies (4).
It remains only to prove that (4) implies (1), but that is selfevident. O

Remark 8.2. The mvf A(\) = Ae(A) that was constructed in the proof of the last
theorem satisfies the condition

. 1 [ 1 I
8.17 Tall,) = — — A d
(8.17) ) =iat - [ (5 - ) Al
for some Hermitian matrix o € CP*P. It is in fact the only mvf in the class
U(Jp, C) that meets both (8.10) and this last condition.

We shall say that a de Branges function &()) is regular if it meets both of
the conditions (8.5) and (8.9). Correspondingly, we shall say that the de Branges
space B(€) is regular if €(\) meets the constraint (8.5) and B(€&) is invariant under
the backwards shift operator Ry. In view of the last theorem, the p x 2p mvf E(\)
is regular if and only if the space B(€) is regular. The class of regular de Branges
spaces B(€) of entire vv{’s play a significant role in the spectral theory of integral
and differential systems.

We now introduce a pair of generalized Fourier transforms on regular de
Branges spaces B(&) by the formulas

F(N = C(I —ARop)™ g

5~
3

L S [T (Ga(w) + G ()" A () 2Nk gy
9(A)

S

and

\/%_FC(I—i-)\RS)_lg
= AT (=X).

Fi(N)

The identities (8.16) and
(8.18) Jp — AZ N JpAG (W) = —i(A —@)C(I — A\Ry) (I —@RE) ™ C*.

imply that F, is a unitary map from B(€&) onto H(A¢) and that F; is a unitary
map from B(&) onto H(Ag). Consequently, F,g € II"™ and F;g € II'" for every
g € B(€). Therefore, both transforms have boundary values for a.e. u € R.

We shall say that a regular de Branges function &(\) is right strongly regular
if F.g € LY for every g € B(€) and that it is left strongly regular if Fig € LT (R)
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for every g € B(€). Correspondingly, we shall say that the space B(€&) is left or
right strongly regular according as () is left or right strongly regular.

Theorem 8.3. Let &()\) be a reqular de Branges function. Then the following state-
ments are equivalent:

1. €(N) is right strongly regular.

2. {Frg:g€ B(€) is a closed subspace of Ly (R).

3. There exist a pair of positive constants 1 and 2 such that

Yl Frgllst < llgllseey < v2llFrgllse-

Proof. In the given setting, the generalizef transform F,. is a unitary operator from
B(€) onto H(Ae¢) and E()) is right strongly regular if and only if Ae € Usr(Jp).
Thus the theorem is equivalent to Theorem 5.1. g

If &()\) is right strongly regular, then, as follows readily from the definition of
Frg and a well known theorem of Banach, there exist a pair of positive constants
a1 and as such that

aillgllse < llgllse) < azllgllst-

Thus, in this setting, B(€) is a closed subspace of L5(R) (with respect to Lebesgue
measure). In fact,

(8.19) B(€) = H(bs) ® Ha(bs),
with scalar product
(8.20) (oMo = [ )" D) f()dn,

where the pair {bs, b4} of inner p x p mvf’s may be obtained from the inner-outer
and outer-inner factorizations
(E#)™ = baps and  Ey' = by,

respectively.
We remark that if €()\) is a regular de Branges function, then the generalized
transform F; is a unitary operator from B(€) onto H(Ag) and
E(N) is left strongly regular <= Ae¢ € Uisr(Jp) <= Ag € Ursr(Jp).
Thus, an application of Theorem 5.1 to AF yields the following result:

Theorem 8.4. Let &()\) be a reqular de Branges function. Then the following state-
ments are equivalent:

1. &()\) is left strongly regular.

2. {Fig: g € B(€) is a closed subspace of L5 (R).

3. There exist a pair of positive constants ~y1 and 2 such that
Yl Figllse < lgllsey < 2l Figllse-

Theorem 8.5. Let €(\) be a regular de Branges function. Then E(\) is left strongly
regular if and only if the density Ae (1) satisfies the Treil-Volberg matriz version
of the Muckenhoupt (As) condition.
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Proof. This is immediate from Theorem 7.5 in [ArD10]. O

9. Operator nodes with characteristic matrix functions of the class
Usr(J)

Let Up(J) = Up(J, Q1) be the subclass of mvf’s U(A) from U(J, ;) that are
holomorphic at the point A = 0 and,in addition, are normalized by the condition
U(0) = I, when Q4 = C,. It is known that every mvf U(\) of the class Uy(J) may
be represented as the characteristic matrix function Us(A) of a simple operator
node ¥ that is a J-unitary node if Q; = D, and is an LB (Livsic-Brodskii) J-node,
if Q. =Cy.

We recall that a colligation X = (A, C; X,Y) is called an LB J-node if J €
L(Y) is a signature operator, A € £(X), C' € L(X,Y) and

(9.1) A— A" =4iC*JC.

Such a node ¥ is called simple if

(9.2) (] Ker CA™ = {0}.
n>0

The function
(9.3) Us(A) = I +iAC(I — NA)~'C*J

is called the characteristic function of the LB J-node ¥. Two LB J-nodes ¥; =
(4;,Ci; X;,Y;) (i =1,2) are said to be unitarily equivalent if

(94) A1 = RilAgR and Cl = CQR,

where R € L£(X1, X5) is a unitary operator. It is known that if the characteristic
functions Us;, (A) and Uy, (A) of two simple LB J-nodes ¥; and ¥ coincide in a
neighbourhood of zero, then these nodes are unitarily equivalent. If m = dimY <
0o, then the operators from L£(Y) may be defined in terms of an orthonormal
basis in Y by m x m matrices and then the corresponding mvf Us () is called the
characteristic matriz function of X. In this case C" may be considered instead of
Y and then J and Us()) denote m x m matrices that define the corresponding
operators from £(C™) in the standard basis.

An LB J-node is said to be dissipative (accumulative), if J =1 (J = —1I,
respectively).

From now on we restrict attention to simple LB-J nodes ¥ with characteristic
function Us, € Up(J,Cy).

The supplementary identities

(9.5) KU=(\) = QLC(I —M)HI —wAY) o
iy

and

(9.6) K55 () = %C’(I+/\A*)‘1(I+EA)‘1C*
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follow easily from the formulas (9.1) and (9.4). These identities imply that the two
generalized Fourier transforms

1 1
9.7) (Fra)(\) = —=C(I —AA) 'z and (Fz)(\) = —=CI+14*) '
0) (Fa)() = =01 =24 (Fia)() = =C( +34)
are unitary maps from X onto H(Ux) and from X onto H(Uy'), respectively.
Moreover, the simple LB-J node ¥ = (4, C; X,C™) with characteristic function

Us (M) € U(J,C4) and the functional model $= (Ro, Co; H(Ux),C™) based on the
operators

(98) Ro: feH(Us) — M
(9:9) Co:f €H(Us) — Varf(0)eC™:

are unitarily equivalent:
A= (F) 'RoF, and C = CyF,.

In much the same way the transform F; defines a unitary equivalence between
the simple LB-J node Y= (—A*,C; X,C™) with characteristic function Uy €
U(J,C4) and the functional model based on H(Uy).

If J = J, and the characteristic function As(\) of the simple LB-J, node
¥ = (4,C; X,C™) belongs to the class Uy(Jp, C4+) and is such that the mvf

(9.10) co(A) = (Tas[Ip))(A)
admits a representation of the form
. 1 [ 1 I
A1 A) = — ———— ] A d
(0.11) ) =iat - [~ (5= i) Aclod

for some p x p Hermitian matrix «, then
¢(\) = V2[I, 0]4s())
is a regular de Branges matrix and
An(A) = Ae(V),

where A¢(A) is the mvf that was constructed in the proof of Theorem 8.1. This in
turn provides another functional model Y¢ = (Ry, C; B(€),C™) of the simple LB-
Jp node ¥, where Ry now designates the backwards shift operator acting in B(¢&)
and the operator C' is defined by formulas (8.11)-(8.13). This functional model is

easily obtained from the model f} since the map
f— V200 LIf

is a unitary operator that carries the backwards shift Ry in H(Ayx) into the shift
acting in B(€). If the mvf ¢o(A) that is defined in (9.10) meets the condition (9.11),
then the generalized Fourier transform

1 _
Fg = \/—2?[0 L)C(I —AA) 'z
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is a unitary operator from X onto B(€). This serves to establish the unitary
equivalence of the simple LB-J, node ¥ with the functional model X¢.
We remark that

(9.12) (9.11) holds < ﬁ[o I,)Cker A" = {0};

n=0

see [ArDS|.

Theorem 9.1. Let ¥ = (A, C; X,C™) be a simple LB J,-node with a characteristic
matriz function Us(N) that is a right strongly regular Jp-inner muf with respect to
(C+. Let

(9.13) {b3,b4} € apyp (UE) and bg(O) = b4(0) = Ip.
Let §+ = (£+,C?+;)(q+,(cp) and ¥, = (/i_,cg_;)(q_,(Cp) be simple dissipative

and simple accumulative LB nodes with characteristic matriz functions bg(\) and
byt (N), respectively. Then

©014)  A=r'| A YR 0, LIC=[Cs CR,
0 A-

for some R that satisfies the conditions

(9.15) ReL(X, X ®X_), R 'el(Xyd®X_,X).

Moreover,

X = {0} = bs(\) = I, <= Uy e N
and
)ng ={0} <= b3(\) =1, < Uy € NV

Proof. The given simple LB nodes ¥, §+, 2%_ can be replaced by their functional
models. In these models, A, /(1) -, /(1)+, are backwards shifts in the spaces X =
H(U;;),)& = H(bg),)g, = H.(bs), respectively and the operators C, C(:JF,C(‘),

map a vvf g from their respective domains X, )ng, )?, into v/27g(0). In the given
setting, Theorem 5.4 is applicable to the mvf A(\) = Us(\) and the operator
R = (La)~! satisfies the stated assertions. U

Theorem 9.2. [Ar]. Let ¥ = (A,C; X,C™) be an LB jpq-node with characteristic
matriz function Us,(X) = W(X) that is jpg-inner with respect to C4 . Let

(9.16) {bl,bg} € ap (W), bl(O) = Ip, and bQ(O) = Iq.

1. Let 3 be a simple node and W € Usgr(jpq). Let £+ = (/(1)4” COJF;)EJF,(CP) be

a simple dissipative LB node with characteristic matriz function by(\) and 2?_ =
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(}f,,ce,;)f,,(CQ) be a simple accumulative LB node with characteristic matriz
function ba(\)~L. Then

(9.17) A=rt( A O R Si=por X
0 A_

for some R such that

(9.18) ReL(X, X+@® X_), R l'el(Xi®X_,X),

where Py = diag{I,,04xq} and P_ = diag{0pxp, I;}. Moreover,

X_ ={0} == by(\) = I, <= W € NT™(Cy)
and
)&r ={0} = b1(\) = [, <= W e N"*™(C_).

2. Conversely, if X(:)Jr = (/LL)JF,C(‘)JF;)EJF,(CP) is a dissipative LB node and if Z(]), =

(/i),,é),;)g,,(cq) is an accumulative LB node such that (9.17) and (9.18) hold,
then W € Usr (Jpq)-

Proof. A proof of the first statement may be based on the description of the space
H(W) for W € Usr(jpq) that is furnished in [ArD4], in much the same way that
the last theorem was verified.

The verification of the second assertion rests on the fact that the generalized
right Fourier transforms based on the nodes §+ and Eg_ map into LY and LI,
respectively and the fact that if

f= [ g ] € H(W) and W € U(jpg),

then
feLy < gelb <= helLl

O
If Uy € ENU(JT), i.e., if the simple node ¥ is a Volterra node, then the b;(\)

are entire inner functions and consequently the nodes 203+ and XO], considered in
the preceding two theorems are Volterra. If m = 2, then by(\) = b3(\) = 7™
and bo()\) = by(\) = €™, where 73 and 74 are nonnegative numbers that may
be computed by formula (7.5) with b;()) in place of b%()) for j = 3 and j = 4.
The functional models based on the backwards shift acting in H(b3) and H.(bs)
are of course still applicable. However, since H(bs) = L2([0,73])" and H.(bs) =
Lo([—74,0])", the identities

h(\) = /O K e?hY (a)da = (Roh)(\) =i /0 i ( /b K hv(a)da) db
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and

0 0 b
h()\) = / e (a)da = (Roh)(\) =i / et / hY(a)da | db
—T4 —T4 —T4
lead to well known functional models based on integration operators acting in
the indicated subspaces of Ls. In particular, the functional model of a simple
dissipative Volterra node with characteristic function e*™ may be chosen equal

to 2(])+ = (/(1)+,(f')+;L2([0,7'3]),C), where

(/(1)+u)(t) = i/tTS u(a)da and (f‘)Jru = /OT3 u(a)da for u € Lo([0, 73]).

In much the same way, the functional model of a simple accumulative Volterra

node with characteristic function e~**™ may be chosen equal to the node 2?_ =
o o

(A, C—; La([=74,0])), C), where

t 0
(A_u)(t) = 2/ w(a)da and C_u = / w(a)da for u € La([—74,0])).
—T4 —T4
Correspondingly, the operator R considered in the preceding two theorems acts
from X onto Lo([0,73]) @ La([—74, 0].

There exist analogues of the preceding two theorems for the case Us €
Ujsr(J) that may be obtained by applying the preceding results to Uy and recall-
ing that

Us € ulsR(J) — Uy € UTSR(J).
Analogs of Theorem 9.2 (see [Ar]) and of Theorem 9.1 may also be obtained for
J-unitary nodes with characteristic matrix functions of the class Usr(J, D).

The properties of left strongly regular spaces B(€&) and of operators in these
spaces related to the backwards shift Ry were studied by other methods in the
case that E; () and E_()) are scalar entire functions by G.M. Gubreev [Gu], as
an application of his theory of regular quasiexponentials. In particular, he noted
the connection between the class Uisr(Jp) and the class of left strongly regular de
Branges spaces B(¢) when p = 1 and &()) is entire. Some of his results may be
obtained from the analysis in the last two sections.

Analogues of the last two theorems on LB J-nodes and J-unitary nodes
with strongly regular J-inner characteristic matrix functions were obtained by Z.
Arova in her PhD thesis, see also [Ara2]. Her characterizations of the class of
simple operator nodes Y with characteristic matrix function Us € U,.sg(J) used
somewhat different nodes than were exhibited here. Thus, for example, in place of
the relations (9.17), she used the relations

(9.19) A=rt( A 0 VR Si—cor X
0 A_
where §+ = (/i +,c°+;)? +,C™) and 2?_ = (X_,é_;)?_,cm) are simple

dissipative and simple accumulative LB nodes, respectively.
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