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Abstract

This paper gives some equivalent characterizations for invariant
subspaces of H?, when the underlying structure is specified by the
so-called pseudorational transfer functions. This plays a fundamen-
tal role in computing the optimal sensitivity for a certain important
class of infinite-dimensional systems, including delay systems. A closed
formula, easier to compute than the well-known Zhou-Khargonekar for-
mula, is given for optimal sensitivity for such systems. An example is
given to illustrate the result.

1 Introduction

The characterization of shift-invariant subsapces of H? by the Beurling-Lax
theorem has been of great theoretical interest [7]. In particular, it has played
a key role in H* control theory, especially in the optimal sensitivity problem.
This is usually formulated as follows: Given a rational and stable weighting
function W (s) and an inner function m(s), find the optimal sensitivity

= inf — . 1
Yopt wg}{wHW mi|lso (1)

When W is proper and rational (which covers all practically interesting
cases), a beautiful solution is known as follows [19, 13, 18]: Let (A, B,C) be
a minimal realization of W. Define its Hamiltonian H, by

o A BBT /v
H“/ T —CTC/")/ —AT . (2)
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Then the optimal sensitivity Yop¢ is the maximum of those that satisfy
det mN(HA/)|22 =0

where M |99 denotes the (2,2)-block of matrix M and m™(s) = m(—3). It
also has a natural extension to the two-block case [6]. Furthermore, the case
of a simple delay m(s) = e~1* has played a key role in obtaining the solution
to the H* problem for sampled-data systems [1, 9].

It should however be noted that when m is a general inner function this
computation is not necessarily easy to execute. For in general, the plant is
not specified in terms of such an inner function m. For example, it is not
trivial to obtain such m for a delay-differential system

#(t) = ax(t—1)4+ u(t)
yit) = z(t)—pz(t—-1), 0<a,f<Ll.

The plant transfer function is (e® — 3)/(se® — a) but the associated m is
hard to compute.

In view of this, we attempt to derive a more direct formula for the com-
putation of the optimal sensitivity. We deal with the class of pseudorational
transfer functions (impulse responses) introduced by the latter author [16].
The advantage here is that such an impulse response f admits a fractional
representation over a ring of distributions of compact support as f = ¢~ xp.
The associated transfer function f(s) is then written as f(s) = p(s)/d(s),
where p(s) and ¢(s) are entire functions of exponential type, according to
the Paley-Wiener theorem [12]. This representation is particularly amenable
to inner functions and also in close connection with delay systems. In this
regard, we give a characterization of all left shift invariant subspaces of H?2,
equivalent to the Beurling-Lax theorem, and then apply the result to derive
a computable condition for the optimal sensitivity problem equivalent to
(1). An example is given to illustrate the effectiveness of the result.

2 Pseudorational impulse responses and their re-
lizatons

2.1 Preliminaries

We need some notions from distribution theory [12]. For a given distribution
a, supp « denotes its support. The following quantities are of importance;
we allow them to be +00, but when supp « is bounded, they are both finite:
la) := inf {t: t € suppa},
r(a) = sup {t:t € suppa}.



E'(R_) denotes the space of distributions having compact support in
(—00,0]; the Dirac delta distribution ¢ at the origin, its derivative ¢’, delta
distribution d,(a < 0) at point a, etc., are elements in £'(R_). D/ (R) is the
space of distributions having support bounded on the left. Clearly £'(R_)
is a subspace of D/, (R). Both &'(R_) and D/ (R) constitute a covolution
algebra. Concerning the suport of convolution of distributions with bounded
support, the following lemma is obtained in [17]:

Lemma 2.1 For distributions «, 3 having support bounded on the right,
r(ax B) =r(a) +r(B).

This is a consequence of Titchmarsh’s theorem on convolution [3]. Similarly,
it follows that for o, 3 € D' (R),

LaxB)=La)+L0).

The class of pseudorational transfer functions (impulse responses) plays
a crucial role in realization, modeling, and control of infinite-dimensional
systems, especially delay-differential systems [16, 17]:

Definition 2.2 An impulse response f is said to be pseudorational if there
exist ¢,p € &'(R_) such that

1. ¢! exists over D/ (R),
2. ordg~! = —ordg,
3. f can be written as
f=a"'*p,
1

where ¢~ is taken with respect to convolution and ord ¢ denotes the order
of a distribution ¢ [12].

For a distribution «, its Laplace transform is denoted by &(s). Similarly,
for a set X of distributions, X := { f:feXx } provided that every f € X
is Laplace transformable. From the Paley-Wiener-Schwartz theorem [12], a
distribution ¢ belongs to £'(R_) if and only if its Laplace transform ¢ is an
entire function satisfying

1q(s)] C(1+|s|)FerRes Res >0,

<
< O+ sk, Res <0,

for some a, C, k > 0. In the Laplace domain, pseudorational transfer
functions are thus the ratio of entire functions of exponential type—the
simplest extension of polynomials.



As usual HP? and H” denote the Hardy spaces on the open right- and
left-half complex plain, respectively. As is well known ([7]), H? and H? are
the spaces of the Laplace transform of functions in L2[0, c0) and L?(—o0, 0],
respectively. The Hilbert space of functions square integrable on the imagi-
nary axis will be denoted by L2(jR). Clearly L?(jR) = H? @ H2.

Let ¢~ denote the paraconjugate of ¢, i.e.,

q°(s) = q(—3).

Then ¢~ is in H? if and only if ¢ belongs to HP.

2.2 Pseudorational impulse responses and their realizations

In this subsection, we outline realization theory of pseudorational transfer
functions introduced in [16].

Let Q := limL?[—n, 0] denote the inductive limit of the spaces {L?[—n,0]},>0;

it is the union of all these spaces endowed with the finest topology that
makes all injections j, : L?[—n,0] — Q continuous; see, e.g., [16]. Du-
ally, I' := LIQOC[O,OO) is the space of all locally Lebesgue square integrable
functions with obvious family of seminorms:

folh = { [ !qb(t)]th}l/ g

This is the projective limit of spaces {L?[0,n]},>0. € is the space of past
inputs, and I' is the space of future outputs, with the understanding that
the present time is 0. These spaces are equipped with the natural left shift
semigroups oy [16].

An input/output or a Hankel operator associated with an impulse re-
sponse function f is defined to be the continuous linear mapping Hy : @ — I'
defined by

0
Hye(w)(t) == / flt —Tw(r)dr.

For a pseudorational impulse response f = ¢~ !

ciate with it a realization 2P as follows [16]:

Define X1 as follows:

* p, one can always asso-

X1:={zxel|n(gxz) =0}

where 7 is the truncation to (0, 00). It is easy to see that X ? is a o-invariant
closed subspace of I'. To define X7P, take this X as the state space with



oy (restricted to X9) as its transition semigroup. Then define g : Q@ — X¢
and h: X9 — T as follows.

gw) = 7w(g txprw)
h(z) = « (injection).

The mappings g and h are called reachability map and observability map
respectively, and satisfy Hy = hg.

Related to this realization of pseudorational impulse response, the fol-
lowing facts are known [14, 16, 17].

Facts 2.3 1. If the pair (¢, p) is approximately coprime, i.e.,
lim (g*r, +p*sy) =9
n—oo

for some sequences {r,} and {s,} in &'(R_), the realization 77 is
canonical [16].
2. The spectrum of the infinitesimal generator A of oy in X9 is given by

a(A) ={A[q(A) = 0}.

Furthermore, every point in o(A) is an eigenvalue with finite multi-
plicity.

3. For each A\ € o(A), the generalized eigenfunctions are of the form
{eM teM, ... 1" 1eM) where n is the geometric multiplicity.

4. The state space X9 is decomposed as
X122 120,T) @ Xo

where X is the linear subspace spanned by the generalized eigenfunc-
tions given as above.

5. X9P is exponentially stable, i.e., there exist positive constant C, 3 such
that

lowal| < Ce™|a|l,
if and only if
sup{ReX : A e g(4)} <O0.
In other words, there exists ¢ > 0 such that

Re A < —c for all A such that ¢(\) = 0.



3 Equivalent Characterization of Invariant Sub-
spaces of H?

As seen in Section 2, X7 plays an important role to construct the state space.
The space X7 consists of the function z € I" such that g*z belongs to £'(R_)
[14]. In this section, confining ouuselves to stable transfer functions, we give
yet another characterization for X9.

It is known ([15]) that X9 C L2[0,00) by stability, and X9 is a left
shift invariant closed subspace of H2. Dually, its orothogonal complement
H? & X1 is a right shift invariant closed subspace in H2. Hence we can
characterize H2 & X4 by an inner function according to the Beurling-Lax

theorem [7]: There exists a unique inner function 77 modulo constants such
that X9 = H () := H?> ©mH?. It is known ([7]) that

H(m)= {2 € H* w3 € H*}.

In the case of rational functions, this inner function is clearly given as the
finite Blaschke product consisting of poles of 1/§. In Theorem 3.2, we give
the associated inner function for all stable pseudorational transfer functions.

The inner fuction m satisfying X? = H(m) is much related to eigen-
function completeness of X?. In [17], r(g) = 0 is shown to be necessary
and sufficient for X9 = X,. Corresponding to 4 of Facts 2.3, such an inner
function is given as a form consisting of a delay and an infinite Blaschke
product. Here the pseudorationality is crucial to prove the convergence of
this infinite product.

The following lemma asserts that if ¢~! is pseudorational with Laplace

transform in H>°, then the left-shifted (by —¢(q)) transfer function 1/(e“@%4)
also belongs to H°.

Lemma 3.1 Let ¢ € £&'(R_) and 1/4(s) € H®. Then 1/(e“D%§(s)) also
belongs to H®.

Proof Recall that f is in H* if and only if convolution with f defines
a bounded linear operator on L2[0,00). Take an arbitrary = € L2[0, 00),
and we show (Jy(q) * ¢ ' xx) € L?[0,00). First ¢~ 2 € L?[0, 00) since ¢!
belongs to H*. Then it remains to show that the support of (¢7! * x) is
contained in [—#(q),00). Notice that £(¢~') + £(¢q) = £(§) = 0 and

Ug™" *w) = Uq™") + U(x) = —L(q) + £(z) = —L(q),
by Lemma 2.1, since z is in L]0, 00). n

For example take §(s) = se® — ¢ and the left-shifted (by 1) transfer
function e®/(se® — ¢) is indeed causal. The following theorem gives the



inner function  satisfying X¢ = H (m) in a simple form for all stable
pseudorational transfer functions.

Theorem 3.2 Let 1/G(s) be stable. Then X9 = H(1n) where 1, is given by

o o—ta)s T (3)
i) ®)

Proof First we show that 7 defined by (3) is indeed an inner function.
Since clearly || = 1 on the imaginary axis, it suffices to prove that m
is in H*. Take an arbitrary z € L?[0,00), i.e., # € H? and we show
m* x € L?[0,00). From the property above m# € L2(jR) and this implies
m* x € L?(—00,00). Since ¢ is the mirror image of the distribution ¢, the
support of ¢ is entirely contained in [0, —¢(q)]. Therefore we have

Umxx) = L(q) +Lq~") + (g + £(z) = 0

by Lemma 2.1. Then m * x € L?[0,00) and 7 is inner.

Now let us show X9 C H(m). Take any w € X1 c H? ie., gxw €
E'(R_). Then @ is in L2(jR), because i is inner. It follows from Lemma
2.1 that 7((¢))™1) = —r(¢") = 4(q) and

r(m”xw) =1(0_gyq) * (qN)*l) +r(g*xw) <0.

This yields m™ * w € L?(—00,0], i.e., '@ € H2 and we have X7 C H(h).

Conversely, suppose that & € H? and that "% € H2. Hence

N 2
ma = g e H”.

This yields ¢z = (e~¢@3¢7)e. Since (g * x) = £(q) + 7(¢) + (%) < 0 and
C X1.

¢(q * ) is bounded, ¢ * x belongs to &'(R_). This implies H(m) n

For example, we take W (s) = 1/(se® — ¢) and

X —ed) _ {x €T 2(t) = 2(1) + C/H c(t)dt, t > 1} )
0

This implies X9 = L2[0,1] x R [16]. Applying this theorem to (4), we have

26— _ g (es—se —c> _H <ces —|—s> .
ses —c ses —c¢




Remark 3.3 Recall that §(s) is expressed as infinite product [2]

-l )on()

n=1

where

| Re Ay
Z PWE

This condition of the zeros is sufficient for the convergence of the corre-
sponding infinite Blaschke product [11]:

This readily implies that e=“9%G7(s)/4(s) is of the form e’*my(s) where
myp(s) is the Blaschke product conslstlng of the zeros of ¢.

4 Optimal Sensitivity Problem

In this section, we consider the optimal weighted sesitivity problem to find

= inf W (s)(1+ P(s)C(3)) | co-
Yoot = e W (s)(1+ P(s)C(s) " [loo
We assume that the given stable weighting function W(s) is rational and
strictly proper. We also assume that the given plant P(s) is in H* and
pseudorational. By the Youla parametrization, this problem is known to be
equivalent to finding 'y (WP), where I'yy(+) is defined by

p .
T'wl=]):= inf
W (cj > YEH™
for a given pseudorational transfer function p/¢ € H*®. Our goal in this
section is to derive a formula for I'yy (p/§) in a computable form.

w— Ly
q

’ [e.e]

For this problem we can applly the method given in [19, 13, 18], if WP
is inner. As seen in Section 1, for an inner function m

I'w(m) = max{y : det " (Hy)|22 = 0}. (5)

Furthermore if 1 = e~ /s (h > 0), the optimal sensitivity can be computed
by a bisection algorithm [5]. However, WP is in general not necessarily
inner. For a given p/§ € H®, we obtain an inner function 7 such that
I'w(p/q) = T'w(m) via the inner-outer factorization. However it is not
trivial to obtain the inner part of a general pseudorational function. In
what follows, we find such an inner function m for a given psudorational
transfer function p/¢ € H* having no zeros on the imaginary axis.



4.1 Pseudorational function without unstable zeros

We start with a relatively simple case. Consider a pseudorational transfer
function p/¢ € H with no unstable zeros. In the case of a rational function,
the stable zeros are irrelevant, i.e., its inner part is given by m = 1. For

example,
—hs
e
T -T ( —hs>
W <a3 + 1) wie

for any a,h > 0 [8]. Here we extend the result to general pseudorational
functions without unstable zeros. We show that the inner function associ-
ated with such plants is given as a simple delay.

First the following theorem deals with the transfer function 1/§, con-
taining the above example §(s) = (as 4 1)e”.

Theorem 4.1 Let 1/G € H* be pseudorational. Then

PW <1A> = PW (GE(Q)‘g) .
q
Proof Suppose that there exist ¢ € H*> and v > 0 such that

<.

o0

q(s)

From Lemma 3.1, ¢ := e_é(Q)%ﬁ/q belongs to H* and satisfies

W) - 5wt

[Wis) e @is)| <. (6)

o
This implies I'y(1/G) > T'w (ef(Q)S).

Conversely, we prove 'y (1/¢) < Ty (ez(q)s). First we show that for
every € > 0 there exist positive constants k and 7 such that

A

ef(q)sm%s)k € H® (7)
and
o (- )| < ©

Since ¢ is in &'(R_), ¢(s) is an entire function and there exist C; > 0 and
k1 > 0 that satisfies

[(s)] < e "DCi (1 + )", Res >0



from the Paley-Wiener theorem [12]. Therefore it follows that

BZ(q)st(s)
(14 7s)k

Ci(1+ |spk
|1+ 75|k

, Res > 0.

This implies that & > k; leads to (7). Furthermore for an arbitrary given
interger £ > 0 we can find 7 > 0 that satisfy (8), since W (s) is stable and
strictly proper [4].

Then suppose that there exist ¢y € H® and v > 0 satisfying (6). Here
define & := v — ||[W(s) — eg(q)si/)(s)Hoo > 0 and

- et@dsg . -
,l/} - mw E H .
by (7). Then we have
1
W(s) — 75 (s) N
_ s L
o LCRE = C
@) ot
< o) ]+ o (- g )<
This completes the proof. m

This implies that for the plant 1/G € H*, the optimal sensitivity prob-
lem is equivalent to that of the delay with —¢(g) > 0. This theorem can be
extended to general pseudorational transfer function p/q without unstable
zeros. The following corollary shows that the optimal sensitivity 'y (p/q)
depends not on the stable zeros of p as in the case of rational functions, but
on the support of p.

Corollary 4.2 Let p/q, 1/p € H* be pseudorational. Then

Tw (g) =Ty (e“(q)—f(p))s) _

Proof For brevity we show only 'y (/) > T'w (e(é(Q)_T(p))s). The converse
T'w(p/q) <Tw (e(Z(Q)*T(p))S) follows similarly. There exist positive constants
7 and k satisfying (7) and (8), as shown in the proof of Theorem 4.1. Now
suppose that there exist ¢ € H® and v > 0 satisfying HW —]51[1/@“00 < 7.
Notice that (7) is sufficient for

ot —t)s__9 5 proo
pi=e ﬁ(1+73)k¢€ ’

10



since 1/ e!®)p belongs to H*® by Lemma 3.1. We can check vthat 1) satisfies
[W — el@-0Dsy| <, by defining = i= 7y — [|W(s) - pi(s)/d].. m

This result shows that if a given stable plant p/¢ has no unstable zeros,
the associated inner function is a simple delay. Therefore the optimal value
for this case can be computed with arbitrary accuracy [5].

4.2 Pseudorational function with unstable zeros

Let us now consider the case with (possibly infinitely many) unstable ze-
ros. Several problems arise: we need to check whether the corresponding
Blaschke product converges. Even if this is guaranteed, computing the opti-
mal sensitivity according to the Zhou-Khargonekar formula (5) is not neces-
sarily easy, when we only know such an inner function as an infinite product.
The objective of the present subsection is that by Theorem 3.2 we can obtain
a computable form equivalent to the Zhou-Khargonekar formula.

Corollary 4.3 Let p/q, 1/p~ € H™ be pseudorational. Then

Ty (1;) _Ty (e(e(q)+r<p>>s g) _
q p

Proof The proof of the equality is analogous to Corolarly 4.2. We only
show that e(é(q)‘*'r(p))sﬁ/ﬁ~ is a inner function. We have

~

p

L@ +r)s P _ (ez@)s@) (@) ~E(p))s
p

where p 1= dy,) xp” € E'(R_) and £(p) = £(p) — r(p). Since 1/p is in H®,

e~t®)s(5)7/p is inner from the proof of Theorem 3.2. Then the desired result
follows. N

Let us check the consistency between this corollary and Theorem 3.2.
Take a pseudorational transfer function p/¢ € H such that 1/p~ € H™.
We assume that ¢(q) = ¢(p) and r(p) = 0 for simplicity. Since the zeros of p/q
are unstable, we can obtain the inner function 74 satisfying H (1) = X ®)
from Theorem 3.2 as follows:

i = o—t@)s P ep)s P

1= ~ ~

p p
This is exactly the same as the inner function obtained in Corollary 4.3.

As in Theorem 3.2, the associated inner function is of form e®*my(s)
where my(s) is the Blaschke product consisting of the zeros of p. However,
the following theorem guarantees that we do not need to compute m™(H)
according to the Blaschke product form:

11



Theorem 4.4 Let p;py/q, 1/py and 1/py”~ € H*® be pseudorational and
(A, B,C) be a minimal realization of W. Define the Hamiltonian H. of W
by (2). Then

P1P .- R _
T (P22 ) = sy s det (6415, (o)) = 0}
where L := —l(q) + £(p1) — 7(p2)-
Proof According to Corollaries 4.2 and 4.3, we have

Pib2\ S T ~s P2
Fw< P > = Fw<e(_e(q)+£(p1))s> =Tw (e ﬁ2~> .

Then the desired result follows from the Zhou-Khargonekar formula (5). m

4.3 Example

Let us compute the optimal sensitivity by usign Theorem 4.4. Consider the
weighting function W (s) and the plant P(s) as follows,

1
Wis) = s+1’
e’ —a
P(S) = m(a>0,a7§1)

Observe that P(s) has infinitely many zeros. Define the Hamiltonian of W
as

If 0 < a < 1, P(s) has no unstable zeros. Hence the optimal sensitivity
is given by

Iy (WP) = max{~ : det (eH7|22) =0}

independent of . On the contrary, in the case of that @ > 1, P(s) has
infinitely many unstable zeros, i.e., s = Ina + 2n7j (n € Z). Then

—S S
25 © —oz_es‘l—oze
e’ —a e’ —

e

and we have
Tw (W P) = max{7y : det (" (I — ae™)(e" — OJ)_1|22) = 0}.
Figure 1 shows the absolute value of determinant of the corresponding
matrices above. When the plant has no unstable zeros, the optimal sensi-

tivity is about 0.44. On the other hand in the case of a = 2 the optimal
value is around 0.80.

12



Figure 1: 0 < a < 1(dash) and « = 2 (solid)

5 Conclusion

This paper gave some equivalent characterizations for invariant subspaces
of H?, when the underlying structure is specified by the so-called pseudora-
tional transfer function. We have derived a simple closed formula for optimal
sensitivity for such systems.

References

[1] B. Bamieh and J. B. Pearson, “A general framework for linear periodic
systems with application to H,, sampled-data control,” IEEE Trans.
Autom. Control, AC-37, pp. 418-435, 1992.

[2] R. P. Boas Jr., Entire Functions, Academic Press, 1962.

[3] W. F. Donoghue, Distributions and Fourier Transforms, Academic
Press, 1969.

[4] J. C. Doyle, B. A. Francis and A. R. Tannenbaum, Feedback Control
Theory, McMillan, 1992.

[5] G. E. Dullerud, “Computing the Ls-induced norm of a compression
operator,” Syst. Contr. Lett., vol. 37, pp. 87-91, 1999.

[6] K. Hirata, Y. Yamamoto and A. Tannenbaum, “A Hamiltonian-based
solution to the two block H*° problem for general plants in H* and
rational weights,” Syst. Contr. Lett., vol. 40, pp. 83-95, 2000.

[7] K. Hoffman, Banach Spaces of Analytic Functions, Prentice Hall, 1962.

13



8]

[16]

[17]

[18]

[19]

C. Foias, A. Tannenbaum and G. Zames, “Weighted sensitibity min-
imization for delay systems,” IEEFE Trans. Autom.Control., AC-31,
no. 8, pp. 763-766, 1986.

P. T. Kabamba and S. Hara, “Worst case analysis and design of sampled
data control systems,” IEEE Trans. Autom.Control., AC-38, no. 8,
pp. 1337-1357, 1993.

T. A. Lypuchuk, M. C. Smith and A. Tannenbaum, “Weighted sen-
sitibity minimization: General plants in H °°and rational weights,” Lin-
ear Algebra Appl., vol. 8 pp. 71-90, 1988.

W. Rudin, Real and Complex Analysis, McGraw-Hill, 1966.
L. Schwartz, Théorie des distributions, Herman, 1966.

M. C. Smith, “Singular values and vectors of a class of Hankel opera-
tors,” Syst. Contr. Lett., vol. 12, pp. 301-308, 1989.

Y. Yamamoto, “Equivalence of internal and external stability for a class
of distributed systems,” Math. Contr. Signals and Systems., vol. 4, pp.
391-409, 1991.

Y. Yamamoto and S. Hara, “Relationsihps between internal and exter-
nal stability fo infinite-dimensional systems with applications to a servo
problem,” IEEFE Trans. Autom. Control, AC-33, pp. 1044-1052, 1988.

Y. Yamamoto, “Pseudorational input/output maps and their realiza-
tions: a fractional representaiton approach to infinite-dimensional sys-
tems,” STAM J. Control & Optimiz., vol. 26, pp. 1415-1430, 1988.

Y. Yamamoto, “Reachability of a class of infinite-dimensional linear
systems: an external approach with applications to general neutral sys-

tems,” SIAM J. Control & Optimiz., vol. 27, pp. 217-234, 1989.

Y. Yamamoto, K. Hirata and A. Tannenbaum, “Some remarks on
Hamiltonians and the infinite-dimensional one block H°° problem,”
Syst. Contr. Lett., vol. 29, pp. 111-117, 1996.

K. Zhou and P. P. Khargonekar, “On the weighted sensitibity minimiza-
tion problem for delay systems,” Syst. Contr. Lett., vol. 8, pp. 307-312,
1987.

14





