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1 Introduction

This paper grew out of two somewhat independent mathematical interests. The first
interest was triggered by two extraordinary observations of H. Hasimoto. The first
observation of Hasimoto was that the complex function

W(t, s) = k(t, s)etfo Tba)dn

where £(t,s) and 7(t, s) are the curvature and the torsion of a curve 7(t, s)) that
evolves according to to the filament equation

Iy
E(tv S) = ’%(tv S)B(t7 S) (1)
is a solution of the non-linear Schroedinger equation
.0 0?
1% (1,5) = T L0 ) 4 1/20 (1, )01, 5) + o )

for some complex constant c. The vector B(t, s) that appears in the filament equation
is the binormal vector associated with curve ~.

Hasimoto’s second observation was that the curves that minimize the functional
1/2 fOL k%(s)ds, i.e., the elastic curves, correspond to the soliton solutions of the
filament equation([8], [9]).These results of Hasimoto suggest that both the filament
equation, which is principally known in the literature on gas dynamics([2]), and the
non-linear Schroedinger equation, famous in fluid mechanics and physics([18]), have
geometric interpretations independent of their applied context, and call for further
investigations into the basic phenomena.
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Our second interest is inspired by a remarkable paper of J.Millson and B.Zombro
([15]) which provides a symplectic structure on the infinite dimensional Fréchet space
of smooth, closed curves that pass through a common point and have a fixed length
L in a Euclidean space E3. Although written with different goals in mind, the sym-
plectic form of Millson and Zombro, nevertheless, reveals interesting connections to
the previous equations, in the sense that the Heisenberg magnetic equation

oS 05?
E(tv S) - S(tv S) X ﬁ (3)

is induced by the Hamiltonian flow associated with the function f(v) = 1/2 fOL ||§TZ || ds.
Since there was already an estabilished Hamiltonian formalism in the literature aimed
at the theory of solitons in which the non-linear Schroedinger equation plays a central
role ( L. Faddeev and L. Takhtajan [5]), it occured to us to look for a geometric set-
ting that would illuminate the connections between the Millson-Zombro symplectic
structure and that of Faddeev-Takhtajan.

With these motives in mind we decided to investigate the symplectic structure
of smooth arc-length parametrized curves 7 of fixed length L that pass through a
common initial point and have fixed initial orientation in each 3-dimensional non -
Euclidean space of constant curvature , i.e. on the sphere S? and on the hyperboloid
H3. On the basis of Hasimoto’s results it became clear that the basic formalism
should also inlude the orthonormal frames associated each curve under consideration.
So in addition to the above assumptions we consider curves v that admit smoothly
periodic orthonormal frames along v(s) that are adapted to v by requiring that the
first leg of the frame coincides with the tangent vector z—;’ for all s € [0, L]. We call
such curves anchored curves with periodic frames. Smoothly closed anchored curves
generate periodic Serret-Frenet frames, but not all curves with smoothly periodic
frames are closed, for instance, helices or hyperbolic geodesics.

We show that the space of anchored curves with periodic frames form an infinite
dimensional symplectic Fréchet manifold. We then consider the Hamiltonian flow
that corresponds to the function f(v) = 1/2 fOL k2 ds, where k denotes the geodesic
curvature of the loop . The flow defines a family of curves (¢, s), whose tangents are
represented family by the curves A(t, s) in the space of Hermitian matrices in the case
of the hyperboloid, and in sus, the Lie algebra of the unitary group SU,, in the case
of the sphere. The curves A(t, s) are the solutions of the following Landau-Lifschitz
type equations (in the terminology of [2])

O\ 0?A

E(t 8) = [A(tv S)a @(tv S)]? (4)
on the sphere, and

O\ 1 0N

5 (ts) = ~[A(ts), 55 (1 9)] (5)
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in the case of the hyperboloid. Each of the preceding equations can be represented
in form (3) in terms of the coordinates of A relative to the basis defined by the
appropriate Pauli matrices ( the ones in sus differ from the Hermitian ones by an i
factor).

To get to the non-linear Schroedinger equation, we need to consider orthonormal
frames along the curves v(¢,s). Rather than take the Serret-Frenet frames, as it
is usually done in the literature on this subject, we consider instead any choice of
smoothly periodic orthonormal frames (v (t, s), va(t, s), v3(t, s)) adapted to v by re-
quiring that 2 (¢, s) = v;(t.s). In each of the above cases, the frames can be identified
with a curve ¢(t,s) in SU,, which in turn defines curves U(t, s) and V (¢, s) in sugy

through the relations
3 (t,5) = o(t,5)U(t, s), and Go(t,8) = 6(t,5)V (1, 5)

It then follows that the curves U(t,s) and V(t,s) are smoothly periodic and are
related by the zero curvature equation ( in the terminology of( [5])):

ou oV
E—ng[U,V]_O (6)

In contrast to ((5]), where the zero curvature equation was used in an ad-hoc manner,
we show that (6) is a consequence of the equality between the covariant derivatives

%% and %% along the curve ¢ in SUs relative to the standard Riemannian structure
on S3.

We then show that the function 1(t, s) = u(t, s)e’Jo “1(-2 9% satisfies the non-linear
Schroedinger equation with the constant ¢ = 0, where u(t,s) and u,(t,s) are the

entries of the matrix U, i.e.,
X
U= ( L. )
—u  —iuy

The above complex function coincides with the Hasimoto function described earlier
when the frames ¢(t, s) coincide with the Serret-Frenet frames.

We conclude the paper with a brief account of non-Euclidean elastic curves, and
show that they generate travelling waves for the non-linear Schroedinger equation, i.e.,
that they correspond to its soliton solutions. We also relate the integrals of motion
discovered by C.Shabat-V.Zakharov ([18]) to the integrals of motion associated with
the elastic curves as reported by J. Langer and R.Perline in ([14])

2 Geometric background and notations

There are two Lie groups which figure prominently in the geometry of the sphere S3
and the hyperboloid H?. The first, and perhaps more fundamental of these groups
is SLy(C), the group of 2 x 2 complex matrices whose determinant is equal to 1.
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The second group is SUs, the subgroup of SLy(C') consisiting of matrices of the form

a b

~b a

The group SL,(C) is the double cover of SO4(R), the orthonormal frame bundle
of H?, and will also be considered as the principal SU, bundle with H? as the base
space. As such, it provides a natural setting for a discussion of framed curves in the
hyperboloid H3.

The sphere S is equal to SU, via the quaternionic representation. Apart from
this fact, SU; will also be identified with the frames in either of our spaces and
consequently will provide for easy transition from one space to another. With these
remarks in mind then it might be expedient to begin the paper by discussing the
basic geometry of thes two Lie groups. We shall use g to denote its Lie algebra, i.e.,
the algebra of 2 x 2 complex matrices of trace zero. For any matrix A in g, A* will
denote its Hermitian transpose. The vector space of all Hermitian matrices will be
denoted by h. The Lie subalgebra of all skew-Hermitian matrices will be denoted by
t. Then any A in g can be uniquely written as A = A, + A, with A, € h and A, € &
In fact,

1 1
Ahza(A+A*), and Aszé(A_A*)
It follows by an easy verification that the Lie bracket [A, Ay] is in € for any pair
of Hermitian matrices, and that moreover, the following Lie algebraic relations hold

[b;b] =%, [bt]=bh and [k € =¢ (7)

The relation [b, €] = b easily implies that ¢ Ap~1 € b for any ¢ € SU, and any A
in b, which further implies that the same holds for absolutely continuous curves

p(z)A(z)e™ (z) (8)
where p(z) is a curve in SU; and A(x) is a curve in b.

Definition 2.1 For any matrices A, B in g, (A, B) will denote the trace of 2AB.
We shall refer to this quadratic form as the trace form.

It follows that

<A, B> = 4a11)1 + 2(a2l)3 + Cbgbg)

for any A = a2 ,and B = b b . In particular if A and B are
as —ay by —b

Hermitian, then

<A, B> = 4a1b1 + 2(@21_)2 + agbg) = 4(a1b1 + Re CLQZ_)Q), (9)
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from which it follows that (A, A) = 4(af + |az|*), and when A and B are skew
symmetric, then (A, B) = —4(a1b;+Re asbs). Consequently, the trace form is negative
definite on £, and positive definite on b.

Throughout the paper A, A, As will denote the standard basis for &:

1/4i 0 1/ 0 1 1/0 i
Al_i(o —i)’ A2_§<—1 0)’ A3_§<z’ o)

The preceding matrices are often refered to as the Pauli matrices. We shall use
By, By, Bsto denote the Hermitian Pauli matrices,which are related to the preceding
matrices as follows:

1 1 1
By =-A,, By=-A;, B3=-A;.
i i i

The Hermitian Pauli matrices form an orthonormal basis for § relative to the trace
form, while the Pauli matrices form an orthonormal basis for £ relative to the negative
of the trace form.
The following Lie bracket table will be useful in some calculations further on in
the paper..
[

AL | Ay | Ag By | By | Bs
A1 0 —Ag A2 0 —Bg BQ
A2 Ag 0 —A1 Bg 0 —Bl
A | —Ay | Ay 0 —By | B 0
By | —Bs| 0 By || A3 | O Ay
Bs| By | —B;| 0 Ay | -4 O
Table 1

Nota Bene Our convention of the Lie bracket is [4, B] = BA— AB, and not the usual
commutator of matrices.

It may also be helpful for some of the subsequent calculations to note the following
relations:

3
i. If A=> a;A; and B =
=1

1=

3 3
biAi7 then [A, B] = Z CiAiu where
i=1 i=1

1= 1=

c1 = byag — bsas, co = arbs —asb;, c3 = asby — by

Thus,
C1 by ay
c=bxa where c=| c |, b= by |, a=1| as
C3 bs as

where a, b, ¢, where x denotes the vector product in R3.
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3 3 3
ii. If A=> a;A; and B = > b;B;, then [A, B] = > ¢;B;, and again ¢ = b X a.
i=1 i=1 i=1

3
ii. If A= ZaB and B = ZbB then [A, B] = " ¢;A;, and ¢ = a x b. Thus, for
=1 1= =1
Hermitian matrices the order of coordinates is reversed in the cross product.

Finally, it should be noted that (A, B) = i(a1b; + Im (ay + ia3)(bs + b))

whenever A = a1 A1 +asAs+as3Asz, and B = by By + by By + b3 Bs. The last relation
implies that h = €, where £* denotes the dual of €. This fact is of central importance
for the results that follow.

2.1 Riemannian metric

a. The hyperboloid In what follows H? will denote the connected component of
the hyperboloid 22 — 23 + 23 + 23 = 1, 2o > 0, which will further be identified with
the space of positive definite Hermltlan matrices

P:<ZL‘0—I‘1 l‘2+il‘3)

To — il‘g To + T

of determinant 1. As is well known, SLy(C) acts on the space of positive definite
matrices through the mapping 7(g) = gPg*, for P in H?, and g in SLy(C) where
g* denotes the Hermitian transpose of g. The isotropy subgroup K that fixes the
identity is equal to SUs, and hence the orbit of S Ly(C') through the identity is equal to
SLy(C)/SU,. Since the action is transitive, this orbit is equal to H3. This recognition
turns SLy(C) into a principal SU, bundle with H? as the base space.

Let now H denote the distribution consisting of all left invariant vector fields
in SLy(C) which take values in b at the identity. Thus X is in H if and only if
X(g) = gA for some Hermitian matrix A. Such a distribution itself is often called
horizontal,a terminology which we will adopt in this paper. We shall presently show
that H is a connection on SLy(C), in the language of the principal bundles ([18]).

Let R, denote the right translation on SLy(C) by the elements a in SU,, and let
R, and 7, denote the tangent maps associated with with R, and the projection map
7. Then,

1). m.(gA) = 2gAg* for any Hermitian matrix A. Thus, m. H(g) = Tr(,)H?, since
vectors gAg* fill the tangent space of H? at each point gg*. Secondly,

2). Ru.H(g) = H(ga), because a*Aa is Hermitian for any a in SU; and any
Hermitian matrix A.

Even though it follows from the general theory of connections on a principal G
bundle that every vector field on the base manifold can be uniquely lifted to the
horizontal distribution H, it might be instructive to proceed constructively.

For these purposes it will be also useful to identify each positive definite matrix

p=( ToT T T2l ) of determinant 1 with a Borel matrix b = ( “ @1 )
To —1T3 Xg+ X1 0 «
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where o > 0 and § € C. This identification is done via the relation bb* = P which

yields:
&+ 1812 Bat \ [ mo—x1 T2+iTs
a3 (a™)? )]\ a9 —iz3 a0+ m
Hence, ('oz_l)2 = x9 + x1, and since xg + 1 > 0, it follows that a = \/1'014’7331 Then,
0= %, and consequently,

1 T2+1T3
Vzotw: Vzotwy

0 \/l‘0+$1

Suppose now that v(s) is a curve in H? which, as we have just seen, can be
represented by a Borel matrix

b:

1 z2(8)+iz3(s)
\/xo(s)erl(s) \/IO(S)Jrl"l(s)

b(s) =
0 zo(s) + x1(s)

in the sense that v(s) = b(s)b*(s). Then, L(s) = b(s)((B(s) + B*(s)b*(s)), where
B(s) is a matrix in g defined by 2(s) = b(s)B(s).

Let B(s) = Byu(s) + Ba(s) where By(s) = 1(B(s) + B*(s)), and where B,(s) =
1(B(s) — B*(s)), i.e., By, and B, are the Hermitian and the skew-Hermitian part of
B respectively.

Then X (ba) = ba(a*Bya) is the lift of the tangent vector 2 to the horizontal
distribution H at each point ba in the fiber over v. Since (a*Aa,a*Ba) = (A, B), the
trace form evaluated on the lifted vector is equal to (B, B). We shall now show
that

(B, By) = @ + @3 + @5 — @ (10)

_ (o B
Ifo= ( 0 -l ),then

db L _p5 da as & 4 Ba
=p 1= = a ds ds — o a2
so=rg=(5 W )(F fe )= (5 75)

Q@

When a(s) = m, and ((s) = a(s)u(s) with u(s) = za(s) + ixs(s), then
a(s) = —%xoﬁ;ﬁé/g, and g + %d =u+ 2ug. Thus,
ot

1
B, =3(B+B) =

N
+
S|

oN[e]

|
|

o’
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It follows that
a2 @ ey G oy Lo la o
(B B = 4((5) + (s + 507) =4SP0+ uf?) + g1l + 5 (ot + 70)

Because 1 = 23 — 23 — 22 — 3,

1+ |u* = 25 — 27 and @oiy + 2305 = Toidg — L1071

Moreover,
6! 1 29+2 lzg+ 2
“« -+ 0 1 3\/m _ - 0 1
« 2,/;[04»1*1 2370—'—.771
. Therefore,
&\2 . . zo+x1)2 . . To—1
4(5)" (1 + Jul?) = (2o + 371)2% = (2o + 1)* 5073,
and
«@ Ty + 21
(Zo + 21) . .
= 22—
To + 1 (SL’Q.CL’Q + .T3.§L’3)

After the substitutions,

(«TO — .771) _ 2(370 + jfl)(ﬂfojf(] — SCl.it'l)
To + 21 To + Tq

(Bp, By) = (i + 1) + 5 + @3

But,
(i + 1) (20 — m1) — 2(d00 + 31) (w0 — 1181) = (20 + 1) (2] — )
and therefore
(Bu, By) = i + 3 + &5 — i

|
The preceding calculations show that the hyperbolic length of any curve 7(s) is
defined by the trace form on the space of Hermitian matrices through the formula

L

L
/<A,A>1/2 ds:/\/r%+a‘:%+:;;§—:'cgds (11)
0

0

where A is a Hermitian matrix associated with the horizontal curve g(s) that projects
onto the curve . The above formula also shows that the Lorentzian metric is invariant

under SUs.
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More importantly this formalism shows that the Lorentzian metric could have
been defined entirely in terms of the horizontal distribution H on SLs(C) as follows:

Recall that horizontal curves are curves in SLo(C') whose tangents lie in the hor-
izontal distributionH. Since [h, h] = &, it follows from Chow’s theorem that for any
two points gy and ¢; in G there exists a horizontal curve g(s), 0 < s < 1 such that
9(0) = go and g(1) = g1.

The trace form is positive definite on f and defines a natural length on the space

of horizontal curves. The length of any such curve g(s) 1 < s < 1 is given by
1

[ (A(s),A(s)) ds where A(s) = g7 (s)%(s).

’ Horizontal curves which minimize the length are called the sub-Riemannian geodesics.
It is known that for any pair of points gy and g; there is a sub-Riemannian geodesic
that connects them.

The length of a horizontal curve is equal to the length of the projected curve
v € H3.

It is known that the sub-Riemannian geodesics which originate at the identity are
of the form

g(S) — 6(A+B)86_A8
where A € €, and B € b.

The hyperbolic geodesics correspond to the Sub-Riemannian geodssics for which
B =0, i.e., they are the exponentials of the Hermitian matrices. This can be seen
as a consequence of the symmetry: they are invariant under the action of SU,, and
hence the extremal curves must be transversal to the elements of &.

It follows that curves v(s) € H? are parametrized by hyperbolic length if and
only if the corresponding horizontal curves are parametrized by their sub-Riemannian
length, i.e., whenever (A(s), A(s)) =1 for alls € [0, L].

b. The Sphere. For the purposes of this paper it will be most convenient to
think of the sphere S? as the group SU, via the correspondence:

Zo . .
To+1xy Xy + 173
. I . . . .
Points z = - of S3 are identified with the matrix X =
2 . .
—To +1T3 Xg— 1T
xs3

whose determinant is equal to 0. We may also think of points of S? as the unit quater-
nions q = xg + w1 + jro + kxs.

Then , as is well known, the quaternionic multiplication is isomorphic to the group
multiplication in SUs.

8

olS

(s)
1(s)
(s)
(s)

8

We shall represent curves (s) = by curves I'(s) in SU,. The tangent

8

2l S
3(S
vectors of curves in SU, will be represented by matrices A € ¢, i.e.,‘é—g will be rep-

8
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resented by 4 (s) = I'(s)A(s). The entries of matrix A are given by the following
expression:

Ao ZEHww 2w —wz
O\ WE— 2w W+ 2z
where z(s) and w(s) are the complex numbers defined by z(s) = z¢(s) + ixz1(s) and
w(s) = x5(s) + izs(s). The calculation follow easily from A = 4. It also follows
from an easy calculation, which we shall omit, that

(N, A) = @5 + 33 + i3 + i3

where (A, A) now denotes the negative of the trace form introduced earlier. Therefore,

length of v = /0 (A(s),A(s)) ds (12)

This metric coincides with the standard Riemannian metric on the sphere. It easily
follows from above that the metric is invariant under the left action by SU,, which then
implies by Noether’s theorem that the geodesics are the exponentials of elements in €.
Curves 7(s) are parametrized by the spherical length if and only if (A(s), A(s)) =1
for all s € [0, L]. The recognition of the Riemannian metric through the trace form
reveals fundamental similarities between the spherical and the hyperbolic geometries:
the circles in the spherical case are replaced by the hyperbolas in the hyperbolic case,
and each space is homogeneous with respect to the appropriate group action.

2.2 The Covariant Derivative

Since both H? and SU, are Riemannian manifolds it makes sense to talk about
the covariant derivative of a vector W (s) along a curve 7(s). We shall use DleW to
denote such a derivative. Normally, in the literature on differential geometry, the
covariant derivative is induced by the Levi-Civita connection, but in this context, we
may proceed more directly and take advantage of the fact that both H?® and SU,
are submanifolds of R* with their Riemannian structure inherited, either from the
Euclidean, or from the Lorentzian structure of R*, and hence, the covariant derivative
is equal to the orthogonal projection of the ordinary derivative in R* onto the tangent

spaces of the underlying manifold along the curve . Then,

Dw,  DW d(s)
"W = 20 i) D)) (13)

where (W - j—;’) = woYo F (w11 + wae + ws’y depending whether v is in H? or in S3,
i.e., where (W; - W3) denotes either the Lorentzian inner product in R* in the case of

the hyperboloid, or the Euclidean inner product in R* in the case of the sphere.
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For the purposes of this paper it will be convenient to express the covariant deriva-
tive in terms of the representations described earlierr, namely, in the space of positive
definite matrices for the hyperboloid and in SU, for the sphere. Let us begin with
the hyperboloid, and let us assume that v(s) = g(s)g*(s) for some curve g¢(s) in
SLy(C) such that (s) = g(s)A(s) with A(s) a curve of Hermitian matrices. Then,
%(5) = 2¢(s)A(s)g*(s]. Suppose that W(s) is a tangent vector along ~y which we
shall express as W (s) = 2¢(s)V (s)g*(s), for some curve of Hermitian matrices V (s).

According to the formula (13),

T3()(s) = 20(s) AV (3) + VA" +9(5) T(5) + (W(s) - T () ()

It is an easy calculation that shows that

1
S(AV 4 VA) = vid + Re(oA))]

o U1 v o )\1 A
V—( 5 _Ul),and/\—( 3 _)\1)

The Lorentzian inner product can also be expressed in terms of the Hermitian
matrices as follows:

where

1
5(XYT +YXH) = (X -Y)I

To — i$3 To — X1

To — X1 —T2 — i[L‘g )

where points z in R* correspond to the Hermitian matrices X = ( To+ Ty Tyt id ) .

In this notation X' stands for the matrix i
—To +1T3 g+ X

It follows easily from the above representation that the Lorentzian inner product
is invariant under SLy(C), in the sense that X - Y = (¢ X¢*) - (¢Y¢*). Therefore, the
covariant derivative is given by the following expression

P () = 29(9) T (5)o" () (14)

The preceding results can be paraphrased as follows: if g(s) is the horizontal curve
that projects onto the curve =y, then each tangent vector W (s) along v can be rep-
resented by a Hermitian matrix V(s) and %%(s) then corresponds to the covariant
derivative of W along 7.

We shall now express the covariant derivative for the sphere in terms of the SU,
representation.

Let the tangent vector of a curve I'(s) in SU, be written as %(s) = I'(s)A(s)

ds
for some skew-Hermitian matrix A(s). Then any vector field W (s) along I'(s) can
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be represented by I'(s)V(s) for some skew-Hermitian matrix V(s). Analogous to the
Lorentzian inner product, the Euclidean inner product can be expressed as follows:

1
SOV +YX7) = (X-Y)I
When X and Y are skew-Hemitian, XY* + Y X* = —(XY + Y X), and moreover,

L(@X)(gY)* + (9Y)(9X)*) = (X - V)1 for any g in SU,
According to the expression (13),

P9 = DAV () + T(8) — £ AV () + V()ALS)
from which it follows that
DrW av 1
" (5) = D) (S + V() AGs)) (15)

2.3 The Orthonormal Frame Bundle

The group SU, acts on the space of tangent vectors at P = gg* by the formula
(v, gAg*) — g(eAp*)g*. for each ¢ € SU,. This action extends to the orthonormal
frame bundle such that the frame F' = (F}, Fy, F3) at P = gg* goes into the frame
©F at P consisting of vectors (oF1p™ !, pFyp ™t pF3p™!) for every ¢ in SU,.

It is easy to verify that the action of SU; on the orthonormal frames is transitive
with the kernel {£7}. We shall identify positively orthonormal frame with the orbit
of SU, through the frame of the Hermitian Pauli matrices Fy = (By, B, Bs). Recall

that,
1/1 0 1/0 —i 1/0 1
31_5(0 —1)’ 32—5(2. 0)’ B3_§(1 0)

and so each frame F' = (Fy, Fy, F3) is identified with ¢ € SU; by the formula
Fi=¢Bip™!, Fr=9Byp ', Fy=pByp

It is well known that the orthonormal frame bundle of H? is equal to the isom-
etry group SO(1,3) and that the positively oriented component coincides with the
connected component SOq(1,3) of SO(1,3) that contains the group identity. Since
SU, is a double cover of SO3(R), SLo(C') is a double cover of the orthonormal frame
bundle of H?3.

It follows from the preceding observations that curves in the orthonormal frame
bundle of H? can be represented by curves g(s) € SLy(C). It may be instructive to
relate this representation to the horizontal distribution H defined earler.
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Suppose that g(s) is any curve in SLs(C'). Then,

dg

ds( s) = g(s)(B(s) + A(s)), where A(s) € € and B(s) € b

Let ¢(s ) denote any solution in SUs of the equation 2(s) = ¢(s)A(s). Then, go(s) =
g(s)p~ ( ) is the horizontal curve that projects onto the same base curve (s) as g(s).
In fact, 90 = gy(s)A(s) where A = ¢pB¢*.
Let F( ) = (Vi, Va, V3) denote the frame defined by ¢, i.e., let V; = ¢B;¢~ 1,1 <
J < 3. If the matrix B is written as B(s) = by(s)B; + ba(s) B2 + bs(s)Bs, then

j=3

fl_z = 2g0(s)A(5)g5(s) =23 b;(g0(5)V;95(s)

J=1

is the representation of the tangent vector in terms of the basis defined by the
vectors of the frame.

The frame is said to be adapted to the curve parametrized by arc length if the
first leg of the frame coincides with the tangent vector of the curve. It follows from
above that F' is adapted to v if and only if B = B; in which case, A = ¢B¢".

Conversely, if go(s) is the horizontal curve that projects onto a curve v and if F'
is any frame along v then the frame induces a curve ¢ € SU; which together with ~
defines a framed curve g(s) in SLs(C') through the formula g(s) = go¢.

Suppose now that ¢(s) is any curve in SU, that defines a frame which is adapted
to the curve 7. Let U(s) = 2 < v ) denote the curve in sus such that

2 U —iu

Cé_f(s) = p(s)U(s). Since A = ¢pB1¢*,

dA 1 0 u N
< = @[By, Ulye* _59"<a 0)@

Therefore the geodesic curvature k(s) is given by the following expression

2
dA dA
e :' _ <d—d—> — Juf? (16)

We now recall the Serret- Frenet frames defined by

D, dy
ds ds

D.v D.v D.v
GhE 12— _kvy 4 Ty, and =12
ds ds

= —T7V2

For such frames the following must hold

[Bl, U] = HBQ, [BQ, U] = —KJBl + TBg, and [Bg, U] = —TBQ (17)
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which then implies that ug = k, u, = 0 and u; = 7.

The situation is similar on the sphere. As already mentioned earlier, we identify
curves v on S% with curves I" in SU,.The orthonormal frame bundle of S® is equal to
SO4(R), and SUy x SUs is a double cover of SO4(R). For the purposes of this paper
however, it will be advantageous to think of framed curves as curves in SUy x SU,
rather than curves in SO4(R), and for that reason it will be necessary to think of
SU, x SUs, as the principal SU, bundle with SU, as the base space. The construction
is parallel to the hyperbolic case and goes as follows.

Let G = SU; x SUs. Then G acts on points X € SUs by pX¢* for each (p, q) € G,
and SUs is equal to the orbit through the identity. Let m denote the projection map
from G ontoSUs,, i.e., m(p,q) = pg*. The group H = SU, acts on G diagonally on the
right, and this construction realizes GG as the principal H bundle with the base space
SUQ.

The tangent map 7, induces an action of SU; on the tangent vectors pAg* at any
point v = pg* given by {aAa*,a € SU,}. This action extends to the orthonormal
frames in the usual way, which enables us to identify an orthonormal frame F' =
(f1, f2, f3) with an element ¢ in SU, through the formula

fi = ¢ Q" fo = qAsq", f3 = qAsq”

. There are exactly two such choices ¢ and —¢q. Any curve (p(s),q(s)) in G will be
considered as a framed curve over the base curve v(s) = p(s)q*(s) with the frames
given by the preceding formula. If A(s) and B(s) are the matrices defined by %(3) =
p(s)A(s) and %(s) = q(s)B(s), then the tangent vector of v is given by 2(s) =
p(s)(A(s) — B(s))q*(s), and the frame ¢(s) is adapted to 7 whenever A — B = Ay,
because g1 = pAiq* = pg*(qAiq") = fu.

Suppose now that ‘fl—f = U, with U = u; Ay + us As + usAs is any choice of frames
adapted to the curve . Then the geodesic curvature of v conforms to the following
relation

Dr dl
k= H(EE)H = uj +uj
We also note that when ¢ corresponds to the Serret-Frenet frame, then
1
U1:T—§,U2:O,andlb3:]€ (18)

3 The symplectic structure of anchored curves with
smoothly periodic frames

We now consider the family of curves v : [0, L] — M3, where M? denotes either H?,
or S3, , called the family of anchored curves with periodic frames, that is defined by
the following conditions:
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(1). Each curve v is parametrized by arc-length, i.e., || ?TZ(S)” =1 for all sin [0, L].

(2). The length L of each curve is fixed, and each curve v satisfies v(0) = =z,
where z is a fixed point in M3. It will be convenient to take o = I, and we shall do
sO.

To define curves with periodic frames we need to consider each case separately.
On H? any curve 7(s) can be represented by a curve g(s) in SLy(C) that satisfies

99°(5) = 1(5), 9(0) = T and %2(5) = g(s)A(s)

with A(s) € b for all s € [0, L].It follows from (11) that (A(s),A(s)) = 1 whenever
7 satisfies condition (1). If g;(s) and g¢o(s) are any curves in SLy(C') that project
on the same curve 7 that satisfies conditions (1) and (2) then gi(s) = ga(s)a for
some a € SU, which implies that A;(s) = aMy(s)a™!. If we assume that the initial
orientation of  is fixed then A(0) is fixed which implies that the curve g(s) is unique.
We shall assume that in addition to conditions (1) and (2) the curve 7 also satisfies

(3) A(s) is smoothly periodic in the interval [0, L] and A(0) = B;.

By smoothly periodic here it is understood that A has a smooth extension to an
open interval that contains the interval [0, L] in which A®(0) = A® (L) for each
derivative A of A.

We now have the following lemma.

Lemma 1 Fach curve v that satisfies conditions (1),(2) and (8) admits a smoothly
periodic orthonormal frame vi(s), va(s),v3(s) adapted to v by L(s) = v(s) for all
s €0, L].

Proof. Let g(s) denote any curve in SLy(C) that projects onto the curve .
Suppose that

dg

ds
Let ¢(s) denote the solution in SU; of the equation %(3) = ¢(s)A(s) with ¢(0) = I,
and let go(s) = g()6(s). Then, “2(s) = go(s) ($(s) B(5)"(5)) = go(s)A(5), hence
go(s) is the horizontal curve that projects onto v. When ~ satisfies the conditions of
the lemma, then A is smoothly periodic and satisfies A(0) = B;.

The curve ¢ defines an orthonormal frame F' = (vq, v, v3) along v defined by
vi(s) = @(s)Bip*(s),1 < i < 3. The frame F' is adapted to v whenever A = v; which
holds if and only if A(s) = ¢(s)B1¢*(s), i.e., whenever B(s) = Bj.

Let A(s) = wui(s)A; + uz(s)As + us(s)As, and suppose that 7 is not a geodesic.
Then the Serret-Frenet frame along v is well defined and is given by equations (17).

It follows that the geodesic curvature k(s) = us(s) = |A(s)| is periodic, and therefore,
$By* is periodic since % (s) = us(s)p(s)Bag*(s). Moreover,

ds
1 dA
el i
z[ "ds

g(s)(B(s) + A(s)) where B(s) € h and A(s) € sus

| = k(s)p(s)Bso"(s)
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and therefore, ¢ B3¢* is smoothly periodic. It follows that ¢ must be smoothly periodic
since each ¢)B;¢*),1 < i < 3 is smoothly periodic. For geodesic curves % = 0, and
therefore A is constant. Condition (3) implies that A = By, and then ¢(s) = I meets
the requirements of the lemma. [

Remark. In general, the choice of periodic orthonormal frames is not unique.
The orthonormal frames that are adapted to the curve revolve in the plane that is
perpendicular to the tangent vector and they can be all described in terms of an
angle © that defines the rotation relative to the Serret-Frenet frames. A frame that is
adapted to a non-geodesic curve is smoothly periodic whenever © is a smooth periodic
function of period L.

On S? curves ~ are represented by matrices I' € SU,. Here, condition (3) is
analogous to condition (3) of the hyperbolic case, except that the matrix A is now
defined by 4-(s) = I'(s)A(s). Since Lemmal is valid here as well, we then have the
following

Definition 3.1 The space of curves on M? that satisfy conditions (1), (2), (3) is
called the space of anchored curves with periodic frames and will be denoted by L(L).
Anchored curves with periodic frames in H? will be denoted by L;,(L), while L4(L)
will denote the anchored curves on the sphere S3.

The space of anchored curves with periodic frames includes smoothly closed curves
for the following reason. The Serret-Frenet frame of a smoothly periodic curve is
smoothly periodic, which then implies that the Hermitian matrix A associated with
the horizontal curve ¢(s) is smoothly periodic ( we leave the details to the reader to
prove), but not every curve in it is necessarily closed (such as, for instance, a helix or
a hyperbolic geodesic)

3.1 Fréchet spaces

In what follows we shall consider £(L) as an infinite dimensional Fréchet manifold.
We first recall the basic definitions.

A vector space V is called a Fréchet space if it is Hausdorff, is topologized by
a countable family of semi-norms p,, and is complete relative to the semi-norms in
{pn} A Fréchet manifold is a topological Hausdorff space equipped with an atlas
whose charts take values in open subsets of a Fréchet space V' such that any change
of coordinate charts is smooth.

Any locally convex topological space that is defined by a countable number of
semi-norms becomes a quasi-normed space with the quasi-norm || || defined by

. - pn(f)
=2 )

A quasi-norm || || in a vector space X satisfies
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i. [|z]] > 0and ||z|]| =0iff z =0

— o

Loz +yll < =]l + vl

iii. || — x| = ||z|| and

iv. lim ||a,z|| = 0 for every x € X and every sequence of scalars {«,} such that
lima, =0

v. lim ||az,|| = 0 for any scalar a and any sequence {x,} C X such that limz,, =
n—od
0.

Let C>°(Iy, E?) denote the vector space of C* maps from the interval I, = [0, L]
into E3 This space is equipped with a countable family of semi-norms p,, defined by

pa(f) = sup{[|f " (), = € 11}

. It follows by standard arguments that C* (I, E?) is a Fréchet space. If C>(Iy,, M?)
denotes the space of smooth maps from I, into M3, then C*(I;,H?) is a Fréchet
manifold, as it is locally diffeomorphic to C*(I1, E?). Since M? is finite dimensional,
both C>(I;,E3) and C*(I;,H?) are tame Fréchet spaces, and hence the implicit
function theorem holds ([6]). This fact implies that £(L) is a Fréchet submanifold of
C>(Ir,, M?). All of these details follow from the general discussion in ([6]) and will
not be repeated here..

3.2 Vector fields and Differential Forms

Let M denote a Fréchet manifold with charts in a Fréchet space V.

A tangent vector at a point z in M is an equivalence class of curves o(t) in M
such that 0(0) = z and all have the same tangent vector ‘fl—i at ¢ = 0. The tangent
space at each point z, denoted by T, M. A vector field X on M is a smooth mapping
from M into the tangent bundle TM (which is a Fréchet manifold also) such that
X(s) € T, M for each x € M.

Let X (M) denote the set of all vector fields on M. A differential form w of degree

n is a map

w:XM)x-x X(M) — C®(M)

(. /
g
n

which is C*°(M) multilinear and skew-symmetric. It is known ([3]) that forms could
also be defined locally on each chart U C V as smooth R-multilinear and skew
symmetric mappings

w:UxV" —= R"
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Definition 3.2 By the exterior deriwative dw of an n-form we shall mean the n + 1

form defined by

n+1

dw(Xla s 7Xn+1> = Z(_1>Z+1XZ<W(X17 cee 7X17 s 7Xn))

=1
- Z(—I)H—]w([X“ Xj], c. XZ‘, c. Xj, Xn+1)

i<j

where the roof sign above an entry indicates its absence from the expression (i.e.,
’lU(Xl, XQ) = ’U)(XQ) and U}(Xl,XQ) = U}(Xl))

A differential form w is said to be closed if its exterior derivative dw is equal to
ZEro.

Definition 3.3 A differential form w of degree 2 is said to be symplectic whenever

it is closed and non-degenerate. Here non-degenerate means that for each non-zero
vector field X, the induced 1-form (ixw)(Y) = w(X,Y) is non-zero.

For a function f € C*(M) its differential df is a 1-form defined df(v) = & f o
o (t)]¢=o for any smooth curve in M such that o(0) = z, and % (0) = v.

In finite dimensional symplectic manifolds there is a unique vector field X such
that df = ix,w. X} is called the Hamiltonian vector field induced by f and f is called
the Hamiltonian of Xy. In infinite dimensional symplectic manifolds it may happen
that the form df is not equal to ixw for any X € X' (M). This is due to the fact
that the cotangent bundle of an infinite dimensional Fréchet space is never a Fréchet
manifold. Nevertheless,

Definition 3.4 We shall call a vector field Xy Hamiltonian if there exists a smooth
function f such that

df(Y) = w(Xy,Y)
for all vector fields Y on M.

If f and g are functions which admit Hamiltonian vector fields then their Poisson
bracket {f, g} is defined by the usual formula

{f,9}(x) = w(X(x), X,(x)) forall z € M

With these generalities in mind we now return to the space of anchored curves
with periodic frames.
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3.3 The symplectic structure of anchored curves with peri-
odic frames

Our first task is to describe the tangent spaces of anchored curves with periodic
frames. Let us begin with curves in £9(L).

Lemma 2 Suppose that go(s) € SLa(C) is the horizontal curve that projects onto a
curve v in LY(L), i.e., suppose that

oy 9 .
V() = go(s)gq(s), d—SO(S) = go(s)Ao(s) with Ao(s) € b
Then the tangent space of L at~y is equal to 2g0(s)W (s)gg(s) where W(s) is a smooth
curve on the interval [0, L] with values in the space of Hermitian matrices such that

W (0) = 0, LY is smoothly periodic, and (4 (s), A(s)) =0 for all s € [0, L].

Proof. Let g(s,t) denote a smooth family of horizontal curves in SLy(C) that
project onto a family of curves v(s, t) in £9(L) subject to the condition that g(s,0) =
go(s). It then follows that ¢(0,t) = I for all ¢, and if A(s,¢) denote the Hermitian
matrices that satisfy %(s, t) = g(s,t)A(s,t), then A(s,t) is smoothly periodic in s for
each t and satisfies the initial boundary condition A(0,t) = B;.

It then follows from the definition of tangent spaces in Fréchet manifolds that
gz (s,0) is a tangent vector at yo. Let Q(s,t) denote the Hermitian matrices defined

by the relation g(s t) = g(s,t)(s,t). Then,

[l
ot

If W{(s) = Q(s,0), then 2go(s)W (s)gi(s) is a tangent vector at 7o. the fact that
the curves g(s,0) are anchored at [ implies tha W (0) = 0. As in any Riemannian
manifold,

= (8:1) = 29(s,1)2(s, 1)g" (s, 1)

D., 0y D, 0y
75 ot 50 = 5 (51)

where £ 5 and - denote the appropriate covariant derivative along the curves (s, ).
It now follows from formula (14) that

0

0
52 (@s,1) = A1) (19)

Since 2 A(s,t) is smoothly periodic for each ¢, the same can be said of £Q(s, ).

Let C(s) = 93(s,0). It follows from equation (20) that 4¥(s) = C( ) Since the

perturbations 7(s, t) are in the space of arc length parametrized curves (A(s,t), A(s,t)) =

1 for all ¢ and s. Therefore, %—’t\(s,t),A(s,t)> = 0, and hence, % is orthogonal to
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C(s). Apart from this condition, the curve C(s) is an arbitrary smoothly periodic
curve in b.

It remains to show that any curve W (s) of Hermitian matrices that satisfies the
conditions of the lemma can be realized by the perturbations of the preceding kind.
So let W (s) be any such curve, and let C'(s) = 9% (s). We need to define a family of

ds
Hermitian curves A(s,t) smoothly periodic in s for each t such that
OA
A(0,t) =0, (A(s,t), A(s, 1)) =1, E(S,O) = C(s), and A(s,0) = Ay(s))

Let ¢(t) be any smooth function such that ¢(0) = 0 and Z—‘f(O) = 1. Define

1
A(s,t) = A +o(t)C
(S ) 1+ ¢2(t)<0(8),C(S)>< 0(3) (b( ) (S))
It is easy to verify that A(s,t) satisfies all of the preceding conditions, and therefore
our proof is finished,

|
We now come to the main part of the paper the symplectic form, which we define
as follows:

]

o, 12) = 3 [ (206, 020, B2 s (20

where W and W, are any tangent vectors to ~.

We remind the reader that the Lie bracket of Hermitian matrices is skew-Hermitian,
and that (A, B) is imaginary for any Hermitian matrix A and any skew-Hermitian
matrix B hence, the above form is real. We also remind the reader that the trace
form is invariant, in the sense that

(4,1B,C) = ([4, B],C)
for any matrices A, B, and C in g).

Theorem 1 The space of anchored hyperbolic curves with periodic frames is sym-
plectic relative to (20 ).

Proof. Evidently the above form is skew-symmetric. To show that it is non-
degenerate, assume that for some tangent vector W at v, w. (W, V') = 0 for all tangent
vectors V at 7. Then take V(z) =i [ [A, 4¥] ds. It follows that

L
aw
W, V) = A, —I|| d
(V) = [ s
Therefore, [A, %] = 0, and consequently A and % must be colinear. Since they are

also orthogonal to each other, it follows that W = 0. This argument proves that w is
non-degenerate. To show that w is closed we will use definition (3.2).
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Let W;, 0 < ¢ < 3 be any tangent vectors to v. Let X;, 0 < ¢ < 3 denote the
vector fields such that at each point o in L£)(L), Xi(o)(s) = [, [E(z), A;] dx for some
fixed matrices A; in £2. Here, X denotes the Hermitian matrix associated with the
tangent vector of 0. The matrices A; can be chosen so that at o = v, X;(y) = W; for
each index i, in which case, [A, A;] = %.

Suppose now that o(s,t) is any family of curves in £) (L) parametrized by ¢ such
that 0(0,s) = y(s). Then, X;(w,(X;(0), Xk(0))) is equal to

(S B a1 [ (0 G AL A + (00, A ) s

7 7 (21)

as can be easily verified by differentiating %fOL (X(t,9), [[E(t, 5), Aj], [2(t, s), Ag]]) ds
with respect to t at t = 0.

Vectors d;[s/i, 0 < i < 3 are orthogonal to A, and therefore linearly dependent.
Hence the volume spanned by them, which is equal to % <%, [dgj , d?:’“]> must be 0.

Therefore, the first integral in (22) is 0. To show that the remaining integral is also
equal to 0, we shall need the following auxiliary formulas:

a. [A,[B,C]] =(A,C)B — (A,B) C for any A, B,C in b (22)

b. [A,[B,C]] =(A,B)C — (A, C) B for any B in b, and any A, C in sus.  (23)

These relations can be easily verified either by using Table 1, or by the cross product
relations at the end of the section on generalities. We leave these verifications to the
reader (the reader should note however, that in (24) (A, B) is imaginary, and that
therefore, (A, B) C'is in sus).

It now follows from (24) that

dw;

i il

ds

AL A = (140 8L T ) A, — (), 4)

However, the second term in the above expression does not add to the integral above,

because A is orthogonal to dgs/i, so we can ignore it. Similarly can be said for
dW; dW; dW;
NAL = Al = (A AL —— )Y Ay — (A AL A .
A S ) = (1AL B ) - A 40

Therefore,the second integral above will be zero whenever,

(1Al 50 ) = (150 50 ) =0
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. It is easy to verify that the preceding difference of terms is equal to

(Ap, A;) (Aj, A) = (A, A;) (Ay, A) because BVt = [A, A;], and then, it is equally
easy to verify that the cyclic sum of the these terms is equal to 0. We shall omit these
calculations.

Since it follows from the Jacobi’s identity that the cyclic sum of the terms

L dW, dW,. dW,
/0 <A’ d ds = ds l ds ]>d8

is equal to 0, dw = 0. Therefore, L) is symplectic. ]

The symplectic structure of anchored curves with periodic derivatives on the
sphere can be defined quite analogously to the hyperbolic case as follows. Let ~
denote a curve in £2, which we shall represent by a curve I' in SUs,. Let A(s) denote
the curve in € such that 9-(s) = I'(s)A(s). Tangent vectors at 7 will be represented
by matrices W in sus defined by 2(0, s) = I'(s)W (s), where (¢, s) is a curve in SU,
such that (0, s) = I'(s).

Let U(t,s) and V (t,s) denote the matrices such that

d¥ dx
E(t’ s) = X(t,s)U(t,s) ,and E(t, s)=3(t,s)V(t,s)

It then follows that
oU ov

E(ta 8) o g(ta 8) + [U(t7 8)7 V(tv S)] =0
as a consequence of %(%) = %(Cg—f).
The above implies that
dw 0
¥ () = IN(s). W(5)] + C(s), where C(s) = 20,5 (24)

We shall anchor our curves at the identity, which then implies that the tangent vectors
W (s) at I" are the unique solutions of eq (25) such that W (0) = 0. Asin the hyperbolic
case, 4¥(s) is orthogonal to A(s), which in turn implies that C(s) is orthogonal to
A. Apart from this constraint, C(s) can be an arbitrary curve in €.

The symplectic form in the spherical case is then defined as follows:
L
wv(Wl, Wg) = —/ <A, [Cl, CQ]> ds (25)
0

where C;(s) = D% (s) — [A(s), W(s)], for i = 1,2.
Remark. As in the case of the canonical symplectic form on the cotangent bundles
of manifolds, there is a choice of sign to be made, both w and —w are equally valid.

Our choice is made in conformity with the hyperbolic case: the symplectic form in
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the spherical ase is obtained from the hyperbolic symplectic form by multiplying all
quantities by 1.
The proof that the above 2 — form is non-degenerate and closed is completely
analogous to the one done for the hyperbolic case, and will therefore, be omitted.
As a way of summary for this section, it may be worthwhile to point out that in
each of our cases the symplectic form is an extension of the standard symplectic form
w on the sphere S? , given explicitly by

w,(a,b) =5 - (a x b)

where a an b are tangent vectors at a point v on S2, to the space of curves. In fact,
the symplectic structure of anchored curves with periodic frames is isomorphic to to
the symplectic structure of anchored loops on the sphere.

The symmetry of the sphere ascends to the anchored curves via the right action
of SUs,, a recognition that is important for some applications. This symmetry can be
described as follows.

The right action of SU, extends to the curves with the action aya* for each curve
v and each a € SU,. This action is Szlmplectic relative to the symplectic form above,
and it is easy to show that J(v) = J;” A(s) ds is the moment map associated with the
action. More precisely, the dual g* of the Lie algebra of SLy(C')) is identified with
g via the trace form. For each element A € g the moment map induces a function
J(y) = fOL (A(s), A) ds on the space of anchored curves. The Hamiltonian vector
field induced by this function coincides with the infinitesimal generator of the action
induced one-parameter group of transformations {e!4ye=*4}. Then it is well known
([1]) that J is an integral of motion for each Hamiltonian function which is invariant
for the action. We will see an application of this fact further down in the text.

There is another symplectic form on the space of anchored curves, analogous to
the volume form in R3, that is given by the following expression:

wv(Wl, Wg) = /0 <A, [Wl, WQ]) ds

Such a form is mentioned elsewhere in the literature (see for instance [2],[3], and
[13]). These two forms are compatible in the sense of Magri ([15]), and Magri’s scheme
can be used to get the integrability results for systems which are bi-Hamiltonian.
However, we shall not pursue such directions here, as they would take us away from
the main theme of this paper stated in the introduction.

e s L
4 The Hamiltonian flow of 1 ["k*(s)ds

L
We now consider the Hamiltonian flow associated with the function f(y) = 1 [ k*(s) ds
0

where k(s) denotes the geodesic curvature of the curve . Recall that the geodesic
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curvature is defined by k?(s) = || l;; 3;’”2 whenever v is parametrized by arc length.

We also recall formula (16) which states that &2 = (2, 2%} hence

1 i dA dA
f(7>:§/<57£> ds.
0

The Hamiltonian vector field fassociated with the function f is defined through the
usual relation df, (W) = w,( F. W), where df,(W) is the directional derivative of f at
v in the direction of a tangent vector W .For simplicity of exposition we shall consider
each of our cases separately.

4.1 The hyperbolic case

To calculate the directional derivative of f at v in the direction W we need to consider
a family of curves 4 (€, s) whose tangent vectors are described by the Hermitian ma-
trices A(e, s), in the sense that < e, s) = 2gAg* for a curve § € SLy(C) that satisfies

§g* = 4 and where, in addition we assume that A(0,s) = A(s), and ‘?9/6\(0, s) = W(s).

L o ~
o0 .. B 1 OA OA
a (7(67 S)EZO - §/<g(67 S)ag(€78)> dSe:O
0
OA o OA
<$(6’ s),%a(e, s)> ds|e=o

dA d
(i ()
L
C [y g ary
a ds?’ d 5 ds’ ds [ '¥7°
0

The boundary terms vanish because of periodicity and consequently,

dfw(W)Z—/L<%\,%> d:1/ <A< yea djf]> s

Since W is arbitrary, —% + <d A A> A=2 [A(s), d—;} which further yields

S — = T —

d32 Y

[g] -
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The right-hand side of the above equation is equal to —ld—f as can be easily
verified through the equation (23). Hence,

Ldf(s) [d?A
i ds —[@’A@ (26)
The Hamiltonian flow f then satisfies
v = «
Thts) = 2(t5)ft 90" (15), where (27)
0 x
So(ts) = 2g(t )AL s)g"(t,9) (28)

But then 2 a5 at L(t s) = at as L and consequently, g(t, s)a—f(t s) = g(t,s)%(t, s). This
relation implies that

e = s i[53 (29

Equation (29) can be also written in terms of the coordinates A(t,s) relative to
the basis of Hermitian Pauli matrices as follows:

o\ 92\

57 (1:5) = Alts) x 55 (30)
L.D.Faddeev and L.A. Takhtajan refer to the preceding equation as the continuous

isotropic Heisenberg feromagnetic model([5], Part 1I.,Chapter 1).

4.2 The spherical case

The derivation of the corresponding Hamiltonian equations on the sphere is quite
similar to the preceding case, so we will just sketch the main points. Let I['(¢,s)
denote a family of curves in SU; that evolves according to the following equations

or - or .
a(t, s)=TI(t,s)U(t,s), and E(t’ s)=TV(ts)

We assume that I'(0,s) = I'(s), and that %(O, s) = I'(s)W(s), i.e., we assume that
the curves define a tangent vector W at a point I' in £9(L). Then,

ou oV
ot —(t,s) — g(t s)+[U(t, s, V(t,s) =0

To be consistent with the previous notations we denote C(s) = 27(0, s), and we note
that C(s) — 4¥ + [[(s), W(s)] = 0.Then,

L 2
dfp(W):—/O <%,C> ds



May 31, 2003 26

Let f denote the skew-symmetric matrix that corresponds to the Hamiltonian vector
field generated by f, and let C = % — [A, f] . It then follows from above that

A, C] = % + <d2A A>. This further implies that

ds2 )
R d2A\ R R
C= [E’A] because [[A,C|,A] =C
The Hamiltonian flow is given by the following equations
r - A
O (1) = Tt 9), and 2% — (1, A (1) (31)
But then,
OA of .
E(tv S) - g(tv S) + [A(tv S)a f(t7 8)] =0
This last equation reduces to
OA O?A
il —[=—— A 2
S (5) =[5 5 A(Ls)] (32)

—

because %(t, s) = [A(t, s), f(t, s)] + C Equation (31) describes the flow of the Hamil-
tonian vector field in the spherical case. The reader should keep in mind however,
that in the hyperbolic case A is Hermitian, while in the spherical case, A is skew-
Hermitian: to pass from one to the other, one simply has to multiply A(¢,s) by .
Thus equations (28), (29), and (31) are representations of the same partial differential
equation, Heisenberg’s magnetic equation.

4.3 The non-linear Schroedinger equation

Our setting is confined to the smoothly periodic solutions Heisenberg’s equation cor-
respond to the smoothly periodic frames of arc length parametrized curves. Each
such curve can be lifted to a curve in the orthonormal frame bundle of the underly-
ing space , but the lifing is not unique. The Serret-Frenet frames are often cited in
the literature, although they are not always the most convenient( demonstrated, for
instance in [11]).

Let us now consider any choice of orthonormal frames fi(t,s), fo(t,s), f3(t,s)
adapted to the curve (¢, s) that evolves according to (28). Let ¢(t,s) denote the
curve in SU, such that fi(t,s) = @Bip™ !, fat,s) = @Bap and f3 = ©Bsp~ !, and
such that ¢(¢,0) = I for all £. Recall that adapted means that fi(t,s) = A(t, s),
which is equivalent to saying that ¢(t,s)B1¢*(t,s) = A(t,s). Curves ¢(t,s) then
evolve according to the following differential equations:

9¢ 9¢

s (t,s) = ¢o(t,s)U(t, s), and % o(t,s)V(t,s)
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Matrices U(t,s) and V (¢, s) are not independent of each other since they conform to
the following equation

U Vv
O t5) — D (1,) + [U(t,5), V£, )] = 0 (33)
which follows from the properties of the covariant derivative on SU,, as we have
demonstrated earlier. Moreover, V(¢,0) = 0, because our curves are anchored at
s = 0, which then implies through the above equation that %(t, 0) = 0.
We shall denote by ui(t,s), us(t,s), us(t,s) the functions such that U(t,s) for

ur Ay + us Ay + uzAs. Written more explicitly,

_(tv 5) = 30(t> 5)(u1(t7 S)Al + U2<t, 5>A2 + U3<t, 5)A3)
— Sp(t,S)l < iuy (t, s) us(t, s) + tus(t, s) )

2\ —ua(t, s) + ius(t, s) —ius(t, s)

It will be convenient to use u(t, s) to denote the complex function uy (¢, s)+ius(t, s).
Recall that |u(t,s)|* = k(t, s)? with k(t,s) the geodesic curvature of the base curve
V(¢ s)

In what follows we will show that the quantity (¢, s) = u(t, s)e?Jo “1(:2) 4% gatisfies
the non-linear Schroedinger equation. To show this fact it will be nesessary to obtain
the precise relation between matrices U(t, s) and V (¢, s).

Since A(t,s) = p(t, s)B1p*(t, s), it follows that

oA Oy . 0p*
F) Bip® + ¢B; o
= QO(VBl — B1V)g0*
= 90[317 V]QO*
Similarly,
oA 0?A

el and G = (B0l (B0 5| )

The fact that A(t,s) evolves according Heisenberg’s magnetic equation implies
that

(B V) = i([1B1, U], U], B + By, 91, B (34)

The above relations simplify through the Lie algebraic relations given in (23) and
(24], which we now recall for the calculations that follow.

[A,[A,B]]=(A,BYyA— (A,A) B
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for any A, B € b.
[[A,B],B] = (B,B)A— (A,B)B
for any A € sus and B € . Then,
[B,,U],U] = (U, B))U — (U,U) By = —(u? + u2) By + uyus By + Bsujus

and so, [[[B1,U],U], B1] = ujugAy — ujugAs.
Similarly,

ou . 0u3 8U2 oU B 8U3 8U2
Br 551 = s B2 = 5 Do and (1B, 50), Bil = =555 4s = 504,

Then, equation (33) reduces to

: u ou
[B1. V] = i(us(uady — updy) = =52 Ay — 2 Ay)
which can also be written as
ou ou
[B1,V] = —uy(usBs — usBs) + a_;B?’ T 8_3232

because A; =iB;,j =1,2,3. Let V(t,s) = v1(t, s) A1 + va(t, 5) Ay + v3(t, s)As. Then,
[B1, V] = v3By — v9Bs , which together with the relations above yields

0 0
Vg = —ULUY — ﬂ, and v3 = —uqus + 7 (35)

0s 0s

Equation (34) can be written more compactly in terms of complex functions as
Ou .
v(t,s) = —uq(t, s)u(t, s) + za—(t, s), where v(t, s) = va(t, s) + tvs(t, s) (36)
S

The zero curvature equation 27 — 2 + [U, V] = 0 implies that

Ow _du 1
ot 0Os 2 0s
and that

ot~ 9t “"as  os
Equation (36) implies that

1
%/ul(t,x)dx = + §(u§ + ug) +c,
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for some function ¢(t). However, this function must be equal to zero because our
curves are anchored, i.e., both v;(¢,0) = 0, and u(¢,0) = 0.
S

Upon substituting v; = & [uy(t, z)dz — |uf* in (37) one gets

o, 8[ oy do— P g 2O
gr gy | wmlba)dr=ig5 = 2ugs - ug s =l

Now we shall multiply both sides of the above equation by e and then recognize
the left-hand side of the above equation as %uei Jowit)de which then yields

——|u|2+uf) U (39)

ifuldaz

0 0 0 0 s
Gyt mtayds — O U 2u1—u et S i(u? — —|u| Nue'd v de

ot = 0s? 0s 0s

If we introduce now the function ¥ (¢, s) = u(t s)et S wbe) d

then g—f = (% + iuul) el v and ?;Tf = ( + 22u1‘37; + zu% — u%u) el Jude,
It follows that
82 0> 0 0 -

w — (_U 92 u U1 ZUIU) elfmdm.

852 ! 0s? “gs Y B

0s Os

Upon substituting the preceding expression in equation (38) one gets

0 0%
t,8) =1—= +1= 40
St s) =iy iyl (10)
and we have finally arrived at the non-linear Schroedinger’s equation. Of course,
we can now retrace the steps and express Schroedinger’s equation in matrix form

0
through the zero-curvature equation, as done in [5]. Simply let U = 3 v ,
—% 0
iVl W (|9 + o)
and V = % . An easy computation shows that
WP —ig
ov. oV
E—ajL[U,V]:O (41)

In the spherical case,

ou

[Ar, VI =a([l[A, UL UL A + [, -

|, BA1])

is the analogue od equation (33). Since it can be made to coicide with (33) after mul-
tiplying both sides by —i, it becomes evident that the same calculations repeated from
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the hyperbolic case would lead to the same end result, the non-linear Schroedinger
equation.

The preceding developement clarifies Hasimoto’s first observation that ¢ = ket/ 7 du,
where k and 7 are the curvature and the torsion of a curve ~(¢, s) that satisfies the
filament equation

oy Oy y 02y
ot 0s = 0s?
is a solution of the non-linear Schroedinger equation.

If one assumes that the solution curve of the filament equation is already parametrized
by arc-length, then it follows that its tangent vector T'(t,s) = %(t, s) satisfies

o T
ot 0s?

If the tangent vector 7" in R? is interpreted as the coordinate vector of A relative
to the basis consisting of the Pauli matrices, as done by Faddeev and Takhtajan,
then we get Heisenberg’s magnetic equation (28). When ¢ corresponds to the Serret-
Frenet frame than wu, is the torsion us = 0 and us is the geodesic curvature. Hence,
the complex function ¢ = ue'/ "9 coincides with Hasimoto’s function ke'/ 9.

However, both assumptions in the preceding paragraphs are geometrically unjus-
tified. In the first place, the filament equation is not a priori independent of the
choice of parametrization of v. So one cannot assume that its solutions can always
be parametrized by arc-length. Secondly, to interpret tangent vectors in R? as the
coordinate vectors of Hermitian matrices relative to the basis of Pauli matrices fun-
damentally obscures the geometric origins of the subject matter: such interpretations
confuse the hyperbolic curvature with the Euclidean curvature, and they also confuse
hyperbolic tangents with Euclidean curves. To get the true solutions of our Hamilto-
nian system equations (28) and (29) need to be solved, a fact which is often neglected
in the literature on infinite domensional Hamiltonian systems.

5 Elastic Hyperbolic Curves and Solitons

For mechanical systems the Hamiltonian function stands for the total energy of the
system, and its critical points carry important qualitative information about the
system. In this setting, the critical points for the Hamiltonian f(y) = 1 fOL k?*ds cor-
respond to the elastic curves, and therefore, not too surprisingly, also carry important
information about solutions of the corresponding differential system. More precisely,
we shall show that they generate soliton solutions for either Heisenberg’s magnetic
equation, or for the non-linear Schroedinger equation.

We remind the reader that the elastic curves are the projections of extremal curves

corresponding to the variational problem of minimizing % fo k? ds over curves in a
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Riemannian space that satisfy given boundary conditions at the initial and terminal
points of the curve. Here k denotes the geodesic curvature of the curve.

This problem has several formulations depending on the type of frames used to
describe the curves. The Serret- Frenet frames will do, but they are awkward for
variational problems that involve only the curvature and not the torsion: Here, we
shall proceed by relying on the formalism developed in [11], which in this context can
be explained as follows.

We may begin with the most general frame gig(s) adapted to the curve v in SU,
or H3. As we have explained earlier in the paper, qg(s) is a curve in SU, that is a
solution of %(s) = ¢(s)U(s) with U(s) = uy(s)A; + ua(s) Ay + us(s)As, where the

geodesic curvature k(s) is related to U(s) through the formula
k?(s) = u3(s) + us(s)

We shall now show that there is a frame adapted to the curve for which u,(s) = 0. Let

¥ (s) denote thAe solution of the following equation in SUs: z—f(s) = —1(s)(ui(s)A;).
Then, ¢(s) = ¢(s)1(s) is a solution of
a9

2 s) = 6() (0" (a(5) 3 + us(5) A3 (5)

Since [Ah Bl] = 0, and [Ah AQ] = —A37 [Ah A3] = AQ, it follows that
Y(s)B1y*(s) = By, and ¥(s)(ua(s) Az + us(s) A3)Y"(s) = va(s) Az + v(s)343

with u3(s) + u3(s) = v3(s) + v3(s). The frame ¢ is the frame adapted to the curve ~y
for which u;(s) = 0 (we now replace v(s by u(s)). Such a frame can also be described
in terms of covariant derivatives as follows:

&U2(5> = —uz(s)vi(s), and —Lvs(s) = us(s)vi(s)

ds ds
We shall call frames defined above strongly adapted frames: They are unique up to a
rotation around the tangential direction. The elastic problem which will be considered
now is the following:

L
Minimize 1 [(u3 + u3) ds over all solution curves %(s) = g(s)(B1 + uAs + uzAs)

0
that satisfy the given boundary conditions g(0) = go and g(L) = g;.

The projections y(s)of the extremal curves g(s)corresponding to the above vari-
ational problem will be called elastic. It can be shown that there exists an opti-
mal solution for any pair of boundary points provided that the length L is suitably
large([10]). In this case we shall be interested in periodic boundary conditions, and
since the problem is left invariant, we may take the initial point to be equal to the
group identity.
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As usual, the Maximum Principle of optimal control leads to the appropriate
Hamiltonian on the cotangent bundle of T*G of G. To take advantage of the left-
invariant symmetries of our variational problem we shall trivialize the cotangent bun-
dle T¢ by the left-translations and write 7*G = G x g*, where g* is the dual of
g= SZQ(C)

Let us use hq, ho, hs, Hi, Hy, H3 to denote the coordinates of [ in g* relative to
the dual basis By, B;, B}, A}, A5, A5 defined by the Pauli matrices By, By, B and
Al = iBl, A2 = iBQ, Ag = ZBg

An easy application of the Maximum Principle shows that the regular extremal
curves of our elastic problem are the integral curves of the Hamiltonian vector field

H= %(HQQ + H3) + Iy

and it also shows that the optimal control functions are of the form wu;(s) = H;(s),2 <
i < 3. There are also the abnormal extremal curves, but it can be shown ([10]) that
the optimal solutions for this problem are the projections of regular extremal curves,
and therefore the abnormal extremals can be ignored here. . Since the integral curves
of a smooth vector field which are closed are necessarily smooth, it follows that the
projections of closed solutions of our Hamiltonian system will be smoothly periodic

There are several ways to write the equations of the Hamiltonian flow corre-
sponding to a given Hamiltonian function. The most direct way, although perhaps
not the most illuminating, makes use of the Poisson tables involving the variables
hy, he, hs, Hy, Hy, H3. The Poisson table is isomorphic to the Lie bracket table (Table
1) from which it immediately follows that

4 = {Hy,H} = Hy{Hy,Hy} + H3{Hy, H3} + {Hy, h1} =0
@2 = [Hy, H} = Hy{Hy, H3} + {Hy, 1} = —H3H, + hy
s — {H3, H} = HyH; — hy

% = {hlaH}:H?)hQ_HQh?)

e = {hy, H} = —H3hy — Hy

¢ = {h3, H} = Hyhy + H;

(42)

Alternatively, one may write the extremal equations in, what is sometimes called
the Lax-pair form, since SU, is semi-simple, as follows:

dL

L _ pnw).u (43)
where L = Y°7=°(H; A; + h;B;), and where DH (L) denotes the differential of H at L.
In this case, DH(L) = HyAy + H3A3 + By.L

It will be convenient to use M and P to denote the Hermitian and the skew
symmetric part of L respectively, i.e., M = sz H;A;, and P = sz’ h;B;, and
similarly do the same for D(H (L) and write dH (L) = Q + B;y. Then (42) becomes
dM dP

A [Q, M] + [By, Pl,and Fe €2, P] + [B1, M]



May 31, 2003 33

It follows almost immediately from the preceding equations that I, = (M, P) and
I, = (M, M)+(P, P) are constants of motion, which together with H; and H produces
four independent constants of motion. This observation implies that our Hamiltonian
system is completely integrable.

To get the necessary conditions for the existence of soliton solutions, assume that
L(t) is a particular extremal curve that projects onto an elastic curve. The corre-
sponding frame ¢(s) is the solution of %(s) = ¢(s)U(s) such that ¢(0) = I. The
matrix U(s) is of the form U(s) = Hy(s)As + us(s)As. We would like to show that
there exists a real number & such that (¢, s) = u(s+£&t), where u(s) = Ha(s)+iHs(s),
is a solution of the non-linear Schroedinger’s equation.

Let w(t) = ho(t) + ihs(t), It follows from equations (41) that

3—2(3) = iHju(s) —iw(s), and le—f = i(hy + 1)u(s) (44)
Then,
2
36_1? =1i¢(HY — w), and a@% = —HX)+ Hyw+ (hy + 1)
Since H = 1{¢[* + ha,
0 0* 1 1
S (U D) = E(H — w) — (G Hyw+ (b 4+ 1)l

= (=¢-H)w+ (EH + Hf =1 - H)Y

The preceding quantity is a solution of the non-linear Schroedinger’s equation when-
ever

¢=—Hyand H = -1

It remains to show that the closed solutions exist and that, moreover, they occur on
the energy level H = —1.

For this we need to integrate the above equations, at least on the level of the Lie
algebra. To begin with, note that

(Hyhs — Hshy)? + (Hyhy + Hshs)* = (H3 + H3)(h3 + h3)
Then,
(%hl)Q — (Hth - H3h2)2 — (H22 + H?%)(h% —|— h%) - (H2h2 —|— H3h3)2
(H? + H2)(I, + H} + H3 + H — h}) — (I — hy Hy)?

2H — hy) (I + H2 +2(H — hy) — h2) — (I, — hy H,)?
= Qh? + Clh% + Cth + C3
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where ¢y, ¢9, c3 are the constants of motion given by the following expressions

ey = —(H} +2H +4),¢y = (2I,H, — 2H; —8H —2I,),c3 = 2H(I, + H; +2H) — I}

Therefore, hy(s) is expressed in terms of elliptic functions, and since k* = HZ +
H2 = 2(H — hy) the same can be said for the curvature of the projected elastic curve.
The remaining variables u and w, in the notations of equations (43), can be integrated
in terms of two angles § and ¢, which are analogous to the angles of nutation and
precession in the literature on the rigid body, that are defined as follows.

First note that I = h} + |w|? — (H? 4 |u|?), and since |ul* = 2(H — hy),

(hi + 1) +|wP=L+H +2H+1=J?

where J? denotes I} + H? + 2H + 1, which is constant along each extremal trajec-
tory. Then, define 8 and ¢ through the following formulas

(hi(s) +1) = JcosO(s) and w(s) = sin O(s)e’*® (46)
It follows that
dhy . do dw cos@df  .do
— = —Jsinf—, and — = w(J — +i—
ds SV M s wl sin 6 ds +st)
Now ,we note that
E . @ . thg + H3h3 + Z(H3h2 - Hth)
wo w2 J? — (hy +1)2
I —hHy 4%
B J2sin? 6

Iy — hH; B 7 d_@
J2sin’ 0 Jsinf ds

Therefore,
dw . , (Is — h1Hy) cos B db
— =i(h+1u = iJ 0 —
ds i+ Du 1 oS J2sin? 6 (sin9 dsw
cosf df  do
= e as )
hence,
@_ JcosO(ly + Hy — HyJ cos @) (47)
ds J2sin% @
Equations (44) and (45) yield the following differential equation for 6
do > I, — Hi(—1 0))?
(=) :2(H+1—Jcos€)—< 2 i _ 2+JCOS ) (48)
ds sin® 6
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We now return to the question of existence of periodic trajectories. Since we have
assumed that the extremal curve projects onto a closed optimal curve in SLy(C), it
follows that the curvature u(s) is closed. Since u(s) = Ha(s) + iH3(s), both Hy and
Hj are closed, which implies that h; is closed, because the Hamiltonian H is constant
on each extremal trajectory. It then follows from equation (45) that w is periodic of
period L whenever ¢(0) = ¢(L). Therefore, the extremal trajectory is closed, hence
periodic, whenever

L
JcosO(ly + Hy — HyJ cosf
/ cos 0(1y + ‘12 1 cos)dS:0 (49)
0 J?sin” 0

For the existence of solitons it is required that H = —1, in which case equation (47)
reduces to

do.? Iy — Hy(=1+ Jcosh))?

9y _ oy eosp— L= o8 ) (50)

ds sin“ f

It remains to show that there exists a solution of equation (49) such that (48) holds
for suitable constants I;, [ and Hy, which can be readily verified computationally.

6 Complete Integrability

There are further connections between elasic curves and the solutions of the non-
linear Schroedinger equation that were first noticed by J.Langer and R. Perline in
[13], namely that the integrals of motion for both Hamiltonian systems are related.
We will illustrate this phenomenon by showing that the function f(v) = fOL k27 ds is
an integral of motion for Heisenberg’s magnetic equation, while at the same time the
quantity k?(s)7(s) is a constant of motion for the elastic problem.

We shall first show that k?7 is a constant of motion for the elastic curves. Since
both the Serret-Frenet frame and the one used in this paper are adapted to the
curve, it follows that they rotate around each other in the plane perpendicular to
the tangent vector. If we denote by ( the angle through which the frame used above
rotates relative to the Serret-Frenet frame, then the rate %(s) is equal to the torsion
7 of the underlying curve ~. This relation can be derived easily, or one can consult
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([12], p 461) for a demonstration. Moreover, tan 5 = —%. Then,
sec? ﬁ@ = <H2d£3 - H3dclz?>
ds H?
_ Hy(HyHy — hy) — Hy(~HyH, + hy)
H

| Hy(H2+ H2) — Hyhy — Hyhy
Hj

_ Hi(H + HS) — (I + Hily)
Hj

. 2HH -1,

= e

and therefore,
k*r =2H,H — I,

We shall now show that the functions f[y) = 1 fOL k*ds and g(vy) = fOL kT ds Poisson

commute, where the Poisson bracket is given by the usual formula

{f,93(0) = w,(f (7). 5()

with f and ¢ denoting the Hamiltonian vector fields associated with the functions.

Suppose now that A(s) denotes the Hermitian matrix that corresponds to the
tangent vector of a curve 7. Then, the normal vector N(s) to y(s) is given by
N = %%. Hence the binormal vector B(s) is given by B = [A, %]. According to the
Serret-Frenet equations, Cfi—];f = —kA + 7B, and hence

_ AN N\ ) LdkdA L&A 1[A dA]
TN, TN\ Rdsds T kds? kY ds

dA\, d*\
= (A, 522

Let W(s) be an arbitrary tangent vector at v. Then the directional derivative of g at
v in the direction W is given by the following expression

It follows that

dg,(W) = /OL<W,[A,A]>+<A,[W,A]>+<A,[A,W]> ds

_ /0L2<[A,A],W> — (I8, A W) ds

_ —2/0L<(%([/\,A])— [A,A]),W> ds
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where the dots indicate derivatives with respect to s. I then follows that

135 _ [[A,A],A]Jr?[%mv/\]’/\]
= 2[[A, Al A] + [[K, A], A

- 2K—2<K,A>A—<A,A>A

Recall now that ‘;f —i[A, A]. An easy calculation shows that

[CZ jg] (<A A> +2(R,A) —2 <A,A> - <A‘,A>)A

Hence,

{f.9} = %/OL(—Q <AA> +2(A,R) <A,]\> + <A,/"\> <A,]\>) ds

The above integral is zero for the following reasons:
The integral of the first term is zero, because 2 <A,A> = % <A,A>. Since

2 <A,A> (A, AN) = % <A, A> -2 <A,A> <A, A>, the above inegrand reduces to one

ferm — <A,A> <A,A>. But then —1-4 <A,A> - <A,A> <A,A>, because <A,A> -
A, A), and our claim is proved.

It might be instructive at this point to translate our results in terms of the language

of mathematical physics. To begin with, the vector fo s) ds is called the total spin

in([5]). Here we recognize it as the moment map dlscussed in the previous section. It

is a conserved quantity, since the Hamiltonian is invariant under the action of SU,.
Of course, this fact can be verified directly as follows:

o [t L oA L 92N Lo
~ [ A = | = —i [ [——,Alds=1i | —[A Alds=
g (t,s)ds /o T (t,s)ds Z/o [6d52’ | ds Z/O 05[ ,AJds =0

The function fo k*rds =i fo < A A]> ds corresponds to the momentum in [17] for

the following reasons : Recall that the tangent vector A and the adapted frame ¢ are
related by the formula A = ¢B1¢*. When ¢ is strongly adapted to A then the frame
deformation matrix U is of the form U = _Oa z , and when A evolves according
to Heisenberg’s equation, u evolves according to the non-linear Schroedinger equation.
The reader can readily verify that when ¢ is strongly adapted to A then

¢<A, [A,]\]> - <[[31,U], [Bl,U]],Bl> — Imad

which up to a constant factor appears as the constant Cy in ([17]) where it is refered

to as the momentum. Our Hamiltonian can be then expressed as fo s)ds
which then corresponds to the probability distribution of the number of partlcles
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