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CONTROL THEORETIC SMOOTHING SPLINES ARE
APPROXIMATE LINEAR FILTERS

Y. ZHOU, W. DAYAWANSA, AND C. MARTIN

ABSTRACT. The problem of constructing and approximating control theoretic
smoothing splines is considered in this paper. It is shown that the optimal ap-
proximating function can be given as the solution of a forced Hamiltonian system,
that can be explicitly solved using the Riccati transform, and an explicit linear
filter can be constructed.

1. INTRODUCTION

In this paper we consider the problem of constructing and approximating control
theoretic smoothing splines. Control theoretic splines have proven to be useful in
trajectory planning for aircraft, [1], and in various trajectory planning problems
in robotics, [3, 12]. The general theory of control theoretic splines and numerous
variations on the theme have appeared in [11, 6].Control theoretic splines are related
to the theory of L-splines developed originally by R. Varga and M. Shultz, [7], and
in the context of control theory by [8]. The theory of smoothing splines is based on
the seminal work of G. Wahba. The monograph, [13], is used implicitly throughout
this paper.
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It is well understood that polynomial smoothing splines act as a smoothing filter
on noisy data and that they are in some precise sense band limited. That is, small
changes in one data point has primary effect on the spline in a small neighborhood
of that point. This was studied explicitly by B. Silverman in [9]. In this paper we
construct an approximate linear filter for control theoretic splines. The construction
is based on linear-quadratic optimal control and related filtering and tracking results.
The theory of linear quadratic control is basic to linear control theory and has been
studied intensively since the the seminal paper of R. Kalman, [4], appeared in 1960.
We use a quadratic cost function that contains the function representing the data to
be approximated and the cost function is minimized subject to the constraints of the
control system that is being used to generate the approximating curve. In section
two we precisely formulate the problem and find the control theoretic spline. In
Section 3 we find by performing the optimization the optimal control. The optimal
control is in feedback form and feedbacks to the system the difference between
the data and the approximating curve. We then construct the operator equation
that gives the optimal spline and discuss several of its properties. In section 4 we
explicitly construct the approximating curve using the theory of linear quadratic
optimal control. We show that the optimal approximating function can be given
as the solution of a forced Hamiltonian system. We explicitly solve this system
using the Riccati transform, [2], and construct an explicit linear filter that is the
solution of the operator equation in Section 3. In Section 5 we consider a large
time approximation to the finite horizon optimal control problem and show that
it approximates the control theoretic spline quite closely. In Section 6 we present
several examples and associated numerical results.

2. PROBLEM FORMULATION

We consider the control system
(2.1) T =Ax + bu
(2.2) y=cz

where z € R", u,y € R and A, b and c are constant matrices of compatible dimension
and z(0) = xo. We further assume that the system is controllable and observable.
Because we are primarily interested in approximation rather than control we make
the assumption that

db=cdAb=---=A"%p=0.
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This assumption simplifies some calculations and is natural for spline approximation.
We assume as given a data set of the form

(23) Dy = {(ti,N; ai,N) : 0< tl,N < tg,N <... < tN,N < T}

We assume that T is fixed and finite. We assume that there exists a function
gn € C[0,T] so that a; v = gn(tin) + €y Where €; v is a symmetrically distributed
random variable. Let Sy(¢) be a smooth, piecewise polynomial function such that

Sn(tin) = ain,

i.e. Sy is an interpolating polynomial spline function. We assume that the data is
such that there exists a function f € L,[0, 7] so that

(2.4) lim [|f — Syll> = 0
N—oo

and we further assume that there exists a function g € C[0, T'] such that the sequence
{gn} converges uniformly to g.
We assume as given a cost function of the form

(2.5) Tn(u) = A /0 w0t + Y wan(pt) - i)

We allow u € Ly[0,7T]. We assume that w; y > 0 for all indices ¢, N and a critical
assumption is that for every g € C|0,T]

(2.6) lim \/ dt—zwmg tin)| =0,

N—ox

that is, the sampling times and weights form a convergent quadrature algorithm.
We define a second cost function in terms of the function f of equation (2.4).

2.7) J(u) = / N2 (t) + (y(t) — £ ()t

We now formulate two optimal control problems. The first will produce the control
that drives the output of the linear system to form the control theoretic smoothing
spline and the second will produce an approximation to the spline function and will
be the object of interest for this paper.

Problem 1.

in J
ueIanl[%Jl,T] N(u)

subject to the constraints of the system (2.1) and (2.2).
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Problem 2.

in J
uEIIIzlzl[Bl,T] (U)

subject to the constraints of the system (2.1) and (2.2).
We define the function g.(s) as

ceAlt=s)p t>s

(2.8) 9i(s) =
0 t<s

Calculating the derivative of Jy(u) in the direction of w and setting the derivative
equal to zero we see that a necessary condition for the optimal control is given by

N
Au(s) + Z wi, N (Y(tin) — i n)Ge; v (5) =0
i1

Now y(t;n) is a function of u. However Jy is convex and hence has a unique
minimum thus we see that the optimal control must be of the form

U(S) = Z Tigt; v (S)

and substituting this into Jy(u) and doing some routine manipulation we have the

finite dimensional problem of minimizing
In(7) = AM'GT + T'GWyGT — 27'GWyan + constant

where G is the Grammian formed from the linearly independent functions g, , (s), 7
is the vector of unknown coefficients 7;, Wy is the diagonal matrix with the weights
w; v on the diagonal and a is the vector of data. Calculating the derivative of Jy (7)
with respect to 7 we have the necessary and sufficient condition for the optimal 7
to be the solution of

AGT —+ GWNGT — GWNO!N =0

and since G and Wy are non-singular we have that 7 is the solution of
(2.9) AW+ G)T = ay

Let ux(t) be the unique solution to Problem (1) and let u be the unique solution
to problem (2). It was shown in [5] that the sequence {uy(t)} converges to u in a

point wise manner. Thus the solution of Problem (2) is an approximation to the
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control theoretic spline of Problem (1). Our goal in this paper is to find a solution
to Problem (2) so that

(2.10) y(t) = /0 ht, ) (s)ds.

3. REDUCTION TO AN OPERATOR EQUATION

Fro typographical convenience define an operator

(3.1) Lu(u) = /O au(s)u(s)ds.

It is clear that y(t) = L;(u) + ce*zy and that by replacing the function f by
f(t)—c'e?tzy the problem remains unchanged. In this section we will assume without
loss of generality that xq = 0. We begin by calculating the Gatuex derivative of
DJ(u)(w). We have after a simple calculation

(3.2) DJ(w)(w) = 2 /O M@ (t) + (La(w) — £(2)) Lo(w)dt

and calculating the second derivative with respect to u and evaluating at w we have

(3.3) D () (w) = 2 / M?(£) + Lo(w)2dt.

0
From this we see that the second derivative is nonnegative and is 0 if and only if
w(t) = 0. Thus the functional is convex and hence has a unique minimum.

We now return to equation (3.2) and set it equal to zero to obtain a necessary
and sufficient condition for optimality.

0= /0 Mu(t)w(t) + (Lo(w) = f(£) Le(w)dt
:/0 )\U(S)w(é‘)ds—i-/o /0(Lt(u)—f(t))gt(S)w(s)dsdt
= [ Muts)uls)ds + /0 [ ) = Fapatsyulsyaas

= [ Pt + [ o - @] wispas

Now this expression is 0 for all w and hence we have that the optimal u satisfies

the integral equation
5



T
(3.4) qus) + [ (Lafu) = FO)ls)de =0
Multiplying this expression by g;(s) and integrating we have
t T
M)+ [ als) [~ F0)an(s)drds =0
0 s
and after a little reorganization we have
t pT t T
65 w0+ [ [ aaeedd= [ [ a0
0 Js 0 Js
We now define the operator K as
t pT
(36) k)= [ [ aal)ards
0 Js

for g € L?[0,T]. Now for every g € L?[0,T] K(g) is smooth and hence in L?[0,T].
Now rewriting equation (3.5) we have

(3.7) (A + K)(y) = K(f)

Lemma 3.1. The operator K is self adjoint.

Proof: We prove the lemma by direct calculation.

(w, Ku) = /0 w(t) K (u)(£)dt

= ["w [ [ s toputrydrasa
_ /0 ! /0 "ol / C 0 (5)an (s u(r)drdsdt
_ /0 / " w(t) / " (8)gn (8 u(r)drdtds

- /O ' [ / w(t)gt(s)dt] [ / ' g,(s)u(r)dr} ds

=(Kw,u)

We now decompose K as the sum of two operators by changing the order of
integration. An elementary calculation shows that

88 K@= [ [ [ a6aes]wnas [1] [ o] v
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Now define operators F' and B (forward and backward) as

(39) P = [ [ atolsrtss| utryar

and

(3.10) B(u) = /t ' { /0 t gt(s)gr(s)ds} w(rdr.

Note that F' and B are bounded and hence K is bounded. Also note that from
the proof of the lemma the operator K is positive. Thus the spectrum of K is
bounded below by 0 and hence the spectrum of I + K is bounded away from 0 and
the operator I + K is thus injective.

Lemma 3.2. The operator A\I + K is one to one and onto.

Proof: It only remains to prove that I + K is onto. Suppose otherwise. Then there
exists a function z € L?[0,T] such that for all y € L*[0,T] (z, (I + K)(y)) = 0. We
use the fact that the operator is self adjoint to conclude that (I + K)z = 0. This is
equivalent to the fact that z is unique solution to the optimal control problem with

cost function
T
J(u) = / W(t) + () de
0

subject to the constraint of the system defined by equations (2.1) and (2.2). How-
ever, it is easy to see that the optimal control is identically 0 and hence that the
corresponding y(t) is identically zero. Thus we conclude that x = 0 and hence
Al + K is onto.

We can thus solve equation (3.7) for to obtain

(3.11) y= (M +K)"'K(f)

In the next section we will explicitly construct a representation of the operator
(M + K)7'K in terms of an associated Riccati equation.

4. THE OPTIMAL CONTROL PROBLEM

We return to equation (3.4). This representation of the optimal control can be

rewritten as



and in this form we see that it is in dynamic feedback form and is be fed back
through the system adjoint to the original system (2.1) and (2.2). Our first goal is
to explicitly write out the relationship between the system and its adjoint.

We begin by letting

(4.1) fs) = / A e(y(t) — F(2))dt

leA(t—s)

where we have replaced ¢ b by its transpose. We calculate the derivative of ¢

to obtain
U(s) = — A'l(s) — c(y(s) — f(5))
=— AYU(s) — ccx + cf(s)

where we have used the fact from equation (2.2) that y = ¢’z. We now see that

(4.2) u(s) = —%b’ﬁ(s).

Now from equations (2.1) and (2.2) we have
z(s) =Ax(s) + bu(s)
1
=Az(s) — Xbb’ﬁ(s).

From the definition of ¢ we have

UT)=0
and we have that

.’E(O) =T

from the original definition of the system. Writing this in more conventional form
we have

d [z A —iw\ [z 0
4.3 — = A
(4.3) dt (6) (—cc’ —A > <£> + (c) !
with boundary conditions

(4.4) 2(T) = 0 and z(0) = xo.

Thus from the solution of this problem we can explicitly construct the approximate

spline y(t).
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To solve the two point boundary value problem we introduce the Riccati trans-

form.

() - (o D)

Using this change of basis on the two point boundary value problem we have after
a considerable amount of matrix multiplication

dfz) _ A— $bb'P(t) — b0’ T, 0 ;
dt\w] “\=P-PA—cd+PLoyP— AP —(A—LP@)) \w) " \c /@)

We now set

. 1
—P —PA—¢d + beb’P —ATP=0

and assign it the terminal value of P(T) = 0. Under the conditions we have imposed
of observability and controlability of the original system this nonlinear differential
equation (Riccati equation) has a unique solution on the interval [0,7]. We thus
have the following system of equations to solve

(4.6) P=—PA—cd + P%bb’P _ AP, P(T)=0
(4.7) w:_m_iwmmw+q, w(T) = 0
(4.8) i —(A— %bb’P(t))x _ %bb’w, 2(0) = .

We begin by solving and storing the solution of the Riccati equation and substituting
this into equation (4.7). We now have a linear time varying terminal value problem
to solve. Let ®(¢,7) be the solution of
Lo ) = (A - Lo p@)o, )
N T) = —
dt A "
with initial data given by
O(r,7) =
and let W(¢, 7) be the solution of

d L. !
V() = —(A— SVP(1))V(t,7)

with initial data given by

U(r,7)=1.
9



So the solution of equation (4.7) is given by

(4.9) w(t) = — /t U(t, P)ef(r)dr

and the solution of equation (4.8) is given by

(4.10) 2(t) = B(t, 0)z — /0 t@(t, S)ibblw(s)ds.

Concatenating the two solutions we have

(4.11) y(t) = ®(¢,0)zg + ¢ /Ot (¢, s)%bb’/ U(s,r)cf(r)drds

Changing the order of integration we have

y(t) = ®(t,0)zy + /Ot /OT do(t, s)%bb'\ll(r, s)cdsf(r)dr

T o 1.,
(4.12) +/t /0 'Ot S)Xbb U(r, s)edsf(r)dr
Thus we have
T
(4.13) y(t) = ' ®(t, 0)zo +/ K(t,0)f(o)do
0
where

£ [5 @, T)b0' U (7, 0)cdr 0< o <t
(4.14) K(t,o) =
’fo O(t, 7)bb' U (T, 0)cdr t<o<T

The initial data only has significant effect on the curve for a short time because

of the optimality of the solution.

5. SIMPLIFICATION OF THE FORMULAE

In this section we will give explicit expressions for the state transition matrix

in terms of the system parameters and the solution of the Riccati equation. We

consider the system (4.3) with z(0) = 2 and ¢(7) = 0. By variation of parameters

formula, we obtain

z(t)\ _ a-nym [(2(T)
oo i) (7)



where

Ho A —%bb’ .
—cc A

This yields the relation between boundary values z(7) and ¢(0),

To \  _7H z(T) ° —sH 0
(5.2) (E(O)) =e ( 0 )—f—/T e (cf(s)) ds.

Now we partition the matrix e'# as follows

i [ Xi(t) Xoft)
© T lne wne

where X;,Y;, + = 1,2 are n X n matrices. Due to the semigroup properties we have
the following identities, being used later

Xi(t —s) = Xi(t)z1(—s) + Xo(t)Yi(—s)

(5.3)
0 = X1 (£) Xo(—t) + Xo(t)Va(—1)

The unique positive definite solution to the Riccati equation is given by
(5.4) Pt)=Yit-T)X:(t—T) "

using the standard Hamitonian argument.
Then, solving the first block of equations in (5.2) yields

(5.5) z(T) = X, (-T)! (:ro + /OT Xg(—s)cf(s)ds)

which, together with (5.1), leads to the following expression
(5.6)

2(t) = X, (t — T) X, (=T) ! <x0 + /0 ' Xg(—s)cf(s)ds) + /t ' Xy (t — s)cf(s)ds.
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By the identities from (5.3) and (5.4) we have

z(t) =(X1(t) + X2(t)P(0))zo +/ (X1(t+ Xa(t)P(0))Xa(—s)cf(s)ds

- /t (X2(3)Xa(—5) + Xa(t)Ya(—s)cf (s)ds
=(Xu(t) +X2(t)P(0))370+/0 (X1t + Xo(t) P(0)) Xo(—s)cf(s)ds
+/t ((X1(t) + X2(t) P(0)) X2(=5) — (X1(5)Xa(=5) + X(1)Ya(=5))) cf (s)ds

=(X1(t) + X2(t)P(0))xo +/0 (X1 (t+ Xa(t)P(0))Xa(—s)cf(s)ds

+ / (X2(1) (P(0)Xa(~5) — Ya(—3))ef (s)ds.

Finally, we get the kernel

K(t o) = CI(X1(t) —+ XQ(t)P(O))XZ(—O')C, 0<o<t,
T ) X (8)(P(0) Xo(—0) — Ya(~0))e, t<o<T.

It is the same as the following explicit formula in terms of the system parameters
and the Riccati solution

(
I 0 0
c (I 0) et e~oH ¢, 0<o<t,
P(0) 0 I
0 0 0
c (I (]) ett et e, t<o<T.
P0) —I I

Furthermore, we have, by a simple observation, that

1 !/ ! tH 1 D —cH D
t — < <t
/ (I)( a;))\‘bb(I)(O',’7)d7 - (I 0)6 ( ( ) ) € 5 fOI"O g

t
L., ' tH 0 0 —on (0
/0 (1, T))\bb O(o,7)dr = (I O) e ( (0) ) e ,fort <o <T

and
®(t,0) = (1 0) et (Pf0)> .

12
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Therefore, the transition matrix ®(¢, s) is

= o) (Pf0)> ((I 0) e (Péro))>_1

6. EXAMPLES AND NUMERICLA RESULTS

In this section we consider themost imprtant of the splines, the cubic spline and
construct the explicit linear filter. We begin by deriving the associated Riccati
equation.

6.1. Derivation of Riccati equation of cubic smoothing splines. Let

(0 0] 0= (1) =00

J(u) = /0 y(1)? + X tu(t)?dt

where A is a positive constant. We now solve the following problem:

Let

min J(u
ot (u)
subject to the constraints that
T = Az +bu, y=cx.

The Hamiltonian matrix associated with this problem is

0 1 0 O
- 0 0 0 —%
-1 0 0 O
0 0 -1 0
Our immediate task is to calculate
Ht
e
and to do so we need the following
00 0 —3 0 0 5 0 - 0 0 0
2 0 0 % 0 73— —% 0 0 O 7 0 —% 0 0
0 -1 0 O 0 0 0% 0 O —% 0
1 0 0 O 0 1.0 0 0 0 0 —i



and from this calculation we see that the eigenvalues of H are the forth roots of —,

1. - _
(Xﬁcif%iﬂzf)

We now give a different form of exp Ht.

e e H"n

[ =
|
0 .
< H4nt4n H4n—|—1t4n—|—1 H4n+2t4n+2 0 H4n—|—3t4n+3
S S e
“— (4n) (dn+1)! = (4n)! = (4n+3)!

n 4n o 1\n4dn+1 x© 1\ndn+2 o 1\n4n+3
(—=3)"t (=3)"t (=3)"t

. ( 2 3 —
Inz—:o RE_% (An+1)! +H nz—:o (4n +2)! +H nz—:o (4n + 3)!
=fo(t)T + fl( VH + fo(t)H? + f3(t) H?

We note the following

1
Hell't = foH + fLH? + fH3 — Sl = fol + fiH + foH? + fiH?

and hence by linear independence of the powers of H we have the following differ-

ential relations.
1 ) 1 3 1
e I e O N
sot that it suffices to find a closed form relation for fj.

1y1/ 1y1/
Lemma 6.1. fo(t) = cosh((k\};4 )cos((A\)/;th)

Proof: Recall that

o0 t2n
cosht = Z @n)!
n=0
and
o0
_ (_1)nt2n
cost = Z (2n)!
n=0
and so
t4n
cosht + cost = 22
Using the fact that (% + 272) =—1 we have that

cosh(§)"4 (5 + i)t + cos() (5 + i

14



Now replacing cosh and cos in the above expression by their exponential repre-
sentations we have after a little manipulation

1 1 1 1 (Lyv/a (Ly1/a
cosh()\)l/4(— + 2—)t + cos()\)l/4(— +1 —)t = 2cosh t cos

Vi Vi V2

thus we have proved the lemma.

t

>
~—
S

Using the differential relations we have after some tedious calculations

(1)1/4 (1)1/4
fo(t) =cosh ’\\/§ t cos /\\/ﬁ ¢
1y1/4 1y1/4 1y1/4 1y\1/4
fl(t)_/:;/;(cos();g tsinh%t+sin%tcosh(’\&1§ t)
1)1/ 1y1/
fa(2) =\"?gsin (’1\)1 4tsmh (i‘)l ’

V2 Vi
_/\3/4(Sinh (%)1/4 (%)1/4 (%)1/4 .

V2 V2 V2 V2 V2
Thus we have a closed form representation of exp Ht.

fo o i 3fs =5k

f3(t) =

|k R ke A
-fi —fo fo 3fs
fa fs —=fi fo
Now let .
F(t) — _fl _f2 .]Io fl
fo f3 —3f3 Jfo
To show that
F(t)

is a solution to the Riccati equation take the derivative of F'(¢) using the fact

d
EeXth: Hexp Ht

and then note that F'(0) = 0 The particular solution we want is then given by
Pt)y=F(t-T).

We now calculate F'(t) explicitly. We make the convention that S = sinh,s =

sin, C = cosh, ¢ = cos otherwise the following calculations are difficult to typeset.
15



First
F(t) = 1 —fifo — §f2f3 ft— fafo
e+ 51/ ffo+3fs  —fife+ fsfo
after some calculations we have
/\1/2
fi = fafo = %(832 +5°C?)

72 = Fofo = Fufo+ 313

1 A 5
—fifo— Xfo?’ = %(_ — s¢)

3/4

fafo—fife = W(_SC + cs)

1 1
fe+ Xf1f3 = §(C2 +¢?)
We have now found an explicit form for F'(¢)

1/4 SC—cs 1/2 %452
F(t):(‘ﬁ“cz—w NP2 G )

1/2 S%+s? 3/4 cs=SC
A C24c? \/5)\ C24c2

Thus the explicit solution of the Riccati equation is
P(t)=F({t-T).

6.2. Derivation of Riccati equation of polynomial smoothing splines. For
completeness we derive the solution of the plynomial splines through the matrix
exponential of the Hamiltonian matrix. We shell give an explicit form of ef! for
general positive integer n, where

A —abV
H =
(—cc’ —A ) ’

with A a forward shift matrix and b, c the unit vector with the last respectively
the first entry 1. Unlike the derivation of e#! in cubic smoothing splines where the
entries of this matrix were obtained by solving the differential equations, we use a
direct approach by the definition of the matrix exponential.
By a straightforward calculation we obain the following properties.
Proposition 6.2. (1) The characteristic polynomial of the Hamiltonian matriz
H is
det(2I — H) = 2" + (—1)"«
16



(2) H>+ = ((=1)"ta)*H! i =0,1,2,...2n— 1,k =0,1,2, ...

Using the second property we obtain the matrix exponential ef* in the form of

series, and by inspection we obtain

Proposition 6.3. The matriz exponential of H is

St Bi1 B
By By

where
( £ _é éZn—l) _éfézn—z) _éfén—l—l)
2n—1 n+2
fs fooo =R L
n+3
B.—| # i fooo e —ER
fén—Q) én—3) én—4) . _éf(§2n—1)
n—1 n—2 n—
DT Y e gy
o O SRR /SR R
Y m _f(”) (n+1)
0 0 0 0
_em f(4) (n+1) (n+2)
Byy = 0 0 0 0
n n+1 2n—2 2n—1
\ S g g )
( éféQn_l) éféZn—Q) iféZn—3) . éfén)
2n—2 2n—3 2n—4 n—1
LY Y Y e LY
2n—3 2n— 2n—>5 n—=2
Bp=| Lf P Lpprd o Lpprd o 1
N e R
fo —f e f00 R
2n—1 n—1 n—2
r7 S (R TPRNEY N L
2n—2 2n—2 n—2 n—
b= | L g e e
K éfén—f—l) _i én+2) _é éZn—l) o

17



if n is even, andfo(t)zl—g—;; %—---;07‘
fO éféQn_l) o éfén—kl)
n+2
B, = fo fo éf(g+)
fén—l) én—Z) . f()
n—1 n
N N
o m .. f(") _ ¢lnt1)
312 — 0 0 0 0
(_l éQn—l) 1 éQn—Z) .1 én)
1 pen—2) "1 C. L)
By = afo a a’0
S L i
[ fo LT [ S
2n—1 n—2 n—
Y ST A S
\ éfén—kl) _é én—|—2) . _i éanl) fO

if n is odd, and fo(t) =1+ E’;Z; + ‘ifg?
Now we shall find the function fy(¢) that has power series shown in the above

proposition. Using the property of the unity roots, it is not hard to see that

n—1
2k+41

ﬁ Z (exp (—a%(—l)%ifl t) + exp (aﬁ(—l) o t)) if n —even
@) =49 *=°
o0 Z (exp (—Ozi(—l)%t) + exp (ai(—l)%t)) if n =odd

k=1

Consequently we obtain the real form of the function f;

Proposition 6.4.

n—1
k k
2 Z cosh(a2 (cos(2—7r)t) cos(an sin(%)t) if n = even
n
1) = k=1
fO( ) 1 1 2 — 1 km 1. km .
—cosh(at) + = Z cosh(an (cos(?)t) cos(a2n sm(z)t) if n = odd
k=1
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Now the solution of F'(t) can be obtained by taking the first n columns of the last
n rows multiplied by the inverse of the first n rows and the first n columns. The
solution of the Riccati equation is then P(t) = F(t — T'). For the positive definite
steady state solution we can either take the limit of P(t) as ¢ tends to minus infinity,
or using the eigenvectors corresponding to the eigenvalues with negative real parts.
The last mentioned fact can be used to get an approximated kernel.

6.3. Approximation and bandwidth. Before showing numerical results we disc-
cuss two things. First we show that the kernel in terms of the solution of the Riccati
equation can be approximated by its steady state, and second the bandwidth of
the kernel. The first issue is based on the well known results from control theory
that the solution of Riccati equation tends to its steady state, the positive definite
solution of algebraic Riccati equation, is exponential, if the eigenvalues of H are a
bit away from the imaginary axis. The steady state Riccati solution in cubic splines

1s

VA VX

It is positive definite. Then the transition matrix is

- ()

Cl)(t, S) _ e(tfs)(Afibb’P)

since A— b P is a constant matrix. It is known that the feedback matrix A—$bb'P
is Hurwitz, i.e. the eigenvalues of the matrix lie in the left-half complex plane and
they are equal to the left-half plane eigenvalues of the matrix H. Consequently the

kernel is,
(6.1)
( ( o+t )
exp(——=—- 5 _y
VY 2+exp(\/_0) cos — +c o+t
24/2\1/4 A\1/4 V2\1/4 \/_/\1/4
V20 o— . o+t
—exp( ) si —sin———|, 0<o<t,
, N7 fA1/4 VN
K(t: J) = o p( o+t )
<D (—
AL/ V2t om o
2\/%{\:/4 ( 2+exp()\1/4) cosﬂTfM-I—cos\/iT’Lf/4
V2t, . o—t . o+t
\ +eXp()\1/4)Sln\/§)\1/4—San y SO’ST
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Now we turn to a short discussion of the bandwidth of the kernel. The term band-
width is frequently used in statistic literautres. The definition we use here is the
interval where one obtains most information. More precisely, Let the number 3 be
determined by the solution of the following equation

min(t+3,T")
/ K(t,0)do

max(t—p3,0)
T
/ K(t,0)do
0

Then 27 is the bandwidth of the kernel K(¢,0).
This is a nonlinear equation which can be numerically solved by e.g. Newton-

=0.9.

(6.2)

Raphson method. After integration of K, we get the denominator respectively the

numerator of the left hand side in (6.2)
— (—1 + eﬁ> cos =T

t
V214 NOVE
+2 (77 4 (—eVB7T 4 cos o sin —__ ;
\/§)\1/4 \/5)\1/4

%e_ \/gfﬂ (—2(371\/5)\1/4 cos

1 __ 3t 3t —B+t V28 VIt I3
3¢ VAt Qevaal/t — eval/t | —1 4 eal/t + 2exl/1 | cos NI
—p 8 8 — =i
(T A B oA B2 g, B
V2A1/4 V2)1/4 V2A1/4

Solving the equation in some special cases, we obtain fr )

Broo.or = 0.547334, Bio01 = 0.968005, Bio 10 = 3.22425, Bio100 = 4.03161,
Bsoor = 0.547444,  Bgoq = 0.979628,  Bs10 = 2.8789,  Ss100 = 3.3587,

Brooor = 0.307604, Bioo = 0.564674, o1 = 1.10534, B0 = 1.70457,
Bso.10 = 3.71504.

6.4. Numerical simulations of the kernel. Figure 1 to Figure 3 (graphs with
dashed line is the kernel computed from the approximation) show clearly that the
approximation is remarkably good, especially when A is small, the approximation
has the same curvature change as the kernel. We have observed that there is some
small ocsilations at the end of the time interval when X is very large, and the larger A
is the worse the oscilations are. This is in fact caused by the fact that the eigenvalues
of His very close to the imaginary axis. Then the convergence of the Riccati solution

is no longer exponential. Note also that the kernel is well-behaved for large 7', as
20



shown in Figure 4. However, it may not be realistic to make 7" too large, because it
indicates that we have to use many points in practice.

0.6
0.5
0.4
0.3
0.4 0.2

0.2 0.1

0.175

0.125
0.1
0. 075
0.05
0. 025

FIGURE 2. T'=8, A =0.01,0.1, 10, 100

Now we compare some of our results to the some of Silverman’s [9]. We note
that our approximated kernel is close to the kernel (2.10) in [9], but we do not use
the density function explicitly, because we do not consider interpolating points as
random ones. Perhaps this is one of the main differences between our approach and
the one by Silverman. Observe also that the angle 7 is implicit in our formula. It is

involved in the eigenvalues of H or A — %bb’ P. The behavior of our approximation
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Ficure 3. T'=4, A =0.001,0.01,0.1, 10

T 5—10 15 20 ~——25 30

FiGure 4. T =30, A =10

away from the boundary are also similar to the results of Silverman, and the kernel
(6.1) is symmetric. The asymmetric graphs shown in this paper can be in principle
overcome by increasing the T. Moreover, the bandwidth according to our definition
is not local. Moreover, we want to point out that the choice of A\ = 1077 seems
unncessarily small in many situations, see the graph below. This may indicate that
the points one wants to fit are densely accumulated over a very small interval with

relatively vertical scale.
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FIGURE 5. T =04, A =10""

6.5. Torsion smoothing splines. Finally, we consider another important case

0 . . . .
where A = (O , which corresponds to the torsion smoothing splines. So
a

01 0 0
H_|0 @ 0 —5
-10 0 0
0 0 -1 —a

A straightforward computation shows that H has

1) four distinct real eigenvalues, + @ 41 Jat— iifat -2 >0,
2 T2 X by

(2) two double real eigenvalues, each with one Jordan block, :I:\%, if a* — % =0,
(3) two distinct pairs of complex conjugate eigenvalues, £\ ~1/4e*2? § = o — 1,

if a* — $ <0.

Notice that the root loci of the eigenvalues of Hare as follows. When q is zero
(corresponding to the cubic splines), there are four complex eigenvalues lying on the
circle with radius 1/A'/* centered at 0, and are placed symmetrically with respect to
both real and imaginary axes with an angle to the axes # = 7. Then these four roots
pairwise move towards the real axis along the circle and collapse at the two the real
points =1/A/* as |a| increases to (4/\)'/*, i.e. @ tends to 0, then the eigenvalues
of H become two double ones with only one Jordan block. Finally as |a|continues
increasing the double eigenvalues of H bifurcate to four distinct real ones, each of the
double eigenvalues bifurcates in opposite directions, one goes toward the imaginary
axis and the other to infinity.

Although it is a direct inspection, it is an important fact. It explains why the
kernel behaves as shown below.

The approximation is very good as in the case of cubic splines.
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FIGURE 6. The graphs correspond to the cases (i) 7' =2, A = 0.001,
(i) T =4, A =001, (ili) T =8, A\ = 0.1, (iv) T = 10, \ = 1, (v)
T =14, A = 10, (iv) T = 30, A = 100.

Now we turn to other two non-degenerated cases. Next figure is the case of four
real eigenvalues for fixed ¢ = 1 4+ 400"/*, and we vary \.

Note that the kernel cannot behave well as |a| becomes large, because this forces
the two eigenvalues on each half plane to go to zero and the infinity (on each side).

Finally, we show two groups of graphs of the kernel in case there are two pairs
of complex conjugate eigenvalues for fixed a. We want to show that the remark we

made above applies to the situation as 6 tends to zero.
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