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PERTURBATION OF TIME DELAY
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Abstract. The paper considers a general optimal control problem with a small time delay ∆ in both the state and
control. The objective is to find a correct way of neglecting the delay or, in other words, to construct a well-posed
instantaneous approximation of the delayed problem. The natural way to do so is by mere neglecting the delay in the
model. It is shown that this way is almost always incorrect: it gives rise to an error that does not vanish as ∆ → +0,
and results in an ill-posed model. A proper approximation of the delayed problem is offered.
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1. Introduction. Time delay optimal control problem is a good and realistic option to
model a wide range of real-life phenomena. Unfortunately solution of such problems encoun-
ters considerable troubles in even the simplest cases. This impels to employ instantaneous
models whenever the delay is small. The conventional way to do so is by mere ignoring the
delay effects. Is this correct? To get an answer, we consider infinitely small (i.e., converging
to zero) delays and analyze the error that accrues from their neglecting. At the first sight, the
outcome of such an analysis can be easily foreseen and comes to the platitude: the error must
be infinitely small as well. This is true indeed if the delay occurs only in the state. However in
the case of the delayed control, this platitudinous property fails to be true not only in general
but also ”almost always”. Then the natural way to ignore the delay results in an ill-posed
model and so is not acceptable. The objective of this research is to justify these claims and
offer well-posed instantaneous approximations for optimization problems with small delays.

The motivation of the issues addressed in this paper comes from many sources. For ex-
ample due to the recent growth in communication technology, it is becoming more common
to employ digital finite capacity channels for communicating information from controllers
to actuators. Not only quantization but also time delay is inherent in transmission via such
channels. Moreover serial digital networks has become popular to serve complex systems
with spatially distributed components like advanced aircraft, spacecraft, automotive, indus-
trial and defence systems, arrays of microactuators, power control in mobile communication,
multi-agent mobile robots, etc. Typically, the delay effects are enhanced in networks. Indeed
then transmission delays are combined with ones induced by the protocol and related to re-
solving conflicts between several data sources sharing a common channel [12]. The above
communication delays are usually small and ignored at the theoretical stage of a controller
design. There are at least two additional reasons to do so. First in many cases, these delays
are irregular, a priory unknown, or hardly computable [12]. Second ironically, the smaller the
delay the harder the delayed optimization problem from the computational point of view.

In this paper, we consider an optimal control problem in the situation where controls are
transmitted to the actuators over two channels. One of them is instantaneous whereas the
other provides a constant delay ∆ ≈ 0. Modulo a shift of the time, this also includes the case
where the delays in the both channels are nonzero and close to each other. All measurable
controls are admissible. This situation is the simplest among those worth studying. However,
it is enough to reveal the major points of principle and so is a good option to start with.
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We compare the delayed problem with its natural instantaneous approximation that re-
sults from putting ∆ := 0. We show that in general this problem is not a proper (well-posed)
approximation of the delayed one: the optimal value of the cost functional in the latter does
not converge as ∆ → +0 to that in the former. What is more, this phenomenon is robust and
occurs for almost all delayed problems: the corresponding problems constitute an open and
dense subset in the space of all problems. (Any problem is identified with its data.)

Thus the natural way to neglect the delay is almost always incorrect. What is the correct
one? As an answer to this question, a proper ”limit” as ∆ → 0 of the delayed problem is
found. In brief, this is an instantaneous (∆ = 0) optimal control problem well-posed by
perturbation [4, 26] of the delay. Here the perturbed problem is the original ∆-delayed one.
More specifically, the minimum values of the cost functionals in the limit and ∆-delayed
problems, respectively, are close: the latter converges to the former as ∆ → 0. Moreover,
solution of the limit problem gives an exhaustive description of the asymptotically optimal ∆-
parametric control sequences. For the ∆-delayed problem, the control from such a sequence
provides the level of performance, which differs from the optimal one by a vanishing (as
∆ → 0) quantity. The above description is given by the fact that a sequence is asymptotically
optimal if and only if it converges to the set of the optimal controls in the limit problem.

The proper limit problem is not standard, in contrast with the natural instantaneous ap-
proximation of the delayed problem. This promotes the interest to the cases where this ap-
proximation is yet well-posed, despite of the fact that they are rarely encountered. Such a
case occurs if and only if the optimal values of the cost functionals in the two concerned
problems coincide. This criterion is exhaustive but not relevant in the current context, since it
employs the limit problem. We show that the question about the wellposedness of the natural
approximation is undecidable if one’s knowledge about the system is confined to only this
approximation. Moreover, then it is impossible to estimate to which extent this model may
be ill-posed. Thus required is an information about the delayed model, though not the values
of the delays. We also offer a simple sufficient criterion. It is far from being exhaustive but
deals with a popular situation where the system’s equations and the cost functional are linear
and convex, respectively, in controls, and the domain of admissible controls is also convex.

Up to now, not much attention was given to stability (wellposedness) of optimal control
problems with respect to perturbation of the delay. The research activity was focused on
the case where the delay occurs in the state alone [3, 7, 8, 21]. It was shown that under
nonrestrictive assumptions, a small perturbation of the delay causes a small disturbance of
the optimum. The bounds for certain Dini derivatives of the cost functional optimal value
with respect to the delay were also established [7]. By the author’s knowledge, the current
paper pioneers an analysis of the stability with respect to the delay in the control.

An introduction to delayed optimal control problems can be found in [17, 18, 23]. The
study of the maximum principle for such problems was pioneered in [13] and continued in
e.g. [1, 2, 5, 6, 14–16, 23]. Relaxation issues were addressed in [19, 20, 23, 24].

The paper is organized as follows. Section 2 offers the statement of the optimization
problem. Section 3 shows that the natural limit problem is almost always ill-posed. In Sec-
tion 4, we discuss when this problem is yet proper. The well-posed limit problem is presented
in Section 5. The remainder of the paper is devoted to proofs. They employ certain limits of
the set of admissible controls, which are introduced in Section 6. Section 7 reveals their gen-
eral properties. Computation of these limits in Section 9 is based upon calculation of extremal
points of a polygon in the space of matrices, which is done in Section 8. Finally, Sections 10,
11, and 12 contain the proofs of the results stated in Sections 5, 3, and 4, respectively.
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2. The problem statement and assumptions. We consider time delay optimal control
problems of the form:

minimize
∫

T

ϕ [t, x(t), x(t − ∆), u(t), u(t − ∆)] dt subject to (2.1)

ẋ(t) = f [t, x(t), x(t − ∆), u(t), u(t − ∆)] a.a. t ∈ T := [t0, t1] , (2.2)

x(t) = a(t) for t ∈ [t0 − ∆, t0] , (2.3)

u(t) ∈ Ω a.a. t ∈ [t0 − ∆, t1] . (2.4)

Here ”a.a.” means ”for almost all”. The state x = x(t) ∈ Rn and the control u = u(t) ∈ Rm

are absolutely continuous and measurable functions of time t ∈ [t0−∆, t1], respectively. We
interpret the delay ∆ > 0 as the parameter of the problem, which is denoted by P(∆).

DEFINITION 2.1. The natural limit problem is that P(0) obtained by ignoring the delay
∆ := 0 in (2.1)—(2.4):

minimize
∫ t1

t0

ϕ [t, x(t), u(t)] dt subject to (2.5)

ẋ(t) = f [t, x(t), u(t)] , u(t) ∈ Ω a.a. t ∈ T, x(t0) = a0, where (2.6)

ϕ(t, x, u) := ϕ(t, x, x, u, u), f(t, x, u) := f(t, x, x, u, u), a0 := a(t0). (2.7)

Can this problem be considered as a proper (well-posed) instantaneous approximation of the
delayed one P(∆) with ∆ ≈ 0? The answer is in the affirmative only if

lim
∆→+0

Iopt(∆) = Iopt(0), (2.8)

where Iopt(∆) is the infimum of the cost functional in the problem P(∆). Our first objective
is to check whether relation (2.8) is true or not.

For the definiteness, we consider delays ∆ ∈ (0, 1). Suppose that, in (2.1)-(2.4),
(i) the set Ω ⊂ R

m is compact and contains at least two points;
(ii) the functions f(t, x1, x2, u1, u2) ∈ Rn and ϕ(t, x1, x2, u1, u2) ∈ R of the variables

t ∈ T = [t0, t1], x1, x2 ∈ Rn, and u1, u2 ∈ Ω are continuous and continuously
differentiable with respect to x1 and x2;

(iii) the function a(·) : [t0 − 1, t0] → Rn is absolutely continuous;
(iv) for any ∆ ∈ [0, 1) and any measurable control u(·) : [t0 − ∆, t1] → Ω, the Cauchy

problem (2.2),(2.3) has a solution x(·) : [t0 − ∆, t1] → Rn such that |x(t)| ≤ k <
∞, where the constant k does not depend on t ∈ [t0 − ∆, t1], u(·), and ∆ ∈ [0, 1).

It follows from (i)-(iv) that Iopt(∆) > −∞.

3. Illposedness of the natural limit problem. We start with a useful technical fact.
LEMMA 3.1. The limit lim∆→+0 Iopt(∆) in (2.8) exists and is finite.
The proofs of the results presented in this section will be given in Section 11.
Our first theorem shows that in general, the natural limit problem is ill-posed.
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THEOREM 3.2. Given an interval T = [t0, t1] and a set Ω satisfying (i), there exists a
problem (2.1)-(2.4) for which the properties (ii)-(iv) hold and relation (2.8) violates:

lim
∆→+0

Iopt(∆) < Iopt(0). (3.1)

This problem can be chosen so that the function f(t, x1, x2, u1, u2) in (2.2) is linear in
x1, x2, u1, u2 and independent of t, the function ϕ(t, x1, x2, u1, u2) in (2.1) does not depend
on t, x1, x2 and is a polynomial of the second degree in u1, u2, and in (2.3), a(·) ≡ const.

Inequality (3.1) means that the natural limit problem conceals certain possibilities to
improve the performance.

Now we are going to analyze whether the property (3.1) is typical or not. In doing so,
it is natural to compare the variety of all problems (2.1)-(2.4) with the set of those for which
(3.1) holds. To this end, we fix the interval T and the set Ω and identify the problem (2.1)-
(2.4) with the triplet of functions ξ := [f(·), ϕ(·), a(·)]. We also equip the linear space Ξ of
all such triplets ξ satisfying (ii) and (iii) with the locally convex topology generated by the
following c-parametric (c > 0) family of hemi-norms

Hc(ξ) :=
∑

r=f,∂f/∂x1,∂f/∂x2,ϕ

max |r(t, x1, x2, u1, u2)| + max
t∈[t0−1,t0]

|a(t)|, (3.2)

where the first maximum is over t ∈ T, |xi| ≤ c, ui ∈ Ω. It can be shown that the subset
Ξ(iv) ⊂ Ξ of all the triplets ξ ∈ Ξ satisfying (iv) is open.

THEOREM 3.3. Given an interval T = [t0, t1] and a set Ω satisfying (i), consider the
set Ξ(3.1) of all the triplets ξ ∈ Ξ(iv) for which (3.1) is valid. The set Ξ(3.1) is nonempty and
open. If the domain Ω is connected, then the set Ξ(3.1) is dense in Ξ(iv).

The second claim means that the phenomenon (3.1) is typical.

4. Problems for which the natural limit model is proper. In this section, we discuss
how to recognize problems for which (2.8) is true. This remains of interest despite of the fact
that by Theorem 3.3, relation (2.8) is highly probable to be violated because of errors in our
knowledge of ξ. However, the both quantities in it can be shown to depend on ξ continuously.
So whenever (2.8) holds for the nominal model, small errors in our knowledge of ξ cannot
violate (2.8) much. Furthermore the following lemma shows that in the case (2.8), the control
optimal for the natural limit problem is suboptimal for the delayed one.

LEMMA 4.1. Let the hypotheses (i)-(iv) be fulfilled and a measurable function u(·) :
[t0 − 1, t1] → Ω be given. If the control u|[t0,t1] is optimal in the natural limit problem P(0),
the control u|[t0−∆,t1] is µ(∆)-suboptimal in the primal one (2.1)-(2.4). More precisely, the
corresponding value of the cost functional does not exceed Iopt(∆) + µ(∆), where

µ(∆) ≤

∣∣∣∣ lim
∆→+0

Iopt(∆) − Iopt(0)

∣∣∣∣ + ε(∆) and ε(∆) → 0 as ∆ → +0. (4.1)

DEFINITION 4.2. If (2.8) is true, the problem (2.1)-(2.4) is said to be stable to the delay.
By the next theorem, one is unable to recognize such a stability and estimate the discrep-

ancy between the left and right hand sides of (2.8) if only the natural limit model is known.
THEOREM 4.3. Consider the problem (2.5),(2.6), where the vector a0 ∈ Rn, the set

Ω ⊂ Rm, and the functions ϕ(·), f(·) are given and satisfy (i), (ii), (iv) (provided we put
f(t, x1, x2, u1, u2) := f(t, x1, u1) and ϕ(t, x1, x2, u1, u2) := ϕ(t, x1, u1) in (ii),(iv)).

Given A > 0, there exists a problem (2.1)-(2.4) satisfying (i)-(iv) and such that the
original problem (2.5),(2.6) is its natural limit case (i.e., (2.7) is true) and

∣∣∣∣ lim
∆→+0

Iopt(∆) − Iopt(0)

∣∣∣∣ > A. (4.2)
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Necessary and sufficient conditions for the problem (2.1)-(2.4) to be stable to the delay
will be given in the next section. So far as they are quite complicated, we adduce here simple
but useful sufficient conditions for such a stability.

THEOREM 4.4. Let the hypotheses (i)-(iv) be valid. Suppose that the set Ω is convex,
the function ϕ(t, x1, x2, u1, u2) is convex in (u1, u2) for any t, x1, x2, and the function f(·)
disintegrates into the sum f(t, x1, x2, u1, u2) = f1(t, x1, x2, u1) + f2(t, x1, x2, u2) with the
continuous summands f1(·) and f2(·) that are linear in u1 and u2, respectively.1 Then the
problem (2.1)-(2.4) is stable with respect to the delay.

5. The proper instantaneous (limit) model of the delayed optimal control problem.
We recall that this is an instantaneous (undelayed) optimal control problem P such that first,
the minimum of the cost functional in P equals the limit from (3.1) and second, solution
of this problem provides a complete characterization of asymptotically optimal sequences
of controls in the original ∆-parametric family of problems (2.1)-(2.4). These sequences
{u∆(·)} are defined to be those for which u∆(·) is ”almost optimal” in P(∆) for ∆ ≈ 0:

I∆ [u∆(·)] − Iopt(∆) → 0 as ∆ → +0. (5.1)

Here I∆ [u∆(·)] is the value of the cost functional from (2.1). More specifically, the sequence
is asymptotically optimal if and only if it converges to the optimal control in the proper limit
problem P if this control is unique, and to the set of all such controls otherwise.

To introduce P, we need some notations. Denote by FM(Ω × Ω) the collection of all
Radon (finite regular Borel) measures in Ω × Ω and put

SPM(Ω × Ω) :=
{

η ∈ FM(Ω × Ω) : η(du1, du2) ≥ 0, η(Ω × Ω) = 1,

and η (du, Ω) = η (Ω, du)
}

. (5.2)

(The last relation means that η(E × Ω) = η(Ω ×E) for any Borel set E ⊂ Ω.) By the Riesz
theorem, FM(Ω ×Ω) is the topological dual to the space C(Ω ×Ω) of continuous functions
g : Ω×Ω → R. We endow FM(Ω×Ω) and, thereby, SPM(Ω×Ω) with the corresponding
weak star topology. Denote by CM the set of all measurable maps ν : T → SPM(Ω × Ω).
They are controls in the proper limit problem, which looks as follows

minimize
∫

T

dt

∫

Ω×Ω

ϕ [t, x(t), x(t), w] ν(t, dw) subject to ν ∈ CM, (5.3)

ẋ(t) =

∫

Ω×Ω

f [t, x(t), x(t), w] ν(t, dw), x(t0) = a0 := a(t0). (5.4)

THEOREM 5.1. Let the hypotheses (i)-(iv) be fulfilled. In the problem (5.3), (5.4), the
minimum value of the cost functional is archived and equals lim

∆→+0
Iopt(∆).

The proofs of the results presented in this section will be given in Section 10.
We note that the use of measure-valued controls is a customary approach in optimal

control theory [11, 23, 25]. In the case under consideration, the point of novelty comes to
imposing the last restriction from (5.2). Theorem 5.1 gives rise to the following fact.

1More precisely, the last claim means that fi(t, x1, x2, ui) = Ai(t, x1, x2)ui, where the n × m-matrix-
functions Ai(t, x1, x2) are continuous.
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COROLLARY 5.2. The problem (2.1)-(2.4) is stable to the delay if and only if the infimum
value of the cost functional in the problem (2.5),(2.6) equals that in (5.3), (5.4).

The problem (5.3), (5.4) has several advantages over (2.1)-(2.4). For example, along the
lines of the theory of functional differential equations [10], the state space in the latter should
be viewed as infinite dimensional in contrast with the former. Though another approach
[22] reduces the problem (2.1)-(2.4) to one without delay and with the state space of finite
dimension N , this dimension is much greater N ≥ n(t1−t0)/∆ ≫ n than that in (5.3), (5.4)
if ∆ ≈ 0. The both interpretations reflect the point of the matter and affect the formulations
of basic optimization results such as the maximum or dynamic programming principles [23].

The problem (5.3), (5.4) has deeper relations to the primal one (2.1)-(2.4) as compared
with those indicated in Theorem 5.1. For example, the set U∆ of admissible controls u :
[t0 − ∆, t1] → Ω in the problem (2.1)-(2.4) converges to the set CM from (5.3) as ∆ → 0.
To elucidate this claim, we need to embed both CM and U∆ into a common enveloping space.
To this end, we denote by L1C(T, K) (where K is a compact topological space) the Banach
space of the equivalence classes of maps g : T × K → R such that the function g(·, κ) is
measurable for all κ ∈ K, the function g(t, ·) is continuous for almost all t ∈ T , and

‖g‖ :=

∫

T

max
κ∈K

|g(t, κ)| dt < ∞. (5.5)

The above equivalence g1 v g2 holds if and only if g1(t, ·) ≡ g2(t, ·) for almost all t ∈ T .
The norm in L1C(T, K) is given by (5.5). We also denote by FM(K) and PM(K) the
collections of all the Radon and Radon probability measures in K, respectively, and put

‖ν‖ := sup

∫
g(κ)ν(dκ) ∀ ν ∈ FM(K),

where sup is over g(·) ∈ C(K) with maxκ |g(κ)| ≤ 1. Denote by F(T, K) the space of
equivalence classes of measurable functions ν : T → FM(K) such that ess supt ‖ν(t)‖ <
∞. This space can be put in duality to L1C(T, K) = {g(·)} by setting

〈ν, g〉 :=

∫

T

dt

∫

K

g(t, κ)ν(t, dκ) (5.6)

[23]. By the Bishop and Dunford-Pettis theorems, the relativization to P(T, K) := {ν(·) ∈
F(T, K) : ν(t) ∈ PM(K) a.a. t ∈ T} of the weak topology generated on F(T, K) by the
above duality is induced on P(T, K) by a certain norm ‖·‖w in F(T, K) (weak norm). The
space P (T ) := P(T, Ω×Ω) will be of special interest further. We denote by dist(A, B) the
Hausdorff distance between the sets A, B ⊂ P (T ), i.e.,

dist(A, B) := max

{
sup
ν∈A

inf
µ∈B

‖ν − µ‖w; sup
µ∈B

inf
ν∈A

‖ν − µ‖w

}
. (5.7)

Given ∆ ∈ (0, 1), we embed U∆ into P (T ) by identifying u(·) ∈ U∆ with the measure-
valued function ν : T → PM(Ω × Ω), where ν(t) is the Dirac measure at the point
[u(t), u(t − ∆)] ∈ Ω × Ω, i.e.,

∫
r(u′, u′′)ν(t, du′, du′′) := r[u(t), u(t − ∆)] (5.8)

for any r(·) ∈ C(Ω × Ω). Thus, U∆ ⊂ P (T ). The inclusion CM ⊂ P (T ) is obvious.
LEMMA 5.3. The Hausdorff distance between CM and U∆ converges to 0 as ∆ → +0.
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It readily follows from this lemma that any ν0(·) ∈ CM can be approximated

u∆(·) → ν0(·) as ∆ → +0 (5.9)

by ”ordinary” controls u∆(·) ∈ U∆. A number of algorithms can be proposed to construct
such a sequence {u∆(·)} explicitly. Its importance is demonstrated by the following theorem.

THEOREM 5.4. Let the hypotheses (i)-(iv) be fulfilled and ν0(·) be an optimal control
in the problem (5.3), (5.4). Consider a sequence {u∆(·)}∆∈(0,1) of ”ordinary” controls
u∆(·) ∈ U∆, the solution x∆(·) of the Cauchy problem (2.2),(2.3) for u(·) := u∆(·), and the
trajectory x0(·) of the system (5.4) related to the control ν0(·).

If (5.9) is true, the sequence {u∆(·)} is asymptotically optimal, i.e., (5.1) holds, and

max
t∈T

∣∣x∆(t) − x0(t)
∣∣ → 0 as ∆ → 0.

The last theorem shows that a sequence is asymptotically optimal only if (5.9) holds.
THEOREM 5.5. Let the optimal control ν0(·) in the problem (5.3), (5.4) be unique. A

sequence {u∆(·)}∆∈(0,1) of ”ordinary” controls u∆(·) ∈ U∆ is asymptotically optimal if
and only if it converges to ν0(·), i.e., (5.9) holds.

In general, such a sequence is asymptotically optimal if and only if it converges to the set
OP of all optimal controls ν0(·) in the problem (5.3), (5.4), i.e.,

dist [u∆(·), OP] := inf
ν0(·)∈OP

‖u∆(·) − ν0(·)‖w → 0 as ∆ → +0. (5.10)

Theorems 5.1 and 5.5 mean that the problem P is well-posed by perturbation of the delay
[4, 26], provided (2.1)—(2.4) is interpreted as the perturbed problem.

6. Limits of the set of admissible controls. In the remainder of the paper, we prove the
results stated above. The key to the proofs is studying some limits of the ∆-parametric set U∆

of admissible controls as ∆ → 0. In this section, we introduce these limits and reveal their
role. For the sake of further generalizations, we consider a general ∆-parametric set here.

Let we be given a ∆-parametric (here and throughout ∆ ∈ (0, 1)) set U∆ of measur-
able controls u(·) : [t0 − ∆, t1] → Ω. Further we employ the notations introduced before
Lemma 5.3 and embed U∆ into P (T ) by identifying u(·) ∈ U∆ with the measure-valued
function ν : T → PM(Ω × Ω) given by (5.8). We also introduce the following ”limits”

LIM∆→0U∆ :=
{
ν ∈ P (T ) : there exists a sequence {u∆(·)} of controls

u∆(·) ∈ U∆ ∀∆ such that u∆(·) → ν as ∆ → 0
}
, (6.1)

LIMseq
∆→0U∆ :=

{
ν ∈ P (T ) : there exist sequences {∆i}

∞
i=1 ⊂ (0, 1) and {ui(·)}

∞
i=1

such that ui(·) ∈ U∆i
∀i and ∆i → 0, ui(·) → ν as i → ∞

}
. (6.2)

(The space P (T ) is endowed with the week topology generated by the duality (5.6).)
DEFINITION 6.1. Modified problems (2.1)-(2.4) and (5.3), (5.4) are defined to be those

resulting from the original problems (2.1)-(2.4) and (5.3), (5.4) by substituting the inclusion
u(·) ∈ U∆ in place of (2.4) and the set LIM∆→0U∆ in place of CM in (5.3), respectively.

In this section, we show that under natural assumptions, the proper limit as ∆ → 0 of
the first modified problem is the second one. To this end, we start with two technical facts.

LEMMA 6.2. Both sets (6.1) and (6.2) are closed in P (T ).
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Proof. Let S denote the set (6.1) and ν ∈ S. Then ‖ν − νj‖w < j−1 with some νj ∈ S

for j = 1, 2, . . . . By (6.1), there exist sequences {u
(j)
∆ } of controls u

(j)
∆ ∈ U∆ such that

u
(j)
∆ → νj as ∆ → +0 for j = 1, 2, . . . . Hence ‖νj − u

(j)
∆ ‖w < j−1 whenever ∆ < ∆j and

∆j > 0 is small enough. Without the loss of generality, we can assume that ∆j+1 < ∆j ∀j

and ∆j → 0 as j → ∞. Putting u∆ := u
(j)
∆ ∈ U∆ for ∆ ∈ (∆j+1, ∆j ], we get

‖ν − u∆‖w ≤ ‖ν − νj‖w + ‖νj − u∆‖w ≤ 2j−1 → 0 as ∆ → +0.

Therefore, ν ∈ Slim and S = S. The closedness of the set (6.2) is established likewise.
REMARK 6.3. Since P (T ) is compact, so are the sets (6.1), (6.2) by Lemma 6.2.
LEMMA 6.4. For any ν ∈ S := LIMseq

∆→0U∆, the Cauchy problem (5.4) has a unique
solution x(·|ν) : T → Rn. This solution obeys the estimation |x(·|ν)| ≤ k ∀t ∈ T , where k
is taken from (iv) in Section 3. Let {∆i}∞i=1 ⊂ (0, 1) and {ui}∞i=1 be two sequences such that
ui ∈ U∆i

∀i and ∆i → 0, ui → ν as i → ∞. Then

max
t∈T

|xi(t) − x(t|ν)| → 0 and I∆i
(ui) → I(ν) as i → ∞. (6.3)

Here xi(·) is the solution of the Cauchy problem (2.2), (2.3) with ∆ := ∆i, u := ui, whereas
I∆(u) and I(ν) are the values of the cost functionals generated by u ∈ U∆ and ν ∈ S in the
problems (2.1)–(2.4) and (5.3), (5.4), respectively. The map ν ∈ S 7→ I(ν) is continuous.

Proof. By (6.2), any ν ∈ S is related to sequences {∆i} and {ui} with the properties
given by the third sentence of the lemma. The Arzela’s theorem and (iv) from Section 3 imply
that xi(·) is defined on [t0 − ∆i, t1] and |xi(t)| ≤ k ∀t ∈ T, i = 1, 2, . . . and also that the
sequence {xi|T } is pre-compact in C(T, Rn). It is easy to check (see, e.g., [23, Theorem
VII.1.2]) that each of its limit points satisfies (5.4). Thus relations (5.4) do have a solution
such that |x(t|ν)| ≤ k ∀t. Its uniqueness results from (ii) in Section 3. In particular, all the
limit points of the pre-compact sequence {xi(·)} equal x(·|ν), which implies the first relation
from (6.3). We recall that the control ui(·) ∈ U∆i

⊂ U∆i
is identified with the element

νi(t, du1, du2) = δ[ui(t),ui(t−∆i)](du1, du2) of P (T ), where δω is the Dirac measure at the
point ω. Denote ∆̃i := ∆i. By (2.1) and (5.3), the quantity I∆i

(ui) − I(ν) amounts to
∫

T

dt

∫

Ω×Ω

{
ϕ

[
t, xi(t), xi(t − ∆̃i), w

]
− ϕ [t, x(t|ν), x(t|ν), w]

}
νi(t, dw)

+

∫

T

dt

∫

Ω×Ω

ϕ [t, x(t|ν), x(t|ν), w]︸ ︷︷ ︸
η(t,w)

[νi(t, dw) − ν(t, dω)] . (6.4)

The integrand in the first integral converges to 0 uniformly over t ∈ T, w ∈ Ω×Ω by the first
relation from (6.3). By (5.6), the second summand equals 〈νi − ν, η〉. Hence (6.3) does hold.

Now let {νi} ⊂ S and νi → ν ∈ S as i → ∞. Denote xi(·) := x(·|νi). Retracing the
above arguments ensures consecutively that the sequence {xi(·)} is pre-compact in C(T, Rn),
each of its limit points satisfies (5.4) and so equals x(·|ν) and hence
maxt∈T |xi(t) − x(t|ν)| → 0 as i → ∞. Then the last claim of the lemma is proved like the
second relation from (6.3) since the quantity I(νi)− I(ν) has the form (6.4) with ∆̃i := 0.

The following three theorems in fact mean that one of the modified problems introduced
by Definition 6.1 is the proper limit as ∆ → +0 of the other.

THEOREM 6.5. Suppose that S := LIMseq
∆→0U∆ = LIM∆→0U∆ for a ∆-parametric set

U∆ ⊂ U∆ of controls, where the limits are defined by (6.1) and (6.2). Denote by Im
opt(∆) the

infimum of the cost functional in the modified problem (2.1)-(2.4). The minimum of the cost
functional in the modified problem (5.3), (5.4) is attained and equals lim∆→+0 Im

opt(∆).
8



Proof. By Remark 6.3, the set S is compact. So thanks to the last claim from Lemma 6.4,
infν∈S I(ν) is attained at a control ν0 ∈ S. Due to (6.1), there exists a sequence {u∆} such
that u∆ ∈ U∆ and u∆ → ν0 as ∆ → +0. By (6.3), Im

opt(∆) ≤ I∆(u∆) → I(ν0) and so

lim ∆→+0I
m
opt(∆) ≤ I(ν0).

On the other hand, there apparently exist sequences {∆i} and {vi} such that vi ∈ U∆i
∀i and

∆i → 0, I∆i
(vi) → lim ∆→+0I

m
opt(∆) as i → ∞. So far as the space P (T ) ⊃ {vi} is com-

pact, passing to a subsequence ensures that vi → ν as i → ∞, where ν ∈ LIMseq
∆→+0U∆ = S

in correspondence with (6.2). By invoking (6.3), we get

lim ∆→+0I
m
opt(∆) = lim

i→∞
I∆i

(vi) = I(ν) ≥ I(ν0).

Thus Im
opt(∆) → I(ν0) as ∆ → +0, which completes the proof.

THEOREM 6.6. Suppose that the assumption of Theorem 6.5 is fulfilled. The Hausdorff
distance (5.7) between the sets S := LIM∆→+0U∆ and U∆ vanishes as ∆ → +0.

Proof. Suppose the contrary. Then due to (5.7), there exist δ > 0 and a sequence
{∆i} ⊂ (0, 1) such that ∆i → 0 as i → ∞ and either

(i) infu∈U∆i
‖νi − u‖w ≥ δ ∀i for some sequence {νi} ⊂ S or

(ii) infµ∈S‖µ − ui‖w ≥ δ ∀i for some sequence {ui}, ui ∈ U∆i
∀i.

By Remark 6.3, both sets P (T ) and S are compact. So passing to subsequences ensures that
νi → ν ∈ S, ui → ξ ∈ P (T ) as i → ∞. Due to (6.2), ξ ∈ S, which implies that (ii) cannot
be true and (i) thereby holds. By (6.1), ν = limi→∞ wi for some wi ∈ U∆i

, i = 1, 2, . . . . So

inf
u∈U∆i

‖νi − u‖w ≤ ‖νi − wi‖w ≤ ‖νi − ν‖w + ‖ν − wi‖w → 0 as i → ∞

in violation of (i). The contradiction obtained proves the theorem.
THEOREM 6.7. Let the assumption of Theorem 6.5 be true. Employ the notation Im

opt(∆)
from it. A sequence {u∆(·)} of controls u∆(·) ∈ U∆ is asymptotically optimal in the modified
problem (2.1)—(2.4), i.e., I∆[u∆] − Im

opt(∆) → 0 as ∆ → +0, if and only if it converges to
the set OP of all optimal controls in the modified problem (5.3), (5.4), i.e., (5.10) holds.

Proof. Let (5.10) be true. Suppose that the sequence {u∆} is not asymptotically optimal.
With regard to Theorem 6.5, we see that there exist δ > 0 and a sequence {∆i} for which
I∆i

(
u∆i

)
≥ δ +minµ∈S I(µ) ∀i and ∆i → 0 as i → ∞. Since the space P (T ) ⊃ {u∆i

} is
compact, passing to a subsequence ensures that u∆i

→ ν as i → ∞, where ν ∈ S by (6.2).
In view of (5.10), dist[ν, OP] ≤ ‖ν − u∆i

‖w + dist[u∆i
, OP] → 0 as i → ∞, where the set

OP is closed due to the last claim from Lemma 6.4. Hence ν ∈ OP. Due to (6.3), we have

δ + min
µ∈S

I(µ) ≤ I∆i
(u∆i

) → I(ν) = min
µ∈S

I(µ) as i → ∞.

The contradiction obtained proves that the sequence {u∆} is asymptotically optimal.
Conversely, consider such a sequence {u∆}. Suppose that (5.10) is violated. Then there

exist δ > 0 and a sequence {∆i} such that dist[u∆i
, OP] ≥ δ ∀i and ∆i → 0 as i → ∞.

As above, one can assume that u∆i
→ ν ∈ S as i → ∞. By (6.3), lim∆→+0 Im

opt(∆) =
limi→∞ I∆i

(u∆i
) = I(ν). So Theorem 6.5 yields ν ∈ OP in violation of the above relation

dist[u∆i
, OP] ≥ δ ∀i. Thus (5.10) does hold.

7. General properties of the limit (6.1). As follows from the previous section, proofs
of the results from Section 5 are reduced to calculating the limits (6.1) and (6.2) for U∆ :=
U∆. In doing so, certain general properties of the limit (6.1) are helpful. In this section, we
reveal them. They follow from the single property introduced by the following definition.
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DEFINITION 7.1. A subset S ⊂ P (T ) is said to be permutable if for any ν1, ν2 ∈ S

and τ ∈ (t0, t1), it contains the element given by the following formula (where E := [t0, τ))

νE(t, du1, du2) :=

{
ν1(t, du1, du2) whenever t ∈ E

ν2(t, du1, du2) otherwise.
(7.1)

The next lemma shows that this property holds in the case U∆ := U∆ of our primal interest.
LEMMA 7.2. If U∆ := U∆ ∀∆, the set (6.1) is permutable.

Proof. Let S denote the set (6.1) and ν1, ν2 ∈ S, τ ∈ (t0, t1). For i = 1, 2, consider
a sequence {u

(i)
∆ } associated with νi by (6.1). Setting u∆(t) := u

(1)
∆ (t) for t < τ and

u∆(t) := u
(2)
∆ (t) for t ≥ τ gives a control u∆ ∈ U∆. For η ∈ L1C(T, Ω × Ω), we put

η1(t, w) := η(t, w), η2(t, w) := 0 if t < τ and η2(t, w) := η(t, w), η1(t, w) := 0 if t ≥ τ .
Then (5.6) and (5.8) yield

〈η; u∆〉 =

∫

T

η [t, u∆(t), u∆(t − ∆)] dt =

∫ t1

τ+∆

η
[
t, u

(2)
∆ (t), u

(2)
∆ (t − ∆)

]
dt

+

∫ τ+∆

τ

η
[
t, u

(2)
∆ (t), u

(1)
∆ (t − ∆)

]
dt

︸ ︷︷ ︸
α(1)(∆)

+

∫ τ

t0

η
[
t, u

(1)
∆ (t), u

(1)
∆ (t − ∆)

]
dt

=

∫ t1

τ

η
[
t, u

(2)
∆ (t), u

(2)
∆ (t − ∆)

]
dt −

∫ τ+∆

τ

η
[
t, u

(2)
∆ (t), u

(2)
∆ (t − ∆)

]
dt

︸ ︷︷ ︸
α(2)(∆)

+α(1)(∆)

+

∫ τ

t0

η
[
t, u

(1)
∆ (t), u

(1)
∆ (t − ∆)

]
dt =

〈
η2; u

(2)
∆

〉
+

〈
η1; u

(1)
∆

〉
+ α(1)(∆) − α(2)(∆).

In view of (5.5),

∣∣∣α(i)(∆)
∣∣∣ ≤

∫ τ+∆

τ

max
u1,u2∈Ω

|η [t, u1, u2]| dt → 0 as ∆ → 0.

So letting ∆ → 0 gives 〈u∆; η〉 → 〈ν1; η1〉 + 〈ν2; η2〉 =: χ, where

χ =

∫

T

dt

∫

Ω×Ω

η1(t, w)ν1(t, dw) +

∫

T

dt

∫

Ω×Ω

η2(t, w)ν2(t, dw) = 〈νE ; η〉

and η ∈ L1C(T, Ω × Ω) is arbitrary. Thus u∆ → νE , and so νE ∈ S by (6.1).
In the remainder of the section, we reveal consequences of permutability and closedness.
LEMMA 7.3. Suppose that the set S ⊂ P (T ) is closed and permutable. Given ν1, ν2 ∈

S, the element (7.1) belongs to S for any Borel set E.
Proof. The claim is immediate from Definition 7.1 in the case where E is the union of a

finite number of intervals. As is well known, any Borel set E can be approximated by such
unions E(1), E(2), . . . in the sense that mes(E(i) 4E) → 0 as i → ∞. Here and throughout,
the symbol mes stands for the Lebesgue measure and A 4 B := A \ B ∪ B \ A. For any

10



function η ∈ L1C(T, Ω × Ω), we have due to (7.1),

〈νE(i) ; η〉 − 〈νE ; η〉 =

∫

T

dt

∫

Ω×Ω

η(t, u1, u2) [νE(i)(t, du1, du2) − νE(t, du1, du2)]

=

∫

E\E(i)

dt

∫

Ω×Ω

η(t, u1, u2)ν21(t, du1, du2)

︸ ︷︷ ︸
β(1,i)

+

∫

E(i)\E

dt

∫

Ω×Ω

η(t, u1, u2)ν12(t, du1, du2)

︸ ︷︷ ︸
β(2,i)

.

Here νsl := νs − νl for s, l = 1, 2 and thanks to (5.5),

|β(j, i)| ≤

∫

E(i)4E

dt

∫

Ω×Ω

|η(t, u1, u2)| [ν1(t, du1, du2) + ν2(t, du1, du2)]

≤ 2

∫

E(i)4E

max
u1,u2∈Ω

|η(t, u1, u2)| dt → 0 as i → ∞.

Hence 〈νE(i) ; η〉 → 〈νE ; η〉 as i → ∞ for all η ∈ L1C(T, Ω × Ω) or in other words,
νE(i) → νE as i → ∞. Thus νE ∈ S = S.

Lemma 7.3 implies easily the following claim.
COROLLARY 7.4. Suppose that the assumptions of Lemma 7.3 are true, ν1, . . . , νs ∈

S, and E1, . . . , Es are Borel sets constituting a partition of T . Put ν(t, dw) := νi(t, dw)
whenever t ∈ Ei and i = 1, . . . , s. Then ν ∈ S.

Though the next fact is well known, we offer its proof for the convenience of the reader.
LEMMA 7.5. Any closed and permutable set S ⊂ P (T ) is convex.
Proof. Let ν1, ν2 ∈ S, θ1, θ2 > 0, and θ1 + θ2 = 1. We put ν(r)(t, dw) := νi(t, dw)

whenever t ∈ Ti(j, r) for some i = 1, 2 and j = 0, . . . , 2r − 1, where r = 1, 2, . . . ,

T1(j, r) :=
[
t0 + j2−r|T |, t0 + j2−r|T | + θ12

−r|T |
)
,

T2(j, r) :=
[
t0 + j2−r|T |+ θ12

−r|T |, t0 + (j + 1)2−r|T |
)
,

and |T | := t1 − t0. For any η(·) ∈ L1C(T, Ω × Ω), relation (5.6) yields

〈
ν(r); η

〉
=

∫

T

dt

∫

Ω×Ω

η(t, w)ν(r)(t, dw) = Ar(f1, f2) :=

2r−1∑

j=0

∑

i=1,2

∫

Ti(j,r)

fi(t) dt,

where fi(t) :=
∫
Ω×Ω η(t, w)νi(t, dw). For any χ1(·), χ2(·) ∈ L1(T ),

|Ar(χ1, χ2)| ≤
2r−1∑

j=0

∑

i=1,2

∫

Ti(j,r)

|χi(t)| dt ≤
∑

i=1,2

∫

T

|χi(t)| dt = |(χ1, χ2)|.

Denote by Sr the set of functions χ(·) : T → R that are constant on any interval T (j, r) :=
T1(j, r) ∪ T2(j, r). For χ(·) ∈ Sr and r′ ≥ r, it is easy to see that

∫
Ti(j,r′) χ(t)dt =

θi

∫
T (j,r′) χ(t)dt, i = 1, 2. Hence Ar(χ1, χ2) = A(χ1, χ2) :=

∑
i=1,2 θi

∫
T χi(t)dt for

large r ≥ r(χ1, χ2) whenever χ1(·), χ2(·) ∈ S :=
⋃∞

r=1 Sr. The set S is dense in L1(T ).
So given ε > 0, there exist χ1(·), χ2(·) ∈ S such that |fi − χi| < ε for i = 1, 2. Whence

lim r→∞ |(Ar − A) (f1, f2)| = lim r→∞ |(Ar − A) [(f1, f2) − (χ1, χ2)]|

≤ lim r→∞ |Ar[(f1, f2) − (χ1, χ2)]| + |A[(f1, f2) − (χ1, χ2)]|

≤ (1 + ‖A‖) |(f1, f2) − (χ1, χ2)| ≤ 2ε (1 + ‖A‖) ∀ε > 0.
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Thus we see that limr→∞

〈
ν(r); η

〉
= A(f1, f2) = θ1

∫
T

f1(t)dt + θ2

∫
T

f2(t)dt
=

∫
T dt

∫
Ω×Ω η(t, w)[θ1ν1(t, dw)+θ2ν2(t, dw)] = 〈θ1ν1 + θ2ν2; η〉 ∀η, i.e., ν(r) → θ1ν1+

θ2ν2 as r → ∞. Since ν(r) ∈ S ∀r by Lemma 7.3, we get θ1ν1 + θ2ν2 ∈ S = S.
Now we are in a position to prove the main result of the section.
THEOREM 7.6. Let a set S ⊂ P (T ) be closed and permutable. Whenever

µj ∈ S, αj(·) ∈ L∞(T ) j = 1, . . . , l, and α1(t) ≥ 0, . . . , αl(t) ≥ 0,

l∑

j=1

αj(t) = 1

(7.2)

for almost all t ∈ T , the set S contains the following element

ν(t, du1, du2) :=

l∑

j=1

αj(t)µj(t, du1, du2).

Proof. The functions αj(·) can be uniformly approximated by step functions, i.e., mea-
surable functions that take a finite number of values. Moreover, these step functions can be
chosen to satisfy (7.2). Since S = S, this implies that it suffices to prove Lemma 7.6 in the
case where α1(t), . . . , αl(t) are step functions. In such a case, there exists a Borel partition
T = E1 ∪ · · · ∪Es of T such that αj(t) = α

(i)
j a.a. t ∈ Ei and all j = 1, . . . , l, i = 1, . . . , s.

By Lemma 7.5, νi :=
∑l

j=1 α
(i)
j µj ∈ S for i = 1, . . . , s. It remains o note that ν(t, dw) =

νi(t, dw) whenever t ∈ Ei, and apply Corollary 7.4.
Lemmas 6.2, 7.2 and Theorem 7.6 give rise to the following claim.
COROLLARY 7.7. The conclusion of Theorem 7.6 is true for the limit (6.1) of the ∆-

parametric set U∆ := U∆.

8. Extremal points of a polygon in the space of matrices. Our next objective is to
show that the limits (6.1), (6.2) equal CM if U∆ = U∆ ∀∆. We recall that the symbol CM

stands for the collection of all measurable maps ν : T → SPM(Ω×Ω). Here SPM(Ω×Ω)
is the set of all probability measures satisfying (5.2). To prove that any element ν of CM

belongs to the sets (6.1), (6.2), it is convenient to start with the elements of the form

ν(t, du′, du′′) =

l∑

i,j=1

pij(t)δui
(du′)δuj

(du′′), (8.1)

where u1, . . . , ul ∈ Ω, ui 6= uj whenever i 6= j, and δv(du) is the Dirac measure at the point
v ∈ Ω. It is easy to see that ν ∈ CM if and only if for almost all t, the matrix

P (t) = (pij(t))
l
i,j=1 (8.2)

belongs to the set Ml of all l × l-matrices P = (pij)
l
i,j=1 such that

pi,j ≥ 0 ∀i, j,
l∑

i,j=1

pi,j = 1,
l∑

j=1

pi,j =
l∑

j=1

pj,i ∀ i = 1, . . . l. (8.3)

The set Ml is clearly a polygon in the space of l × l matrices. So it is the convex hull of its
extremal points. By Corollary 7.7, this means that any element ν ∈ CM of the form (8.1)
belongs to the sets (6.1), (6.2) if so do elements (8.1) with the matrix P (t) constant and from
the set M ext

l of the extremal points of Ml. In this section, we calculate M ext
l .
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LEMMA 8.1. Suppose that P̃ = (p̃ij) ∈ M ext
l , P = (pij) ∈ Ml, and p̃ij ≥ θpij ∀i, j,

where θ > 0. Then P̃ = P .
Proof. Reducing θ > 0 yields that p̃i′j′ > θpi′j′ for some i′, j′. By (8.3), 1 =∑l

i,j=1 p̃ij > θ
∑l

i,j=1 pij = θ, i.e., 0 < θ < 1. Put p′ij := (1 − θ)−1 (p̃ij − θpij). It

is easy to see that P ′ := (p′ij)
l
i,j=1 ∈ Ml and P̃ = θP + (1 − θ)P ′. This implies P̃ = P by

the definition of the extremal point.
DEFINITION 8.2. A l × l-matrix P is said to be cyclic if there exists a sequence of

integers 1 ≤ i1, i2, . . . , is ≤ l such that ih 6= id for h 6= d and

phd = 0 whenever (h, d) 6= (iσ, iσ−1) ∀σ = 1, . . . , s (i0 := is),
piσ ,iσ−1 = s−1 ∀σ = 1, . . . , s.

(8.4)

Note that any such matrix belongs to Ml.
LEMMA 8.3. Any extremal point of Ml is a cyclic matrix.
Proof. Let P̃ = (p̃ij) ∈ M ext

l . If p̃ii > 0 for some i, then Lemma 8.1 (where θ :=

p̃ii, phd := 0 whenever h 6= d or h = d 6= i, and pii := 1) ensures that P̃ = P := (phd)
l
h,d=1,

where the matrix P is cyclic (with s := 1 and i1 := i in (8.4)). Suppose that p̃11 = · · · =

p̃ll = 0. By (8.3),
∑l

j=1 p̃ij > 0 for some i = d1. Hence p̃d1d2 > 0 for some index d2 6= d1.

Thanks to (8.3),
∑l

j=1 p̃d2,j =
∑l

j=1 p̃j,d2 > 0 and so p̃d2d3 > 0 for some d3 = 1, . . . , l.
Apparently, d3 6= d2. By continuing likewise, we get a sequence d1, d2, d3, . . . such that
dj+1 6= dj and p̃djdj+1 > 0∀j. We terminate it when some index is repeated, i.e., di 6= dj

whenever i < j ≤ q and dq+1 = dr for some r = 1, . . . , q. Here r ≤ q− 1 since dq 6= dq+1.
Put s := q−r+1 ≥ 2 and ij := ds+r−j for j = 1, . . . , s. Then ij 6= ij′ whenever j < j′ ≤ s
and p̃ij ij−1 > 0 for j = 1, . . . , s, where i0 := ds+r = dq+1 = dr = is. Define the cyclic
matrix P = (pij)

l
i,j=1 in correspondence with (8.4) and denote θ := s minj=1,... ,s p̃ij ,ij−1 .

Then p̃ij ≥ θpij ∀i, j, and Lemma 8.1 completes the proof.
Now we are in a position to state the main result of the section.
THEOREM 8.4. The extremal points of Ml constitute the set of all cyclic l × l-matrices.
Proof. Thanks to Lemma 8.3, it suffices to show that any such a matrix P = (pij) is an

extremal point. Suppose that P = θ1P
〈1〉 + θ2P

〈2〉, where θh > 0, P 〈h〉 = (p
〈h〉
ij ) ∈ Ml, and

θ1 + θ2 = 1. Consider the sequence i1, . . . , is associated with P by Definition 8.2. Since
pij = θ1p

〈1〉
ij + θ2p

〈2〉
ij , we have pij = 0 ⇒ p

〈h〉
ij = 0 h = 1, 2. Hence (8.4) yields

p
〈h〉
ij = 0 whenever (i, j) 6= (iσ−1, iσ) ∀σ = 1, . . . , s. (8.5)

So s = 1 ⇒ P 〈1〉 = P 〈2〉 = P , i.e., the point P is extremal. Now suppose that s ≥ 2.
Then p

〈h〉
ii = 0 ∀h = 1, 2, i = 1, . . . , l by (8.5). Whence p

〈h〉
ij = 0 ∀i 6= j ⇒ p

〈h〉
ij =

0 ∀i, j in violation of (8.3). Thus p
〈h〉
ij > 0 for some i 6= j. Then retracing the arguments

from the proof of Lemma 8.3 shows that p
〈h〉
biσ−1

biσ

> 0 ∀σ = 1, . . . , ŝ ≥ 2 for a sequence

{̂iσ}bs
σ=1, îσ+1 6= îσ, î0 := îbs. Then (8.5) implies that ŝ = s and this sequence equals {iσ}

up to a cyclic shift of the index. Thus p
〈h〉
iσ−1iσ

> 0 ∀σ. The last relation from (8.3) and (8.5)

yield that ζ〈h〉 := p
〈h〉
iσ−1iσ

does not depend on σ. Then the second relation from (8.3) gives
sζ〈h〉 = 1. Thus P 〈h〉 = P for h = 1, 2 in view of (8.4), which completes the proof.

9. Calculation of the limits (6.1), (6.2) in the case where U∆ = U∆ ∀∆. From now
on, we consider the ∆-parametric set U∆. In this section, we show that

S = Sseq = CM, where S := LIM∆→0U∆ and Sseq := LIMseq
∆→0U∆. (9.1)
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LEMMA 9.1. The following inclusions hold: S ⊂ Sseq ⊂ CM.
Proof. The first inclusion is immediate from (6.1) and (6.2). To prove the second one,

consider an element ν ∈ Sseq and the corresponding sequences {∆i} and {ui} from (6.2).
Given two functions ζ(·) ∈ L1(T ) and ρ(·) ∈ C(Ω), we put ηi(t, u1, u2) := ζ(t)ρ(ui) (i =
1, 2) for all t ∈ T and u1, u2 ∈ Ω. By (5.6) and (5.8),

〈ui; η2〉 − 〈ui; η1〉 =

∫

T

ρ [ui(t − ∆i)] ζ(t) dt −

∫

T

ρ [ui(t)] ζ(t) dt

=

∫ t1−∆i

t0−∆i

ρ [ui(t)] ζ(t + ∆i) dt −

∫ t1

t0

ρ [ui(t)] ζ(t) dt.

Letting i → ∞ gives

0 = 〈ν; η2〉 − 〈ν; η1〉 =

∫

T

ζ(t) dt

∫

Ω×Ω

[ρ(u2) − ρ(u1)] ν(t, du1, du2).

So far as the function ζ(·) ∈ L1(T ) is arbitrary, we have for almost all t ∈ T

0 =

∫

Ω×Ω

[ρ(u2) − ρ(u1)] ν(t, du1, du2) =

∫

Ω

ρ(u)ν(t, du, Ω) −

∫

Ω

ρ(u)ν(t, Ω, du)

for all ρ(·) ∈ C(Ω). So ν(t, du, Ω) = ν(t, Ω, du) and thus ν ∈ CM.
Thus to justify (9.1), it suffices to show that any element ν ∈ CM belongs to S =

LIM∆→+0U∆. We start with the elements of the form (8.1).
LEMMA 9.2. Suppose that the matrix (8.2) is cyclic and does not depend on t, i.e.,

P (t) = P = (pij) a.a. t ∈ T . Then the element (8.1) belongs to S = LIM∆→+0U∆.
Proof. Consider the sequence 1 ≤ i1, . . . , is ≤ l associated with P by (8.4) and denote

t∆(r, j) := t0 − ∆ + sr∆ + j∆, T∆(r, j) :=
[
t∆(r, j − 1) ; t∆(r, j)

)
∩ [t0 − ∆, t1],

u∆(t) := uij
whenever t ∈ T∆(r, j) for some r = 0, 1, . . . , j = 1, . . . , s.

Then u∆ ∈ U∆. So due to (6.1), it suffices to show that u∆ → ν as ∆ → +0, i.e., 〈u∆; η〉 →
〈ν; η〉 as ∆ → +0 for any η ∈ L1C(T, Ω × Ω). By [23, Lemma IV.2.4], one can focus on
the functions η of the form η(t, u1, u2) = χE(t)ρ(u1, u2), where ρ(·) ∈ C(Ω × Ω), E =
[τ1, τ2], t0 < τ1 < τ2 < t1, and χE(t) := 1 for t ∈ E whereas χE(t) := 0 if t /∈ E. Put

A∆ :=
{

α = 0, 1, · · · : T∆(α) :=
[
t∆(0, 0) + sα∆;t∆(0, 0) + s(α + 1)∆

]
⊂ [τ1, τ2]

}
,

α−
∆ := min {α : α ∈ A∆}, α+

∆ := max {α : α ∈ A∆}. Then by (5.6) and (5.8),

〈u∆; η〉 =

∫

T

χE(t) ρ [u∆(t), u∆(t − ∆)]︸ ︷︷ ︸
κ(t)

dt =

∫ τ2

τ1

κ(t) dt

=

∫

T∆(α−

∆−1)∩[τ1,τ2]

κ(t) dt

︸ ︷︷ ︸
ω−(∆)

+

∫

T∆(α+
∆+1)∩[τ1,τ2]

κ(t) dt

︸ ︷︷ ︸
ω+(∆)

+

α+
∆∑

r=α−

∆

s∑

j=1

∫

T∆(r,j)

κ(t) dt

︸ ︷︷ ︸
ω(∆)

.
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Here mesT∆(α±
∆±1) = s∆ and so |ω±(∆)| ≤ cρs∆, where cρ := max

u′,u′′∈Ω
|ρ(u′, u′′)|. Thus

ω±(∆) → 0 as ∆ → +0. For the indices r, j involved in the last sum and ∆ ≈ 0,

∫

T∆(r,j)

κ(t)dt =

∫ t∆(r,j−1)+∆

t∆(r,j−1)

ρ
(
uij

, uij−1

)
dt = ∆ρ

(
uij

, uij−1

)
.

Note that ∆ = mesT∆(r, j). Hence

ω(∆) =
1

s

s∑

j=1

ρ
(
uij

, uij−1

) α+
∆∑

r=α−

∆

s∑

j=1

mesT∆(r, j).

The last double sum equals mesT∆, where T∆ :=
⋃α+

∆

r=α−

∆

⋃s
j=1 T∆(r, j) ⊂ [τ1, τ2], [τ1, τ2] \

T∆ ⊂ T∆(α−
∆ − 1) ∪ T∆(α+

∆ + 1), and mes
[
T∆(α−

∆ − 1) ∪ T∆(α+
∆ + 1)

]
→ 0 as ∆ → +0

by the foregoing. It follows that

〈u∆; η〉 → Γ := s−1(τ2 − τ1)

s∑

j=1

ρ
(
uij

, uij−1

)
.

At the same time, (5.6), (8.1), and (8.4) yield Γ =
∫ τ2

τ1
dt

∑l
i,j=1 pijρ (ui, uj) = 〈ν; η〉,

which completes the proof.
LEMMA 9.3. The set LIM

∆→+0
U∆ contains any element (8.1) with P (t) ∈ Ml a.a. t ∈ T .

Proof. Put A := {α : M ext
l → [0,∞) :

∑
P∈M ext

l
α(P ) = 1} and Λ

[
α(·)

]
:=∑

P∈M ext
l

α(P )P , where M ext
l is the set of the extremal points of Ml. By the Krein-Milman

theorem, Λ(A) ⊃ Ml. Then Theorems I.7.6 and I.7.7 [23] imply that P (t) = Λ
[
α(t, ·)

]
for

a measurable function t 7→ α(t, ·) ∈ A. Lemma 9.2 and Corollary 7.7 complete the proof.
Now we are in a position to state the main result of the section.
THEOREM 9.4. The relationships (9.1) are true.
Proof. By Lemma 9.1, it suffices to show that CM ⊂ S. Let ν ∈ CM. Given δ > 0, we

introduce a Borel partition Ω = Ωδ(1) ∪ · · · ∪ Ωδ(lδ) such that supu∈Ωδ(i) |u − uδ
i | < δ for

some uδ
i ∈ Ωδ(i) and all i = 1, . . . , lδ. It follows from (5.2) that (8.3) is valid for l := lδ and

pij := pδ
ij(t) := ν

[
t, Ωδ(i), Ωδ(j)

]
i, j = 1, . . . , lδ.

Thus P (t) :=
(
pδ

ij(t)
)lδ

i,j=1
∈ Mlδ a.a. t, where the set Mlδ consists of all matrices satisfying

(8.3). So Lemma 9.3 ensures that the element νδ defined by (8.1) (where l := lδ , pij :=
pδ

ij(t), ui := uδ
i ) belongs to S. For any ρ ∈ C(Ω × Ω) and a.a. t ∈ T ,

∣∣∣∣
∫

Ω×Ω

ρ(u′, u′′)νδ(t, du′, du′′) −

∫

Ω×Ω

ρ(u′, u′′)ν(t, du′, du′′)

∣∣∣∣

=

∣∣∣∣∣∣

lδ∑

i,j=1

ρ
(
uδ

i , u
δ
j

)
pδ

ij(t) −
lδ∑

i,j=1

∫

Ωδ(i)×Ωδ(j)

ρ(u′, u′′)ν(t, du′, du′′)

∣∣∣∣∣∣

≤
lδ∑

i,j=1

∫

Ωδ(i)×Ωδ(j)

∣∣ρ
(
uδ

i , u
δ
j

)
− ρ(u′, u′′)

∣∣ ν(t, du′, du′′) ≤ qδ[ρ(·)]. (9.2)
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Here qδ[ρ(·)] := max |ρ(v1, v2) − ρ(u1, u2)|, where max is over (v1, v2), (u1, u2) ∈ Ω × Ω
such that |v1 − u1| ≤ δ, |v2 − u2| ≤ δ. Pick η ∈ C(T ). Then

∣∣∣∣
∫

T

η(t) dt

∫

Ω×Ω

ρ(u′, u′′)νδ(t, du′, du′′) −

∫

T

η(t) dt

∫

Ω×Ω

ρ(u′, u′′)ν(t, du′, du′′)

∣∣∣∣

≤ qδ[ρ(·)]

∫

T

|η(t)| dt.

Let δ → +0. Since qδ[ρ(·)] → 0, then νδ → ν by [23, Theorem IV.2.4]. As was shown,
νδ ∈ S. Then Lemma 6.2 yields ν ∈ S, CM ⊂ S, which completes the proof of (9.1).

10. Proofs of the statements from Section 5. Theorem 5.1 is immediate from The-
orems 6.5 and 9.4. Lemma 5.3 follows from Theorems 6.6 and 9.4. Theorem 5.4 results
from Theorems 6.7, 9.4 and the first relation from (6.3). Theorem 5.5 is straightforward from
Theorems 6.7 and 9.4.

11. Proofs of the statements from Section 3.
Proof of Lemma 3.1. This lemma is immediate from Theorem 5.1.
Proof of Theorem 3.2. Put in (2.1)–(2.4) f(t, x1, x2, u1, u2) := a(t) := 0, ϕ(t, x1, x2,

u1, u2) := −|u1 − u2|2, where | · | is the Euclidean norm in Rm. Then due to (2.7),
ϕ(t, x, u) = 0 and so Iopt(0) = 0, where Iopt(0) is the infimum of the cost functional
in the problem (2.5), (2.6). By (i) from Section 3, the set Ω contains two points u1 6= u2. Put

ν(t, dw) := η(dw) :=
1

2(t1 − t0)

[
δ(u1,u2)(dw) + δ(u2,u1)(dw)

]
, (11.1)

where w = (u′, u′′) ∈ Ω×Ω and δω(dw) is the Dirac measure at the point ω ∈ Ω×Ω. Then
η satisfies the relations from (5.2) and hence ν ∈ CM. As a result, Theorem 5.1 yields

lim
∆→+0

Iopt(∆) ≤ −

∫

T

dt

∫

Ω×Ω

|u′ − u′′|2ν(t, du′, du′′) = −|u1 − u2|
2 < 0 = Iopt(0).

The remainder of the section is devoted to the proof of Theorem 3.3. Further we employ the
notations introduced before and in this theorem. By (iv) from Section 3, the Cauchy problem
(2.2), (2.3) has a unique solution x(·) = x∆[·|u(·), ξ] for any ξ = [f(·), ϕ(·), a(·)] ∈ Ξ(iv),
∆ ∈ [0, 1), and u(·) ∈ U := {u(·) : [t0 − 1, t1] → Ω, u(·) is measurable }.

LEMMA 11.1. For any ξ# ∈ Ξ(iv), the following convergence holds

κ[ξ, ξ#] := sup
∆∈[0,1)
u(·)∈U

max
t∈T

∣∣x∆[t|u(·), ξ] − x∆[t|u(·), ξ#]
∣∣ → 0 as

{
ξ → ξ#

ξ ∈ Ξ(iv)
. (11.2)

Proof. The proof is based on the implicit function theorem [23, Th.II.3.8]. To employ
it, put Υ := [0, 1) × U , consider the Banach space X of all bounded maps υ = [∆, u(·)] ∈

Υ
x
−→ xυ(·) ∈ C(T, Rn) equipped by the norm |x| := supυ∈Υ maxt∈T |xυ(t)|, and introduce

the map F : X × Ξ(iv) → X by putting F [x, ξ] := x̃, where ξ = [f(·), ϕ(·), a(·)] and

x̃[∆,u(·)](t) := a(t0) +
∫ t

t0

f

[
θ, x[∆,u(·)](θ),

{
x[∆,u(·)](θ − ∆) if θ ≥ t0 + ∆
a(θ − ∆) if θ < t0 + ∆

}
, u(θ), u(θ − ∆)

]
dθ.
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By (i)—(iv) from Section 3, the element x[∆,u(·)](t) := x∆[t|u(·), ξ] belongs to X and is the
unique solution for the equation F (x, ξ) = x. Theorem II.3.8 [23] completes the proof.

LEMMA 11.2. The infima I∆
opt(ξ), I

lim
opt(ξ), Iopt(ξ) of the cost functionals in the problems

(2.1)—(2.4); (5.3), (5.4); and (2.5), (2.6), respectively, depend on ξ ∈ Ξ(iv) continuously.
Proof. Denote by I∆[u(·)|ξ] the value of the functional from (2.1) on the process(

x∆[·|u(·), ξ], u[·]
)
. Let ξ → ξ# = [f#(·), ϕ#(·), a#(·)] ∈ Ξ(iv), ξ ∈ Ξ(iv). Then

∣∣I∆[u(·)|ξ]−I∆[u(·)|ξ#]
∣∣≤

∫

T

∣∣∣ϕ# {t, x∆[t|u(·), ξ], x∆[t − ∆|u(·), ξ], u(t), u(t − ∆)}

− ϕ#
{
t, x∆[t|u(·), ξ#], x∆[t − ∆|u(·), ξ#], u(t), u(t − ∆)

} ∣∣∣ dt

+

∫

T

∣∣∣
(
ϕ − ϕ#

)
{t, x∆[t|u(·), ξ], x∆[t − ∆|u(·), ξ], u(t), u(t − ∆)}

∣∣∣ dt. (11.3)

Due to (iv) from Section 3,
∣∣x∆[t|u(·), ξ#]

∣∣ ≤ k for all ∆ ∈ [0, 1), u(·) ∈ U , and t ∈
[t0 − ∆, t1]. So the first integral on the right does not exceed

(t1 − t0) max
∣∣∣ϕ#

[
t, y′, y′′, w

]
− ϕ#

[
t, x′, x′′, w

]∣∣∣, (11.4)

where max is over t ∈ T, w ∈ Ω × Ω,
∣∣x′

∣∣,
∣∣x′′

∣∣ ≤ k,
∣∣y′ − x′

∣∣,
∣∣y′′ − x′′

∣∣ ≤ κ[ξ, ξ#],
and κ[ξ, ξ#] is given by (11.2). So owing to (ii) from Section 3 and (11.2), this integral
converges to 0 uniformly over u(·) ∈ U and ∆ ∈ [0, 1). By (11.2), one can assume that∣∣x∆[t|u(·), ξ]

∣∣ ≤ c := k + 1 for all u(·) ∈ U, ∆ ∈ [0, 1), and t ∈ [t0 − ∆, t1]. Then the
second integral in (11.3) does not exceed (t1 − t0)Hc(ξ − ξ#) → 0, where Hc(·) is given by
(3.2). It follows that

sup
∆∈[0,1)

sup
u(·)∈U

∣∣I∆[u(·)|ξ] − I∆[u(·)|ξ#]
∣∣ → 0. (11.5)

Since I∆
opt(ξ) = infu(·)∈U I∆[u(·)|ξ], we have

sup
∆∈[0,1)

∣∣I∆
opt(ξ) − I

∆
opt(ξ

#)
∣∣ → 0. (11.6)

Whence for any ∆ ∈ [0, 1), the function ξ ∈ Ξ(iv) 7→ I∆
opt(ξ)

(
= Iopt(ξ) for ∆ = 0

)
is

continuous. So is the map ξ 7→ Ilim
opt(ξ) thanks to (11.6) and Theorem 5.1.

Proof of Theorem 3.3. By Theorem 3.2, Ξ(3.1) 6= ∅. The set Ξ(3.1) is open due to
Lemma 11.2 since Ξ(3.1) = {ξ : Ilim

opt(ξ) 6= Iopt(ξ)} thanks to Theorem 5.1. Now suppose
that the domain Ω is connected and show that the set Ξ(3.1) is dense in Ξ(iv), i.e., ξ =

[f(·), ϕ(·), a(·)] ∈ Ξ(iv) \ Ξ(3.1) ⇒ ξ ∈ Ξ(3.1). Note that ξ 6∈ Ξ(3.1) ⇒ Iopt(ξ) = Ilim
opt(ξ).

As is well known, Iopt(ξ) amounts to the infimum of the cost functional in the problem (2.5),
(2.6) over the set S = {u(·)} of step controls, i.e., Iopt(ξ) = infu(·)∈S I(2.5)[u(·)|ξ], where
I(2.5)[u(·)|ξ] is the functional from (2.5). So for any ε > 0, there exists u(·) ∈ S such that

I(2.5)[u(·)|ξ] < Iopt(ξ) + ε. (11.7)

Here u(·) ∈ S ⇒ u(t) = u(i) a.a. t ∈ E(i), where E(1), . . . , E(N) is a Borel partition of T
and u(1), . . . , u(N) ∈ Ω, u(p) 6= u(q) whenever p 6= q. So far as the set Ω is connected and
contains at least two points, there exist sequences {u(i)

j }∞j=1 ⊂ Ω such that

lim
j→∞

u
(i)
j = u(i) ∀i = 1, . . . , N and κj := min

p,q=1,... ,N

∣∣∣u(p)
j − u(q)

∣∣∣ > 0 ∀j. (11.8)
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Now introduce the controls ν, νj ∈ CM in the problem (5.3), (5.4) by putting

νj

(
t, du′, du′′

)
:=

1

2

[
δ[

u(i) ,u
(i)
j

](du′, du′′
)

+ δ[
u
(i)
j ,u(i)

](du′, du′′
)]

∀t ∈ E(i),

ν
(
t, du′, du′′

)
:= δ[u(t),u(t)]

(
du′, du′′

)
. (11.9)

Here i = 1, . . . , N . For any ζ(·) ∈ C(T ) and ρ(·) ∈ C(Ω × Ω),

∫

T

ζ(t) dt

∫

Ω×Ω

ρ
(
w

)
νj

(
t, dw

)
=

N∑

i=1

1

2

∫

E(i)

ζ(t)
[
ρ
(
u(i), u

(i)
j

)
+ ρ

(
u

(i)
j , u(i)

)]

(11.8)
−−−→
j→∞

N∑

i=1

∫

E(i)

ζ(t)ρ
(
u(i), u(i)

)
=

∫

T

ζ(t) dt

∫

Ω×Ω

ρ
(
u′, u′′

)
ν
(
t, du′, du′′

)
.

So νj → ν in CM as j → ∞ due to Lemma IV.2.4 [23]. By the last claim from Lemma 6.4,
I(5.3)

(
νj |ξ

)
→ I(5.3)

(
ν|ξ

)
as j → ∞, where I(5.3)

(
ν|ξ

)
is the functional from (5.3). Evidently,

I(5.3)
(
ν|ξ

)
= I(2.5)

[
u(·)|ξ

]
. Hence (11.7) yields

I(5.3)
(
νj |ξ

)
≤ Iopt(ξ) + ε (11.10)

for some j. From now on, we fix such a j. Pick a continuous function χ(·) := [0, +∞) →
[0, 1] such that χ(0) = 0 and χ(r) = 1 whenever r ≥ κj , where κj is taken from (11.8). Set

ϕε(t, x1, x2, u1, u2) := ϕ(t, x1, x2, u1, u2) −
2ε

t1 − t0
χ(|u2 − u1|) (11.11)

and consider the perturbation ξε := [f(·), ϕε(·), a(·)] ∈ Ξ(iv) of ξ. For ξ and ξε, the natural
limit problems (2.5), (2.6) are identical and so

Iopt(ξε) = Iopt(ξ). (11.12)

At the same time, x(·) := x(·|νj , ξ) = x(·|νj , ξε) and

I
lim
opt(ξε) ≤ I(5.3)(νj |ξε)

(5.3)
===

∫

T

dt

∫

Ω×Ω

ϕε [t, x(t), x(t), u1, u2] νj(t, du1, du2)

(11.9)
===

N∑

i=1

1

2

∫

E(i)

{
ϕε

[
t, x(t), x(t), u(i), u

(i)
j

]
+ ϕε

[
t, x(t), x(t), u

(i)
j , u(i)

]}
dt

(11.11)
===

N∑

i=1

1

2

∫

E(i)

{
ϕ
[
t, x(t), x(t), u(i), u

(i)
j

]
+ ϕ

[
t, x(t), x(t), u

(i)
j , u(i)

]}
dt

−
N∑

i=1

2ε

t1 − t0

∫

E(i)

χ
( ∣∣∣u(i) − u

(i)
j

∣∣∣
)

︸ ︷︷ ︸
=1

(5.3), (11.9)
==== I(5.3)(νj |ξ) − 2ε

(11.10)
≤ Iopt(ξ) − ε

(11.12)
== Iopt(ξε) − ε.

This means that ξε ∈ Ξ(3.1). It remains to note that ξε → ξ as ε → 0 + 0 and so ξ ∈ Ξ(3.1).
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12. Proofs of the statements from Section 4. Proof of Theorem 4.3 Consider the prob-
lem (2.1)–(2.4) with f(t, x1, x2, u1, u2) := f(t, x1, u1), a(t) := a0, ϕ(t, x1, x2, u1, u2) :=
ϕ(t, x1, u1) − B|u1 − u2|, where B will be specified later. This problem meets the require-
ments (i)–(iv) from Section 3 and its natural ”limit” case equals the original problem (2.5),
(2.6) (i.e., (2.7) is true). By invoking Theorem 5.1 and employing the element (11.1), we get

lim
∆→+0

Iopt(∆) ≤

∫

T

dt

∫

Ω×Ω

(ϕ[t, x(t), u′] − B|u′ − u′′|) ν(t, du′, du′′)

=
1

2(t1 − t0)

∫

T

(ϕ[t, x(t), u1] + ϕ[t, x(t), u2]) dt − B|u1 − u2|.

Here x(·) is the solution of (5.4). Due to Lemma 6.4, |x(t)| ≤ k ∀t ∈ [t0, t1]. Hence

lim
∆→+0

Iopt(∆) ≤

κ︷ ︸︸ ︷
max

t∈[t0,t1],u∈Ω,|x|≤k
|ϕ(t, x, u)| −B

δ︷ ︸︸ ︷
|u1 − u2| .

By picking B > δ−1(κ − Iopt(0) + A), we arrive at (4.2) and complete the proof.
Proof of Theorem 4.4. Let [x(·), ν] be a process in the problem (5.3), (5.4). Due to (5.2),

u(t) :=

∫

Ω

u ν(t, du, Ω) =

∫

Ω

u ν(t, Ω, du).

Since the set Ω is convex and compact, u(t) ∈ Ω. Furthermore, (2.7) and (5.4) imply that

ẋ(t) =

∫

Ω×Ω

{A1[t, x(t), x(t)]u′ + A2[t, x(t), x(t)]u′′} ν(t, du′, du′′)

=

2∑

i=1

Ai[t, x(t), x(t)]u(t) = f [t, x(t), x(t), u(t), u(t)] = f [t, x(t), u(t)],

and x(0) = a(0). Thus (2.6) holds, and [x(·), u(·)] is a process in the problem (2.5), (2.6).
Owing to the Ensen inequality [9, p.402] and (2.7),

∫

T

dt

∫

Ω×Ω

ϕ[t, x(t), x(t), u′, u′′] ν(t, du′, du′′)

≥

∫

T

ϕ

{
t, x(t), x(t),

∫

Ω×Ω

[u′, u′′] ν(t, du′, du′′)

}
dt

=

∫

T

ϕ[t, x(t), x(t), u(t), u(t)] dt =

∫

T

ϕ[t, x(t), u(t)] dt.

Summing up, we see that the infimum of the cost functional in the problem (5.3), (5.4) is not
less than that in the problem (2.5), (2.6). At the same time, considering the elements ν of the
form ν(t, du′, du′′) = δ[u(t),u(t)](du′, du′′) in (5.3), (5.4) assures that the first infimum does
not exceed the second one. Thus these infima coincide. Theorem 5.1 complete the proof.

The proof of Lemma 4.1 is prefaced by the following technical fact.
LEMMA 12.1. Given u(·) ∈ L∞([t0−1, t1] → Ω) and ∆ ∈ [0, 1], the symbol ν∆ stands

for the element given by (5.8). The function ∆ 7→ ν∆ ∈ P (T ) is continuous.
Proof. By [23, Theorem IV.2.4], it suffices to show that for any ζ(·) ∈ C(T ), ρ(·) ∈

Y := C(Ω × Ω), and ∆ ∈ [0, 1],

Λ∆′,∆[ρ(·)] :=

∫

T

ζ(t) {ρ[u(t), u(t − ∆′)] − ρ[u(t), u(t − ∆)]} dt → 0 (12.1)
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as ∆′ → ∆. Fix ∆ and ζ(·). All ρ(·) ∈ Y such that (12.1) is true constitute a linear subspace
R of Y. We are going to show that it is closed. Indeed, let ρ∗(·) ∈ R. For any ε > 0, there
exists ρ(·) ∈ R such that κ := maxω∈Ω×Ω |ρ(ω) − ρ∗(ω)| ≤ ε. Then

|Λ∆′,∆[ρ∗(·)]| ≤ |Λ∆′,∆[ρ∗(·) − ρ(·)]|+ |Λ∆′,∆[ρ(·)]| ≤ 2κ

∫

T

|ζ(t)| dt+ |Λ∆′,∆[ρ(·)]| ;

lim ∆′→∆ |Λ∆′,∆[ρ∗(·)]| ≤ 2ε

∫

T

|ζ(t)| dt + lim
∆′→∆

|Λ∆′,∆[ρ(·)]| = 2ε

∫

T

|ζ(t)| dt.

Letting ε → +0 shows that ρ∗(·) ∈ R, i.e., R = R. Therefore it suffices to prove (12.1) for
ρ(·) ∈ E, where E is an arbitrary set whose linear hull is dense in Y. This permits us to focus
on the functions ρ(·) of the form ρ(u′, u′′) = ρ1(u

′)ρ2(u
′′), ρ1(·), ρ2(·) ∈ C(Ω). For them,

|Λ∆′,∆[ρ(·)]| =

∣∣∣∣∣∣∣

∫

T

ζ(t)ρ1[u(t)]︸ ︷︷ ︸
χ(t)

{ρ2[u(t − ∆′)] − ρ2[u(t − ∆)]} dt

∣∣∣∣∣∣∣

≤ esssupt∈T |χ(t)|

∫

T

|r(t − ∆′) − r(t − ∆)| dt,→ 0 as ∆′ → ∆,

where r(t) := ρ2[u(t)]. Thus (12.1) is valid.
Proof of Lemma 4.1. We denote u∆(·) := u|[t0−∆,t1](·) ∈ U∆, µ(∆) := I∆(u∆) −

Iopt(∆), and employ the notation ν∆ introduced in Lemma 12.1. Then I∆(u∆) = Iopt(∆)+
µ(∆). i.e., the control u∆ is µ(∆)-suboptimal. Furthermore thanks to Lemmas 6.4 and 12.1,

lim
∆→0

µ(∆)= lim
∆→0

I∆(u∆)− lim
∆→0

Iopt(∆)=I(ν0)− lim
∆→0

Iopt(∆)=Iopt(0)− lim
∆→0

Iopt(∆),

which implies (4.1) and completes the proof.
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