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Abstract

We propose new barrier functions for IQC optimization problems. The new barrier functions
are used to construct interior path-following algorithms which follow the basic principles of the
standard path-following method. The conventional approach to solve IQC optimization problems
requires introducing auxiliary decision variables. The path-following algorithms based on the new
barrier functions do not have this requirement. As a result, the algorithm can solve IQC optimiza-
tion problems in a more efficient fashion. Numerical examples are used to evaluate the efficiency
of the proposed algorithm.
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1 Introduction

The idea of utilizing Integral Quadratic Constraints (IQCs) to characterize uncertainties and/or nonlin-
earities in the system to be analyzed, offer flexible frameworks to analyze large and complex systems
[15, 5, 19, 18, 12]. In the IQC analysis method, conditions for robust stability and performance are
expressed as feasibility and optimization problems over frequency dependent linear matrix inequalities.
The conventional way to treat this type of problems is to transform them into Semi-Definite Programs
(SDPs) [12], which can then be solved using interior point methods. This transformation, however, has
the disadvantage of introducing additional decision variables. In certain practical problems where the
systems to be analyzed have state spaces of large dimension, the number of auxiliary decision variables
is often much larger than the number of original decision variables. The additional decision variables
hence become the major computational burden, and most of computational effort is inefficiently spent
on computing something auxiliary. In these cases, more efficient algorithms which achieve fast compu-
tation are very desirable.

To improve efficiency of the conventional approach, some specialized algorithms have been pro-
posed recently [6, 7, 17]. The basic idea behind these algorithms is to explore and exploit the special
structure of the IQC problems and construct specialized interior point algorithms in which computation
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of descent directions is performed efficiently. In [6, 7], it is reported that such a specialized algorithm
can solve an IQC optimization problem with about 5000 decision variables in about 10 minutes on a
laptop computer. It is much faster than the general purpose SDP solver of the MATLAB LMI Control
Toolbox.

On the other hand, since the inefficiency is due to the existence of auxiliary decision variables, one
approach to improve the efficiency is to avoid introducing these variables. Along this line of thought,
several cutting plane algorithms were proposed to solve IQC optimization problems in a more efficient
fashion [8, 9, 14]. These algorithms appear to work very well, especially when the number of states in
the system to be analyzed is much larger than the number of decision variables. However, a disadvantage
which cutting plane methods commonly have is that they generally require many iterations to converge
to a suboptimal solution with good accuracy. Furthermore, numerical experience indicates that the
number of iterations grows substantially as the number of decision variables becomes larger.

In contrast to the cutting plane method, the interior point method generally does not require many
iterations to converge. The development of interior point methods dates back to the 1950s, and it has
gained much attention and become popular since Karmarkar introduced his famous, polynomial-time
algorithm for solving linear programs [10]. Another milestone in the development of interior point
methods was the result by Nesterov and Nemirovski [13]. They discovered that Karmarkar’s algorithm,
as well as several other polynomial time algorithms for solving linear programs, can be extended to
solve a much larger class of convex optimization problems. The key element is the knowledge of a bar-
rier function with a certain property called self-concordance. To be useful in practice, the barrier must
be computable. Nesterov and Nemirovski have shown that every finite dimensional convex set pro-
cesses a self-concordant barrier function; however, their universal self-concordant barrier is generally
not computable. There are only a few classes of problems for which readily computable self-concordant
barrier functions are known. In the case of IQC optimization problems, the only known computable
self-concordant barrier function involves an auxiliary matrix variable which in some cases makes the
computational algorithm based on this barrier function very inefficient.

In this paper, new barrier functions for solving IQC optimization problems are proposed. The barrier
functions are readily computable: the main computation to obtain their first and second derivatives is
to solve Lyapunov equations for which efficient computational routines are widely available. More
importantly, there is no auxiliary decision variables involved in the barrier functions. Based on the new
barrier functions, we develop interior path-following algorithms to solve IQC optimization problems.
Results of numerical experiments indicate that these interior path-following algorithms are able to solve
IQC optimization problems in a much more efficient fashion. Regarding the issues of convergence
and computational complexity, it can be shown that the algorithm converges, but the polynomial-time
complexity is not yet determined. We can show that one of the the barrier functions proposed is indeed
self-concordant. However, the self-concordant coefficient appears to be dependent on the problem data,
and the exact dependency is still open to us. Hence, we are not able to apply Nesterov and Nemirovski’s
results for constructing a polynomial-time algorithm.

The paper is organized as follows: following the introduction section, in Section 2 we define the
notations to be used and formally state the IQC optimization problem under consideration. In Section 3,
we briefly review the bases of the interior path-following method. In Section 4, the new barrier functions
we propose for IQC optimization problems are presented. We will show how to evaluate the functions
and how to compute their gradients and Hessians at given points. We also prove certain properties of the
barrier function, which ensure that the interior path-following algorithm based on the proposed barrier
function converges globally. The algorithms based on the new barrier functions are summarized in
Section 5. In Section 6, we explain why the proposed algorithm is more efficient than the conventional
approach from the point of view of computational complexity. The proposed algorithms are tested on
some numerical examples. The results and a comparison with the conventional approach are presented
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in Section 7. Finally, the Appendix section collects the proofs of some technical results. These proofs
are put in the end of the paper for the sake of a smooth presentation of the material.

2 Notations and Problems Under Consideration

Given a function F (λ) : R
n → R, the notations ∇F (λ) and ∇2F (λ) are used to denote the gradient

vector and the Hessian matrix of F (λ) (the gradient and the Hessian for short), respectively. The partial
derivative of F (λ) with respect to the ith component of λ is denoted by ∇iF (λ). The second partial
derivative of F (λ) with respect to the ith and jth components of λ is denoted by ∇2

ijF (λ). If F (λ) is
at least k times differentiable, then the notation

∇kF (λ)[h1, · · · , hk]

denotes the value of the kth differential of F taken at λ along the collection of directions h1, · · · , hk,
where hi ∈ R

n.
We use In to denote the n × n identity matrix. Sometimes the subscript n is dropped when the

dimension of In is obvious from the context. Given a matrix M , the transposition and the conjugate
transposition are denoted by M ′ and M∗, respectively. A matrix M is symmetric if M = M ′ and is
hermitian if M = M ∗. A matrix M is called positive definite if x′Mx > 0 for all x 6= 0. The notations
M > 0 is used to denote positive definiteness. The positive semi-definiteness, negative definiteness,
and negative semi-definiteness have similar definitions except that the “>“ is replaced by “≥“, “<“,
and “≤“, respectively. A matrix M is called Hurwitz is all its eigenvalues have strictly negative real
part. The notation tr(M) denotes the trace of M . The Frobenius norm of a square matrix M is defined
as ‖M‖F :=

√
tr(M). Let M1, · · · ,Mn be square matrices. Then M = diag(M1, · · · ,Mn) defines

the block diagonal matrix

M =




M1

. . .
Mn


 .

IQC Optimization Problems

The standard IQC optimization problem can be formulated as (See [12])

inf
λ

c′λ, H(ω, λ) > 0, ∀ ω ∈ [0,∞], (1)

where H(ω, λ) is of the form

H(ω, λ) := H0(ω) +

n∑

i=1

λiHi(ω).

Each Hi(ω) is a self-adjoint, rational transfer matrix of the form

Hi(ω) =

[
(jωIm − A)−1B

Ir

]∗ [
Qi Fi

F ′
i Ri

] [
(jωIm − A)−1B

Ir

]
,

where matrices Qi, Ri are real symmetric, and matrix A is Hurwitz; i.e., none of its eigenvalues is in
the closed right-half complex plane. Let

Σi =

[
Qi Fi

F ′
i Ri

]
, i = 1, · · · , n. (2)
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We assume that Σi are linearly independent. This assumption ensures that none of the decision variable
λi can be removed. The notations Q(λ), F (λ), and R(λ) are used to denote

Q0 +

n∑

i=1

λiQi, F0 +

n∑

i=1

λiFi, R0 +

n∑

i=1

λiRi, (3)

respectively. The feasible set of the IQC optimization problems is denoted by Ω; i.e.,

Ω = {λ | H(ω, λ) > 0, ∀ ω ∈ [0,∞]}. (4)

We assume that Ω is a bounded subset of R
n.

In this paper, we propose new barrier functions for Ω. Furthermore, standard interior path-following
algorithms based on the proposed barrier function are implemented to solve IQC optimization prob-
lem (1).

3 The Interior Path-Following Algorithm

In this section, we briefly review the interior path-following method for solving general convex opti-
mization problems. The idea of this method was first proposed in the 1960s by Fiacco and McCormick.
Since then, a large literature on this subject has been produced. The contents in this section are more or
less well-known, and can be found in, for example, [4, 2, 13].

Consider the optimization problem

inf c′λ, subj. to λ ∈ Λ (5)

where Λ ⊂ R
n is a bounded open convex set. Suppose that Λ is non-empty and there exists a function

B(λ) defined on Λ such that

• B(λ) is convex and smooth.

• B(λ) → ∞ as λ approaches the boundary of Λ.

Such a function is often referred to as a barrier function of Λ. Now, let ϕt(λ) be defined as

ϕt(λ) = tc′λ + B(λ),

where t > 0. For any fixed t, consider the minimization problem

inf ϕt(λ) subj. to λ ∈ Λ. (6)

Problem (6) is often referred to as centering, and the minimizer λ∗(t) is called the center of (6). Note
that since ϕt(λ) is a convex function which blows up at the boundary of Λ and Λ is a convex set, problem
(6) has a unique minimizer which is strictly inside Λ. Suppose that a point λ0 inside Λ is known and
a gradient method is applied to solve (6) starting at λ0. The successive iterates of the gradient method
will be all strictly feasible and so is the minimizer, since B(λ) approaches infinity as λ approaches to
the boundary of Λ. Therefore, the infimum in (6) can be replaced by minimum, and the problem (6) is
solved as if there is no constraint λ ∈ Λ. The curve λ∗(t), t > 0, is referred to as the central path.
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3.1 The Path-following Algorithm

Note that λ∗(t) is also the minimizer of the problem

min c′λ +
1

t
B(λ).

The term 1
t B(λ) → 0 as t → ∞ for all interior point λ ∈ Λ; therefore, as t approaches infinity, the

barrier term in (6) becomes increasingly inconsequential as far as interior points are concerned. Hence,
as t becomes bigger and bigger, the minimizer λ∗(t) becomes successively closer to the boundary of Λ
and eventually converges to the set of optimal solutions of (5).

The idea of the interior path-following algorithm is to follow the central path λ∗(t) to an optimal
solution of (5). The algorithm forms and solves a sequence of unconstrained problems

min tkc
′λ + B(λ),

where tk = µtk−1, µ > 1, k = 0, 1, · · · . As tk is sequentially increased to infinity, the solution λ∗
k

becomes closer and closer to an optimal solution of (5). The basic algorithm can be summarized as
follows

Given: λ∗
0 ∈ Λ.

Initialization: set k := 1, t1 = 1.
Repeat

(1) Centering : solve λ∗
k = argmin ϕtk(λ), starting with λ∗

k−1.

(2) Select a µ > 1.

(3) Set tk+1 := µtk.

(4) Update k:=k+1.

Until tk is large enough.

At each iteration, except the first one, we compute the center point starting from the previously com-
puted center point and then increase t by a factor µ. Various unconstrained minimization methods can
be applied to compute the central point in each centering step. A commonly used method is the Newton
descent method. We refer to the iterations executed during the centering step as the inner iterations.

In the algorithm, it is assumed that a strictly feasible point is available to start with. A feasible point
of optimization problem (5) can be found using the so-called Phase-I, or Big-M, method. Readers are
referred to [4] for the details.

3.2 Convergency and Complexity

The following theorem gives a weak result regarding convergence of the interior path-following algo-
rithm.

Theorem 1. Every limit point of a sequence {λ∗
k} generated by an interior path-following algorithm is

a global minimum of the original constrained problem (5).

Proof. The proof can be found in Chapter 4 of [2].

Theorem (1) is a weak result in the sense that it does not indicate the efficiency of the path-following
algorithm or how fast the algorithm converges. In general, a path-following algorithm could be very
inefficient and take very long time to converge. One way to measure the efficiency of an algorithm is
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by its worst-case complexity. An algorithm for a class of optimization problems is called a polynomial
time algorithm if the number of arithmetic operations required to compute an ε-accurate suboptimal
solution for every instance of the problem is bounded by a polynomial function which only depends on
log(1/ε) and the size of problem. Usually, an algorithm is considered to be efficient if it is a polynomial
time algorithm.

The introduction of polynomial time interior point methods is one of the most remarkable events in
the development of mathematical programming in the 1980s. A major breakthrough in this subject is
the result by Nesterov and Nemirovski [13]. They discovered two key properties of a barrier function
which are responsible for the polynomiality of the associated interior path-following algorithm. Their
results are briefly summarized in the followings.

Let X ⊂ R
n be an convex open set. A smooth convex function F : X → R is called self-

concordant with the parameter value a (or a-self-concordant for short) if there exists a constant a such
that the following inequality holds for all x ∈ X and for all h ∈ R

n:

|∇3F (x)[h, h, h]| ≤ 2a−1/2(∇2F (x)[h, h])
3

2 . (7)

F (x) is called strongly a-self-concordant if furthermore F (x) → ∞ as x approaches the boundary of
X .

Now, consider again the minimization problem (5). Let B(λ) : R
n → R be a smooth convex

function defined on Λ and satisfy

(P1). B(λ) → ∞ as λ approaches the boundary of Λ.

(P2). There exists a constant c1 such that inequality |∇B(λ)[h]| ≤ c1(∇2B(λ)[h, h])
1

2 holds for all
λ ∈ Λ, and for all h ∈ R

n.

(P3). There exists a constant c2 such that inequality |∇3B(λ)[h, h, h]| ≤ c2(∇2B(λ)[h, h])
3

2 holds for
all λ ∈ Λ, and for all h ∈ R

n.

By properties (P1) and (P3), the barrier function B(λ) is strongly self-concordant. Note that a scaling
B(λ) → cB(λ) updates the constants c1 and c2 as follows

c1 → c1/2c1, c2 → c−1/2c2.

Therefore, one can enforce one of the constants to be a prescribed value. Nesterov and Nemirovski
refer to a barrier function which satisfies all three properties with c2 = 2 (This implies that B(λ) is a
strongly 1-self-concordant function.) and c1 = ϑ as a ϑ-self-concordant barrier.

Nesterov and Nemirovski gave a complete complexity analysis of interior path-following algorithms
with self-concordant barriers. They discovered that a path-following algorithm associated with a ϑ-
self-concordant barrier for a bounded convex domain minimizes a linear function over the domain to an
accuracy ε in O(

√
ϑ ln(ϑ/ε)) Newton steps. Their results about complexity of path-following methods

are detailed in Chapters 3 of [13].

4 New Barrier Functions for IQC Optimization Problems

Now let us consider the IQC optimization problem (1). It is well-known [3] that the frequency dependent
matrix inequality in (1) holds if and only if there exists a symmetric matrix P such that

E(P, λ) :=

[
PA + A′P PB

B′P 0

]
+ Σ0 +

n∑

i=1

λiΣi > 0. (8)
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Hence, problem (1) is equivalent to a Semi-Definite Program (SDP)

inf
P=P ′,λ

c′λ, E(P, λ) > 0. (9)

The feasible set of problem (9) has a well-known self-concordant barrier

− log det(E(P, λ)), (10)

where the notation det(M) denotes the determinate of the matrix M . The barrier function (10), however,
involves an additional matrix variable P . The number of decision variables in P is proportional to the
square of the dimension of the matrix A. Therefore, when the dimension of the matrix A is significantly
larger than the square root of the number of the original decision variables, the decision variables in P
become the major computational burden for an interior point algorithm based on barrier function (10).
In these cases, the interior point algorithm is inefficient in the sense that the computational effort is
spent on solving auxiliary decision variables.

The main purpose of this paper is to propose alternative barrier functions which can be used to
construct more efficient interior point algorithms for solving IQC optimization problems.

4.1 The First Barrier Function

Consider the following function from Ω to R
+

G(λ) :=
1

π

∫ ∞

−∞
tr(H(ω, λ)−1)

dω

1 + ω2
, λ ∈ Ω. (11)

It is obvious that G(λ) is smooth. The ith element of the gradient and the (i, j) entry of the Hessian of
G(λ) are given as follows:

∇iG(λ) = − 1

π

∫ ∞

−∞
tr(H(ω, λ)−1

Hi(ω)H(ω, λ)−1)
dω

1 + ω2
, (12)

∇2
ijG(λ) =

2

π

∫ ∞

−∞
tr(H(ω, λ)−1

Hi(λ)H(ω, λ)−1
Hj(ω)H(ω, λ)−1)

dω

1 + ω2
. (13)

Furthermore, it is easy to verify that G(λ) is a convex function.

Proposition 1. G(λ) is a convex function.

Proof. We show that the Hessian of G(λ) is strictly positive definite on Ω. By (13), we have1

∇2G(λ)[h, h] =
∑

i,j

∇2
ijG(λ)hihj =

2

π

∫ ∞

−∞
tr(H−1AH

−1AH
−1)

dω

1 + ω2

=
2

π

∫ ∞

−∞

∥∥∥H− 1

2AH
−1

∥∥∥
2

F

dω

1 + ω2
,

where A =
∑n

i=1 hiHi(ω). Therefore ∇2G(λ)[h, h] > 0 for all λ ∈ Ω and for all h 6= 0. This
concludes the proof.

Although the integration over an infinite horizon makes G(λ) seemingly difficult to evaluate at any
given λ, the evaluation can be performed by using a rather efficient computational procedure. The main
computation for evaluating G(λ) is to solve one Riccati equation and one Lyapunov equation. We here

1The ω, λ dependence of H(ω, λ) and Hi(ω) are suppressed for simplifying the notation.
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present the computational procedure. Furthermore, we can also show that the value of G(λ) approaches
infinity as λ approaches the boundary of Ω. This property, together with smoothness and convexity,
makes G(λ) a natural barrier for Ω. Before we prove this property, we first discuss how to evaluate
G(λ).

Let λ̃ belong to the feasible set Ω. Therefore H(ω, λ̃) > 0 ∀ ω. Let Q̃, F̃ , R̃ denote constant
matrices Q(λ̃), F (λ̃), and R(λ̃), where Q(λ), F (λ), and R(λ) are defined in (3). The following
lemma is essential for obtaining an efficient computational procedure to evaluate G(λ̃).

Lemma 1. Assume that A ∈ R
m×m is a Hurwitz matrix. The following three statements are equivalent

1 H(ω, λ̃) > 0 ∀ ω ∈ [0,∞].
2 H(ω, λ̃)−1 can be factorized as DH + GH(jω) + GH(jω)∗, where

GH(s) = CH(sI − AH)−1BH , (14)

AH = A + BCH , BH = BR̃−1 + Y C ′
H , (15)

CH = −R̃−1(PB + F̃ )′, DH = R̃−1, (16)

and P , Y satisfy the following Riccati and Lyapunov equations, respectively

PA + A′P + Q̃ − (PB + F̃ )R̃−1(PB + F̃ )′ = 0, (17)

AHY + Y A′
H + BR̃−1B′ = 0. (18)

Furthermore, matrix AH is a Hurwitz matrix and has the same dimension of the matrix A.
3 H(ω, λ̃)−1 can be factorized as Ψ(jω)Ψ(jω)∗, where

Ψ(s) = R̃
1

2 + CH(sI − AH)−1BR̃
1

2 . (19)

Proof. See [20].

Lemma 2. Let λ̃ ∈ Ω. Then G(λ̃) = tr(DH) + 2tr(CH(I − AH)−1BH), where AH , BH , CH , DH

are defined in (15) to (18).

Proof. First, notice that the order of the trace operator and the integral operator can be reversed; there-
fore, by the second statement of Lemma 1, we have

G(λ̃) = tr

(
1

π

∫ ∞

−∞
(DH + GH(jω) + GH(jω)∗)

dω

1 + ω2

)

= tr(DH) + tr

(
1

π

∫ ∞

−∞
(GH(jω) + GH(jω)∗)

dω

1 + ω2

)
.

Now, if we treat GH(jω) as the Fourier transform of the stable causal system GH(s) and let g(t) be the
impulse response of GH(s), then we have

1

π

∫ ∞

−∞
GH(jω)

1

1 + ω2
dω =

1

2π

∫ ∞

−∞
GH(jω)

2

1 + ω2
dω = g(t) ∗ e−|t|

∣∣∣
t=0

,

where ∗ denotes the convolution operator. Since GH(s) is stable and causal, we have

g(t) ∗ e−|t|
∣∣∣
t=0

=

∫ ∞

0
g(τ)e−τdτ = GH(1) = CH(I − AH)−1BH .

Similarly, we have

1

π

∫ ∞

−∞
GH(jω)∗

1

1 + ω2
dω = CH(I − AH)−1BH .

Thus we conclude that G(λ̃) is equal to the formula stated in the lemma.
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Therefore, computation of G(λ̃) mainly involves solving Riccati equation (17) and Lyapunov equa-
tion (18). Solving Riccati equations and Lyapunov equations has been well studied, and efficient com-
putational routines are widely available. Thus, evaluation of G(λ) at a given λ can be performed very
efficiently.

The following proposition shows that that G(λ) approaches to infinity as λ approaches to the bound-
ary of Ω.

Proposition 2. Let {λn}∞n=1 be a set of points strictly inside Ω such that λn approaches the boundary
of Ω as n → ∞. Then G(λn) → ∞.

Proof. Let λ̃ belong to the boundary Ω; i.e., H(ω, λ̃) is only semi-positive definite and singular at the set
Γ = {±ωi, i = 1, · · · ,m}. It is a well-known result in the area of systems and control that, in this case,
either R̃ := R(λ̃) is singular (if ∞ ∈ Γ), or AH has pure imaginary eigenvalues {±jωi, i = 1, · · · ,m}
(if ∞ 6∈ Γ). If R̃ is singular, we see from Lemma 2 that G(λ̃) is unbounded since DH = R̃−1 and R̃
is not invertible. If R̃ is not singular, then H(ω, λ̃) can be factorized as Ψ(jω)Ψ(jω)∗ , where Ψ(s) is
defined in (19). Note that

1

π

∫ ∞

−∞
tr(H(ω, λ̃)−1)

dω

1 + ω2
=

1

π

∫ ∞

−∞
tr(Ψ(jω)Ψ(jω)∗)

dω

1 + ω2
= 2‖Ψ̃(s)‖H2

, (20)

where Ψ̃(s) = 1
s+1Ψ(s). Since AH has eigenvalues on the imaginary axis, Ψ̃(s) is not a stable transfer

matrix. Therefore, its H2-norm is unbounded, which in turn implies that G(λ̃) is unbounded. This
concludes the proof.

Gradients and Hessians of G(λ)

Lemma 2 gives the following equivalent expression for G(λ)

G(λ) = tr(DH(λ) + 2CH(λ)(I − AH(λ))−1BH(λ)), (21)

where AH(λ), BH(λ), CH(λ), and DH(λ) are defined as in (14) to (18) with Q̃, F̃ and R̃ replaced
by Q(λ), F (λ), and R(λ). By partially differentiating (21) with respect to λi, we obtain the following
expressions for the ith component of the gradient of G(λ)

∇iG(λ) = tr(∇iDH) + 2((∇iCH)(I − AH)−1BH − CH(I − AH)−1(∇iAH)(I − AH)−1BH

+ CH(I − AH)−1(∇iBH))

= tr(∇iDH + 2(I + CH(I − AH)−1B)((∇iCH)(I − AH)−1BH)

+ 2CH(I − AH)−1(∇iBH)), (22)

where the second equality is obtained by noting that ∇iAH = B(∇iCH). It can be easily verified that
the partial derivatives of BH , CH , and DH have the following expressions

∇iBH = (∇iY )C ′
H + Y (∇iCH)′, (23)

∇iCH = R−1RiR
−1(PB + F )′ − R−1((∇iP )B + Fi)

′, (24)

∇iDH = −R−1RiR
−1, (25)

and the partial derivatives of P and Y satisfy the following equations

(∇iP )AH + A′
H(∇iP ) + (Qi + FiCH + C ′

HF ′
i + C ′

HRiCH) = 0, (26)

AH(∇iY ) + (∇iY )A′
H + (B(∇iCH)Y + Y (∇iCH)′B′ − BR−1RiR

−1B′) = 0. (27)
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For a given point λ̃ ∈ Ω, computation of ∇iG(λ̃) can be performed as follows: first, notice that for
a fixed λ̃, equation (26) is a Lyapunov equation with respect to ∇iP . Thus, the value of ∇iP can
be obtained by solving the Lyapunov equation. Then the values of ∇iDH , ∇iCH can be computed
according to expressions (25) and (24), respectively. As soon as the value of ∇iCH is available, one
can solve another Lyapunov equation (27) to obtain the value of ∇iY and then evaluate ∇iBH using
expression (23). Finally, ∇iG(λ̃) can be evaluated using equation (22). Hence, the main computation
for obtaining the value of every entry of the gradient of G(λ) is to solve two Lyapunov equations.

If we further differentiate (22) with respect to λj , we obtain an expression for ∇ijG(λ)

∇ijG(λ) = tr(∇2
ijDH) + 2tr(CH(I − AH)−1(∇2

ijBH) + (I + CH(I − AH)−1B)T1), (28)

where

T1 = (∇2
ijCH)(I − AH)−1BH + (∇iCH)(I − AH)−1((∇jBH) + B(∇jCH)(I − AH)−1BH)

+ (∇jCH)(I − AH)−1((∇iBH) + B(∇iCH)(I − AH)−1BH), (29)

∇2
ijBH = (∇2

ijY )C ′
H + Y (∇2

ijCH)′ + (∇iY )(∇jCH)′ + (∇jY )(∇iCH)′, (30)

∇2
ijCH = −R−1(Rj(∇iCH) + Ri(∇jCH) + B′(∇2

ijP )′), (31)

∇2
ijDH = R−1RiR

−1RjR
−1 + R−1RjR

−1RiR
−1. (32)

∇2
ijP and ∇2

ijY satisfy the following Lyapunov equations

(∇2
ijP )AH + A′

H(∇2
ijP ) + (T2 + T ′

2) = 0, (33)

(∇2
ijY )AH + A′

H(∇2
ijY ) + (T3 + T ′

3) = 0, (34)

where T2 and T3 denote the following expressions

T2 = ((∇iP )B + CHRi + Fi)(∇jCH), (35)

T3 = B((∇iCH)(∇jY ) + (∇jCH)(∇iY ) + (∇2
ijCH)Y ) + BR−1RiR

−1RjR
−1B′. (36)

For a given λ̃ ∈ Ω, the computational procedure for evaluating ∇2
ijG(λ̃) is similar to the one for

computing ∇iG(λ̃). Assume that the values of first partial derivatives of BH , CH , DH , P , and Y
are available. Then, T2 can be evaluated, and Lyapunov equation (33) can be solved for the value of
∇2

ijP . As soon as the value of ∇2
ijP is available, one can evaluate ∇2

ijBH , ∇2
ijCH , and ∇2

ijDH using
expressions (30) to (32). Once the value of ∇2

ijCH is obtained, Lyapunov equation (34) can be solved
for the value of ∇2

ijY . Finally, ∇2
ijG(λ̃) can be computed according to expression (28). Thus, the

main computation for obtaining the value of of every entry of the Hessian of G(λ) is again to solve two
Lyapunov equations.

Self-Concordant Properties

In order to apply Nesterov and Nemirovski’s results to construct a polynomial time interior path-
following algorithm, the barrier function G(λ) has to be a self-concordant barrier; i.e., to satisfy prop-
erties (P1) to (P3). The following counter-example demonstrates that in general, G(λ) does not satisfy
property (P3).

Example 1. Let H(ω, λ) := λ− 1
ω2+1 . It can be readily verified that the set Ω defined by {λ |H(ω, λ) >

0, ∀ ω ∈ [0,∞]} is the open interval λ > 1. It can also be easily verified, using Lemma 2, that G(λ) =

10



2/
√

λ(λ − 1). Therefore, the first and second derivatives of G(λ) can be computed straightforwardly:

Ġ(λ) = − 2λ − 1

(λ(λ − 1))
3

2

,

G̈(λ) =
1

2

8λ2 − 8λ + 3

(λ(λ − 1))
5

2

.

Let

r1 :=
Ġ(λ)2

G̈(λ)
=

2(2λ − 1)2

(λ(λ − 1))
1

2 (8λ2 − 8λ + 3)
.

Obviously, r1 → ∞ as λ → 1. Thus, there exists no constant c such that |Ġ(λ)| ≤ c · (G̈(λ))
1

2 , ∀ λ ∈
(1,∞).

Therefore, we can not apply Nesterov and Nemirovski’s results to construct a polynomial time in-
terior path-following algorithm using barrier function G(λ). Nevertheless, G(λ) is still a well-defined
barrier for Ω and can be used to construct an interior path-following algorithm for solving IQC op-
timization problems. Furthermore, Theorem 1 guarantees that the interior path-following algorithm
based on G(λ) converges globally.

4.2 The Second Barrier Function

In this subsection, we present the second barrier function we propose for IQC optimization problems.
Consider the following function from Ω to R

B(λ) = log G(λ). (37)

Obviously, B(λ) is a smooth function, and B(λ) approaches infinity as λ approaches the boundary of Ω
since G(λ) does. The following proposition shows that B(λ) is also a convex function. Hence, B(λ) is
a well-defined barrier for Ω.

Proposition 3. B(λ) is a convex function.

Proof. Again, we show that the Hessian of B(λ) is strictly positive definite on Ω. It can be easily
verified that

∇2B(λ) = G−1(λ)∇2G(λ) −∇G(λ)G−2(λ)∇G(λ)′.

Since G(λ) > 0 for any λ ∈ Ω, therefore, given any λ ∈ Ω, ∇2B(λ) > 0 if and only if ∇2G(λ) −
∇G(λ)G−1(λ)∇G(λ)′ > 0. To prove ∇2G(λ) − ∇G(λ)G−1(λ)∇G(λ)′ > 0, it is sufficient to show
that

[
∇2G(λ) ∇G(λ)
∇G(λ)′ G(λ)

]
> 0. (38)

Matrix inequality (38) holds if ∇2G(λ)[h, h] + 2∇G(λ)[h] + G(λ) > 0, for all non-zero h in R
n. Let

A =
∑n

i hiHi(ω). By (12) and (13) , we have

∇2G(λ)[h, h] + 2∇G(λ)[h] + G(λ) =
∑

i,j

hihj∂
2
ijG(λ) + 2

∑

i

hi∂iG(λ) + G(λ)

=
1

π

∫ ∞

−∞
tr( 2H−1AH

−1AH
−1−2H−1AH

−1 + H
−1)

dω

1 + ω2

=
1

π

∫ ∞

−∞
2‖H− 1

2AH
−1 − 0.5H− 1

2 ‖2
F + 0.5‖H− 1

2 ‖2
F

dω

1 + ω2
.

11



Hence, for any λ ∈ Ω, ∇2G(λ)[h, h] + 2∇G(λ)[h] + G(λ) > 0 for all h 6= 0. This in turn implies that
∇2B(λ) > 0 for all λ ∈ Ω, and thus B(λ) is a convex function.

Since B(λ) = log(G(λ)), evaluation of barrier function B(λ) is performed by a computational
procedure similar to the one for evaluating G(λ). The only difference is that the logarithm of the value
of G(λ) is taken in the end. Therefore, the complexity of evaluating B(λ) is almost the same as the
complexity of evaluating G(λ). As to the gradient and the Hessian of B(λ), it can be readily verified
that

∇B(λ) = G−1(λ)∇G(λ),

∇2B(λ) = G−1(λ)∇2G(λ) − G−2(λ)∇G(λ)∇G(λ)′.

Therefore, as soon as the value, the gradient, and the Hessian of G(λ) are available, the gradient and the
Hessian of B(λ) can be easily computed with little extra computational effort. Hence, the computational
complexities of computing the gradient and the Hessian of B(λ) are only slightly higher than those of
G(λ). What we gain from the extra computational effort is that the barrier function B(λ) is a self-
concordant barrier.

Self-Concordant Properties

The next proposition shows that barrier function B(λ) satisfies property (P2) with constant c1 = 1.

Proposition 4. The barrier function B(λ) satisfies

|∇B(λ)[h]| ≤ ν(∇2B(λ)[h, h])
1

2 , ∀ λ ∈ Λ, ∀ h ∈ R
n, (39)

where ν is greater than or equal to 1.

Proof. Substituting the expressions of the gradient and the Hessian of B(λ) into the inequality in (39)
and noticing that G(λ) > 0 ∀ λ ∈ Ω, we see (39) is equivalent to

(ν2 + 1)G(λ)−1(∇G(λ)[h])2 ≤ ν2∇2G(λ)[h, h], ∀λ ∈ Ω, ∀ h ∈ R
n. (40)

Condition (40) is satisfied if the matrix
[
∇2G(λ) ∇G(λ)

∇G(λ)′ ν2

ν2+1G(λ)

]

is positive definite for all λ ∈ Ω. Therefore, what we have to show is that ∇2G(λ)[h, h]+2∇G(λ)[h]+
ν2

ν2+1
G(λ) ≥ 0 for all λ ∈ Ω and for all h ∈ R

n. We have

∇2G(λ)[h, h] + 2∇G(λ)[h] +
ν2

ν2 + 1
G(λ)

=
1

π

∫ ∞

−∞
tr( 2H−1AH

−1AH
−1−2H−1AH

−1 + ν2

ν2+1H
−1)

dω

1 + ω2

=
1

π

∫ ∞

−∞
2‖H− 1

2AH
−1 − 0.5H− 1

2 ‖2
F + (

ν2

ν2 + 1
− 1

2
)‖H− 1

2 ‖2
F

dω

1 + ω2
,

where A =
∑n

i=1 hiHi(ω). Note that ν2

ν2+1
is monotonically increasing on [0,∞), and ν2

ν2+1
≥ 1

2 if

ν2 ≥ 1. Hence, as long as ν ≥ 1, we have ∇2G(λ)[h, h] + 2∇G(λ)[h] + ν2

ν2+1G(λ) ≥ 0 for all λ ∈ Ω
and for all h ∈ R

n. This concludes the proof.

12



Furthermore, we can also prove that property (P3) also holds for B(λ).

Theorem 2. There exists a constant c such that

|∇3B(λ)[h, h, h]| ≤ c(∇2B(λ)[h, h])
3

2 ∀ h ∈ R
n (41)

holds for all λ ∈ Ω.

Proof. See Appendix.

Thus, B(λ) satisfies all three properties (P1) to (P3) and is a strongly self-concordant barrier. How-
ever, although we are able to prove that (41) holds, the value of the constant c is not provided from
our proof and yet to be determined. Hence, we are not able to apply Nesterov and Nemirovski’s re-
sults to construct a polynomial time interior path-following algorithm based on B(λ). Nevertheless, the
path-following algorithm based on B(λ) converges globally according to Theorem 1. Furthermore, the
following proposition provides a mean to measure global convergence quantitatively.

Proposition 5. Consider optimization problem (1). Let λ∗(t) be the central path generated by barrier
function B(λ) and p∗ be the optimal objective of (1). Then c′λ∗(t) − p∗ ≤ 1/t.

Proof. This is a corollary of one of Nesterov and Nemirovski’s results. See Section 3.2 of [13].

5 Path-following Algorithms for IQC Optimization Problems

Barrier functions G(λ) and B(λ) are used to construct an interior path-following algorithms for solving
IQC optimization problems. These algorithms follow the basic principles of the interior path-following
method described in Section 3. The algorithm based on G(λ) is summarized as follows.

Given: λ0 ∈ Ω.
Initialization: select t := t0 > 0, µ > 1, and ε > 0. Set λU := λ0 and U := c′λU .
Repeat

(1) Centering : find an approximate solution to the problem

min
λ

ϕt(λ) := tc′λ + G(λ) (42)

using the Newton’s method:

Start at λ0. Set n = 0.
Repeat
(a) Compute the Newton descent direction δλn = −(∇2ϕt(λn))−1∇ϕt(λn)

(b) Compute Newton decrement at λn : ρ = (∇ϕt(λn)′(∇2ϕt(λn))−1∇ϕt(λn))
1

2 .
(c) Line minimization: compute α∗ = argmin ϕt(λn + α · δλn).

(d) Set λn+1 := λn + α∗δλn and n := n + 1.
(e) If c′λn+1 < U , then update λU := λn+1 and U := c′λU .

(f) If ρ < ε, then stop the loop and return λn and λU .
End.

(2) Update λ0 : set λ0 := λn.

(3) Update t : set t := µt.

13



Until (the stopping criterion is satisfied).

The initial feasible point λ0 is found (or determined not to exist) using the Phase-I method [4]. The
algorithm for Phase-I is the same as the algorithm described above.

Since G(λ) is not a self-concordant barrier, the rigorous stopping criterion (in the sense that on exit,
an ε-accurate suboptimal solution is guaranteed) by Nesterov and Nemirovski does not apply here. In
the algorithm, we adopt a heuristic criterion

Until
(

1

t
G(λU ) < ε

)
. (43)

The idea of this criterion is straightforward: if 1
tG(λU ) is very small, then the penalty term has very

little influence, and one can expect that the objective at the solution λU should be very close to the
optimal objective of the original problem.

The interior path-following algorithm based on barrier function B(λ) is the same as the algorithm
described above, except the stopping criterion. Instead of criterion (43), we use

Until
(

1

t
< ε

)
. (44)

We have already seen in Proposition 5 that the minimizer of (42) is guaranteed to be 1
t -accurate. Hence,

if 1
t < ε and the approximation of the center is sufficiently close to the center, then one can expect that

the approximation of the center is ε-accurate. If the barrier function is self-concordant, then there is a
rigorous mathematical criterion to determine whether an approximate center is sufficiently close or not.
The criterion, however, requires the value of the self-concordant parameter (i.e., the constant c in (41)).
In our case, since we do not know the value of the self-concordant parameter associated with B(λ), we
are not able to apply the criterion. In our algorithm, an approximate center is considered to be close
enough to the center if the Newton decrement at the approximate center is less than a pre-selected small
number.

6 Comparison with the Conventional Method

In this section, we compare the proposed interior path-following algorithms to the conventional method
of solving IQC problems from the point of view of computational complexity.

The conventional approach to solve the IQC optimization problem (1) is to transform it into the
equivalent SDP

inf
P=P ′,λ

c′λ, subj. to
[
PA + A′P PB

B′P 0

]
+

[
Q(λ) F (λ)
F (λ)′ R(λ)

]
> 0.

(45)

Problem (45) is then solved using interior point method. Let the number of decision variables in λ be
n. Let the dimension of matrix A be nx × nx and the dimension of R(λ) be nr × nr. Problem (45)
has a well-known strongly (nx + nr)-self-concordant barrier, and the interior point algorithm for solv-
ing (45) can be proven to converge in O(

√
nx + nr log nx+nr

ε ) Newton steps [16, 13]. Furthermore,
the computational complexity of each Newton step is counted as O(n2

x(n2
x + n)2). Therefore, the total

complexity is O(
√

nx + nr log nx+nr

ε ) ·O(n2
x(n2

x + n)2).
In the case of the interior path-following algorithms proposed in this paper, the number of New-

ton steps required for the algorithms to converge is yet to be determined. However, the complexity of
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∆

z1 w1

z2 w2

Figure 1: Standard block diagram for robustness analysis.

each Newton step of the algorithms can be estimated as follows: in each Newton step, the algorithms
compute a descent direction and perform line search to find a new point. This procedure involves one
computation of the gradient, one computation of the Hessian, and O(1) evaluations of the barrier func-
tion. The major computational burden of evaluating the barrier functions is to solve one Riccati equation
in the form of (17) and one Lyapunov equation in the form of (18). The computation complexities of
solving (17) and (18) are both O(n3

x). To compute each entry of the gradient and the Hessian of the
barriers, two Lyapunov equations in the form of (18) have to be solved. Complexity of solving each of
the Lyapunov function again is O(n3

x). There are n entries in the gradient vector and n2+n
2 entries in

the Hessian matrix. Therefore, the estimated complexity of each Newton step is O(n2n3
x).

Suppose that nx = O(n). Then each Newton step of the interior point algorithm for solving SDP
(45) requires O(n6

x) arithmetic operations, while each Newton step of interior path-following algorithm
proposed in Section 5 requires only O(n2n3

x). This is why the algorithms proposed in this paper are
more efficient. Furthermore, we expect that when the ratio nx/n is large enough, the algorithm proposed
in Section 5 will perform significantly better than the conventional method. The total complexity of an
algorithm is the complexity of an iteration times the number of iterations the algorithm requires to
converge. Therefore, the argument here is based on the assumption that the number of iterations which
the path-following algorithms presented in this paper require to solve an IQC problem is roughly the
same as the number of iterations which the interior point algorithm requires to solve the equivalent SDP.

In the next section, we present the results of numerical tests on the interior path-following algorithm
proposed in Section 5. As we will see, these results agree with the expectation from the complexity
analysis.

7 Examples

Example 2. Consider the standard block diagram for robustness analysis in Figure 1. The nominal
system G is linear time-invariant and has a state space representation

ẋ = Ax + B1w1 + B2w2,

z1 = C1x + D11w1 + D22w2,

z2 = C2x + D21w1 + D22w2,

where A is a ns × ns Hurwitz matrix, and w1, w2, z1, z2 are vector-valued signals. Each of them has n
components. The uncertainty ∆ corresponds to a diagonal, gain bounded, linear time-varying operator.
That is, if z2i and w2i denote the ith components of signals z2 and w2 respectively, then z2i = δi(t)w2i,
where |δi(t)| ≤ 1 for all t. We note that the uncertain system described above captures a large class of
practical problems [1].
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Figure 2: The amount of time that the MATLAB LMI Control Toolbox took to solve SDP (47).

In this example, we would like to compute an upper bound of the L2-gain of the system in Figure 1.
By the standard IQC analysis, an upper bound of the L2-gain can be found by solving

inf
λ

λn+1,

subj to H(ω, λ) > 0, ∀ ω ∈ [0,∞],

λi > 0, i = 1, · · · , n + 1,

(46)

where

H(ω, λ) :=




G11(jω) G12(jω)
G21(jω) G22(jω)

I 0
0 I




∗ 


−I 0 0 0
0 −Λ 0 0
0 0 λn+1I 0
0 0 0 Λ







G11(jω) G12(jω)
G21(jω) G22(jω)

I 0
0 I


 ,

Grs(jω) = Cr(jωI − A)−1Bs + Drs, and Λ = diag(λ1, · · · , λn). Conventionally, one solves prob-
lem (46) by transforming the problem into its equivalent SDP formulation and then solving the SDP
using the interior point method. The equivalent SDP of problem (46) can be expressed as

inf
P,λ

λn+1,

subj to S(P, λ) > 0,

P = P ′, λi > 0, i = 1, · · · , n + 1,

(47)

where P is a matrix variable, and

S(P, λ) :=

[
PA + A′P PB

B′P 0

]
+

[
C D
0 I

]′ [
M1 0
0 M2

] [
C D
0 I

]
.
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Figure 3: The amount of time that the interior path-following algorithm based on barrier function G(λ)
took to solve problem (46) – all problems were solved in less than 15 minutes. Compared with the
Figure 2, we see that the proposed algorithm is significantly faster than the conventional method when
the problem to be solved has a large state space. Furthermore, the proposed algorithm is no worse than
the conventional method even when the problem has only a few states.

Matrices B, C , D, M1, and M2 are defined as follows

B =
[
B1 B2

]
, C =

[
C1

C2

]
, D =

[
D11 D12

D21 D22

]
, M1 =

[
−I 0
0 −Λ

]
, M2 =

[
λn+1I 0

0 Λ

]
.

Let n = 10 and ns = 10, 20, · · · , 70. For each pair of (n, ns), five problems of the form in (47)
are randomly generated and solved using the MATLAB LMI Control Toolbox. The average time spent
on solving each set of problems is shown in Figure 2. These problems were solved on a Pentium III
800MHz machine with 256MB of memory. The operating system of the machine is LINUX and the
version of MATLAB is 5.3.1.

As we can see from Figure 2, the time that LMI Control Toolbox took to solve a problem grows
rapidly as the number of states (i.e., ns) grows. This can be expected since the number of decision
variables in P is proportional to n2

s. When ns = 70, the optimization problem has totally 2496 decision
variables, and 2485 of them are from the matrix variable P . The largest problem we have ever tested
has 100 states (totally 5061 decision variables). The problem took the LMI Control Toolbox more than
10 hours to solve.

Figures 3 and 4 show the amount of time the proposed algorithms spent on solving the randomly
generated problems. Compared to Figure 2, the performance of the proposed algorithms is similar to the
performance of the MATLAB LMI Control Toolbox when the problem they solve has few to moderate
number of states (ns ≤ 20). When the number of states in a problem becomes larger (30 ≤ ns ≤ 50),
the performance of the proposed algorithms becomes much better than the performance of the MATLAB
LMI Control Toolbox. For a problem of 30 states, the amount of time which the proposed algorithms
spent is about 1/3 of the time which the MATLAB LMI Control Toolbox took. For a problem of 50
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Figure 4: The amount of time that the interior path-following algorithm based on barrier function B(λ)
took to solve problem (46) – all problems were solved in less than 15 minutes. The performance of this
algorithm is similar to the performance of that based on barrier function G(λ).

states, the ratio reduces to 1/5 to 1/6. As the number of states becomes larger, the difference in speed
becomes more significant. When ns = 70, the proposed algorithms are more than 10 times faster than
the MATLAB LMI Control Toolbox. This fits our expectation from the complexity analysis.

Method iteration iteration iteration iteration iteration iteration iteration
LMI Tool 24 23 28 25 28 37 33
IPA-1 31 30 31 43 28 33 36
IPA-2 27 34 42 40 33 24 36

Table 1: Numbers of iterations that the MATLAB LMI Control Toolbox (denoted by “LMI Tool“), the
interior path-following algorithm based on G(λ) (denoted by “IPA-1“), and the interior path-following
algorithm based on B(λ) (denoted by “IPA-2“) took to solve problem (46).

Table 1 shows the average numbers of iterations which the path-following algorithms proposed in
this paper and the MATLAB LMI Control Toolbox took to solve a set of problems. As we can see, the
number of Newton’s iterations which the proposed interior path-following algorithms took to solve these
problems is similar to those the MATLAB LMI Control Toolbox took. Therefore, although we have
not been able to determine whether or not the proposed algorithms are polynomial-time convergent, the
numerical experiments indicate that at least practically the proposed algorithm can work as well as the
interior point methods for SDPs.

Example 3 (Seismic Isolation Control). This example is adapted from [11]. Consider the problem
of seismic isolation control of an n story building. The building is modelled as a series connection of
masses, springs and dampers, and the dynamics of the building is governed by multiple spring-damper-
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mass equations

m1ẍ1 + c1ẋ1 + k1x1 − c2(ẋ2 − ẋ1) − k2(x2 − x1) = −u + v,

mrẍr + cr(ẋr − ẋr−1) + kr(xr − xr−1) − cr+1(ẋr+1 − ẋr) − kr+1(xr+1 − xr) = 0

(for r = 2, · · · , n − 1),

mnẍn + cn(ẋn − ẋn−1) + kn(xn − xn−1) = 0,

where u is the control force applied between the ground and the first floor of the building, and v repre-
sents the result of earthquake force applied to the ground. The frequency spectrum of v is assumed to
be between 1/3 and 3 Hz.

Seismic isolation controllers are designed for buildings of 5, 6, 7, 8, 9, 10, and 11 stories, under the
assumption that acceleration sensors are available at each floor of the buildings. The following values
of mr, cr, and kr are used

mr = 44.2 (r = 1, · · · , 10), m11 = 54.2,

kr(r = 1, · · · , 11) = [91.6 91.6 88.3 89.2 79.1 73.1 66.1 58.0 48.8 38.1 25.5], (48)

cr(r = 1, · · · , 11) = [18.3 18.3 17.7 17.8 15.8 14.6 13.2 11.6 9.8 7.6 5.1]. (49)

The controller design is based on H2 optimization and carried out using MATLAB µ-Analysis and
Synthesis Toolbox.

In this example, we are interested in analyzing robustness properties of the seismic control sys-
tems. We assume that real values of the stiffness coefficients k1, · · · , k3 and the damping coefficients
c1, · · · , c3 are different from the nominal values used for controller designs, but within ±5% of those
shown in (48) and (49); i.e., the real stiffness and damping coefficients for floors 1 to 3, denoted by k̄r

and c̄r, are represented as

k̄r = (1 + δkr)kr, c̄r = (1 + δcr)cr, r = 1, · · · , 3,

where δkr and δcr are unknown constants whose absolute values are less than or equal to 0.05. We are
interested in checking whether the seismic control systems are still stable under the change of these
parameters and estimating the L2-gain from the earthquake input v to the acceleration vector ẍ. To do
this, we represent the closed-loop seismic control systems in the standard form for robustness analysis
as shown in Figure 1, where input w1 := v, output z1 := ẍn, and output z2 is a 6 × 1 vector signal
defined as

z′2 =
[

k1x1

20
k2(x2−x1)

20
k3(x3−x2)

20
c1ẋ1

20
c2(ẋ2−ẋ1)

20
c3(ẋ3−ẋ2)

20

]
.

Matrix ∆ := diag(δ1, · · · , δ6) represents the uncertainties in the system. Each δi denotes an unknown
constant with absolute value less than or equal to 1.

To estimate the L2-gain from v to ẍ, we apply standard IQC analysis. The IQC defined by the
following quadratic form

∫ ∞

−∞

[
ẑ2i(jω)
ŵ2i(jω)

]∗
Πi(jω)

[
ẑ2i(jω)
ŵ2i(jω)

]
dω (50)

is used to characterize the relationship w2i = δiz2i, where the multiplier Πi(jω) is of the form

Πi(jω) =

[
Re(λ1i + λ2i

1
jω+1) λ3i(

1
jω+1 − 1

−jω+1)

λ3i(
1

−jω+1 − 1
jω+1) −Re(λ1i + λ2i

1
jω+1)

]
, (51)
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n = 5 n = 6 n = 7

Method L2-gain time (sec) var. L2-gain time (sec) var. L2-gain time (sec) var.
LMI Tool 1.16309 723 655 1.11712 1169 805 0.78299 1483 971
IPA-1 1.16228 382 19 1.11547 806 19 0.78425 335 19
IPA-2 1.16242 431 19 1.11534 498 19 0.78334 467 19

n = 8 n = 9 n = 10

Method L2-gain time (sec) var. L2-gain time (sec) var. L2-gain time (sec) var.
LMI Tool 0.82624 2424 1153 0.82851 3153 1351 0.95618 4285 1565
IPA-1 0.82611 481 19 0.82806 788 19 0.95581 597 19
IPA-2 0.82622 564 19 0.82816 788 19 0.95626 847 19

n = 11

Method L2-gain time (sec) var.
LMI Tool 0.93548 7141 1795
IPA-1 0.93559 1017 19
IPA-2 0.93558 1437 19

Table 2: Results of solving the L2-gain estimation problem in Example 3 using MATLAB LMI Control
Toolbox and the proposed path-following algorithms. “LMI Tool“ denotes MATLAB LMI Control
Toolbox. “IPA-1“ denotes the interior path-following algorithm based on G(λ). “IPA-2“ denotes the
interior path-following algorithm based on B(λ). The numbers in the column “var“ indicate the number
of decision variables in a problem.

and parameters λ1i, λ2i must satisfy Re(λ1i+λ2i
1

jω+1) > 0 ∀ ω. Then the L2-gain estimation problem
can be formulated either as an optimization problem over frequency dependent matrix inequalities, or
equivalently a SDP. Here we omit the details of the problem formulations. The problems were solved
using the MATLAB LMI Control Toolbox and the interior path-following algorithm proposed in this
paper. The results are listed in Table 2.

Table 2 indicates that the two interior path-following algorithms solved every problem faster than
the conventional method using MATLAB LMI Control Toolbox. When n = 5 (that is, the building
has 5 floors), the equivalent SDP has 655 decision variables and it took the LMI Control Toolbox
about 12 minutes to solve the problem. The two interior path-following algorithms took only about
60% of the time to solve the same problem. As n increases from 5 to 11, the amount of time which
the LMI Control Toolbox took to solve a problem increases rapidly. When n = 11, the two interior
path-following algorithms are about 5 to 7 times faster than the MATLAB LMI Control Toolbox.

8 Summary

In this paper, we proposed new barrier functions for solving standard IQC optimization problems. Con-
ventionally, one transforms a standard IQC optimization problem into a SDP and then solves the SDP
using interior point methods. The transformation requires an additional matrix variable which in some
cases substantially increases the computational complexity. Thus, in these cases, the conventional ap-
proach to solve IQC optimization problems is very inefficient. The new barrier functions we propose
do not involve any additional decision variable, and therefore, the interior path-following algorithms
proposed in this paper can solve standard IQC optimization problems in a more efficient fashion. The
proposed algorithms were tested on a number of numerical examples. The results indicate that the
proposed algorithms work well and significantly outperform the conventional method for solving IQC
optimization problems, especially when the number of states in an IQC problem is very large.
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Appendix: Proof of Theorem 2

We prove Theorem 2 in this section. The following two lemmas will be used in the proof.

Lemma 3. Let ω0 be a real number and β ≥ 2 be a positive even integer. Let

G(t, ω) =
r0(t) + r1(t)(ω − ω0)

β + · · · + rn−1(t)(ω − ω0)
β(n−1)

(p(t) + (ω − ω0)βq(t))n
, (52)

where p(t), q(t), ri(t), i = 0, · · · , n − 1 are polynomial functions in t. Now consider the integration

F (t) =

∫ ω0+ε

ω0−ε
G(t, ω)dω. (53)

Then, for any t∗ > 0, there exists a sufficiently small ε such that

F (t) ≈ c(t) · r0(t)p(t)
1

β
−n

q(t)
− 1

β (54)

for all |t| ≤ t∗, where c(t) is a bounded function in t.

Proof. Fix t. Then for sufficiently small ε, the term r0(t) dominates the numerator of G(t, ω). There-
fore,

F (t) ≈
∫ ω0+ε

ω0−ε

r0(t)

(p(t) + (ω − ω0)βq(t))n
dω.

Let

ω = ω0 +

(
p(t)

q(t)

) 1

β

ω̃.

We have
∫ ω0+ε

ω0−ε

r0(t)

(p(t) + (ω − ω0)βq(t))n
dω =

∫ η

−η

r0(t)p(t)
1

β q(t)
− 1

β

p(t)n(1 + ω̃β)n
dω̃

= r0(t)p(t)
1

β
−n

q(t)
− 1

β

∫ η

−η

1

(1 + ω̃β)n
dω̃,

where η = ε
(

p(t)
q(t)

)− 1

β . Finally, let

c(t) :=

∫ η

−η

1

(1 + ω̃β)n
dω̃.

Since
∫ η

−η

1

(1 + ω̃β)n
dω̃ ≤

∫ ∞

−∞

1

(1 + ω̃β)n
dω̃ = const,

therefore, we conclude that F (t) ≈ c(t)r0(t)p(t)
1

β
−n

q(t)
− 1

β , where c(t) is bounded.
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Lemma 4. Let α ≥ 1 be an integer and β ≥ 2 be an even integer. Let

G(t, ω) =
r(t)

tαp(t) + (ω − ω0)βq(t)
, F (t) =

∫ ω0+ε

ω0−ε
G(t, ω) dω,

where p(t), q(t), r(t) are polynomial functions in t, and p(0) 6= 0, q(0) 6= 0. Then

F (t) ≈ t−ns0(t), Ḟ (t) ≈ t−n−1s1(t), (55)

F̈ (t) ≈ t−n−2s2(t),
...
F (t) ≈ t−n−3s3(t), (56)

where n = α − α
β , and si(t) i = 0, · · · , 3 are bounded at 0.

Proof. Notice that G(t) is in the form of (52). The corresponding r0(t), p(t), q(t), and n are r(t),
tαp(t), q(t) and 1, respectively. Therefore, by Lemma 3, we have

F (t) ≈ c(t)r(t)(tαp(t))
1

β
−1q(t)−

1

β = t−α+ α
β c(t)r(t)p(t)

1

β
−1q(t)−

1

β ,

which is exactly of the form in (55) with s0(t) = c(t)r(t)p(t)
1

β
−1q(t)−

1

β . Since p(0) 6= 0, q(0) 6= 0,
therefore s0(t) is bounded at 0.

Now, let us consider the differentiations of F (t). We have

Ḟ (t) =

∫ ω0+ε

ω0−ε
Ġ(t, ω) dω, F̈ (t) =

∫ ω0+ε

ω0−ε
G̈(t, ω) dω,

...
F (t) =

∫ ω0+ε

ω0−ε

...
G(t, ω) dω,

where

Ġ(t, ω) =
d10(t) + d11(t)(ω − ω0)

β

(tαp(t) + (ω − ω0)βq(t))2
,

G̈(t, ω) =
d20(t) + d21(t)(ω − ω0)

β + d22(t)(ω − ω0)
2β

(tαp(t) + (ω − ω0)βq(t))3
,

...
G(t, ω) =

d30(t) + d31(t)(ω − ω0)
β + d32(t)(ω − ω0)

2β + d33(t)(ω − ω0)
3β

(tαp(t) + (ω − ω0)βq(t))4
,

and

d10(t) = ṙ(t)tαp(t) − r(t)(αtα−1p(t) + tαṗ(t))

= −αtα−1r(t)p(t) + O(tα),

d20(t) = ḋ10(t)t
αp(t) − d10(t)(αtα−1p(t) + tαṗ(t))

= α(α + 1)t2α−2r(t)p(t)2 + O(t2α−1),

d30(t) = ḋ20(t)t
αp(t) − d20(t)(αtα−1p(t) + tαṗ(t))

= −α(α + 1)(α + 2)t3α−3r(t)p(t)3 + O(t3α−2).

We do not care for the detailed expressions of the rest of dij(t) terms. By Lemma 3,

Ḟ (t) ≈ c1(t)d10(t)t
−2α+ α

β p(t)
1

β
−2

q(t)
− 1

β . (57)

Substituting the expression of d10(t) into (57), we obtain

Ḟ (t) ≈ t−2α+ α
β (−αtα−1r(t)p(t) + O(tα))c1(t)r(t)p(t)

1

β
−2q(t)−

1

β

= t−n−1(c1(t)r(t)p(t)
1

β
−2q(t)−

1

β )(−αr(t)p(t) + O(t))

= t−n−1s1(t),

where s1(t) is bounded at 0 since p(0) 6= 0 and q(0) 6= 0. Therefore, we conclude that Ḟ (t) is in
the form described in (55). F̈ (t) ≈ t−n−2s2(t) and

...
F (t) ≈ t−n−3s3(t) are obtained in a similar

fashion.
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Proof of Theorem 2

We are now ready to prove Theorem 2. Recall that

B(λ) = log(G(λ)), and G(λ) =

(
1

π

∫ ∞

−∞
tr(H(ω, λ)−1)

dω

1 + ω2

)
.

Given any λ ∈ Ω and any h ∈ R
n, let T be the open interval {t | λ + th ∈ Ω}. Now, define

F (t) : T → R := G(λ + th) and E(t) : T → R := B(λ + th) = log(F (t)). Let γ(t) :=
...
E (t)2

Ë(t)3
. To

show B(λ) satisfies (41), we have to prove that

sup
t∈T

γ(t) < ∞, (58)

i.e., γ(t) is bounded above for all t ∈ T . Since γ(t) is a continuous function, therefore (58) is true if
γ(t) is finite as t approaches any boundary point of T .

Note that
1

π

1

(1 + ω2)
tr(H(ω, λ + th)−1) =

r(ω, t)

s(ω, t)
,

where r(ω, t) and s(ω, t) are polynomials in ω and t. Without loss of generality, let us assume that 0 is
a boundary point of T and (1 + ω2)H(ω, λ + th) is singular at ω = ω1, · · · , ωn at t = 0. Under these
assumptions, we have

r(ω, t)

s(ω, t)
→ Gk(t) :=

rk(t)

tαkpk(t) + (ω − ωk)βkqk(t)
(59)

as ω → ωk, where αk is an integer greater than or equal to 1, βk is an even integer greater than or equal
to 2, and pk(t), qk(t), rk(t) are polynomials in t such that pk(0) 6= 0, qk(0) 6= 0. Let ε be a small
number and Σ =

⋃n
k=1[ωk − ε, ωk + ε]. We have

F (t) =

∫ ∞

−∞

1

π
tr(H(ω, λ + th)−1)

dω

(1 + ω2)

=

n∑

k=1

∫ ωk+ε

ωk−ε

r(ω, t)

s(ω, t)
dω +

∫

[−∞, ∞]\Σ

r(ω, t)

s(ω, t)
dω.

Since s(ω, t) is bounded away from 0 for all t ∈ T and for all ω ∈ [−∞, ∞] \ Σ, therefore

sup
t∈T

∫

[−∞, ∞]\Σ

1

π
tr(H(ω, λ + th)−1 dω

(1 + ω2)
≤ M, (60)

where M is a constant depending on ε. Thus, by (59) and (60), we see that for every t ∈ T ,

F (t) =

n∑

k=1

∫ ωk+ε

ωk−ε
Gk(ω, t)dω + O(1), (61)

where O(1) depends on ε and t. Let us consider the κth derivative of F (t). We have

dκ

dtκ
F (t) =

∫ ∞

−∞

1

π

dκ

dtκ
tr(H(ω, λ + th)−1)

dω

(1 + ω2)

=
n∑

k=1

∫ ωk+ε

ωk−ε

dκ

dtκ

(
r(ω, t)

s(ω, t)

)
dω +

∫

[−∞, ∞]\Σ

dκ

dtκ

(
r(ω, t)

s(ω, t)

)
dω

=
n∑

k=1

∫ ωk+ε

ωk−ε

rκ(ω, t)

s(ω, t)κ
dω +

∫

[−∞, ∞]\Σ

rκ(ω, t)

s(ω, t)κ
dω,
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where rκ(ω, t) is a polynomial in ω and t. Since s(ω, t)κ is bounded away from 0 for all t ∈ T and for
all ω ∈ [−∞, ∞] \ Σ, and

rκ(ω, t)

s(ω, t)κ
→ dκ

dtκ
Gk(ω, t) (62)

as ω → ωk, thus, we conclude that

dn

dtn
F (t) =

n∑

k=1

∫ ωk+ε

ωk−ε

dκ

dtκ
Gk(ω, t)dω + O(1). (63)

Now, let

Fk(t) =

∫ ωk+ε

ωk−ε
Gk(ω, t)dω, k = 1, · · · , n.

By virtue of Lemma 4, we conclude that

Fk(t) ≈ t−mksk0(t), (64)

Ḟk(t) ≈ t−mk−1sk1(t), (65)

F̈k(t) ≈ t−mk−2sk2(t), (66)
...
F k(t) ≈ t−mk−3sk3(t), (67)

where mk = αk − αk

βk
, and ski(t), i = 0, · · · , 3, are bounded at 0. Without loss of generality, let us

assume m1 ≥ m2 ≥ · · · ≥ mn. Then (61), and (63) to (67) imply that

F (t) ≈ t−m1s0(t), (68)

Ḟ (t) ≈ t−m1−1s1(t), (69)

F̈ (t) ≈ t−m1−2s2(t), (70)
...
F (t) ≈ t−m1−3s3(t). (71)

Again, in (68) to (71), si(t), i = 0, · · · , 3, are bounded at 0.
Now, consider E(t) = log F (t). It can be readily verified that

Ė(t) = F (t)−1Ḟ (t),

Ë(t) = F (t)−1F̈ (t) − F (t)−2Ḟ (t)2,
...
E(t) = F (t)−1 ...

F (t) − 3F (t)−2Ḟ (t)F̈ (t) + 2F (t)−3Ḟ (t)3,

and

γ(t) :=

...
E(t)2

Ë(t)3
=

(F (t)2
...
F (t) − 3F (t)Ḟ (t)F̈ (t) + 2Ḟ (t)3)2

(F (t)F̈ (t) − Ḟ (t)2)3
. (72)

Substituting (68) to (71) into (72), we obtain

γ(t) ≈ t−6m1−6(s0(t)
2s3(t) − 3s0(t)s1(t)s2(t) + 2s1(t)

3)2

t−6m1−6(s0(t)s2(t) − s1(t)2)3
.

Therefore, as t → 0, we have

γ(0) ≈ (s0(0)
2s3(0) − 3s0(0)s1(0)s2(0) + 2s1(0)

3)2

(s0(0)s2(0) − s1(0)2)3
,

which is a finite number. Thus, the supremum

sup
t∈T

...
E(t)2

Ë(t)3

is bounded. This in turn implies B(λ) satisfies (41).
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