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Abstract

In this paper infinite dimensional discrete time dissipative scattering systems are intro-
duced in terms of generalized (possibly unbounded) solutions of the Kalman-Yakubovich-
Popov inequality (KYP-inequality). It is shown that for a minimal system the KYP-
inequality has a generalized solution if and only if the transfer function of the system
coincides with a Schur class function 6 in a neighborhood of zero. The set of solutions
of the KYP-inequality and the corresponding contractive systems are studied in terms
of properties of #. In particular, the solutions that play the same role (relative to an
appropriate ordering of positive operators) as the minimal and maximal solutions H,
and H, in the classical Kalman-Yakubovich-Popov lemma are identified. Also using the
KYP-inequality a number of stability theorems are derived. It turns out that for sys-
tems with an infinite dimensional state space the connection between stability and the
KYP-inequality is subtle and very different from what is known for systems with a finite

dimensional state space.
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1 Introduction

Consider the linear time-invariant system with discrete time n:

n = An Bn7
E{m“ Tnt Bl 05 ) (1.1)

Yn = Cxp+ Duy,.

Here A: X - X, B:U - X,C:X —)Yand D :U — ) are bounded linear operators acting

between separable Hilbert spaces. We refer to A as the state operator of X, and to D as the

*This paper was completed when the first two authors visited the Mittag-Leffler Institute in Sweden during
the period February 9 — March 9, 2003. They gratefully acknowledge the hospitality and the support of the
institute.



external operator. Starting from the initial state x(, one computes the output yo, y1,y2, ... of
the system ¥ from the input-sequence ug, uy,ug, ... via the system equations (1.1). In fact,
for k =0,1,2,... we have

k—1

ye = CA¥zo + Y CABuy_j_y + Duy.

=0
To simplify notation we will write ¥ = (A, B,C,D; X,U,)). The spaces X, U, and } are
called the state space, the input space, and the output space, respectively.

In the theory of optimal control the class of dissipative systems plays a fundamental role.

To introduce this class of systems we need the notions of a supply rate function and a storage
function which we take from [28]. Let ¥ = (A, B,C,D; X,U,Y) be a system. A supply rate

function for ¥ is a function
w(u,y) = (®(u,y), (u,y)), (1.2)

defined on the Hilbert space direct sum U & )Y, where @ is a bounded selfadjoint operator
acting on U & Y. A first example, which originates from network theory, concerns the case
of impedance systems when the input space U coincides with the output space ) and the
function w is given by w(uy,u2) = Re (u1, uz). In this case the selfadjoint operator ® in (1.2)

equals %J , where J is the signature operator

0 I
J = “o,
Iy 0O
acting on U ®U. In this paper we will deal with the scattering supply rate function

w(u,y) = [lull* = lly]%, (1.3)

which plays an important role in scattering theory and also in the analysis of H°°- optimal
control problems.
In (1.3) the norms || - || are the usual Hilbert space norms on the input space U and output

space ), respectively. The corresponding selfadjoint operator ® is given by

I
o | V|
0 —-Iy
A system ¥ = (A,B,C,D;X,U,Y) is called dissipative with respect to the supply rate

function w if there exists a (possibly unbounded) positive! operator H in X’ such that

AD(HY?) c D(HY?), BU c D(H'Y?) (1.4)

!Throughout this paper a (possibly unbounded) operator H acting in a Hilbert space X’ is said to be positive
if H is selfadjoint and (Hxz,z) > 0 for each = # 0 in the domain D(H) of H.



and for each initial state zg € D(Hl/Q) and each sequence of inputs ug, w1, us, ... from U we
have
Wty yp) > | HY 2 a1 || — [[HY 22,2, n=012.... (1.5)

Here H'Y? is the square root of H, i.e., the unique non-negative selfadjoint operator Y in X
such that Y2 = H. For n = 0,1,2,... the vectors 2,11 and y,, in (1.5) are derived from the
initial vector zg and the input sequence ug, u1,us9,... via the system equations. It follows
from (1.4) that the state vectors z,,, n > 0, all belong to the domain D(H'/?) of H'/2. For a

positive operator H in X satisfying (1.4) we refer to the function
Qu(z) = |HV2al?,  weDE),

as the storage function for 3 defined by H.

By rewriting the system equations (1.1) in the following form

Tn+1 _
Yn

we see that for the scattering supply rate function (1.3) the dissipativity condition (1.5) is

A B
C D

m"] (n=0,1,2,...) (1.6)

Un,

just equivalent to the requirement that there exists a positive operator H in X satisfying (1.4)

and
Ks(H)(x,u) >0, zeDHY?, wel, (1.7)
where
HY? 0 T HY? 0 A B T
Ky (H)(z,u) = || 1> = 2. (18)
0 Iy u 0 Iy ¢ D u

If the state space X is finite dimensional, then the operator H is automatically defined on
the whole space and is a bounded (and boundedly invertible) positive selfadjoint operator. In

the latter case the inequality (1.7) reduces to the usual Kalman-Yakubovich-Popov inequality

> 0. (1.9)

H—-A*HA-C*C —-C*D-A*HB
-D*C—-B*HA I—-D*D—-B*HB

However for systems with an infinite dimensional state space, it may happen (an example
is given in Section 4.5) that no bounded positive operator H satisfies (1.9) while there exist
unbounded positive operators H satisfying (1.4) and (1.7). Moreover, it may happen that
H~! is unbounded too.

This connection between (1.7) and the Kalman-Yakubovich-Popov inequality justifies the
following terminology. We say that a (possibly unbounded) positive operator H in X is a
generalized solution of the Kalman-Yakubovich-Popov inequality (for short, KYP-inequality)
for ¥ if (1.4) and (1.7) are satisfied. Summarizing: a system ¥ is dissipative with respect to

the supply rate (1.3) if and only if the KYP-inequality for ¥ has a generalized solution.



The main purpose of this paper is to present a generalization to the infinite dimensional
case of the classical Kalman-Yakubovich-Popov lemma which can be found in textbooks (see,
e.g., [29]). Here we state this lemma for the case when the supply rate function is given by
(1.3) and the state space is finite dimensional. The terminology from the theory of systems

will be explained in the next section.

Lemma 1.1 Let ¥ = (A, B,C,D; X,U,)) be a minimal system with finite dimensional state
space X. Then the set

Ks={H | H >0 and H satisfies (1.9)} (1.10)

is non-empty if and only if the transfer function 0y of the system X belongs to the Schur class
SU,Y). In that case Ky, contains an element Hy and an element Hq such that

Hy<H<H,, HeKs.
The Schur class S(U,Y) is the set of functions 6, which are analytic in the open unit disk
D={X\]| |\ <1}, (1.11)

and of which the values are contractive linear operators acting between the separable Hilbert
spaces U and ), i.e.,
SU,Y)={0]0€ Hoo(U, D), [|0]lcc <1}, (1.12)

where [[6]]oo = sup {[[6(\)| | A € D}.

We remark that in Lemma 1.1 for the case when the spectrum of A is contained in the
closed unit disk the set Ky in (1.10) does not change if the condition H > 0 is replaced by
the requirement that H is selfadjoint and invertible (see, for instance, [28], page 550).

There exist various generalizations of this lemma for the case that the state space of X
is infinite dimensional (see [17]). In each of these generalizations the positive solution H
to the inequality (1.7) is required to be a bounded operator. Nevertheless, the unbounded
solutions to (1.7) are interesting and important in their own right. In this paper we obtain a
generalization of Lemma 1.1 in which the solutions H may be unbounded selfadjoint operators.
Moreover, the transfer function of the system ¥ can be an arbitrary operator valued function,
which is analytic in a neighborhood of 0, and which coincides with a Schur class function in

this neighborhood. The next theorem is our first main result.

Theorem 1.2 Let ¥ = (A,B,C,D;X,U,)) be a minimal system. Then the KYP-inequality
for ¥ has a generalized solution if and only if its transfer function 0y coincides with a Schur

class function in a neighborhood of zero.

In our second main result (Theorem 5.1 in Section 5) we identify solutions of the KYP-
inequality that play the same role (relative to an appropriate ordering of positive operators

that may be unbounded) as the minimal and maximal elements H, and H, in Lemma 1.1.



An important aspect of the KYP-inequality is its connection to stability. For systems with
an infinite dimensional state space this connection is subtle and very different from what is
known for systems with a finite dimensional state space. For instance, if H is a generalized
solution to the KYP-inequality of the minimal system ¥ = (A, B,C,D; X,U,)), then from

the finite dimensional case one would expect that
lim |HY2A"z|| =0, xeDHY?). (1.13)
n—oo

In Section 6 we shall see that in general for systems with an infinite dimensional state space
this is not true. In fact, it may happen that ¥ is a dissipative minimal system, and that (1.13)
does not hold for any generalized solution H to the KYP-inequality of 3. Since in the finite
dimensional case all solutions H of the KYP-inequality are bounded and strictly positive,
it follows that for this case (1.13) holds for all solutions H of the KYP-inequality whenever
it holds for one. The latter property also does not carry over to the infinite dimensional
case. Furthermore, in general in the infinite dimensional case, formula (1.13) does not imply
stability in the usual sense. In Section 6 we shall also present a number of positive stability
results based on [4].

This paper consists of eight sections, this introduction being the first. In the second
section we review the general theory of infinite dimensional discrete time systems, and define
notions as transfer function, dilation, restriction and minimality. In the third section we
introduce the notion of pseudo-similarity, and prove that minimal systems with the same
transfer function in a neighborhood of zero are pseudo-similar. In the fourth section we show
that a system is dissipative with respect to the supply rate (1.3) if and only if it is pseudo-
similar to a contractive system. The fourth section also contains the proof of Theorem 1.2.
Our second main theorem (Theorem 5.1) is stated and proved in the fifth section. The sixth
section concerns the connection between the solvability of the KYP-inequality and stability of
the corresponding systems. In the seventh section we present some additional information on
the set of solutions of the KYP-inequality and the corresponding contractive systems, using
results from [6] and [7]. In the final section we specify the results of the previous sections for
a particular (simple) choice of the transfer function 6, namely for (\) = AK, where K is an
arbitrary contraction.

In conclusion we mention that the results derived in this paper also hold with appropriate
modifications for scattering dissipative continuous time systems and for dissipative systems
with other supply rate functions (impedance and transmission systems), both in discrete
time and in continuous time. In fact (see, e.g., [3]) there are standard ways to translate
results about discrete time dissipative scattering systems into results about other dissipative
systems of the above mentioned type (by using the Cayley transform, the Potapov-Ginzburg
transform). The connection between solutions of the KYP-inequality and the solutions of the

algebraic Ricatti inequality and equality will be developed in a further paper.



2 Preliminaries about infinite dimensional discrete time sys-

tems

In this section we review a number of fundamental concepts of the theory of infinite dimen-
sional discrete time Hilbert space systems that are used throughout this paper. The main
source for this section are the papers [19] and [3]. Some of the material can also be found in
books; see, e.g., [9], and [20] page TIff..

2.1 Transfer function and realization

The transfer function of the system ¥ = (A, B,C, D; X,U,)) is the operator valued function
fx, given by
Os(\) = D+ XC(I — M\A)™'B, (2.1)

which is defined on the set consisting of all A € C such that I —\A is boundedly invertible. Its
values are bounded linear operators acting between the Hilbert spaces U and ). Obviously,
Oy is analytic at 0. Given a sequence of inputs ug, ui,us, ..., and initial state g = 0, one
can obtain the sequence of outputs yo, y1,y2, .. from the transfer function by multiplication

of the following two formal power series

Os(N) =D+ CAT'BN, u(d) =) uN.
Jj=1 J=0

Indeed, 05 (M)u(A) = y(A), where y(A) is the formal power series >, y; M. If the series
>_j>0Uj is convergent, i.e., if u()) is analytic at 0, then y(}) is analytic at 0 too.

Let O(A) : U — Y be an operator valued function which is analytic in a neighborhood of
0. Then there exists a system ¥ = (A, B,C, D; X,U,)) with transfer function 6 (see [2], [9],
[13], and [19]). In that case the system ¥ is called a realization of 6.

In this connection, we introduce the following notation. Let 6 and 67 be two operator
valued functions which are analytic in a neighborhood of 0. We write 8 ~ 6; if (\) = 61(\)

in a neighborhood of 0. In this case we say that § and 6, coincide in a neighborhood of 0.

2.2 Dilation and restriction

Letz_(ABCDxuy)andzz(ABC ;
is called a dilation of the system X if Y =U, Y =Y, D = D, and the state space X admits

an orthogonal sum decomposition X=E0H &, such that relative to this decomposition

Z;{ 5)) be two given systems. Then ¥

the system ¥ can be written as

Ay A3 Ay B,
S=(l o a4 A || B|.|0oc ol piexresuy) (2.2)
0 0 A, 0



Explicitly,

A= PyAlX, B=PyB, C=C|X, (2.3)
AE CE, A*E,CE&., CE={0}, B*& ={0}. (2.4)

If 3 is a dilation of X, then the system ¥ is called a restriction of X.

Notice that dilating or restricting a system does not change the Taylor coefficients of its
transfer function at zero. Since these Taylor coefficients determine the transfer function in
a neighborhood of zero, it follows that dilating or restricting a system does not change its
transfer function in a neighborhood of zero. In other words, if ¥ is a dilation of X, then

05, ~ ..

2.3 Minimality

A system is called minimal if it is not a dilation of any other (different) system. In other
words a system is minimal if and only if it does not have a proper restriction. Minimality
can be characterized in term of controllability and observability. For this purpose we need
the following notation and terminology.

Let ¥ = (A,B,C,D; X,U,)) be a system. The subspace?

Im (A|B) = span{A"Bu | u € U,n € Ny} (2.5)

consists of all vectors in the state space which can be reached in finite time. We call the
subspace Im (A|B) the reachable subspace of 3. The controllable subspace is by definition the
closure of this set. The system X is said to be (approxzimately) controllable if the controllable
subspace is equal to X or, equivalently, the reachable subspace is dense in X.

The unobservable subspace of ¥ = (A, B,C,D; X,U,)) is by definition the subspace

Ker (C|A) = ﬂ Ker CA™. (2.6)
n>0

The system ¥ is called observable if Ker (C|A) = {0}.
The next theorem is classical for finite dimensional systems (see, e.g., [20] and the ref-
erences therein) and can be found in [3], [4] for infinite dimensional time invariant systems.

The result also has a time variant analog (see [15]).
Theorem 2.1 A system is minimal if and only if it is controllable and observable.

2.4 The first and second minimal restriction

Each system appears in two fundamental ways as a dilation of a minimal system (see also

[5]). In the proof of the next theorem one such construction is carried out.

2Throughout the word subspace means linear sub-manifold, not necessarily closed.



Theorem 2.2 Fach system is a dilation of a minimal system.

PROOF. Introduce the subspaces:

Xy =Ker (Cl4), Xy = <Ker (ClA) + Im(A\B)) & Ker (C|A),

Xy = <Ker (ClA) + Im (A|B)>l.

Then X = X & Ay @ X, and relative to this decomposition A, B, and C' partition as:

% % *
A= OAQ* 5 B = BO 5 C:[O CO *}
0 = 0
The system X,cs1 = (Ao, Bo, Co, D; Xo,U,Y) is a restriction of ¥, and is minimal. O

The system X,¢s1 defined in the above proof will be referred to as the first minimal

restriction of 3. There is also a second minimal restriction, which is defined as follows.
Given ¥ = (A, B,C, D; X,U,)) introduce the subspaces:

X, = Ker (C|A) NIm (A[B), &, =1Im (A|B) & (Ker (C|A) NIm (A[B)),
X =Tm(AB) .

Then X = X; & /i’vo &) /'?2, and relative to this decomposition A, B, and C partition as

* * *
A= 012(0* 5 B= EQ s C:[O 50 *}
0 = 0

The system X,¢59 1= (EO,EO, 60, D; ;Fo,u,y) is a restriction of ¥, and is minimal. We call

Yres,2 the second minimal restriction of 3.
2.5 Adjoint systems
Given ¥ = (A, B,C,D; X,U,Y) we define its adjoint X* to be the system

Y= (A%,C*",B*, D" X, Y, U).
Notice that 3 is a dilation of ¥ if and only if (i)* is a dilation of ¥*. Hence the system X
is minimal if and only if the same is true for ¥*. Also, ¥ is observable (controllable) if and
only if ¥* is controllable (observable).

The construction of the second minimal restriction given in the previous subsection is the

dual of that of the first minimal restriction, in the sense that

Yres2 = ((E*)resJ)*- (2.7)



2.6 Similarity and unitary equivalence

Two systems ¥ = (A, B,C,D; X,U,)) and Y = (A,B,é,]j;)%,l:{,)}) are called similar if
Z;{:uvjj:y7D:D7and

A=SA5"Y, B=SB, C=CS, (2.8)

for some bounded and boundedly invertible operator S from X onto X. The systems ¥ and
3 are said to be unitarily equivalent if D = D and there exists a unitary operator S : X — X
such that the identities in (2.8) hold true.

If two systems 3 and X are similar, then their transfer functions coincide in a neighbor-
hood of 0, that is, 65, ~ 0x. The converse is also true for minimal systems with a finite
dimensional state space. More precisely, if the transfer functions of two minimal systems
¥ = (44, B;,C;, Di; X, Ui, Vi), i = 1,2, with finite dimensional state spaces coincide in a
neighborhood of 0, then these systems are similar. It is known (see, e.g., [13] page 267) that
this result does not carry over to the infinite dimensional case; in the next subsection we
present an example (related to but somewhat different from the one in [13]) that also will be

used in Subsection 4.4 for other purposes.

2.7 An example of non-similar minimal systems of which the transfer func-
tions coincide in a neighborhood of zero

Let 6 be the entire function 6(z) = e*~!. Notice that for ¢ real we have

’0(6“)‘ _ poost—1 _ e—25in2 it <1
This together with the analyticity of § shows that 6 is a scalar Schur class function. We shall
show that 6 has minimal realizations that are not similar.
Let T be the backward shift on the Hardy space H?(D), that is,

(Th)(2) = =Y (h(2) — h(0)), =€ D.

Recall that H?(ID) consists of all analytic functions h on D with square summable Taylor
coefficients. For each p > 0 consider the system X, = (A,, B,,C, D; H*(D), C,C), where
b(p~12) — 6(0)

A, =pT, (Bye)(z) = TC (ceC) (2.9)

Ch = h(0) (h € H* (D)), Dc=0(0)c (ceC). (2.10)

The operators A,, B,,C, and D are bounded linear operators, and the spectrum of A, is
equal to the closed disk with center zero and radius p. A straightforward computation shows
that

C(I—MA) th=h(pN), [N <p L (2.11)



It follows that
(X)) —6(0
D+ \C(I - /\Ap)_pr =D+ )\% =0(\), [N <ph.
Hence for each p the system X, is a realization of 6.
All these realizations are non-similar. Indeed, if ¥,, and ¥, are similar, then the operators

Ay

Since the spectrum of A, is equal to the closed disk with center zero and radius p, it follows

and A,, are similar, and hence in that case A, and A,, must have the same spectra.

that X, and X,, are similar if and only if p; = po.

Next we show (using Theorem 2.1) that the systems X, are all minimal. It is straight-
forward to check (use (2.11)) that 3, is observable. To prove controllability, let ¢, = B,1.
Then

Im [ B, A,B, A2B, ... Ak-lB, ] = span {¢p, pTp,, p°T28,, ..., pF1TE 14}
= span {¢,, T'},, T2q§p, .. ,Tk*1¢p}.

It follows that X, is controllable if and only if function ¢, is cyclic with respect to backward
shift T on H?(D). According to a well-known theorem of Douglas, Shields and Shapiro ([11],
Theorem 2.2.1) the latter happens if and only if ¢, does not allow for a pseudo-continuation
across the circle T. Recall that a meromorphic function n on D., where D, = {z € C | |z| >
1} U {oc}, is called a pseudo-continuation of 1» € H?(D) if i is of bounded Nevanlinna type,
i.e., n is the quotient of two functions in H*°(D.), and the non-tangential boundary values of
1 and 7 coincide on the unit circle almost everywhere (see [12], page 267ff., [22], page 285ff.,
[23], page 81ff. and [10]). Since

—1,) _ P WP |
6,(2) = 0(p—"2) = 0(0) ¢

plz plz

has an essential singularity at infinity, the function ¢, does not have a pseudo-continuation
across the circle T, and therefore X, is controllable. (One can prove the cyclicity of ¢, also
by using the condition appearing in [16], Problem and Solution 160.)

Summarizing we have that for each p > 0 the system X, is a minimal realization of the
Schur class function 6, and that all these realizations are mutually non-similar.

In conclusion let us mention that in this subsection the special form of 6 is not important;
one only has to require that 6 is a non-rational entire function which is bounded by one on
the unit disk. More generally, if we restrict the values of p to p > 1, then it suffices to require
that the function 6, given by é(z) = 0(p~!'2), does not have a pseudo-continuation across the

circle.

3 Pseudo-similarity

Consider two systems ¥, = (A,,B,,C,,D,; X,,U,Y),v = 1,2. We say that ¥; and X9 are

pseudo-similar, if D1 = D5, and there exists an injective closed linear operator S(X; — X»)

10



such that

D(S) = Xy, Im (S) = Ay, (3.1)
A1D(S) € D(S), SA|D(S) = AsS, (3.2)
BiU C D(S), By, = SB; (3.3)
C1/D(S) = CsS. (3.4)

In this case we call S a pseudo-similarity from X1 to 9. (Some authors use the term weak
similarity, see e.g., [25]; the term quasi-similarity is usually used for the case when D(S) is
the full space and hence S is bounded). The vertical bar | in conditions (3.2) and (3.4) means
restriction to; for instance, C1|D(S) stands for the restriction of the operator C; to the space
D(S).
Conditions (3.2) and (3.3) imply that A{Blu C D(S) and SA{Bl = Ang for each j > 0,
and thus
Im (A1]B1) C D(S), S[Im (A;[By)] = Im (Az2|Bz). (3.5)

From (3.2) — (3.4) we get that ClA{Bl = CgSA{Bl = CQA%BQ for each j7 > 0. Hence if two
systems ¥ and ¥ are pseudo-similar, then s, ~ Ox.
3.1 Basic properties

The following proposition establishes some basic properties of pseudo-similarity of systems.

Proposition 3.1 Consider two systems ¥, = (A,, B,,C,,D; X,,U,)), v = 1,2. Suppose
S(X) — Ab) is a densely defined closed injective operator with dense range. Then S is a
pseudo-similarity from 31 to 3o if and only if the graph of S

G<s>={[ Sw] |2 € D(S))

satisfies the following inclusions:

A 0

0 c G(S) C Ker [ 1 —Cy ] (3.6)

By
G(S) C G(S), Tm [ o

Moreover, if S(X, — Xb) is a pseudo-similarity from X1 to Yo, then S~ Ay — Xi) is a
pseudo-similarity from Yo to 31, and S*(Xo — X1) is a pseudo-similarity from X5 to 7.

PROOF. It is straightforward to check the first part of the proposition. Indeed, it suffices to
note that the first inclusion in (3.6) is equivalent to condition (3.2), and that the two other
inclusions in (3.6) are equivalent to conditions (3.3) and (3.4).

It remains to prove the statements appearing after formula (3.6). Therefore in what

follows we assume that S(X; — X3) is a pseudo-similarity from ¥ to 3s.

11



Let us prove that S~!(Xy — Xi) is pseudo-similarity from Y5 to ¥;. Obviously, S~! is

tr
a densely defined closed injective operator with dense range. Take { y Sy ] in G(S71).
tr tr
Thus y € Im S and [ y Sy } = [ Sz x ] for some = € D(S). Then

Ay 0 Y 0 I T
p— C
Sy 1 0 Sz

0 A

A O
0 A

0 I
I 0

Take u € Y. Then

B 0 I B 0 I
> u= flu G(S)=G(S™)
B I 0 Bs I 0
Finally,
0 I 0 I
-1 — — = —
G(S )_[IOIG(S)C[IO Ker[C’l Cg} Ker[Cg Cl].

From these inclusions and the first part of the proposition it follows that S~1 (X, — A1) is a
pseudo-similarity from o to 3.

To prove the final statement we first note that S*(Xy — A7) is a densely defined closed
injective operator with dense range (see, for instance, [21], Chapter 3, Section 5.5). Next,
observe that G(S)*+ = G/(—S*), where

G(-5%) = {[ ‘j*y ] |y € D(S*)}.

Since
1
B, 1 Cy
Im :Ker[B’f B;], <Ker[Cl —CQD — Im ,
By —-C5
it is now simple to see by taking orthogonal complements in (3.6) that S* is a pseudo-similarity
from 33 to 7. O

3.2 The state space pseudo-similarity theorem

In this subsection an analog of the classical state space similarity theorem is presented. To
state the main result we need the notion of a core of a closed linear operator T'(X — )). A
linear sub-manifold M of D(T) is said to be a core of T if the closure of T|M is equal to
T (see [21], page 166). In particular, in that case M is dense in D(T). The next theorem
has appeared as Theorem 3b.1 in [19], and Theorem 3.2 in [8] (see Theorem 9.2.3 in [25] for
a continuous time version). The closedness of the constructed similarity has been proved in
[2], Proposition 6. The uniqueness statement appears here for the first time. For the sake of

completeness we present the full proof.

12



Theorem 3.2 Let 31 and Yo be minimal systems, and suppose that their transfer functions
coincide in a neighborhood of zero. Then the two systems are pseudo-similar. Moreover, there

exists a unique pseudo-similarity S from X1 to Yo such that Im (A1|By) is a core for S.

PROOF. Define R : Im (A41|B1) — Im (As|B2) by
R() " A|Biu;) =Y AlBou;. (3.7)
j=1 J=1
Then R is well-defined. To see this it suffices to show that

n n
=1 j=1

Assume the left hand side of (3.8) holds. Then for each k =0,1,2,... we have

n
Z ClAler]Blu]' =0.
j=1

The fact that the transfer functions of 31 and Y5 coincide in a neighborhood of 0 is equivalent
to the statement that

C1AT By = C2A5 By (n=0,1,2,...). (3.9)
Thus .
CQAS(ZA%BQUj) =0 (n=0,1,2,...).
j=1

But Ker (C2]|Az) = (5o Ker Cy Ak = {0}, because ¥y is minimal. Thus the right hand side
of (3.8) is proved.
Next we show that R is closable. Let x1,x9,... be a sequence in Im (A;|Bp) such that

xn, — 0 and Rz, — y for n — oo. Again using (3.9), we see that for each n we have
C1AYz, = CyAS Rz, (k=0,1,2,...). (3.10)

Fix ¥ > 0. Then ClAlfxn — 0 and CQAngn — CQASy for n — oo. Thus (3.10) yields
CyAky =0 for k =0,1,2,.... But Ker (Cq|A2) consists of the zero element only, because X5
is minimal. Therefore y = 0, and thus R is closable.

Let S be the closure of R. Then S is a closed operator and Im (A;|Bj) is a core for S.
The operator S is also injective. Indeed, assume x € D(S) and Sz = 0. Then there exists
a sequence x1,Tg,... in Im (A;|By) such that x,, — z and Rz, — 0 for n — co. For these

vectors ,, formula (3.10) holds, and hence

C1AYz = Tim C1 Az, = lim CyASRz, =0

13



for k=0,1,2,.... Since ¥ is minimal, this shows that x = 0, and thus S is injective.

We proceed by showing that (3.1)—(3.4) are fulfilled. By definition, Im (A1|B1) C D(S),
and thus the minimality of ¥ yields D(S) = X;. Similarly, Im .S D Im R = Im (A,|B3), and
thus Im S = X3 because of the minimality of 5. Thus (3.1) holds. Next, take z € D(S). So

there exist x1, 2, ... in Im (A1|B;) such that z,, — x and Rz, — Sz for n — oo. Now

Almn € Im (A1’B1) (- D(S), Alxn — Al.%' (TL — OO);
SAjx, = RAyx, = AsRx, — AsSx  (n — o0).

Since S is closed, this shows that Ajz € D(S) and SA;x = A3Sz. Thus (3.2) holds. Since
BiU C Im (A1|By), we have BiU C D(S) and SBy = RB; = Bs, because of the definition of
R. Finally, to prove (3.4), take x € D(S). So there exist x1,x9,... in Im (A;|B;) such that
x, — x and Rx,, — Sx for n — oo. For the vectors z,, formula (3.10) is valid. It follows that

Ciz = lim Ciz, = lim CyRx, = CySz,

n—oo

which proves (3.4).

The final step is to prove the uniqueness. Let S be a pseudo-similarity from X to o,
and assume that Im (A;|B;) is a core for S. From conditions (3.2) and (3.3) with S replaced
by S we see that

S(Z A{Bluj) = Z A%BQ'U/J‘,
7j=1 7j=1

and thus S|Tm (A4;|B;) = R. Since Im (A;|By) is a core for S, this implies that S is the closure
of R, that is, S = S. O

For minimal systems pseudo-similarity is transitive. Indeed, if X1, 39, and X3 are minimal
systems such that ¥; and 39 are pseudo-similar, and o and >3 are pseudo-similar, then 3;
and X3 are pseudo-similar. To see this, notice that we have 0y, ~ fy,, and fx, ~ Oy,, so

Oy, ~ Ox,. Since ¥; and X3 are minimal, they are pseudo-similar by Theorem 3.2.

3.3 Two examples

In this section we present two examples. The first shows that minimality of a system is not
preserved under pseudo-similarity. The second example presents two minimal systems >
and Yo with the same transfer function such that there are (precisely) two different pseudo-
similarities from 31 to X5. From this second example it follows that without the core condition
a pseudo-similarity between two minimal systems does not have to be unique. Both examples
use the same general setup which we will describe first.

Throughout this section S(X; — X5) and S(X; — A») are closed linear operators acting

between Hilbert spaces X7, X», and we assume that
G(S) S G(S), D(S) is dense in Aj. (3.11)

14



Let U be the space D(S) endowed with the graph norm ||z|jyy = (||z||> + ||Sz||?)/?, where
z € D(S). Analogously, we define ) to be the space D(S*) endowed with graph norm

lylly = (1S*y 1> + 1),y € D(S™).
Consider the operators
Bi:U— Xy, Birx=x; By:U— Xy, Boxr=Su; (3.12)
Y =X, ny=5Y Y- py=y (3.13)

Let X7 & X5 be the Hilbert direct sum of the spaces X7 and X,. Since the operators B and -y
given by
Y1

By Y2

U — X B A, 7:[ ]:y—>X1€BX2

are isometries, we conclude that the operators defined by (3.12) and (3.13) are contractions.

Finally, put
Cr=9:4 =Y, Ci=v:4%—) (3.14)

The operators C7 and Cy are contractions too.

Next notice that
B
Im 1
By

The first equality and first inclusion in (3.15) are trivial. The second equality follows from

| L]y =] 2]

= {- ‘S*y] e DS} = (¢(-§) = Gd).
Yy

= G(S) C G(S) = Ker [ 1 —Co ] . (3.15)

Cr
—C3

il
—72

Ker [ Cp —Cy ]

For each u € U we have SBiu = Byu. Since G(S) C G(S), we have D(S) C D(S). Hence
Biu € D(S) and SBiu = Byu for each u € Y. From (3.15) we see that

[c —C ] Bil 2o weu
1 2 B2 )
We conclude that
C1B; = C3By = K, where K = (I 4+ 55%)71S. (3.16)

In what follows we shall consider the following two systems:

21 = (O,Bl,Cl,O;Xl,u,y), 22 = (O,BQ,CQ,O; Xg,u,y). (3.17)
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Formula (3.16) shows that these two systems have the same transfer function, namely 0y, (A\) =
Os,(\) = AK, where K is defined in (3.16). Since the state operators of ¥ and ¥, are zero
operators, it is simple to check when these systems are minimal. Indeed, using that minimality
is the same as controllability and observability, we see that for ¢ = 1, 2 the system 3; is minimal
if and only if Im B; is dense in X; and Ker C; = {0}.

Now let us specify the choice of the operators S and S a bit further. In the next two
subsections we shall assume that S(X; — X») is a closed and injective linear operator such
that

D(S)# X, D(S)=2X, ImS+#AX,. (3.18)

Fix v € X1, v ¢ D(S), and w € X, w ¢ Im (S). Let S(X; — X,) be the operator with domain
D(S)={w+d|XeC, deD(S)},

defined by S (A + d) = Aw + Sd. The operator S is closed, because

G(S)

G(S) + span [ Y ] C XD Xy
w

Here + denotes an algebraic direct sum, and as before @ a Hilbert space direct sum. Since
S is densely defined, the same holds true for S. Thus the operators S and S introduced in
this paragraph are closed linear operators satisfying the conditions in (3.11). The operator
S is also injective, because S is injective and w ¢ Im S. Furthermore, D(S) # X;. Indeed,
if D(S ) = X1, then S is bounded by the closed graph theorem. This implies that the closed
operator S = S|D(S) is bounded, too. It follows that D(S) = D(S) = X;. This contradicts
the assumption (3.18).

3.3.1 Minimality is not preserved under pseudo-similarity

In this subsection we assume additionally that
Xy =span{w} & Im S. (3.19)

It straightforward to construct such an operator S. The additional assumption (3.19) implies
that Im S is dense in Xs. Indeed, since w L Im S and Im S € Im S, the space Tm S is properly
contained in the space Im S. But then (3.19) yields Im S = Xo.

Now with this choice of S and S define operators By, By, C1, Cy as in (3.12) — (3.14), and
let the systems ¥; and ¥ be given by (3.17). Notice that Im By = Im S, and hence Im By
is not dense in X5 because of (3.19). It follows that ¥ is not minimal. On the other hand
Im B; = D(S), and hence by (3.18) the space Im B; is dense in &;. Also

KerC; = (111171)l = (Im S*)L = Ker S = {0},
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because S is injective. Thus ¥ is a minimal realization of 6 (A) = AK, and X3 is a non-minimal
realization of the same function.

We claim that S is a pseudo-similarity from ¥; to 5. Indeed, S (X1 — AX») is a closed
densely defined linear operator, which is injective and has dense range. Furthermore, from

(3.15) we know that
B
Im !
By

and hence we can use Proposition 3.1 to show that Sis a pseudo-similarity from 31 to Xs.

C G(S) C Ker [ C; —Cy ],

Thus the systems X1 to X9 are pseudo-similar, 37 is minimal and X5 is not minimal. We

conclude that minimality is not preserved under pseudo-similarity.

3.3.2 An example of a pseudo-similarity which is not unique
In this subsection S(X; — &%) is a closed and injective linear operator satisfying

In particular, S satisfies (3.18), and hence we can define S as in the paragraph preceding
Subsection 3.3.1. With this choice of S and S define operators By, Bs, C1, Cs as in (3.12)
— (3.14), and let the systems ¥; and Xy be given by (3.17). Notice that Im By = Im S, and

hence Im By is now dense in X because of the fourth part of (3.20). Furthermore,
Ker Cy = (Imv2)* = D(5*)* = {0}.

Thus the system X is minimal. As in the previous subsection, the system X is minimal.
Thus under the hypotheses (3.20) both ¥; and ¥ are minimal.

We claim that both S and S provide a pseudo-similarity from 37 to ¥o. Indeed, both
operators are injective, closed, densely defined, and have dense range. Since the state oper-
ators of ¥; and X9 are both zero operators, we can use (3.15) together with Proposition 3.1
to show that S and S are pseudo-similarities from 37 to .

It remains to prove that S and S are the only pseudo-similarities from ¥ to 3o. Let E
be an arbitrary pseudo-similarity from ¥; to 3s. Then we know from Proposition 3.1 and
from (3.15) that G(S) c G(E) ¢ G(S). But the quotient space G(S)/G(S) has dimension
one. Therefore either E =S or E = S.

We conclude that 31 and Y5 are minimal systems with the same transfer functions and

there are precisely two pseudo-similarities from 3, and Xs.

Remark With minor modifications one can transform the example in this subsection into
an example of two minimal systems ¥ and Yo which have the same transfer function in a
neighborhood of zero, and for which there exist infinitely many different pseudo-similarities
from 31 to Y. In fact, this can already been achieved by choosing S in such a way that the
quotient space G(S)/G(S) has dimension two.
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3.4 More about non-uniqueness in the state space pseudo-similarity theo-

rem

The next two propositions present a full description of the freedom one has in the choice of

the pseudo-similarity in the state space pseudo-similarity theorem.

Proposition 3.3 Let X1 and ¥o be minimal systems, and suppose their transfer functions
coincide in a meighborhood of zero. Then there exist unique pseudo-similarities Sy and S
from 31 to Xo such that

G(Sp) C G(S) € G(51) (3.21)

for each pseudo-similarity S from 31 to ¥o. In fact, Sy is the unique pseudo-similarity
from ¥y to X9 such that Im (A1|B1) is a core for Sy, and Sy is the unique pseudo-similarity
determined by
g . .
G(S1) = [ Ker [ C1A] —CyA) ] .
=0
PROOF. Let S be an arbitrary pseudo-similarity from ¥; to ¥5. Let Sy to be the unique

pseudo-similarity from ¥; to 3o such that Im (A1|By) is a core for Sy. The definition of
pseudo-similarity shows that S and So coincide on Im (A;|By). Thus

G(So|Im (A1[B1)) = G(S[Im (A1]B1)) C G(S).

But G(S) is closed and G(Sp) is the closure of G(Sp|Im (A;|B;)). This proves the first
inclusion in (3.21).
To define Sy, put
G = () Ker [ 1Al —CuAl |
j=0
From the definition of a pseudo-similarity it follows that C A{x = CgAéSx for each x € D(S).
Thus G(S) C G1. Obviously, Gy is closed. We claim that G is a graph space. Indeed, we

have
0
T

because Y5 is minimal (and hence observable). Thus there exists an operator S1(X; — X»)
such that G1 = G(S1). With this choice of S; formula (3.21) is proved.

Let us prove that Sy is a pseudo-similarity. From G(S) C G(S1) we see that D(S) C D(S1)
and Im .S C Im 57, and thus the domain and range of S are dense in X} and X5, respectively.
Notice that

€GL e CAlz=0 (j>0)ez=0,

X

. €eG(S) =G & CAlz=0 (j>0) & =0,
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because ¥ is minimal. Thus S; is injective. From the definition of G; = G(S1) and (3.21)
we immediately see that (3.6) holds for S in place of S. Thus S is a pseudo-similarity from
Y1 to Xs. Finally, notice that (3.21) determines Sy and S7 uniquely. O

Let ¥; and X5 be minimal systems, and suppose their transfer functions coincide in

a neighborhood of zero. Let us write S,,;, for the pseudo-similarity Sy and S),q. for the

pseudo-similarity S appearing in (3.21). We shall refer to Sy, and Sy., as the minimal

and mazimal pseudo-similarities from Y; to g with respect to graph space inclusion. We

write Sy min and S maee for the minimal and maximal pseudo-similarities from (32)* to (X;)*.
We claim that

(Smin)" = S«maz> (Smaz)" = Semin- (3.22)

Indeed, an arbitrary pseudo-similarity £ from (X2)* to (X1)* is of the form E = S*, where S
is a pseudo-similarity from ¥; to ¥5. Thus, by taking orthogonal complements in (3.21), we
see that

C((Smar)) € G(E) € G((Smin)"):

*

Since (Smaz)™ and (Spin)* are pseudo-similarities from (X2)* to (X1)* and F is an arbitrary

one, the above inclusions yield (3.22) because of Proposition 3.3.

Proposition 3.4 Let 31 and X5 be minimal systems, and suppose their transfer functions
coincide in a neighborhood of zero. Let G be a closed subspace of X1 & Xo, where X1 and X
are the state spaces of X1 and Yo, respectively. Then G = G(S) for some pseudo-similarity
S from 31 to Yo if and only if

A O

GsminCGCGsmaxa
(Smin) Sma) |0 )

G CG. (3.23)

Here Spin and Spae are the minimal and mazximal pseudo-similarities from Y1 to Yo with
respect to graph space inclusion, and Ay and As are the state operators of X1 and ¥s, respec-

tively.

PROOF. Assume G = G(S) for some pseudo-similarity from ¥; to X9. Then the first part of
(3.23) is covered by (3.21). The first inclusion in (3.6) yields the second part of (3.23).

To prove the converse, assume (3.23) holds. Since G C G(Syqz) and G is a linear space,
it follows that G is a graph space, that is, there exists an operator S with domain D(S)
in X} and range in X5 such that G = G(S). The fact that G is closed implies that S is a
closed operator. From G(S,uin) C G(S) it follows that D(Sy,in) C D(S) and Im Sy, C Im S.
Thus, as Spn, the operator S is densely defined and has a dense range. On the other hand
the inclusion G(S) C G(Smaz) shows that S is injective. Thus in order to show that S is
a pseudo-similarity it suffices to show that S satisfies (3.6). The first inclusion in (3.6) is
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fulfilled because we assume (3.23) holds. By applying the second part of (3.6) to S, and

Sinaz We see that

B
Im
By

From these inclusions it follows that S satisfies the second part of (3.6) too. Thus S is a

C G(Spmin) C G(S),  G(S) C G(Smas) C Ker [ Cy —Cy } .

pseudo-similarity. O

Proposition 3.4 yields the following corollary which will be useful later (in Section 8).

Corollary 3.5 Let 31 and 3o be minimal systems, and let S be a pseudo-similarity from 3
to Xo. If D(S) = X1 (and hence S € L(X1,X3)) or Im S = Xy (and hence S~ € L(Xa, X1)),
then S is the only pseudo-similarity from %1 to .

PROOF. Since S~ is a pseudo-similarity from X5 to ¥; and D(S™1) = Im S, it suffices to
prove the corollary for D(S) = A.

So assume D(S) = X;. Let Spin and Sy be the minimal and maximal pseudo-similarities
from X7 to X9 with respect to graph space inclusion. Since S is closed, the assumption
D(S) = A} implies that S is bounded. According to (3.21) we have G(Smin) C G(S), and
thus

[Sminz|| = [|Sz[| < |S[ll<]l, = € D(Smin)-

Thus Spin is bounded too. This can only happen when D(S).,) = &1, because Sy, is
closed and densely defined. Thus S,,;, = S. On the other hand, from D(S) = X} and
G(S) C G(Smaz) it also follows that D(Syer) = X1. Therefore S = Sy,4z, and hence S is the
only pseudo-similarity from 31 to . O

Notice that for the two pseudo-similar minimal systems ¥; and Y, introduced in the
previous subsection the quotient space G(Smaz)/G(Smin) has dimension one, and hence for
these two systems Sy, and Si,q. are the only two pseudo-similarities. In fact, in this case
Sinin = S and Spez = §, where S and S are as in the previous subsection.

To conclude this chapter let us return to the systems
%, = (4,,B,,C,D; H*(D),C,C), p >0,

considered in Subsection 2.7. Thus A,, B,,C, and D are the operators defined in (2.9) and
(2.10). Recall that for each p > 0 the system X, is minimal and in a neighborhood of zero
its transfer function coincides with the function §(z) = e*~!. Nevertheless, as we have seen
in Subsection 2.7, the systems ¥,, p > 0, are not mutually similar. On the other hand,
according to Theorem 3.2, they must be mutually pseudo-similar. In fact, in this case the
pseudo-similarity from ¥, to X,, is unique and easy to describe. Indeed, assume p; # po
and put 1 = p1/pa. Let S be the operator in H?(D) defined by

D(S) = {h € H*(D) | A — h(n)) belongs to H*(D)}, (Sh)(A\) = h(n)), X ecD.
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For 0 < 7 < 1 we have D(S) = H?(D) and for n > 1 we have ImS = H?(D). It is
straightforward to check that S is a pseudo-similarity from 3, to ¥,,. Since either D(S) or
Im S is equal to the state space H?(D) there are no other pseudo-similarities from X, to X,
by Corollary 3.5.

4 The Kalman-Yakubovich-Popov inequality for the scatter-

ing case

In this section we will prove the first main theorem of this article (Theorem 1.2). First we
will introduce contractive systems, and give some elementary properties. A system ¥ =
(A,B,C,D;X,U,Y) is called contractive if for each initial state zg € H and each input

sequence (uy)k>0 we have
[unll® = lnll® = llznsall? = llznl® (0 > 0). (4.1)

Here for n > 0 the vectors x,11 and y, are determined from u, and z, via the equations
(1.1) from the introduction. In this case the adjoint system X* is also contractive. To see

this, notice that the system X is contractive if and only if its system matrix My,

A B

M:
*“lc b

)

is contractive. Since M(s+) = (Mx)*, it follows that ¥ is contractive if and only if ¥* is

contractive. We will show the following theorem.

Theorem 4.1 A system is dissipative with respect to the supply rate function (1.3) if and

only if it is pseudo-similar to a contractive system.

In the above theorem one cannot replace the word pseudo-similar by just similar. Indeed,
it is possible that a system which is dissipative with respect to the supply rate w(u,y) =
lul? = ||y||? is not similar to any contractive system. An example will be given in Section 4.4.

In the next subsection we show that with each generalized solution of the Kalman-
Yakubovich-Popov inequality we can associate in a canonical way a contractive system. The
proof of the above theorem is given in the second subsection. In the third subsection we use

Theorem 4.1 to prove Theorem 1.2.

4.1 The system associated with the KYP-inequality

Let ¥ = (A, B,C,D; X,U,Y) be a dissipative system with respect to the supply rate function
(1.3). In other words, there exists a generalized solution H to the Kalman-Yakubovich-Popov
inequality for . With ¥ and H, we shall associate a system Xy in a canonical way. Since

H(X — X) is a positive operator, the same is true for H/2(X — X). Moreover, since H
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is injective, H'/? is injective, and Im H'/? is dense in X. By specifying (1.7) for the vectors
(x,0) and (0,u) we see that

1Y 2a|? — [ H' 2 Az|? — [|C2l* 2 0, [lul® = |Dul® — [ H2Bu[* 20, (4.2)
for each = € D(H'/?) and each u € U. Introduce the operator
Ag :ImH'Y? = Xx; Ag(HY?z) = HY? Az (x € D(HY?)). (4.3)
Then Ag is well-defined, because H/? is injective. Since
A (H'22)| = |HY2Aa)| < |H 22|, o e D(H?),

the operator A is contractive on Im H'/2. We extend Apy by continuity to a contraction,
also denoted by Ap, on X = Im H/2. Define By : U — X by Byu = HY2Bu. Then

1Brull = |HBu|| < Jull,  uwell,

hence By is a contractive operator. Define Cp : ImHY? =y by CyHY?z = Czx, for
x € D(H'/?). Then
ICHH" 22| = ||Ca| < [|Hx],

hence Cp is a contractive operator. The operator C'gy extends by continuity to a contraction
from X = Im H'/2 into . The system Yy = (Ay, By,Cy, D; X,U,Y) is well-defined, and
will be called the system associated to the generalized solution H of the KYP-inequality for

>.. Sometimes we also refer to Xy as the system associated to H and 3.

Proposition 4.2 Assume H is a generalized solution to the Kalman-Yakubovich-Popov in-
equality for the system 3, and let ¥y = (A, By, Cx, D; X,U,Y) be the associated system.
Then Yy is contractive, the systems ¥ and X g are pseudo-similar, and HY? is a pseudo-

similarity from X to Y.

PROOF. The system X is contractive, because for each 2 € D(H'/?) and u € U we have

OSKz(H)[x]=||[H1/2x]\|2—|| HY?2 0 A B x]HQZ
u u 0 Iy ¢ D u
= [ 1 ] oy | HEA PR e
U C D U
_ [Hl/%] P AgHY? By x]HQZ
U CyHY? D U
iy [ H2y ] 2 Ag Bpg HY?g ] 2.
U Cyg D

By continuity it follows that X is a contractive system.
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The operator HY/ 2(X — X) is closed, injective, and densely defined. Since H 172 g
selfadjoint, Tm H'/? is dense in X. Take x € D(H'/?). Then

A 0 x _ Az _ Az € G(HY?),
0 Ay HY2y Ay HY?2 HY2 Az
by the first inclusion in (1.4). The second inclusion of (1.4) yields
B B
- Y eaw).
By H'2Bu
Take 2 € D(H'/?). From
x _ _ 1/2,. _ _ _
(O =Cu || i | =Ca— CuH'Pa=Ca—Ca=0.

it follows that G(H 1/ 2) C Ker { C —-Cyg ] Thus, the operator H'/? establishes a pseudo-
similarity from ¥ to Xg.
O

Proposition 4.3 Let H be a generalized solution to the KYP-inequality for the system ¥ =
(A,B,C,D; X, U,Y), and let X be the associated system. Then X is minimal if and only

if

H'2Im (A|B) = X, (HY2)"1Im (A*|C*) = X. (4.4)
PROOF. From the identity
Im (Ag|Bpr) = span p>olm A% By = HY2span ,>0Im A" B = HY?Im (A|B), (4.5)

we see that X is controllable if and only if H'/2Im (A|B) is dense in X.
Since, by Proposition 4.2, the operator H'/2 is a pseudo-similarity from ¥ to X7, we know
that (HY?)* = H'/? is a pseudo-similarity from (X)* to ¥*. Consequently,

ARCyY c D(HY?) and HY2AZCYH = AC*
for each n > 0. We conclude that H'/2Im (A%;|C%;) = Im (A*|C*). Tt follows that the system
Yy is observable if and only if (H'/2)~'m (A*|C*) is dense in X. O
Proposition 4.4 Let H be a generalized solution to the KYP-inequality for the system ¥ =
(A,B,C,D; X,U,Y), and assume that Im (A|B) is a core for H'/2. Then HY/2Im (A|B) = X.
PROOF. Since Im H'/2 is dense in X, it suffices to show that
Im H'/? ¢ H'/2Im (A|B). (4.6)

Take y € Im HY/2. Thus y = H'/2x for some z € D(H/?). Since Im (A|B) is a core for H'/2,
there exists a sequence 1, T, ... in Im (A|B) such that =, — = and H'?z,, — y. Obviously,
H'Y2, € HY/?Im (A|B). Thus y € H'/2Im (A|B), and (4.6) is proved. O
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4.2 Proof of Theorem 4.1

PROOF. Assume the system X is dissipative with respect to (1.3). Thus there exists a
generalized solution H to the KYP-inequality for X. Let X be the system associated to H
and X. By Proposition 4.2, the system X is contractive, and ¥ and Xy are pseudo-similar.
Thus ¥ is pseudo-similar to contractive system.

To prove the converse implication, let ¥ = (A, B,C,D;X,U,Y) be pseudo-similar to
the contractive system T = (A, B,C,D; xX.U ,YV), and let the pseudo-similarity be given by
S(X — X). We shall show that H = S*S is a generalized solution to the KYP-inequality with
respect to ¥. Since S is closed and densely defined, the operator H(X — X) is selfadjoint
(by [21] Chapter 5, Theorem 3.24). The operator S is injective, hence

< Hzx,x >=|Sz|? >0, (x € D(H),z #0)

and the operator H is positive. Since D(H?) = D(S) (see [21] Chapter 6, Theorem 2.23,
and also formula 2.22 in the same chapter), the similarity conditions (3.2) and (3.3) yield

AD(HY?) c D(HY?), BU c D(H'Y?).

By the polar decomposition (see [21], page 334), we have UH'/2 = S, where U : X — X
is a partial isometry with initial space Im H!/2 and final space ImS. Since S is a pseudo-
similarity, Im S = X, and since H/2 is injective and selfadjoint, Im H1/2 = X. It follows that
U is unitary.

Take 2 € D(H'/?) and u € U. Then

T H2y HY/Z2 0 A B T
Kx(H) = | 12— 12 =
u U 0 Iy ¢ D u
Sx 9 SA SB T 9
L e A R
Sx A B Sx
=||[ ]||2—|| ~ ]IIZZO,
U C D U

because T is a contractive system. Thus H is a generalized solution to the KYP-inequality
for 3. O

The proof of Theorem 4.1 also yields the first part of the following proposition.

Proposition 4.5 Let S be a pseudo-similarity from 3 to 31, and assume that 31 is contrac-
tive. Then H = S*S is a generalized solution to the KYP-inequality for X. Moreover, the
polar decomposition of S is given by S = UHY?, with U : X — X, being a unitary operator,
and the system Xy associated to H and X is unitarily equivalent to X1 with U providing the
unitary equivalence. In particular, if S = HY?, then ¥y = ¥;.
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PROOF. The proof of the first statement is contained in (the second and third paragraph of)
the proof of Theorem 4.1. In the proof of this theorem it was also shown that S = UH/2,
with U : X — X} a unitary operator. Let ¥ = (A, B,C,D;X,U,Y). We show that the
system Xy = (Ag, By,Cy,D; X,U,)) associated to H and X, and the system X1 = (Aj,
By, C1, D; X1,U,Y) are unitarily equivalent with the unitary equivalence being provided by
U. For x € D(HY?) = D(S) the identities

Ap(HY?2) = H'/? Az = U*SAz = U*A, Sz = U* A U(H?x) (4.7)
CyHY?z = Cx = C Sz = CLU(H"/?z) (4.8)

hold, and since H'/2 is densely defined, it follows by continuity that Ay = U*A,U, and
Cy = C1U. Finally, for u € U we have UByu = UH'/2Bu = SBu = Bju. The proposition
follows. O

Proposition 4.6 If H is a generalized solution to the KYP-inequality for the system X, then
H~' is a generalized solution to the KYP-inequality for the system X*,

En) = (E)g-1. (4.9)

PROOF. By Proposition 4.2 the selfadjoint operator H'/? establishes a pseudo-similarity from
¥ to . Hence (H'/2)* = H'/? is a pseudo-similarity from (Xp)* to *, and thus (H'/?)~!
is a pseudo-similarity from ¥* to (Xp)*.
negative selfadjoint operator such that (H'/2)?2 = H (see [21], Chapter 5, Theorem 3.35).

Hence D(H) = {x € D(H'?) | H/?x € D(H'/?)}. It follows that

The operator H'/? is defined as the unique non-

(H1/2)—1(H1/2)—1Hx _ (H1/2)*1H1/2x — re D(H)

Put K = (H'/?)"'(HY?)~!. The previous identity shows that K is an extension of H .
Since K = §*S, where S is the selfadjoint operator (H1/2)*1, we know that K is selfadjoint.
Thus K is a selfadjoint extension of the selfadjoint operator H ~', which implies that K =
H™', that is, H~' = (HY?)~Y(H'/?)~1. Since (Xg)* is a contractive system, we can use
Proposition 4.5 to show that H~! is a generalized solution to the KYP-inequality for ¥*.

It remains to prove (4.9). From H~! = (HY2)"'(HY2)™' and (HY/2)~! nonnegative
it follows that (HY/2)™' = (H *1)1/ 2. As we have shown in the previous paragraph, the
operator (H_l)l/2 is a pseudo-similarity from ¥* to (X)*. Now apply Proposition 4.5 with
S = (H_1)1/2. It follows that (4.9) holds, and the proof is complete. O

4.3 Proof of Theorem 1.2

PROOF. Let ¥ = (A,B,C,D; X,U,Y) be a minimal system. Assume first that the KYP-

inequality for X has a generalized solution. In other words, assume X is dissipative with
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respect to (1.3). By Theorem 4.1 this implies that ¥ is pseudo-similar to a contractive system
Y. Because of the pseudo-similarity, the transfer function 6y, coincides with a Schur class
function 05, in a neighborhood of zero.

Assume now that the transfer function function s, coincides with a Schur class function
0 in a neighborhood of 0. Let ¥ be a minimal contractive realization of . Since ¥ and ¥ are
both minimal, the fact that 6y, ~ 05(= #) in a neighborhood of zero implies (see Theorem
3.2) that there exists a pseudo-similarity S from ¥ to . Proposition 4.5 shows that H = $*§
is a generalized solution to the KYP-inequality for 3. O

4.4 Pseudo-similarity versus ordinary similarity

Theorem 4.1 shows that a system is dissipative with respect to the supply rate (1.3) if and
only if it is pseudo-similar to a contractive system. In this statement the condition of pseudo-
similarity cannot be replaced by ordinary similarity (i.e., with a bounded and boundedly
invertible similarity operator). In fact, it may happen that a system X which is dissipative
with respect to the supply rate function (1.3) is not similar (with a bounded and bounded
invertible similarity) to any contractive system. To present an example, take p > 1, and
consider the system

¥, = (A,,B,,C,D; H*(D),C,C), (4.10)

where A,, B,,C, and D are the operators defined in (2.9) and (2.10). Notice that the spectrum
o(A,) = pD contains points outside the closed unit disk (because p > 1). Thus ¥, in not
similar to any contractive system. Next we show that X, is dissipative with respect to the
supply rate (1.3). To do this, notice that the transfer function of ¥, coincides with the Schur

class function 6(z) = e*~!

in a neighborhood of 0 (see Subsection 2.7). From Subsection 2.7
we also know that X, is minimal. By Theorem 1.2 the KYP-inequality for the system X, has
a generalized solution. By Proposition 4.2 the system 3, is pseudo-similar to a contractive

system. By Theorem 4.1 the system X, is dissipative with respect to the supply rate (1.3).

4.5 An example of a KYP-inequality with all generalized solutions un-
bounded

Let 3 be the system X, in (4.10), with p > 1 being fixed. We conclude this section by showing
that all generalized solutions to the KYP-inequality for this ¥ are unbounded. Indeed, let H
be a generalized solution to the KYP-inequality for 3, and assume H € L(X), where X is
the state space of ¥ = X,. Then H'/2 is a pseudo-similarity from ¥ to Xz. In particular,
using D(H) = X, we have

ApH'Y?¢ = H'? A6 = H'/?pT, ¢€X. (4.11)

Recall that the state space X of ¥ = X, is the Hardy space H 2(D), and T is the backward

shift on this space. It follows that every point z in C with |z| < p is an eigenvalue of pT with
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$.(\) = (1 — p~12\)~! as corresponding eigenvector. So, for 1 < |z| < p the function H'/2¢,
is an eigenvector of Ay with eigenvalue z, because of (4.11). This is impossible. Indeed, A
is a contraction and hence the eigenvalues of A are in the closed unit disk. Thus H cannot
be bounded. One can construct more elaborate examples showing that both H and H ~! are

unbounded operators.

5 Order properties of the generalized solutions of the KYP-

inequality

To state our second main theorem we need the following partial ordering on the set of non-
negative selfadjoint operators, which is taken from [21] (page 330, formula 2.17, and the
remark below). Let H;, Hy be non-negative selfadjoint operators acting in X. We define
Hy < Hy if D(H;/z) C D(Hll/Q) and |]H11/2x|| < HH21/23:|| for each x € D(H21/2). Notice that
if Hq, and Hs are bounded, then H; < Hy means H; < Hs. The next theorem is the main

theorem of this section.

Theorem 5.1 Let ¥ = (A,B,C,D; X,U,Y) be a minimal system, which is dissipative with
respect to the supply rate (1.3). Then the set of all generalized solutions H to the KYP-

inequality for X which have the following two additional properties
(i) HY?Im (A|B) and (HY?)"'Im (A*|C*) are dense in X,
(ii) Im (A|B) is a core for the operator H'/?,

is not empty and this set contains a minimal element H, and a mazximal element Ho with

respect to the ordering <.

The conditions (i) and (ii) in the above theorem are not independent. In fact, if (ii) holds,
then H'/?Im (A|B) is dense in X' by Proposition 4.4. On the other hand, condition (ii) does
not imply (i). To see the latter, let

¥1=(0,B1,C1,0;&1,U,Y) and X3 = (0,B2,C,0;X,U,))

be the systems appearing in Subsection 3.3.1. As we have seen in Subsection 3.3.1, the
systems X1 and Y9 are pseudo-similar, and X7 is minimal while Y5 is not. Furthermore, let
S be the pseudo-similarity from 3; to ¥ considered in Subsection 3.3.1. Now put X = 7.
Notice that (S~1)* is a pseudo-similarity from X to 3. Put H = (S71)(S~1)*. Since ¥ is
contractive, the same holds true for X3, and hence we can apply Proposition 4.5 to show that
H is a generalized solution to the KYP-inequality for ¥, and that X is unitarily equivalent
to X5. Thus ¥y is not minimal, because ¥3 is not minimal. According to Proposition 4.3,
this implies that for this choice of ¥ and H condition (i) in the above theorem is not satisfied.
Next, notice that

Y =%7=(0,Cy,B],0; X1, Y, U).
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Using (3.13), (3.14) and (§—1)* = (5*)~! we have
ImCf =Im~y; = Im $* = D((5*)1) = D((S7H)").

In particular (see Proposition 4.5) the domain of H 1/2 i5 equal to Im C7, and hence condition

(ii) in Theorem 5.1 is trivially satisfied. Thus (ii) does not imply (i).

We proceed with some notation. Let ¥ = (A4, B,C,D;X,U,)) be a minimal system.
The set of all generalized solutions H of the KYP-inequality for ¥ will denoted by GKx, and
we write Cy for all classical solutions H of the KYP-inequality for ¥, i.e., all generalized
solutions H that are bounded and boundedly invertible. When the state space X is finite
dimensional, then the sets GKx, and CKy coincide, and are equal to the set Kx defined by
(1.10). The following two subsets of GKx, will be important in the sequel:

GK®n — {H € GKx, | ¥y is minimal}, (5.1)

gkmin  —{H e GKE™ | Im (A|B) is a core for the operator H'/?}. (5.2)

3, core

Recall (see Proposition 4.3) that ¥y is minimal if and only if condition (i) in Theorem 5.1
is satisfied. Thus, using the above notation, Theorem 5.1 can be reformulated as follows. If
min
X, core
non-empty and with respect to the ordering < this set has a minimal and a maximal element.
Let ¥ = (A,B,C,D; X,U,Y) be a minimal system, and let H be a generalized solution

of the KYP-inequality for ¥ which is bounded and boundedly invertible, i.e., H is a classical

Y is minimal and dissipative with respect to the supply rate (1.3), then the set GIC 18

solution. Then, trivially, Im (A|B) is a core for H'/2. Furthermore, H'/? is a usual (i.e.,
bounded and boundedly invertible) similarity from ¥ to Xpy. Since ¥ is assumed to be
minimal, the same holds true for Xg. We conclude that H € QKgi?OTe. Hence we have the
following inclusions:

CKs C GK¥™,, C GKE™ C GKs. (5.3)
However, notice that for a minimal dissipative system it may happen (as we know from

min
3, core

Subsection 4.5) that CKy; is empty while for such a system GKC is always non-empty. In
particular, the first inclusion in (5.3) can be strict. The second inclusion in (5.3) can also be

strict (see Subsection 5.5).

As a first step towards the proof of Theorem 5.1 we shall establish the following result.

Theorem 5.2 Let X be a minimal system which is dissipative with respect to the supply rate
(1.3), and let 6 be the Schur class function coinciding with the transfer function of ¥ in a
neighborhood of 0. Then each minimal and contractive realization of 0 is unitarily equivalent

min

to a system Xy for some unique generalized solution H € GKCI'" .

In the proof of the second main theorem optimal and star optimal systems play an essential
role. We review the theory of these systems in the next subsection. Some auxiliary results on

the ordering < will be presented in Subsection 5.2.

28



5.1 Optimal and star-optimal systems

In this subsection we consider two classes of contractive systems that have extremal properties.
A contractive system ¥, = (Ao, Bs, Co, D, Xo,U,Y) with transfer function 6 is called optimal
if for each contractive realization ¥ = (A, B,C, D; X,U,Y) of § the estimate

n n
1Y S A2 Bouy|| < 1> A" Buy|| (5.4)
j=0 j=0

holds for each wg,u1,...,u, € U and each n > 0. To prove that >, is optimal it suffices
to check (5.4) for minimal contractive realizations of 6. Each Schur class function 6 appears
as the transfer function of a minimal and optimal system, which is determined by 6 up
to unitary equivalence (see [4]). Moreover, given a Schur class function #, a minimal and
optimal realization can be constructed as follows. Let ¥ = (A, B,C, D; X,U,)) be a unitary

realization of #. Define the subspace

Xo = Pxer (0|4 Im (A B),
let Tx, be the canonical embedding of X, into X, and consider the operators
Ao =Ty ATy, 1 Xy — A, B, =13y B:U — X, Bo=Crx, : X5 — ).

Then the system ¥, = (Ao, Bo, Co, D; X5,U,Y) is a minimal and optimal realization of 6.
Notice that we obtained the minimal and optimal system as the first minimal restriction of a
unitary system.

The other class of contractive systems is defined as follows. Let X4 = (As, Be, Ce, D; X,
U, V) be an observable contractive system with transfer function 6. The system X, is called
star-optimal if for each observable contractive realization ¥ = (A, B,C, D; X, U,Y) of § and

for each input sequence ug, u1,uo, ..., u, in U, we have
1D AV Beugll 2 || Y A"/ Buyl| (n>0). (5.5)
j=0 j=0

Each Schur class function # admits a minimal and star-optimal realization, which is deter-
mined by 6 up to unitary equivalence (see [4]). Given a Schur class function #, a minimal and
star-optimal realization can be constructed as follows (see [5]): let ¥ = (A4, B,C,D; X, U,))

be a unitary realization of #. Define the subspace

X. = PmKer (C|A)l,
and the operators

A, :T}.ATX. i Ko — X, B.:T}.Blu—)){;, Be=Cryx, : Xe — ).
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Then the system Yo = (Ae, Be, Co, D; Xo,U,Y) is a minimal and star-optimal realization of .
Notice again, that we obtained the minimal and star-optimal system as the second minimal
restriction of a unitary system. Using (2.7) we see that ¥ is minimal and star-optimal if and
only if the adjoint system >* is minimal and optimal. For further information on optimal

and star-optimal systems, see [4] and [5].

5.2 Auxiliary results on the ordering <

In this subsection we present a few auxiliary results on the ordering < that will play a
role in the proofs of Theorems 5.1 and 5.2 or that will be useful in later sections. It is
straightforward to check that the relation < is transitive; the next proposition shows that it

is also antisymmetric.

Proposition 5.3 Let Hi and Hs be non-negative selfadjoint operators acting in X such that
Hy < Hy and Hy < Hy. Then Hy = H>.

PROOF. Our assumptions imply that D(Hll/Q) = D(H21/2) and |]H11/2x|| = ||H11/2x|| for each
x € D, where D = D(H11/2) = D(HQI/2). By the so-called polarization formula this yields

(w1, By o) = (Hy P01, Hy ), 01,00 € D, (5.6)

Now take x1 € D(H;) and zy € D(H3). Then both z; and z3 belong to D. Moreover,

Hjxj = H;/Q(H;/Qmj) for j = 1,2. Using the identity (5.6) we get

<H1$1,$2> = <H11/2$1,H11/2$2> = <H21/2I1,H21/2$2> = <.’£1,H2$2>.

Since Hy and Hj are both selfadjoint, it follows that x9 € D(H;) and Hixe = Hoxo, and that
x1 € D(Hs) and Hoxq = Hyxy. This shows that Hy = Ho. O

Lemma 5.4 Forv=1,2, let H,(X — X) be a non-negative selfadjoint operator, and let D
be a linear sub-manifold of both D(H1) and D(Hs). If \|H11/2xH < HH21/2xH for each x € D,
and D is a core for H21/2, then Hy < Ho.

PROOF. Take z € D(H21/2). Since D is a core for ]'1721/27 there exists a sequence z1,xo,... in
D such that z,, — x and H21/ an — H21/ 24 if n — 0o. The second limit and the assumption
that HH11/23:|| < HH21/23:|| for each x € D imply that (Hll/an)zozl is a Cauchy sequence in
X. Thus y = lim,_,0 H11/23:n exists. But Hll/2 is closed. Therefore, x € D(Hll/2) and
H11/2m = y. We have now proved that D(H;ﬂ) - D(Hll/Q). Furthermore, again using that

HH11/2xH < HH21/23UH for each x € D, we see that
1/2 . 1/2 . 1/2 1/2
|H e = Tim | H ]| <t [|Hy )| = [|Hy %2,

Thus H; < Ho. O
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Proposition 5.5 For v = 1,2 let H,(X — X) be a positive selfadjoint operator. Then
H, < Hy is equivalent to Hy ' < H;'.

PROOF. Since Hfl and H;l are positive selfadjoint operators too, it suffices to show that
Hq < Hs implies H2_1 < Hl_l. Therefore, assume that H; < Hs.

Put S;=H 11 /2 and Sy = H21/ 2 Both S1 and Ss are densely defined injective closed linear
operators with dense ranges, D(S3) C D(S7) and ||S1z| < ||S2z| for each z € D(S3). It
follows that there exists a contraction R on X such that RSox = Sjz for each z € D(Ss).
Since D(S) = Im S5 !, we have Ru = S1S; 'u for each u € D(S5 ). We claim that

Im S} € D((S;1)*) and R*y = (S;1)*Sjy, for each y e D(S}). (5.7)

Indeed, let STy be an arbitrary element of Im ST. In particular, y € D(ST). Then, for each
u € D(Sy 1), we have Sy u € D(S2) € D(S1), and hence

(S5 1w, STy) = (S155 Mu, y) = (Ru,y) = (u, R*y).
Since R is a contraction, this yields
sup {|(S5 "u, S{y)| [ w € D(S3), [lull = 1} < cc.

This implies (see [14], page 290) that the vector S;y belongs to D((S51)*), and (S5 ')*Siy =
R*y, which proves (5.7).

Since S; = Hll/2 and Sy = Hzl/Q7 we have S, = S* and S, ! = (H,; 1)'/2 for v = 1,2 (cf.,
the proof of Proposition 4.6). Thus (5.7) shows that D((H;)'/?) ¢ D((H;')'/?) and

RY(Hy )P0 = (HyY)Pu, w e D(HTHY?).
Since R* is a contraction, we conclude that H5 < H 1 L O

Proposition 5.6 Let> = (A, B,C,D; X,U,Y) be a minimal system which is dissipative with
respect to the supply rate (1.3), and let Hy and Hy belong to GICER" Then Hy < Hs if and

3, core”
only if there exists a contraction R on X such that

RAH2 = AH1R7 RBHQ - BH17 CH2 == CHlR (58)
Moreover, (5.8) determines R uniquely.

PROOF. Notice that both X, and X, are minimal. For each H € GKyx and each set of

vectors ug, U1, ...,uyx in U we have

N N N
> A Bu; e DHY?), N Ay By = HY (Y A Buy). (5.9)
=0 =0 =0
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Now assume H; < Ho. Then using the definition of <, we obtain
1Y " A% Buyusll <11 A} Bayusll, wo,us, ... uy in U (5.10)
=0 =0

From (5.10) and the fact that Im (Ag,|Bp,) is dense in X' (because X g7, is minimal) it follows

that there exists a unique contraction R on X such that

N N
R(ZAJHQBHQUJ’) :ZA%hBHﬂLj? Up,U1y---, UN in U. (5.11)
=0 =0
Again using the density of Im (Ap,|Bm,) in X, we see that (5.11) yields the first two identities
in (5.8). Next, recall that the transfer functions of ¥, and Xy, coincide in a neighborhood
of zero. Thus CHQA%bBH2 = C’HlA]I;,lBH1 for each j = 0,1,2,.... By using (5.11) it follows
that

N N N
CmR(Y_ A} Buu;) = > Cu Al Bru;=> CpyAl Buyu;

j=0 j=0 j=0

N .
= Cu,( ) A}y, Bu,u;).
§=0
Using Im (Ap, |Bp,) is dense in X, we get C, R = Cpy,, and (5.8) is proved.
To prove the reverse implication, assume that R is a contraction such that (5.8) holds.

Then we also have
N N
R(ZAJHQBquj):ZAJHlBMUj, U, UL, ..., un in U.
Jj=0 Jj=0

Since Im (Ap, | B, ) is dense in X this determines R uniquely. The fact that R is a contraction
implies
|| Z A%JIBHlu]H < || Z A‘;'—IQBHQUJ‘L ug, U1, .-, UN in U.
j=0 j=0

Now put D = Im (A|B). Using (5.9) and the preceding norm inequality, we see that HHll/ZxH <

HH;/QxH for each x € D. From the definition of GKT"  we know that D is a core for H21/2.

3, core

Thus Lemma 5.4 shows that H; < Ho. O

Remark. Notice that in the first paragraph of the above proof we did not use that Im (A|B)
is a core for H1 and Hy. Thus if H; and Hy are generalized solutions to the KYP-inequality
for the minimal system 3, such that H; < Ha, and the associated systems X, and X g, are

minimal, then there exists a unique contraction R on & such that (5.8) holds.
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Corollary 5.7 Let X be a minimal system which is dissipative with respect to the supply rate
(1.3), and let Hy and Hy belong to QKgi?OTe. Then Xy, and X g, are unitarily equivalent if
and only if Hy = H».

PROOF. Assume X, and Xy, are unitarily equivalent. Then there exists a unitary operator
R on X such that (5.8) holds. Since R is contractive, it follows that H; < H. Interchanging
the roles of ¥, and ¥ g, we also get Hy < H;. Hence H; = Hy by Proposition 5.3. The

reverse implication is trivial. O

5.3 Proofs of Theorems 5.1 and 5.2

PROOF OF THEOREM 5.2. Let ¥ be a minimal system which is dissipative with respect
to the supply rate (1.3), and let 6 be the Schur class function coinciding with the transfer
function of ¥ in a neighborhood of 0. Let T be a minimal and contractive realization of
6. Let S be the unique pseudo-similarity from ¥ to T such that Im (A|B) is a core for S.
Put H = S*S. By Proposition 4.5, the operator H is a generalized solution to the KYP-
inequality for X. Let Xy denote the system associated to the generalized solution H of the
KYP-inequality for >. By Proposition 4.5, the systems >y and T are unitarily equivalent,
and the unitary operator U, that establishes the unitary equivalence, satisfies S = UHY2. Tt
follows by unitary equivalence that ¥z is minimal. This is equivalent with the requirement
that

H'?Im (A|B) = X, (H/2)=1Im (A*|C*) = X,

by Proposition 4.3. Since Im (A|B) is a core for S, the linear manifold Im (A|B) is also a core
for HY/2, because HY/?2 = U~1S. Thus H € GK™" and X and Y are unitarily equivalent.

3, core?

It remains to prove the uniqueness of H. Let H' be a second operator in GICE"

3, core such

that ¥/, and Y are unitarily equivalent. Then ¥/, and Y are unitarily equivalent, and we

can apply Corollary 5.7 to show that H' = H, which completes the proof. O

PROOF OF THEOREM 5.1. We split the proof in three parts. In the first part we show

that the set glcgigm is not empty. In the second part we construct the minimal element of

main

this set. In the last part we give the construction of the maximal element of GKCF'7 .

Part (a). The system ¥ is minimal and dissipative with respect to the supply rate (1.2).
By Theorem 1.2 this implies that the transfer function of 3 coincides with a Schur class
function # in a neighborhood of zero. A Schur class function has a minimal and contractive
realization. But then we can apply Theorem 5.2 to show that QICQZ?OT . is not empty.

Part (b). Let ¥, = (Ao, Bo,Co, D; X,,U,Y) be a minimal and optimal realization of 6.
Let S, be the unique pseudo-similarity from ¥ to ¥, such that Im (A|B) is a core for S,. Put
H, =5%5,. The proof of Theorem 5.2 shows that H, € glcgj‘gm.

We will show that H, is minimal with respect to the ordering <. Take H € GIK™min and

3, core?

construct Xy = (Ag, By, Ch, D; X,U,Y). The system X is minimal. Notice that Im (A|B)

33



is in the domain of both the operators HY? and H§/2. Thus
1/2 ; ‘ ‘ ;
15 S 0o AT Bugl| = || Y7o AL Boug| < || Y7o A%y Brug|| = [|[HY2 3°7_ Al Buy||.

The inequality follows from the optimality of ¥, and the last equality follows from Proposition
4.2. The linear manifold Im (A|B) is a core for H'/2. We have shown that the inequality
HHg/QxH < |H'2z|| holds for each for each z € Im (A|B). By Lemma 5.4 we conclude that
H, < H.

Part (c). Let Yo = (Ae, Be, Ce, D; Xo,U,Y) be a minimal and star-optimal realization of
0. Let Se be the unique pseudo-similarity from ¥ to ¥, such that Im (A|B) is a core for S,.
Put Hy = S}S,. The proof of Theorem 5.2 shows that H, € GKmin

3, core*
We will show that He is maximal in QIC%??OT . with respect to the ordering <. Take H €
gKmin and construct X = (Ap, By, Cu, D; X,U,Y). The system Xy is minimal. Notice

that Im (A|B) is in the domain of both the operators H'/? and H.1/2. By star-optimality of

Ye We obtain the inequality

123" A7 Buy)|| = || Y ALBawy)|| > | S Ay Brwy)|| = |HY? S A7Buy))).
j=0 j=0 j=0 j=0

The last equality follows from Proposition 4.2. The linear manifold Im (A|B) is a core for H . /2,
We have shown that the inequality ||H/2z| < HH.1/29UH holds for each for each = € Im (A|B).
By Lemma 5.4 we conclude that H < H,. OJ

From the last two parts of the proof of Theorem 5.1 we obtain the following proposition.

Proposition 5.8 Let X be a minimal system which is dissipative with respect to the supply

rate (1.3). Let H, be the minimal element and He be the mazimal element in glcgj‘gm with

respect to the ordering <. Then X, is a minimal and optimal system, and X g, is a minimal

and star-optimal system.

5.4 Further properties of the set GKI"

3, core

Let ¥ and ¥ be pseudo-similar minimal systems which are dissipative with respect to the
supply rate (1.3). The first result of this subsection shows that the sets GKT"  and G

%, core 3, core
are order isomorphic with respect to the ordering <.
min
3, core”

Then Yy is a minimal contractive realization of the Schur class function 6 coinciding with

To define the order isomorphism referred to in the previous paragraph, take H in GKC

the transfer function of ¥ in a neighborhood of zero. Since ¥ and Y are pseudo-similar, the
transfer function of ¥ also coincides with 6 in a neighborhood of zero. Now, apply Theorem
5.2 to 3. The fact that Xy is a minimal contractive realization of 6 implies that there exists
a unique H € glcgfgm such that ¥y and X7 are unitarily equivalent. Let J be the map
given by

J:gRRpin . grmin J(H)=H. (5.12)

3, core 3, core’
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The next proposition shows that J is an order isomorphism with respect to <.

Proposition 5.9 Let ¥ = (A,B,C,D; X,U,Y) and Y = (K,E,G,D;f,u,y) be pseudo-
similar minimal systems, which are dissipative with respect to the supply rate (1.3), and let J
be the map defined by (5.12). Then J is a bijective map preserving the order relation <, that

18,

Hy < Hy <— J(Hl) < J(HQ) (5.13)

PROOF. Let us write Jz,i for the map J defined by (5.12). By interchanging the roles
min

of ¥ and ¥ we can also consider the map Ji,z which transforms QIC%TOW into QIC& e

Using the uniqueness statements in Theorem 5.2 and Corollary 5.7 it is straightforward to
show the products Jz,i‘]i,z and Ji,zjz,i are the identity maps on glcgfgm and glcgfgm,

respectively. In particular, the map J = Jy, 5 is a bijection.
Next, we prove (5.13). Since Jy, 5 = (Jg )7, it suffices to show that Hy < Hj implies

J(Hy) < J(Hy). For i = 1,2 put H; = J(H;), and consider the systems
Su, = (A, Bu,, Cu,, D; X,U,Y), S5 = (Ap, By, Cp,D; XU, Y).

Here X and X are the state spaces of the systems ¥ and i respectively. Let U; : X — X ,

i = 1,2, be the unitary operator providing the unitary equivalence from ¥ g, to ¥ 5 . Thus

UiAn, = Az U;, UiBy, =Bz, Cp,=CzU;, i=12. (5.14)
Recall that we assume that H; < Ho. Thus, by Proposition 5.6, there exists a contraction R
on X such that (5.8) holds. Now, let R be the contraction on X defined by R = UlRU2_1.

Then using the identities in (5.8) and (5.14) it is straightforward to check that

7, =Bag Cg,=Ci R
According to Proposition 5.6 this implies that Hy < ﬁQ, which completes the proof. O

The following similarity result will be used in the next section.

Proposition 5.10 Let 3 be a minimal system which is dissipative with respect to the supply
min
3, core

the ordering <. Then all Y g with H € GKZ™  are mutually similar if and only if Hy < vH,

3, core

rate (1.3), and let H, be the minimal and He the mazimal element in GKC with respect to

for some v > 0.

PROOF. Since H, < H,, by Proposition 5.6 there exists a unique contraction R on X such
that
RAy, = Ag,R, RBpy, =Bpg,, Cpgy,=Cpy,R. (5.15)

Now assume that all Xy with H € glcgigw . are mutually similar. In particular, ¥ g, and Xy,
12,

are similar. It follows that the unique R in (5.15) is boundedly invertible. Put v = ||R~
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For wg,...,uy in U and using (5.15) we have Z;V:o AJI;.BH.uj =R! Z;V:o AJI;OBHOuj, and

hence
N N

1> Ay Bryusll <721 Ay Ba,ugll.
j=0 j=0

Put D =Im (A|B). Using (5.9) and the previous norm inequality we see that
1/2 1/2
1H x| < |y2H %), zeD.

Since D is a core for 71/2H§/2, we can apply Lemma 5.4 to show that He < vH,.
Conversely, assume that He < vH, for some v > 0. Let H be an arbitrary operator
from QICVE”’Z?ON. It suffices to show that X is similar to X g, . Since H, < H we know from

Proposition 5.6 that the exists a unique contraction R, on X such that
R,Apg = Apg,Ro, RoBxg = Bp,, Cyx=0CHR..

Notice that H < He < vH,. Thus we also have H < vH,. It follows that

N N N
IS 4Bl < V20 Ay Bl = 721 RS A B |
=0 =0 =0
for ug, ..., uy in U. Thus |[Row| > vY/2||lw| for each w € Im (Ay|By). Since Im (Ag|By)
is dense in X, we conclude that R, is one to one and has closed range. But the range of R,
contains the set Im (Ap, |Bp,) which is also dense in X. Thus R, is boundedly invertible,

and hence ¥y, and Xy are similar. O

Proposition 5.9 above shows that the order properties of the set QIC%“?OM are determined
by the transfer function of the system >, and do not depend on the particular choice of the

Y. This fact will be developed further in Section 7.

5.5 The set K" and its extremal elements

Throughout this subsection ¥ = (A, B,C, D; X,U,Y) is a minimal system which is dissipative
with respect to the supply rate function (1.3). Recall (compare with (5.1)) that

GK®" — {H € GKx, | ¥y minimal}. (5.16)

Thus glcgi" denotes the set of all generalized solutions H of the KYP-inequality for 3 such
that ¥ is minimal while Im (A|B) is not required to be a core for H/2.

Obviously, QICVE’”'" D QKgigore. The two sets can be different. To see this, let X1 and X9
be the systems introduced in Subsection 3.3.2. As we have seen in Subsection 3.3.2 both 3
and Yo are minimal. Using the definitions of the systems 31 and 35 it is straightforward to
check that both are contractive. In particular, ¥1 is a minimal system which is dissipative

with respect to the supply rate function (1.3). Now take ¥ = ¥;, and let H = S5*S, where S is
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the pseudo-similarity from ¥ = 3; to Yo defined in Subsection 3.3.2. Then H is a generalized
solution to the KYP-inequality for 3, and ¥ is minimal (because ¥ is unitarily equivalent
to g, by Proposition 4.5). We know that Im (A|B) = Im (A |Bj) is not a core for S. Thus H
belongs to QIC%”" but not to glcgfgm. Thus for this choice of ¥ the sets glcgi" and G gi?m,e

are different.

We shall prove the following theorem.

Theorem 5.11 Given H' in QIC%””, there exists a unique H in GKT™  such that Xg and

3, core
Yy are unitarily equivalent. Moreover, H' < H. Finally, with respect to the ordering < the
min

; ; ; min
5 vore 18 also mazimal in GICE™.

mazimal element of G

In Proposition 5.15 below we shall identify the minimal element in glcgi".

Before we prove Theorem 5.11 we make some preparations. Let 3 be any minimal con-
tractive system with the property that in a neighborhood of zero the transfer function of %
coincides with the transfer function of ¥. From Theorem 3.2 we know that ¥ and ¥ are
pseudo-similar. By 7327 5, we denote the set of all pseudo-similarities from X to 3. The exam-
ple in Subsection 3.3.2 shows that it can happen that the set 73272 consists of more than one
element.

Given S € Pz,i7 put Hg = S*S. According to Proposition 4.5 the operator Hg is a
generalized solution to the KYP-inequality for ¥. Let ¥, be the system associated to Hg
and . From Proposition 4.5 we also know that Yy is unitarily equivalent to >. Hence
Hg € glcg”"

Proposition 5.12 All systems Xy with S € Py, ¢ are mutually unitarily equivalent.

PROOF. The statement follows from the fact that ¥y, is unitarily equivalent to 3, by

Proposition 4.5, and from the fact that unitary equivalence is transitive. O

As we have seen in Proposition 3.3, with respect to graph space inclusion, the set Py, 5
contains a minimal and a maximal element, which we shall denote by S,,.;» and Syuqz, respec-

tively.

Proposition 5.13 For S € Py, 5, we have Hg € G min if and only if S = Spin.

3, core

PROOF. Since X4 and > are unitarily equivalent (by Proposition 4.5) and ¥ is minimal,
we have Hg € glcgj‘gm if and only if Im (A|B) is a core for Héﬁ. But S = UHqu/2 for some
unitary operator U from X onto X, where X is the state space of 3; see Proposition 4.5. Tt

follows that Hg € G gﬁi(’}m . if and only if Im (A|B) is a core for S, or, equivalently, S = Spin.
]

Next we show that
Hsmax =< HS =< HS

min )

S e ,PZ,E' (5.17)

In fact, this order relation is a corollary of the following proposition.
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Proposition 5.14 For Sy and Sz in Py, 5 we have
G(Sg) C G(Sl) — H.S'l =< HSQ- (5.18)

PROOF. From Proposition 4.5 we know that S = UlHé{Q and Sy = UgHéf for some unitary
operators U; and Us. In particular, D(Hé{Q) = D(S;) and D(Héf) = D(S2). Now, assume
that G(S2) C G(S1). Then D(S2) C D(S1), and the operators S; and Sy coincide on D(Ss).
It follows that D(Hg.”) € D(HY?), and

1/2 1/2 1/2
1HY 2| = |Siz|l = ||Soz]| = [|HS x|l, =€ DHY).

This shows that Hg, < Hg,. 0

PROOF OF THEOREM 5.11. Let H' € GK%", and consider Xp/. From Proposition
4.2 we know that S = (H')'/? is a pseudo-similarity from ¥ to X . Notice that Hg = H'.
Now put ¥ = X, which is minimal and contractive, and consider the corresponding set
73272. Let Siin be the minimal element of 73272 with respect to graph space inclusion. Put
H = Hg,, . Then H € G gigore, by Proposition 5.13, and the systems X and X are
unitarily equivalent, by Proposition 5.12.

man
3, core

Next, let H be an arbitrary element in GK such that the systems X5 and X g are
unitarily equivalent. Then ¥ 5 and ¥ are unitarily equivalent, and we can apply Corollary
5.7 to show that H = H. According to formula (5.17) we have H' = Hg < Hg, , = H. Thus

H < H.

Finally, let H, be the maximal element in QIC%“?OW relative to the ordering <. Thus
H = Hg, , < H,. Therefore, since < is transitive, H' < H,. O

Proposition 5.15 Let ¥ = (A, B,C,D; X, U,Y) be a minimal system, which is dissipative
with respect to the supply rate (1.3), and let ¥, = (Ao, Bo,Co, D; X5,U,Y) be an optimal

minimal realization of Ox,. Let S, be the unique pseudo-similarity from % to 3o such that

G(S5) = () Ker [ CAI —C AL ] : (5.19)

j=0
Then H, = Sglé’o is the minimal element of glcg“‘”.

PROOF. Notice that (S;!)* is a pseudo-similarity from X* to (X,)* = (2*)e. Since ¥, is
minimal and optimal, the system (X*), is minimal and star optimal. Moreover, from (5.19)

we obtain that

G((S.1)) = G((S)™H=G((51)) =a'(S3)

C*
as
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In particular, Im (A*|C*) is a core for (S;1)*. Thus (cf., Part (c) of the proof of Theorem 5.1)
the map K = (S51)(S51)* is the maximal element of GKE" e According to Theorem 5.11
this implies that K is the maximal element of GICZ". Notice that K = S;1(S)~! = H; 1.
Thus flg ! is the maximal element of GKTU". Now, let H € GKZ™ be arbitrary. Then,
by Proposition 4.6, H~1 € GK®". Thus H~! < ﬁgl. But then H, < H because of by

Proposition 5.5. Thus H, is the minimal element of QICE’”'". O

We don’t know whether or not the minimal elements of QICE”f?OT . and QICVE’”'" coincide. The

next proposition shows that under certain additional conditions the two minimal elements are

the same. We conjecture that in general they will be different.

Proposition 5.16 Let 3 be a minimal system which s dissipative with respect to the supply
rate (1.3). If H € QICVE’”'" is bounded, then H € GKmn Furthermore, if the minimal

3, core”

element H, of glcgfgm is bounded, then H, is also the minimal element of glcgi".

PROOF. Since ¥ is minimal, Im (A|B) is dense in the state space X. Thus, if H is bounded
on X, then trivially Tm (A|B) is a core for the bounded operator H'/2. Thus H € GK¥™ and
H bounded imply that H € GICmin

3, core*

Now assume that the minimal element of H, of G

3, core
that H, is minimal in glcgi". Take H € glcgi”, and assume H < H,. This implies that
D(Hi/Q) C D(H'?). From H, is bounded, it follows that H2'? is also bounded. In particular,
D(HY?) = X. But then D(HY?) = X too. Thus H'/? is bounded. It follows that H is

bounded, and by the result of the first paragraph H € G But then H, < H. Since

3, core®

the relation < is antisymmetric (Proposition 5.3) we conclude that H = H,. Thus H, is the

is bounded. We want to show

minimal element of QIC%””. O

6 Stability and the Kalman-Yakubovich-Popov inequality

An important aspect of the KYP-inequality is the connection with stability. In this section
we describe these connections and some of their corollaries. We begin by defining the notions

of stability involved.

6.1 Various notions of stability

An operator A on a Hilbert space X is called exponentially stable if there exists constants
M >0, 0 < q <1, such that

|A x| < Mq", n=0,1,2,..., zeX, (6.1)
and A on X is called (pointwise) stable if

lim [[A"z| =0, reX. (6.2)
n—oo
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In the sequel we shall omit the word pointwise, and simply speak about stable operators.

Finally, the operator A is called star-stable if A* is stable, i.e.,
lim [[(A")" x| =0, x e X. (6.3)
n—oo

In the finite dimensional case these three conditions of stability are the same but in the
infinite dimensional case all three are different. Of course, (6.1) implies (6.2) and (6.3), but
the converse is not true. Also, (6.2) and (6.3) are not equivalent, not even when A is a
contraction, for instance, the forward shift on the Hardy space H?(D) is star-stable but not
stable, and the backward shift is stable but not star-stable. The following lemma will play

useful role later.

Lemma 6.1 Let A on X be power bounded, that is, ||[A"|| < M < oo for n > 0. Then A is

stable whenever A is stable on a dense subset L of X, that is
lim ||A"y| =0, yeL. (6.4)
n—oo

PROOF. Take z € X, and let ¢ > 0. First we choose y € £ such that ||z —y|| < (M +1) e
From (6.4) we know that there exists a positive integer N such that [|[A™y|| < e for each
n > N. Now

[A%z]| < [[A"2 — Ay + [[A"y]| < M|z —y] + [A"yl| <2¢ (n > N).

Hence A"z — 0 for n — oo. Thus A is stable. O

In the sequel we shall say that a system ¥ = (A, B,C, D; X,U,)) is exponentially stable,
stable or star-stable if its state operator A has the corresponding property.

For a minimal system ¥ = (A4, B,C,D;X,U,Y) with finite dimensional state space X
the fact that it is dissipative with respect to the supply rate (1.3) implies that the system
is exponentially stable. This statement is also known as the bounded real lemma (see, for
instance, [29], page 549). In the infinite dimensional case the connection between stability
and the KYP-inequality is much more subtle. For instance, in the infinite dimensional case
it may happen (see below for further details) that a minimal system which is dissipative with
respect to the supply rate (1.3) is neither stable nor star-stable.

Another difficulty is that in the infinite dimensional case the stability depends on the
solution of the KYP-inequality one is dealing with, that is, the state operator A may be
stable (or star-stable) in the inner product defined by one solution of the KYP-inequality
but not with respect to the inner product defined by another solution. More precisely, given
a minimal system which is dissipative with respect to the supply rate (1.3) it can happen
that for two solutions H; and Hjy of the KYP-inequality for ¥ the associated system X g,
is stable while X, is not stable. In the finite dimensional case this phenomenon does not
appear because in that case all solutions of the KYP-inequality are bounded and boundedly

invertible.
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The following proposition explains what stability and star-stability means for a system
Yy.

Proposition 6.2 Let ¥ = (A, B,C,D; X,U,)) be a system which is dissipative with respect
to the supply rate (1.3), and let H be a generalized solution to the KYP-inequality for 3.
Then Xy is stable if and only if

lim |[HY?A"z|| =0, e DHY?), (6.5)
and X is star-stable if and only if
lim |[H™Y2(A")"z| =0, xeDHY?). (6.6)

PROOF. From Proposition 4.2 we know that Xy is contractive. In particular, Ay is a
contraction, and hence Ay is power bounded. Let £ = Im H'/2. Then £ is dense in X, and
by Lemma 6.1 the operator Ay is stable if and only if Ay is stable on £, that is,

lim |[(Ag)"HY?z|| =0, e DHY?). (6.7)

From the definition of Ay in (4.3) we conclude that (Ag)"H'/2xz = HY/? A"z for each n > 0
and each 2 € D(H'/?). Thus (6.7) is equivalent to (6.5) which completes the proof of the first
statement.

* is stable. From Proposition 4.6 we

By definition ¥ is star-stable if and only if (Xz)
know that H~! is a generalized solution of the KYP-inequality for ¥* (which means that ¥*
is dissipative with respect to the scattering supply rate function), and that (X*) -1 = (Zg)*.
Thus we have to consider the stability of (X*)y-1. Since (H~1)Y2 = (HY?)~1 = H=1/2 (sce
the proof of Proposition 4.6), the result of the first paragraph yields that (X*)g-1 is stable if

and only if (6.6) holds. O

6.2 Main stability theorems

To describe in more detail the connection between the KYP-inequality and stability we shall
combine results from [4] with this those of the preceding sections. To do this we need the
following notions.

Let 6 be an element of the Schur class S(U,)). Then the factorization problem

P(¢)o(C) = I —6(€)"0(C) (a.e. for |¢] =1) (6.8)

is said to have a solution ¢ if there exists an auxiliary Hilbert space Vg4, and a Schur class
function ¢ € S(U,Yy) such that (6.8) holds almost everywhere on the unit circle. In that
case, by inner-outer factorization, the factorization problem has also an outer solution, which

after an appropriate normalization is unique. This unique outer solution will be denoted by
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¢g. The normalization of ¢y means that ¢y is required to satisfy the following additional
conditions:
Yy, CU, ¢6(0)| Vg, is a positive operator on Ve, (6.9)

Analogously, the factorization problem

DY) =1 =0(0)0(C)" (6.10)

is said to have a solution 1 if there exists an auxiliary Hilbert space U, and a Schur class
function ¢ € S(Uy,Y) such that (6.10) holds almost everywhere on the unit circle. By outer-
inner factorization the factorization problem (6.10) has also a star-outer solution which is
unique after an appropriate normalization. This unique star-outer solution will be denoted
by %g. In this case the normalization of 1y means that 1y is required to satisfy the following

additional conditions:
Uy, C Y, g (0)* Uy, is a positive operator on Uy, (6.11)

For the definitions of outer, star-outer and inner functions, and for the existence of inner-outer
and outer-inner factorizations we refer the reader to the book [27].

Now suppose equations (6.8) and (6.10) have solutions, and let ¢y and 1y be the unique
normalized outer and star-outer solutions introduced in the previous paragraph. Then there
exists a unique operator valued function hy € L*(T, L(Uy,,Vs,)), defined on the unit circle,
such that

ho(€)*¢a(C) = —1a(¢)*0(C) (6.12)

almost everywhere on the unit circle (see [4], formula 11).
In the following three theorems ¥ is a minimal system which is dissipative with respect to
the supply rate (1.3). Thus by Theorem 1.2 the transfer function of ¥ coincides with a Schur

class function € in a neighborhood of 0. Furthermore, by Theorem 5.1, the set QngﬁTore is
non-empty, and with respect to the ordering < it contains a minimal and a maximal element
which are denoted by H, and H,, respectively. Recall that GKE" — C GKE™, where GIE

3, core
is defined by (5.16).

Theorem 6.3 Let X be a minimal system which is dissipative with respect to the supply rate
(1.3), and let 0 be the Schur class function coinciding in a neighborhood of O with the transfer
function of X. Then there exists an element H € QIC%”" such that X is stable if and only if
for 0 the factorization problem (6.8) has a solution, and in that case, the system X, where
Wieore:
and star-stable if and only if the following two conditions are satisfied: (I) the factorization
problems (6.8) and (6.10) both have solutions, and (II) the unique function hg defined in (6.12)

can be represented as

H, is the minimal element of GKC is also stable. Moreover, the system X, is stable

ho(C) = 50(C)bo(C)", (6.13)

where by is a bi-inner function and s. is a Schur class function.
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Theorem 6.4 Let X and 0 be as in Theorem 6.3. Then there exists an element H € QIC%””
such that g is star-stable if and only if the factorization problem (6.10) has a solution, and
in this case, the system Xp,, where He is the maximal element of glcgigm, s also star-
stable. Moreover, the system Xy, s both stable and star-stable if and only if the following
two conditons are satisfied: (I) the two factorization problems (6.8) and (6.10) have solutions,

and (IT) the unique function hg defined in (6.12) has a representation

hG(C) = bo(C)*So(C)? (614)

where by is a bi-inner function and se is a Schur class function.

Theorem 6.5 Let 3 and 6 be as in Theorem 6.3. Then for each H € GKZ™ the system Sp
is both stable and star-stable if and only if two factorization problems (6.8) and (6.10) have
solutions and the unique function hy defined in (6.12) has representations (6.13) and (6.14).

Formulas (6.12), (6.13), and (6.14) are closely related to the notion of Darlington synthesis.
Indeed, let the factorization problems (6.8) and (6.10) be solvable, let ¢y and 1y be the unique
normalized outer and star-outer solutions, and let h be defined by (6.12). Then the operator-

valued function

[wa@) 6(C) ]
he(¢)  e(C)

is well-defined and its values are unitary almost everywhere on the unit circle. Now assume
that condition (6.13) is fulfilled. Then

[¢a<<>bo<<> e<c>]
s5o(Q) Q)

is bi-inner. Furthermore, the function ¥y = ¥yb, is a Schur class function, and is a solution to
the factorization problem (6.10). In this case, one says that the triple ¢y, 1/;9, So is a solution
the Darlington synthesis problem for 6. A similar remark applies to condition (6.14). See [4]
for further details.

6.3 Proofs of the main stability theorems
To prove Theorems 6.3, 6.4, and 6.5 the following results will be useful.

Lemma 6.6 Let X = (A, B,C,D; X, U,Y) be a contractive controllable system. Then ¥ is
stable whenever
lim [[A"Bu|| =0 (uel). (6.15)
n—oo

PROOF. We apply Lemma 6.1. Since Y. is contractive, the state operator A is a contraction,
and hence it is power bounded. The controllability of ¥ means that the set £ = Im (A|B) is
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dense in X. Now, take y € £. Then we can find ug,u1,...,uyx such that y = Z;V:o AJBuj.
Thus (6.15) implies that (6.4) holds for £ = Im (A|B). But then Lemma 6.1 shows that 3 is
stable. O

Corollary 6.7 If the operator valued function 0 has a stable contractive realization, then any

optimal minimal realization of 0 is stable too.

PROOF. Let ¥ = (A, B,C,D; X,U,)) be a stable contractive realization of 6, and let X, =
(Ao, Bo,Co, D; X5,U,Y) be a optimal minimal realization of 6. By the previous lemma, since
Y, is contractive and controllable, it suffices to show that for each u € U we have A?B.u — 0
if n — oco. According to (5.4) we have ||AZBou|| < ||A™Bul|. Since ¥ is stable, A" Bu — 0 if

n — o0, and thus A? Bou — 0 for n — oo too. Hence 3, is stable. ]

Proposition 6.8 Let> = (A, B,C,D; X,U,Y) be a minimal system which is dissipative with
respect to the supply rate (1.3), and let Hy and Hy belong to glcgi". Assume that Hy < Ho.
Then the following holds:

(i) X g, is stable implies that X, is stable;

(ii) Xp, is star-stable implies that X, is star-stable.

PROOF. (i) Assume H; < Hy and X, is stable. Since ¥, is minimal (because H € GKE™)
and contractive (by Proposition 4.2), we see from Lemma 6.6 that it suffices to show that
limy, o0 A%y, Bayu = 0 for each w € U. Fix u € U. Since A"BU C ’D(H21/2) for each n and
H; < H21/2, we have

1/2 1/2
1A%, Bayul| = | H/> A" Bu|| < ||Hy"* A"Bu|| = || A%, Buyul-

Now use that ¥, is stable. Thus A%, Bp,u — 0 when n — oco. It follows that A% B, u
goes to 0 if n — oo, and hence X g, .

(ii) Assume H; < Hy and X, is star-stable. It suffices to show that (Xp,)* is stable.
Since H; < Hj, we know from the first paragraph of the proof of Proposition 5.6 (see the

remark preceding Corollary 5.7) that there exists a contraction R on X such that
RAp, = Ay, R, RBp,= Bg,, Cug,=Cy,R.
By taking the adjoint of the first and third identity in the preceding formula we obtain
R*(Am,)" = (Am)'R*, R*(Cw,)" = (Cm,)".
Thus

R Awp,)"(Cry )"y = (Am,) ™ (Cry)"y - (y €).
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Since R* is a contraction, it follows that

1(Am)™" (Cr) "yl < (Ag)™ (Cr)™yl - (v € D). (6.16)

Since ¥, is minimal and contractive, the same holds true for (X,)*, and hence by Lemma
6.6 it suffices to show that for each y € Y we have lim, o (A, ) (Crr,)*y = 0. Since (X, )*
is stable, the latter limit holds with H; in place of Ho. But then we can use the inequality
(6.16) to show that it holds for Hy too. Hence (Xp,)* is stable. O

PROOF OF THEOREM 6.3. Assume there exists an element H & QIC%”” such that X g
is stable. Since Y. is a stable and contractive system, we can use [4], Proposition 4, to show
that the factorization problem (6.8) has a solution. To show the reverse implication, assume
the problem (6.8) has a solution ¢. Then 6 has a contractive stable realization ¥ by [4],
Proposition 4. According to Corollary 6.7 any optimal realization of 4 is stable. In particular,
by Corollary 5.8, the system Y7, is stable.

The final statement of the theorem is a reformulation of Theorem 8 from [4]. |

PROOF OF THEOREM 6.4. The proof follows by employing the duality between optimal

and star-optimal systems, and using Theorem 6.3 together with Theorem 8 from [4]. O

PROOF OF THEOREM 6.5. We claim that for each H € QIC%”" the system g is
stable and star-stable if and only if the two systems Xy, and Xpg, are both stable and
star-stable. Since H, and H, belong to GICmin and G ig contained in QICVE’”'", the

3, core’ 3, core

“only if” part is trivial. The “if” part follows from Proposition 6.8. Indeed, by Proposition
6.8 (i), stability of Xy, implies stability of X for each H € GKZ"  because H < H,.

3, core

Similarly, by Proposition 6.8 (ii), star-stability of ¥y, implies star-stability of ¥y for each
H € GKZ"  because H, < H. By applying Theorem 6.3 and Theorem 6.4 we see that

3, core

stability and star-stability of both ¥y, and Xy, implies that X is stable and star-stable for
each H € GKZ" . Now take an arbitrary H' € glcgi". Then Y g is unitarily equivalent to

3, core®
Y i for some H € glcgﬁigm by Theorem 5.11. Thus X g is stable and star-stable whenever
Y g has these properties. This completes the proof. ]

6.4 Corollaries of the main stability theorems

For the next two corollaries we need the notion of pseudo-continuation across the unit circle for
an operator valued Schur class function. To define this notion let D, = {z € C | |2| > 1}U{c0}.
Recall that a meromorphic £(U, ))-valued function ¢ is of bounded Nevanlinna type on D, if
o= qbflng, where ¢1 and ¢9 are bounded analytic functions on D, the function ¢ is scalar-
valued and ¢ is L(U,Y)-valued (cf., Subsection 2.7 where the scalar case is considered).
Such a function ¢ has non-tangential boundary values almost everywhere on the unit circle.
A Schur class function 6 is said to admit a pseudo-continuation across the unit circle if there
exists a L(U,))-valued function ¢ of bounded Nevanlinna type on D, such that 6 and ¢
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have the same non-tangential boundary values almost everywhere on the unit circle, that is,

0(¢) = ¢(¢) for almost every ¢ € T.

Corollary 6.9 Let ¥ = (A,B,C,D; X, U,)Y) be a minimal system which is dissipative with
respect to the supply rate (1.3), and let 0 be the (unique) Schur class function coinciding with
the transfer function 0x; in a neighborhood of zero. If 0 admits a pseudo-continuation across
the unit circle, then for each H € GK™ the system Xy is stable and star-stable.

PROOF. Let 6 be a Schur class function that allows for pseudo-continuation across the unit
circle. In Section 3 of [4] it is shown that both factorization problems (6.8) and (6.10) have
a solution and the unique function hy defined in (6.12) has representations (6.13) and (6.14).
Thus the result follows from Theorem 6.5. U

Let 3, 05, and 6 be as in the previous corollary, and assume that 6 admits a pseudo-
continuation across the unit circle. Then from [4] we also know that the spectrum o(Ax),
with H from glcgi", does not depend on the particular choice of H. Moreover, taking into

account the property of pseudo-continuation, we have
O(\) =D+ \Cy(I — X\Ag) !By for all X\ such that I — MAp is invertible.

Corollary 6.10 Let ¥ = (A,B,C,D; X,CP ,C™) be a minimal system (with finite dimen-
sional input and output spaces) which is dissipative with respect to the supply rate (1.3).

Then the following statements are equivalent:
(i) Xp is stable and star-stable for each H € GKI™,
(il) Xp, is stable and star-stable,

(iii) Xp, is stable and star-stable,

(iv) the transfer transfer function s, coincides with a Schur class function 0 in a neighbor-

hood of zero that allows for pseudo-continuation across the unit circle.

PROOF. The equivalence of (i) and (iv) follows from the previous corollary and the fact that
a matrix-valued Schur class function 6 admits a pseudo-continuation across the unit circle
if and only if the two factorization problems (6.8) and (6.10) have solutions and the unique
function hy defined in (6.12) has representations (6.13) and (6.14).

Next we use a result from [4] which shows that the representation (6.13) exists if and
only if (6.14) exists whenever the input and output spaces are finite dimensional. Using
this result and our main stability theorems it is then straightforward to prove the remaining

equivalences. O
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7 Additional information on glcgigm

Let ¥ be a minimal system which is dissipative with respect to the supply rate (1.3). In
this section we combine results from the present paper with results from [6] and [7] to derive
criteria in order that QICQZ'?OT . consists of one element only (i.e., H, = H,) or that all systems
Yg with H e g gi?m,e are mutually similar (i.e., He < vH, for some v > 0). The criteria
will be stated in terms of the Schur class function 6 coinciding with the transfer function of
3 in a neighborhood of 0.

To formulate these criteria we need the inner scattering suboperator function sg associ-
ated with 6. For the definition of this notion we refer to Section 3.1 in [7]. Here we only
mention that sg is an L(Up, Vp)-valued L*°-function on the unit circle (where Uy and )y are
auxiliary Hilbert spaces) which coincides with the function hg defined in (6.12) provided the

two factorization problems (6.8) and (6.10) have solutions.

Theorem 7.1 Let X be a minimal system which is dissipative with respect to the supply rate
(1.3), and let 6 be the Schur class function coinciding with the transfer function of ¥ in a
neighborhood of 0. Let sg be the inner scattering suboperator function associated with 8. Then
glcgfgm consists of one element only if and only if sy is the boundary value function of a

Schur class function.

PROOF. Notice that the statement GK™"  consists of one element only is equivalent to the

5, core
statement that H, = H,. From Theorem 5.2 and Corollary 5.7 we know that glcgfgor . consists
of one element only is equivalent to the statement that all minimal contractive systems with
transfer function € are unitarily equivalent. From [6] (see, also Theorem 2 in [7]) we know that
the latter happens if and only if sy is the boundary value function of a Schur class function.

O

Let ¥ and 6 be as in the previous theorem, and assume that the two factorization problems
(6.8) and (6.10) have solutions, and hence sy = hy. If H, = H,, then Xy, is stable and star-
stable. This follows from Theorems 6.3 and 6.4 and the fact that hy is the boundary value
function of a Schur class function (according to the previous theorem).

For the next theorem we need the Hankel operator with symbol sy, that is, the operator
To: H*(Uyg) — K*(Vg), T = Preo(y,)Ms,|H*Us). (7.1)

Here Mj, is the operator of multiplication by sy from L?(T,Up) into L*(T,Yy), the space
H?(Up) is the Hardy space consisting of all functions in L?(T,Uy) of which the Fourier coef-
ficients with negative index are zero, the space K?2())y) is the orthogonal complement of the
Hardy space H?()) in L?(T, Yy), and P2 (y,) is the orthogonal projection of L*(T,Y,,) onto
K?2()y). If one of the (or both) spaces Uy or Yy are zero, then we define I'y = 0.
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Theorem 7.2 Let X be a minimal system which is dissipative with respect to the supply rate
(1.3), and let 6 be the Schur class function coinciding with the transfer function of ¥ in a
neighborhood of 0. Let sg be the inner scattering suboperator function associated with 8. Then
all systems X g with H € G gi?m,e are mutually similar if and only if the Hankel operator I'y

in (7.1) associated with sy has closed range.

PROOF. The condition that all systems Xy with H € G gifore are mutually similar is
equivalent to the condition that all minimal contractive realizations of # are mutually similar.

But then we can use Theorem 3 in [7] to finish the proof. O

8 Examples with transfer function 0(\) = AK

In this section we specify the results of the previous sections for a particular (simple) choice
of the transfer function §. Throughout #(A\) = AK, where K is a contraction from U into
Y and A € D. Thus 6 is a Schur class function, and hence it is the transfer function of a

contractive minimal system.

8.1 Minimal realizations

First we introduce two contractive minimal realizations for 8. Put X, = KU C ), and let
To be the canonical embedding of X, into ). Obviously, 7, is an isometry, and 7,75 is the

orthogonal projection of Y onto Im K. Now consider the system
EOK: (07BO7CO7O;XOau7y)7 BO:T:K, Co:To- (81)

Since 7,7} acts as the identity operator on Im K, we have C.B, = K, and hence ¥,k is a
realization of 6. The operators K, 7o, and 7F are contractions. Therefore the operators B,
and C, are contractions too, and thus X,k is a contractive realization of . This realization
is also minimal. Indeed, Im B, = Im K, and hence Im B, = X,. Obviously, Ker C, = {0}.

Thus Y,k is controllable and observable, and hence minimal.

To define our second minimal realization of 6, let Xy = K*)Y C U, and let 74 be the

canonical embedding from X, into U. Now, put
EQK:(O,B.,C.7O;X.7Z/{,J)), B.:T.*j Co:KT.- (82)

By taking adjoints we see that
(Ber)" = Zok+ - (8.3)

Since a system is minimal and contractive if and only if its adjoint is minimal and contractive,

the result of the previous paragraph shows that Y45 is a contractive minimal realization of

0.
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As a corollary of the above we show that a realization of 6 is minimal if and only if it is

a system of the form
¥=(0,B,C,0;X,U4,Y), ImB=2X, KerC = {0}. (8.4)

Indeed, let ¥ = (A,B,C,D;X,U,Y) be an arbitrary minimal realization of 6. Thus the
transfer functions of ¥ and Y,k coincide in a neighborhood of zero. By Theorem 3.2 there
exists a pseudo-similarity S from ¥ to ¥.x. It follows that D = 0 (because the external
operator of ¥,k is zero), and SAz = 0 for each z € D(S) (because the state operator of X5
is zero). Since S is one to one, we see that Az = 0 for each x € D(S). But D(S) is dense in
X and A is bounded. So A = 0. Thus the state operator and the external operator of 3 are
zero as desired. The fact that A = 0 implies that Im (A|B) = Im B and Ker (C|A4) = Ker C.
Thus minimality of ¥ implies Im B = X and Ker C = {0}. Formula (8.4) is proved. The
reverse implication is trivial.

Notice that ¥ in (8.4) is contractive if and only if ||B|| < 1 and ||C|| < 1. Indeed, since A

and D are zero, X is contractive if and only if the operator

0 B

XeU—-XpY
c 0

is contractive. The latter is equivalent to the requirement that B and C are contractive.

8.2 Optimal and star-optimal

In this subsection we show that ¥,k is an optimal realization of 6 and Y.k a star-optimal
one.

To prove that ¥,k is an optimal realization of § we have to prove (5.4) for any contractive
realization X of . Without loss of generality we may assume that 3 is minimal, that is, 3 is
given by (8.4) with B and C' contractive. Since the state operators of both ¥k and ¥ are

zero operators, the inequality (5.4) reduces to
[Boul < [[Bull,  uwel.
But the latter inequality is satisfied because
|Bou| = 7o Kul| < |[Kul| = |CBul| < |[Bull, ueU.

Here we used that K = C'B and that 77 and C' are contractions.

As mentioned at the end of Subsection 5.1 a system is minimal and star-optimal if and
only if its adjoint is minimal and optimal. Thus, in order to prove that Y4k is star-optimal,
it suffices to show that (Xex)* is optimal. But (Xex)* = ¥ox+ according to (8.3). By the

result of the previous paragraph Y.x+ is optimal. Therefore, ¥4 is star-optimal.
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8.3 Pseudo-similarities

Let ¥ be given by (8.4), and ¥,k by (8.1). Since ¥ and ¥,k are both minimal realizations
of 0, these systems are pseudo-similar. We claim that the pseudo-similarity from ¥ to Xox
is unique, and is given by S, = 7°C, where 7, is the canonical embedding of X, = Im K into
Y. In particular, D(S,) = X. To prove these results, let S be an arbitrary pseudo-similarity
from ¥ to Yox. For each © € U we have

1S(Bu)l| = | Boul| = |75 Kul| < |[Kul| = [CBul < [|C[[|Bul|

Thus S is bounded. Since S is closed and densely defined, it follows that D(S) = X. But
then Corollary 3.5 shows that S is the only pseudo-similarity from ¥ to X .x. Notice that
SB =1}K =1;CB. Since Im B is dense in X, this yields S =S, = 77C.

The fact that Im B = X and K = CB implies that Im K = Im C, and hence 7 acts as
the identity operator on Im C'. Thus the unique pseudo-similarity S, from ¥ to Yox is also
given by

Sox = Cu, reX. (8.5)

Let Yo be given by (8.2). The systems ¥ and Y4k are both minimal realizations of 6,
and thus ¥ and Y4k are pseudo-similar. Using (8.3) and the final part of Proposition 3.1 we
see that S is a pseudo-similarity from ¥ to Y.x if and only if (S~!)* is a pseudo-similarity
from ¥* to Yox+. But then we can use the result of the two previous paragraphs (with K
replaced by K*) to prove that there is precisely one pseudo-similarity from ¥ to ¥,, and for
this unique pseudo-similarity Se we have Im S, = X, and S, L — Br,. Since 7, is the canonical

embedding of X, into U, we see that

S, 'u = Bu, u € X,. (8.6)

8.4 The KYP-inequality

Let ¥ in (8.4) be an arbitrary minimal realization of 6. Let H, and H, be the positive
operators on X given by

H,=C*C, H;'=DBB" (8.7)

Both H, and H, are generalized solutions to the KYP-inequality for . To see this we apply
Proposition 4.5. Indeed, H, = S%S, where S, is the (unique) pseudo-similarity from ¥ to
3, studied in the previous subsection. Analogously, we see that He, = S7S, where S, is the
(unique) pseudo-similarity from ¥ to ¥, given by (8.6). From the proof of Theorem 5.2 in
Subsection 5.3 we know that both H, and H, belong to QICQZ'?OM. Moreover, parts (b) and

(¢) of the proof of Theorem 5.1 show that with respect to the ordering < the operator H, is

the minimal element of QICQZ?OW and H, is the maximal element.
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Theorem 5.11 shows that H, is also the maximal element of the larger set glcgi". Since
H, is bounded, we can use Proposition 5.16 to show that in this case the operator H, is also
the minimal element in glcg“‘”.

Next we prove the following two statements:
H, = H, <= K is a partial isometry, (8.8)

H, < vH, for some v > 0 <= KU is closed. (8.9)

We shall derive these results as corollaries from Theorems 7.1 and 7.2. Recall that in the
present case #(\) = AK. It follows that for [(| = 1 we have

I—0(0)0()=1—-KK, T—60Q)0(¢)=1I-KK".

Define Yy and Uy to be the defect spaces of the contractions K and K*, respectively, that is,

Vo= —K*K)'2U,  Uy= (I — KK*)/2).

Then Yy C U and (I — K*K)Y?|Y, is a positive operator on Y. Similarly, Uy C ) and
(I — KK*)l/Q\L{g is a positive operator on Uy. Now, let g and g be the constant operator

valued functions given by

eo(\) = (I-KK)Y?:U—-Yy (AeD),
vo(\) = (I—KK9Y?:Uy—Y (AeD).

Then g and 1y are Schur class functions. The function ¢y is a solution to factorization
problem (6.8) and satisfies the normalization condition (6.9). Similarly, ¢ is a solution to
the factorization problem (6.10) and satisfies the normalization condition (6.11). Moreover,
@ is outer and 1)y is star-outer. For ¢ € T let hy(¢) be the operator from Uy to Vy given by
ho(¢) = —C LK*|Uy. The identity

implies that hy is well-defined. Moreover, hg € L (T, L(Up, Yp)) and hy is the unique solution
of (6.12). Now we apply Theorems 7.1 and 7.2 with sy = hy.

According to Theorem 7.1 we have H, = H, if and only if sy is the boundary value
function of a Schur class function. Since sy(¢) = —( 1 K*|Uy, the latter happens if and only
if K*Uy is the zero operator from Uy into Vy. Notice that Uy is also equal to the closure of
the range of I — KK*. Thus K*|Uy is zero if and only if K* = K*KK*. The latter identity
is equivalent to the requirement that K is a partial isometry. So (8.8) is proved.

To prove (8.9) let I'y be the Hankel operator defined by (7.1) with sy = hy. According
to Theorem 7.2 we have H, < vH, for some v > 0 if and only if the range of I'y is closed.
Since s9(¢) = —¢ 'K*, the range of I'y consists of all functions g in K?(),) of the form

51



g(\) = A\ K*u with u € Up. Thus Im Ty is closed if and only if Im K* is closed. But Im K*
is closed is equivalent to Im K is closed. Hence (8.9) is proved.
In conclusion we note that the property He < 7H, can also be checked directly in terms

of the system coefficients B en C'. In fact, we have
H, < vH, for some 7 = 0 <= B and C have closed ranges.

To see this one uses (8.9) and the fact that Im B = X and Ker C' = {0} imply that K = CB

has closed range if and only if the ranges of B and C are closed.

As a final remark we mention that the results of this section solve a pure operator theory
problem, namely, given a contraction K from a Hilbert space U into a Hilbert space ), classify
all operator pairs B,C, B: U — X and C': X — Y with X an arbitrary Hilbert space, such
that K =CB .
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