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Abstract. In this report we study how a time-varying system with a time-periodic in-
tegral kernel (impulse response), g(t,7) = g(t + T, 7 + T'), can be expanded into a sum
of essentially time-invariant systems. This allows us to define a linear frequency response
operator for periodic systems, called the Harmonic Transfer Function (HTF). The HTF
is a direct analog of the transfer function for time-invariant systems, but it captures the
frequency coupling of a time-periodic system. It can, for example, be used to compute the
induced Lo—norm of periodic systems. The report also includes analysis of convergence of
truncated HTFs, which is essential for practical computations as the HTF is an infinite-
dimensional operator.
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Notation. Signals defined in continuous time on an interval I will belong to the spaces
Ly(I) or La(I). The standard norms on these spaces will be denoted by || - ||z, () and
|| [lzo(r)- When the interval I is of no importance, it will be left out. We will denote
square-summable sequences by {2, and the norm by || - ||s,. R denotes the real axis, R
the non-negative real axis, and Z the set of all integers. j is the imaginary unit, jR the
imaginary axis, and * denotes the Hilbert-adjoint of an operator.

1 Introduction
Consider a linear operator G defined on signals u in Lo:
y = Gu.

In this paper we will restrict ourselves to a particular set of bounded (stable) operators
G. The set of bounded operators, not necessarily causal, will be denoted by L, and has



a finite Lo—induced norm:
1Glee = sup[Gullza. 1)
llull Ly <1

As is well known the set of operators in Lo, with the norm (1) forms a Banach algebra, see
Feintuch [5]. Thus the set is closed under addition and multiplication of operators (addition
and multiplication defined in the natural sense), and every Cauchy sequence of operators
will converge to an operator in Lo,. How to compute the norm (1) depends on how G is
represented. If, for example, there exists a finite-dimensional state-space realization of G,
solutions to certain Riccati equations can be used. In this paper we will pursue a frequency
domain method.

We will have a special interest for operators G that have a representation in the time
domain with a causal integral kernel:

t
ot) = [ gt rurar, )
—00
where u(t) and y(t) belong to Lo(—00,00) = La(R). g¢(t,7) defined for ¢ > 7 will be
called the impulse response of G. Conditions for when G can be represented as an integral
equation (2) is given in, for example, Sandberg [10, 9.
If there is a real positive number T such that

gt +T,7+T)=g(t,7), forall t>r, (3)

then the operator (or the system it represents) is said to be periodic with period T'. Periodic
systems will be the topic of this paper. We will obtain a frequency-domain representation
of periodic systems G, originally represented in time (2). The search for a frequency-
domain representation is motivated by the fact that frequency domain methods are very
successful in the study of time-invariant systems, i.e. systems whose impulse response
satisfies g(t,7) = g(t — 1), for all t > 7.

1.1 Background

The study of periodic systems has a long history in applied mathematics and control.
Classical results in this field are those by Floquet and Hill. One reason for the many
studies of periodic systems is that natural and man-made systems often obey the periodicity
property (3). Some examples are: planets and satellites in orbit, rotors of wind mills and
helicopters, sampled-data systems, and AC power systems. A good article that reviews
many of the results for periodic systems is that of Bittanti and Colaneri [3].

The problem of frequency-domain analysis of linear time-periodic systems in continuous
time has been studied by several authors in the past. Recently the following studies
have been made: Wereley [11] where the so-called harmonic transfer function was defined
and studied for systems with state-space representations. It is a direct generalization of
the transfer function for time-invariant systems. Furthermore, an analog to the Nyquist
criterion was presented. As some existence and convergence issues were left untreated by
Wereley; Zhou et al. have written a series of papers, including [13, 14|, where they have



made many of the results rigorous. Mollerstedt and Bernhardsson |7, 8] took a different
starting point, and the harmonic transfer function was defined on the basis of the impulse
response of the system. We will take that same approach in this study, and we will try to
make that approach more rigorous. Moéllerstedt et al. successfully applied the frequency-
domain analysis of periodic systems for modeling of power systems [8§].

The subject has of course been studied by several other authors for different appli-
cations. In particular, sampled-data systems have received a lot of attention as this is
important in control, see for example Jury [6], Araki et al. [1], Yamamoto et al. [12]. A
more general study of frequency domain representations of time-varying linear systems has
also been presented, see Ball et al. [2].

2 Properness and Roll-off

As our final goal is a frequency domain description of G, we will many times represent
the input signal u(t) and output signal y(¢) in Lo(R), by their Fourier transforms 4(jw)
and g(jw). w is the angular frequency. This presents no problems as Lo(R) is isomorphic
under the Fourier transform with Ly(jR), see Dym and McKean [4]. We define the norms
as follows

0o 1/2
lulls = O leacry = ([ futoPar) @)

Ol = o= ([ e )

and the equality of (4) and (5) follows from Plancherel’s theorem.

For implementational and analysis reasons we will truncate the representations of sig-
nals and systems, and therefore it will be interesting to study how the systems treat
high-frequency signals. Hence a projection operator which we call Pq is defined. Its rep-
resentation in the frequency domain is given by

— {,@(m, w| < Q,

Jo(jw) = (Pay)(jw) = 0. || > 9. (6)

Notice that Pq is not causal in the time domain. It is also convenient to define Qg = I —Pq.
In order for a truncated systems to be a good approximation we need some sort of roll-off,
corresponding to strictly properness for linear time-invariant systems, see Zhou [15]. For
physical systems this is a generic property. We call a system strictly proper if

HG— PﬂlGPQQHLOO — 0 as Ql,QQ — OQ.

To give sufficient conditions for properness we first notice that we can decompose the
problem into two separate problems:

|G = P, GPay||r.. < |I(I = Pay)GllLa +IGU = Pay)llz..-



Definition 1 (Mollerstedt [7]) If for a system G € Lo, there are positive constants Cy
and ki such that

I(I = Po)Gllr., < Cr-Q7M,
then G is said to have output roll-off k1, and if there are positive constants Ca and ks such
that

|G = Po)llp.. < Ca-Q7"2,

then G 1is said to have input roll-off k.
For systems with output roll-off k1 and input roll-off ko we have strictly properness and

the following rate of convergence for truncated operators Pq,GPq, when Q; and Q9 is
increased:

IG — Pa,GPoy||L.. < C1- 7™ + Cy - Q5" (7)

Next we give sufficient conditions on the impulse response g(t,7) of a stable periodic
system that ensures roll-off. Similar theorems are given by Mollerstedt in [7].

Theorem 1 Assume that 0'g(t,7)/0t' are smooth causal impulse responses that generate
operators in Lo, fori=0...k1 and that

d'g
~(t,t) = i =0,..., k1 —2
8752( ) ) Oa 1 Oa s V1
8(]?171)9
s I <
o 02@ Bt(’ﬂ*l)( )| <o

then G has output roll-off k1.

Proof. Differentiate the output (2) repeatedly using the Leibniz rule and the assumptions
of the theorem

y(t) = / o(t, TYu(r)dr

— 00

y'(t) = g(t, t)u(t) —|—/ %(t,T)U(T)dT

a(kl*l)g
y" () = W(tat)u(t) +

t aklg
oo OtF1

(t, T)u(T)dT.

If we by Gfl mean the operator generated by the impulse response 9%1g/9t*, we obtain
the bound

(k1) 9" g "
ly¥ L, < ess Sup_ W(tvﬂ + G L | Ml
ch

Now the Fourier transform of y*1)(t) is (jw)* 9 (jw), and by Plancherel’s theorem we have
the bounds

2"1Qayllr, < 1RO IO Lary < O TONLagry = N1y 1.,

and the result follows. []



Theorem 2 Assume that 0'g(t, 7)/0T" are smooth causal impulse responses that generate
operators in Lo, fori=10...ks and that

dig .
t,t)=0, 1=0,...,kog—2
87'1( ) t ) y V2
Hk2—1)
eSSO;?T W(t )| < oo

then G has input roll-off ks.

Proof. Similar to the proof of Theorem 1, but use partial integration instead. For details
see Mollerstedt [7]. The constant Cy is given by

(k2—1)
g
(t,1)

97 (k2a—1) + ||G§2||Loo

C5 = ess sup
0<t<T

Example 1 (Finite-Dimensional State-Space Models) A T—periodic system with a
finite-dimensional state-space realization can be written as

z(t) = A(t)z(t) + B(t)u(t)

y(t) = C(t)x(t) + D(t)u(t),
with A(t) = A(t+1T), B(t) = B(t+T), etc. We assume all matrices are bounded and
as differentiable as is required. The impulse response of the system is given by g(t,7) =
C(t)Pa(t,7)B(1) + D(t)o(t — ), where ® 4 is the transition matriz for &(t) = A(t)x(t).
For this system sufficient roll-off conditions become

1. D(t) =0 gives input and output roll-off 1.

2. 1.4+[C(t)B(t)] = 0 gives input and output roll-off 2.

3. (a) 2.4 [(C'(t) + C(t)A(t))B(t)] = 0 gives output roll-off 3.
(b) 2.4 [C(t)(B'(t) — A(t)B(t))] = 0 gives input roll-off 3.

(
4. (a) 3.a+ [C"(#)B(t) + 2C"(t)A(t)B(t) + C(t)A'(t)B(t) + C(t)A%(t)B(t)] = 0 gives
output roll-off 4.
(b) 3.b+ [C(t)B"(t) — 2C(t)A(t)B'(t) — C(t)A'(t)B(t) + C(t)A%(t)B(t)] = 0 gives
iput roll-off 4.

Notice how these conditions reduce to well-known Markov-parameter conditions for roll-off
of time-invariant systems. Also it is seen that no direct term implies strictly properness.

In the following proposition some simple properties for calculations with systems with
input-output roll-off are stated:



Proposition 1 (Roll-off) The following basic rules apply for systems with roll-off:

(a) If H has output roll-off ki and G is bounded, then HG has an output roll-off of at
least k.

(b) If G has input roll-off ko and H is bounded, then HG has an input roll-off of at least
ko.

(c) If G has a time-invariant impulse response, that is g(t,7) = g(t — ) for all t > T,
then if it has output roll-off ki, it has input-roll off k1, and vice versa. Moreover
9(jw)] < Cy - |w| 7.

(d) If H is a time-invariant system with output roll-off k1 and G has output roll-off ko,
then HG has output roll-off k1 + ks.

(e) If H is a time-invariant system with input roll-off k1 and G has input roll-off ke,
then GH has input roll-off ki1 + ko.

Proof. Follows from Definition 1, the property ||GH||r. < ||G|lr..||H||L., and QoH =
QaHQq for time-invariant H. ]

2.1 The Truncated Operator Py, GP,, and Some Approximation Errors

When working with a periodic system numerically, some sort of approximate system needs
to be stored. In this paper operators that are truncated in the frequency domain are
frequently used. It is neccessary to know how large the errors are and how they propagate.
In this section some results of this sort are given.

If we want to compute the norm (1) of a system with roll-off, the following result holds:

Lemma 1 The Lo,—norm of Po,GPq, converges to the Loo—mnorm of G as 1,9 tend
to infinity, and the error is bounded:

0 < [|Gllra = 1P, GPaylre < C1- Q7% +Cy - 05",
Proof. Follows directly from (7). ]
If we multiply two truncated systems with roll-off, the error is also bounded:

Lemma 2 Assume F' and G are strictly proper, and that F' has output roll-off k1 and G
has input roll-off ko. Then

|FG — (Pa, FPay)(Poy GPa,)|lre < ||Gllre - C1- Q7% +[|Fl[1., - Ca - Q57
holds asymptotically as 1,9, Qs tend to infinity.

Proof. We make an orthogonal decomposition of the Hilbert space Lo, so that Lo =
PqolLs @ QqlLo, in this basis F' and G take the operator-matrix forms

F11 F12 Gll G12
F == G =
[le FzJ [Gm GzJ



where F11 : PQSLQ — PQlLQ, F12 : QQSLQ — PQILQ etc. Now we obtain

2 2 e, "

FG = (Pa, F'Pay ) (Poy GPoa) = Fyr Foa| |Gar Goaa F51G1y 0

And hence,

|IFG — (Pa, FPo,)(Pa,GPo,)|1.. < (Ci7" + C5057) (0205 %2 + €405 %)
+ 1P| 1o Co9% 2 4 |G || 1., C1OT M.

As F and G are strictly proper we have introduced the input roll-off k3 for F, and the
output roll-off k4 for G. For large €21, Qs, (13, the first term decays to zero faster than the
two other terms, and the asymptotic bound follows. ]

Lemma 3 If we approzimate (I +G)~! with (I+ Po,GPa,)~ ! (assuming they both exist),
and G has output roll-off k1 and input roll-off ko, then the Loo—norm error is bounded:

1(1 +G)™ = (I + Pa,GPa,) |1
<+ @) Mz - I+ Po,GPoy) Mlna - (Cr- Q75 4+ Co - 0"2).
Proof. Notice first that
(I +G)™" = (I + Po,GPay) e < I+ G) Ypw Il = (I +G)I + Pa,GPay) |-

Using the same basis as in the proof of Lemma 2, we notice that the second factor is

I+Gu  Gr ] [(I+G11)_1 0} :_[ 0 Gu} [(I+G11)_1 o]

L= Go1 I+ Gao 0 I Ga1 Goo 0 Il

The norm of the first factor is bounded by Clﬁfkl + O, ]”, and the second factor is
bounded by ||(I + Po,GPa,) |1, and the result follows. ]

3 Fourier Expansions of Periodic Systems

Until now we have only represented a system G with a convolution integral in the time-
domain. For time-invariant systems it is well-known that convolution becomes simple
multiplication if we represent signals and systems in the frequency domain. We will now
look for an analog frequency-domain representation of linear time-periodic systems. For
reasons that will become clearer later it simplifies to consider systems in a subset B C L .
The subset B is defined as

B ={G:||G||p < o and g(t,7) fulfills (3)} (8)
where )
o0 (k+1)T T 2
Il =3[ [ ottt rPaar) )
E—0 r=kT t=0
The norm || - || is a combination of a Hilbert-Schmidt norm and an ¢;-norm. We now give

some basic properties of the operators that belong to the subset B.



Proposition 2 || - || is a norm, and all operators in B are bounded on Lo:

|GlLe = sup ||GullL, <2[|G]|5.

llull Ly <1
Proof. See Appendix Al. m

Notice that ||G||p might be a very poor estimate of ||G||L.., so the norm is not used for
explicit calculations. The reason for introducing the set B is that it simplifies the Fourier
analysis, as will be seen. The subset B is not empty:

Example 2 (Exponentially stable systems are in B) All periodic systems that are
uniformly exponentially stable, i.e. there are positive constants K,k such that

gt, )| S K-e 0 >
are in B.

If G has a periodic impulse response then for every given r € R, , the impulse response
g(t,t—r) is T-periodic in t. For G € B, g(-,-—1) belongs to L2[0,T] for almost all r € R .
This follows from Fubini’s theorem (see for example Dym and McKean [4] and consider
iterated integrals). Hence, for almost all  we can expand the impulse response in a Fourier
series with convergence in Ls|0, T':

(e o]

gt,t—r)= > gi(r)e™, (10)
l=—c0
where
1 [T
g(r) = T/o e*ﬂwotg(t,t —r)dt (11)

and wo = 27 /T. If the impulse response is real g_;(r) = g;(r). We will assume the impulse
response is real from now on. The Fourier coefficients are relatively nice functions of r:

Proposition 3 For the Fourier coefficients of G € B it holds that
9i(-) € Li(Ry) N Lo(Ry)
foralll € Z.
Proof. See Appendix A2. m

Next we see how truncated Fourier expansions of systems in B behave. The following
lemma proves convergence:

Lemma 4 (Truncated Fourier representations) A truncated Fourier expansion of G €
B with N frequencies is defined as

N

Gn: o gn(tm) = > gt — 7)™,
I=—N

where T =1t — r. It has the following properties:



(i) Gn belongs to B.
(ii) HG - GNHLOO < QHG - GNHB — 0 as N — oo.
Proof. (i): We have Gy = le\i_N G!, where each G' has an impulse response g'(t,t—r) =

gi(r)elt«ot Now,
o0 (k+1)T T g 12 (k+1)T 1/2
||Gl||B = Z (/ / ‘gl(T)eleot dt d7‘> = Z (/ T|gl(r)|2dr>
im0 \JkT 0 o \/kT

< \/THGHB-

The last inequality is due to the Cauchy-Schwarz inequality applied to (11). The result
follows from the triangular inequality with the B—norm.
(ii): Study first the error-function

N

T .
’)/N(T‘):/O lg(t,t —r) — Z gi(r) el ot 2t

=N

which is finite for almost all . By the convergence of the Fourier series in L2[0,7] we get
that

li —
i yn(r) =0,

almost everywhere, and {yn(7)}3_, is then a decreasing sequence.

Next we see that the limit in (ii) indeed exists. This can be seen as {||G — G n||B}F-;
is a bounded decreasing sequence. By definition and interchanging the order of limits we
then have

o0 (k+1)T 1/2
i 6= Gl = i 3= [T sviown )

(k+1)T 1/2
lim </ ’yN(r)dr>
N—oo \ JkT

(k+1)T 1/2
/ lim ~yy(r)dr =0.
kT N—oo

To justify the interchange of the order of the limit and the summation, we notice that the
rest term of the series:

o0 (k+1)T 12 o (k+1)T 1/2
Z / N (r)dr < Z / ~Yo(r)dr — 0, n— oo,
kT kT

k=n k=n

00
k=0
00
k=0

tends to zeros uniformly in N. Hence the interchange is justified.

The interchange of the order of the limit and integration is a property of the Lebesgue
integral of decreasing sequences of functions (a.e.), see for example Exercise 6 at page 10
of Dym and McKean [4]. The final result follows with the help of Proposition 1. ]



3.1 Frequency Coupling and Steady-State Response

To see the difference between a time-invariant and a time-periodic system it is instructive
to study the steady-state response to an harmonic input signal, u(t) = /! with frequency
w. For time-invariant systems it is well known that the output also is an harmonic of
the same frequency. This is, however, not the case in the time-periodic case. If we for
simplicity study a finite Fourier expansion of G, we obtain

t N
y(t) = GNejwt — / < Z gl(t _ T)ejlw0t> ejwq—dT

—%° \i=—N

N o
= Z eﬂ“’“t/ gt +1)e7Tdr
I=—N -

N N
= Y guljw)eiotelt = (Z @(jw)eﬂ“’“) (12)
I=—N

_ l=—N

This shows that the response includes a whole range of frequencies, with a difference of
wp. This is a well-known property of linear periodic systems, see for example Wereley [11]
or Zhou et al. [13]. Hence these systems have frequency coupling. It also shows that a
frequency-domain approach could be successful, as there is still a fairly simple relation
between frequencies in input and output.

4 The Harmonic Transfer Function

By including a sufficient amount of frequencies in the Fourier expansion G 5 of G, we can
come arbitrarily close to G itself in Lo, —sense. Let yy = Gyu and y = Gu, then from (2)
and Lemma 4 we have

(= [ (Zm(t—r)eﬂwt) u(r)dr = 3 (e ()G (13

l=—N l=—N

where x is the standard convolution product. By applying the Fourier transform on (13)

we get
N

In(jw) = Z g1(jw — jlwo)u(jw — jlwy). (14)
I=—N

The Fourier transform of g;(t), denoted by §;(jw), is well defined by Proposition 2, and
even bounded and continuous for all w as g; € Ly, see [4]. By Lemma 4(ii) and Plancherel’s
theorem, we know that g (jw) converges to y(jw) in Lo(jR) as N — oco. Therefore we can
put N = oo in (14) if we mean convergence in Lo—sense, and not point wise convergence.
In Araki et al. [1] the Sample-Data(SD)-Fourier transform was defined, and it will
also be useful here. The SD-transform is an isometric isomorphism between L2(jR) and

10



a Hilbert space we will denote by L% (jIp). It maps the Fourier transform into an infinite-
dimensional column-vector-valued function. The SD-transform of 4(jw) is denoted by

U(jw) and is defined as

U(jw) = [... a(jw + 2jwe) a(jw + jwo) a(jw) a(jw — jwe) a(jw — 2jwo) ...]"

As the vector contains repeated versions of 4(jw), it is enough to consider w € (—wo/2,wo/2] =
Iy to be able to take the inverse SD-transform. We define the norm in L% (1) as

1/2
R 1 N 1/2 1 N .
10 ez = 7= ([ 10GNE) = —= ( [ > yu@wﬂkw@,zdw) |

k=—o0
(15)
For signals u € Ly, we now have three representations: u(t), @i(jw), and U(jw). We will
see in the proof of Theorem 3 that the following extended Plancherel’s theorem is true:

lullz, = 1) a0r) = 18O Lairy = 10Oz 1o)- (16)

If u has finite Lo-norm, then U(jw) is in 3 (its elements are square summable) for almost
all w € I, that is ||U(jw)||e, < o0 a.e.
If we write (14) when N = oo in the matrix-vector form

J(jw + jwo) o go(jw tjwo)  1(jw)  G2(jw — jwo) a(jw + jwo)
9G0) | = gae +jwe)  do(w)  @i(w —wo) - (jw)

9(jw — jwo) U(jw — jwo)

g—2(jw +jwo) g-1(jw) Go(jw — jwo)

we see that we can write it in a compact form using the SD-transform as

Y (jw) = G(jw)U (jw), w € I (17)
We call G(jw) the Harmonic Transfer Function (HTF) of G, in analogy with Wereley [11]
and Mollerstedt [8]. A similar object was called the FR operator in [1] in the special case
of sampled-data systems.
We may now state the counterpart of Theorem 4 and 5 in Araki et al. [1]:

Theorem 3 For linear periodic systems G in B, we can define the HTF G(jw) as above,
and for any input signal uw € Lo it holds that

1 o 1 N
o1l = 5 [ IV GBdw = o= [ 1G0T G, do (18)
T Io T Io
@(jw) 1s a bounded operator on {5 for almost all w in Iy and
G| = ess sup [|G(jw)]loo, (19)
welp
where || - ||oo Tepresents the induced fo—norm.

11



Proof. The first part follows from Plancherel’s theorem and (17):
[e.e]
ol =5 [l = = 2 2 /I 9w + o) P
/ Z i+ o) = oo [ IF Gl de

Ok;*

The interchange of integration and summation is a property of the Lebesgue integral for a
sum with positive terms, see for example [4]. By inserting (17) the result follows.

That ||Gl|r,, < esssup,¢p, |G (jw)||so follows directly from (18). The reverse inequal-
ity, ||G|| Lo > esssup,erp, ||G (jw)||oo, follows from a proof similar to the proof of Theorem 5
in Araki et al. [1]. ]

4.1 Computation and Truncation of HTFs

Theorem 3 gives us a way to numerically compute the norm of G. To see this let us return
to the truncated systems of Section 2 and see how it carries over into the formalism of this
section:

Corollary 1 For G € B, if we choose Q1 = (N1 + 1/2)wy and Qo = (Na + 1/2)wg then
the HTF of Po,GPq, is given by the (2N1 + 1) x (2N2 + 1)—matriz:

_§N1*N2(jw+jN2w0) gN1+N2(jw _jNQWO) ]
Gonny(w) = | G-m(iw +iNawo) ... gy (jw — jNawo) | | (20)
| §—N N2 (Jw + jNawo) .. §—Ni4N, (Jw — jN2wo) |
and
0 0 0
Po, (jw)G(jw) P, (jw) = |0 Gy ny)(jw) 0
0 0 0

The truncated HTF converges to G(jw) in the Loo—norm according to (7).

Hence we can represent a linear periodic system in B arbitrarily well with finite-dimensional
matrices. By griding the frequency interval Iy and computing the maximum singular value
of the finite-dimensional matrix (20) we get an estimate of ||G||L.,, where the rate of
convergence depends upon the roll-off of G according to Lemma 1. By using Lemma 2-
3 we also see how much error we make when we approximate products and inverses of
periodic systems with truncated frequency representations.

12



4.2 Roll-off of g,(jw)

In principle we have here described a linear time-periodic system as a (generally infinite)
sum of modulated linear time-invariant systems, each one of them represented by a transfer
function g;(jw). One can ask what are the properties of these individual transfer functions.
Some simple observations can be made by using Corollary 1, (19), and the definitions of
input and output roll-off:

® §i(jw) is continuous in w, bounded (at least by [|G||L,,), and lim,_ Gi(jw) = 0
for each [. Also g;(jw) is in La(jR).

e [f G has input roll-off ko, then for all [

sup |gi(jw)], |w] < wey
w

G1(jw)| < (21)

CQ . \w]_l”, ]w\ > Wh,1

where wy,; = (Ca/sup |g1(jw)|)/*2. That is, all the transfer functions g;(jw) have at

least roll-off ko in the classical sense.

e If G has output roll-off k; and input roll-off ks, then we have

sup [gy(jw)| < min{Cy - flwo| ™™ + Cs - flwo| ™2, 1|G]1.. }- (22)

5 Conclusion

In this report we have studied linear time-periodic systems from a frequency domain point
of view. Previous studies in this field are often based on a state-space approach, see [11, 13],
whereas we have here taken an input-output operator approach. We have identified a set
of periodic impulse responses, denoted by B, that allow us to expand the corresponding
systems in a series of modulated time-invariant systems, with convergence in an induced
Lo-norm sense. The main result of this report is that we can construct a linear frequency
response operator for these systems, the HTF. The HTF is an analog of the transfer
function for linear time-invariant systems. By computing the maximum of the norm of the
HTF on the imaginary axis we obtain the induced Lo-norm of the periodic system. This
can be compared with computing the L,.-norm of transfer functions.

We have also put some effort into the problem of how truncated HTFs converge. This
problem has been approached by introducing the concepts of input and output roll-off. The
roll-off of a system tells how high-frequency signals are damped. In the report conditions on
the impulse response are given that ensures roll-off. The HTF of a system with roll-off can
be truncated into a finite-dimensional matrix without introducing large error in induced
Lo—norm sense. When the convergence rate of truncated HTFs is known we can compute
approximations of series or feedback connections of periodic systems. This is believed to
be important as robustness of connections often is better studied in the frequency domain.
In the future robustness studies with the HTF should be considered.
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A  Proofs

A.1 Proof of Proposition 1

It is fairly obvious that || - || p fulfills the requirements of a norm, as it is a combination of
the Hilbert-Schmidt- and the £; —norm.
In [7] it was shown that

(h+1)T :
IGIILWSZ / / glt,7)|2drdt | .

But by periodicity of g(¢,7) (3) and the triangular inequality we see that

1 o0 (k+1)T /T 3
el <> ([ 7 [ lgteriParat) <216,
k=0 t=kT =0

hence the norms are equivalent and the result follows.

A.2 Proof of Proposition 2

We begin to prove that g; belongs to Ls. By applying the Cauchy-Schwarz inequality to
(11) we have for almost all r

1 T
) < 3 [ lote.t =)

If we now integrate and sum in the r-direction we obtain

> (k+1)T 2 2 .
> </]€T |9:(7)] 7") THGHB (23)

k=0

which is finite for G € B. We also have the inequality

</0 g (r Idr>l<z</k+w|gl . dr>%

by the triangular inequality on Lo, which proves g;(-) € L3[0, 00).
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Next we prove that g; belongs to L;. We have

(k+1)T (k+1)T
/k |gz<r>|dr§ﬁ/k () Pdr )

N

T T

again by the Cauchy-Schwarz inequality. If we sum over all k the right hand side converges
by (23), and the result follows.
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