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1 Introduction

We investigate here the problem of parametrizing the set of Schur or positive
real function of degree n which satisfies some given interpolating conditions.
The problem has a long history: the first results without degree constraints
date back to the beginning of last century and are due to Schur [20], Nevan-
linna [18] and Pick [19] and, for Positive Real functions, by Carathéodory
(see e.g. [10]); more recently, an extensive theory which makes use of linear
fractional transformations and reproducing kernel Hilbert spaces has been
developed by a large community of researchers: we refer to the work of Ball,
Gohberg, Rodman [3] and Dym [8] and the references therein. The problem
with degree constraints for positive real functions was first stated by Kalman
[16], and a first parametrization of all interpolating functions of given degree,
but without control on the positive realness, is due to Kimura and Georgiou
(see [17], [11]); more complete but non constructive results about existence
of a parametrization of positive real functions with degree constraints were
developed in [7]; more recently Byrnes, Georgiou, Gusev and Lindquist ([12],
[4], [5], [6]) derived an optimization method to derive a parametrization of
the scalar functions which also satisfy the positive real condition. We derive
here a different parametrization for square matrix valued functions, with
prescribed tangential interpolating condition and fixed degree n, based on a
parametrization of inner functions of given degree studied in [1]. The idea is
to complete a Schur function @) of dimension p x m into a tall inner function
Q. (where c is for column) of dimension (p+m) x m. This completion is ob-
tained from a spectral factor of I, — Q*() and it is uniquely determined if we
choose, say, the minimum-phase spectral factor. But since in [1] it is given a
parametrization of inner functions in terms of tangential Schur interpolating
conditions, the interpolation problem is readily solved. The advantage of this
approach with respect to the one in [4] is that formulas are explicit and easily
computable and easily extend to the multivariable case. A drawback is that
the domain of the charts is not as simple (a similar situation can be found
in [4] where the Nevanlinna-Pick and the Schur interpolating conditions are
considered). A parametrization using the same idea of inner extensions, but
with a different technique has been independently derived by Horiguchi [15].



2 Preliminaries and notation

Let F' be a rational p x m matrix of McMillan degree N, whose entries lie in
the Hardy space of the right half-plane. We shall denote by @ the right half-
plane, and by H? the corresponding Hardy space of vector or matrix valued
functions (the proper dimension will be understood from the context). The
space H?% is naturally endowed with the scalar product,

o0

cFG>= %Tr / Fliy)Giy)* dy, (1)
and we shall denote by || - |2 the associated norm. Note that if M is a
complex matrix, Tr stands for its trace, M* for its transpose and M* for its
transpose conjugate. Similarly, we define HS® to be Hardy space of essentially
bounded functions analytic on the right half plane (with the usual radial limit
condition). Let m < p; a p x m matrix valued function @) € HS°® is called a
Schur function if Q(iw)*Q(iw) < I, for (almost all) w € IR; it is called tall
inner or rigid if Q(iw)*Q(iw) = I, for (almost all) w € RR.

We assume that we are given a set of interpolation points si, ..., s, in the
right half-plane €* and interpolating conditions

Uy v
v=|" e 2)

t u,
with u;, v; row vectors in €™, @7, respectively, with ||u;|| = 1 and [jv;]] <1

for ¢ = 1,...,n; moreover we assume that we are given a p X m constant
strictly contractive matrix D. Our goal will be to find the Schur functions
Q of fized degree n which are solutions to the Nevanlinna-Pick interpolation
problem
wQ(s:)" = v; i=1,..,n Q(o0) =D (3)
A more general form of the interpolation problem (3) which allows for
multiplicities of the interpolation nodes can be defined in the following way
(see [3]). Assume that the eigenvalues of the matrix A are in the open left
half plane €~ and let I" be any closed curve around the spectrum of A. We
want to parametrize the Schur functions @ of fized degree n which satisfy

/FQ(S)U* (sI + A*)_l ds =V* Q(0) =D (4)
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Problem (3) is then recovered by choosing A := diag{—3y, ..., =S, }. No-
tice that another formulation of the above conditions is

(Q(s)U* = V*) (sI + A*) ™ is analytic on @F (5)

with the same constraint at infinity. To avoid pathological cases, we assume
that the functions @(s)u} are non constant. Notice that, if D denotes the
constant term of @), this assumption is always satisfied if for all : = 1,...,n
we have u; D* # v;.

3 Linear fractional transformations: state space

representations
I, O . .
Let J = 0 Ik We say that a rational (m+p) x (m+p) matrix valued
TP

function © is J-inner if O(iw)*JO(iw) = J for w € IR and O(s)*JO(s) < J
for Re s > 0. Let © be a J—inner function,

O11 O
0= 6
( On O ©)
If the p x m matrix valued function S is inner, then also

R := (56124 0) 7' (5611 + O4) (7)

is inner. Moreover, if S is a Schur function, then R is a Schur function, as
well.

Lemma 3.1 A rational function © is J—inner if and only if it admits a

realization P ‘ 5
®:< —JB Q| I )

where (A, B) is a controllable pair and the equation

AQ + QA"+ BJB* =0

has a unique positive definite solution Q.



Proor. by verification.
Notice that if J = I, we get a state space representation for square inner
functions.

Al B
Corollary 3.1 Let R = (F’?) a p X m tall inner function, and let D,

be a unitary extension of D, i.e. D = [D, D] is a unitary p X p matriz.
Then, there exists a unique inner extension R of R of the same degree and
such that R(oo) = D, and it is given by

r_ (AlB —PCD,
~\c¢|p D

where P is the solution to

AP+ PA+C*C =0.

Suppose now B = [Ug, Vz| where the dimensions are in agreement with
the partition of J. Then we can write our realizations as

A |Up Vg

o= —upot| 1 o0 (8)
VEQTh |0 T

where O satisfies
AQ + QA + UgUp — VRVR =0 (9)

Then it is also well known (see [8], [3]) that R in (7) is a solution of the
interpolation problem (4).
The following is a state space representation of R in terms of A, Ug, Vg, D

Lemma 3.2 Let © be a J—inner function as in (8), with m = p, and let
S = D be a constant unitary matriz. Then the function R given by (7) has
realizations:

R < A+ Vr(DU}, = V) Q7' | =Ug + VgD )

(DU -vHQ | D 1o

and

R ( —A* = QY (U — VgkD)U}, | Q1 (U — ViD) )

—(DUR V5 | D ()
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This function is the unique inner function of degree n which solves the inter-
polation problem

/R(S)U;; (sI +A*) "ds =V}, Q(x) =D

and has constant term D.

Proor. to see that, if R has realization (10), it solves the interpolation
problem, we show it comes from a realization of the linear fractional trans-
formation (7) with S = D. In fact, we can write

SO, + Oy
A |Ug Ur
=D
<—w&1\1)+<@910

(e o)
“\ -Uz-vyot| D

Similarly,
SO13 + O

B A | Vg A | Vg
“D<—w&1\0)+<vwl I)

_< A \%)
“\ —up-vpo |1

So the inverse of the above matrix is easily seen to be:

A+ Vp(DU}, — V) Q™ | Vg )

(SO15 + @22)_1 = <

(DUR—-VpQ ' |1
Therefore,
R = (96154 0) (501 + Oy)
A+ Va(DUp — Vi) Q' | Vi A | Ur
< (DU = V) Q! \I)(-wmm—@wl\D)
A 0 Ur
— —Vr(DU}, = V) Q™' A+ VR(DU}, — Vi) Q™! | VgD

— (DUR-VHQ'  (DUR-VHQ' | D

qcH



Using the change of basis T' = < _]] ? ) we get

A =TAT! B =TB ¢ =cr!

which applied to our system yields:

AR A 0 U
( L ) ~ [ 0 A+ Ve(DUL - V5O | —Up+ VD
0 (DU — V) Q' | D
A+ VR(DU; = VHQ ' | —Ug + VD
- < DUz -V | D )

As for (11), observe that, in view of (9),
Q' [A+ Vr(DUL = V3)Q'1Q = —A" — Q' (Ur — Vg D)Uj,

Then (11) is obtained from (10) by the change of basis induced by —7P.
The fact that R solves the interpolation problem (4) is well known (see e.g.
3],[8]). For the claim on uniqueness we refer to [1]. u

4 Main results

We now come back to our original problem (4). Let D be a p x m isometry
(i.e. such that D*D = I,,,). We denote with S?*(D) the set of p x m Schur
functions of degree n whose value at infinity is D. Similarly, we denote by
Zr™(D) the set of functions in S2™ (D) which are inner (clearly in this case
it must be D*D = I,,).

Let the interpolating conditions (2) A, U, V, D be given, let D be such
that D*D = I — D*D and D, := { g } We denote by Z¢(A, U, V, D) the

set of (m + p) x m-dimensional inner functions Q. € Z¢*™™(D,) such that

Q
e Setting

e Q.= [ ¢ ] and () satisfies (4)

OO

Vo, V) == [/F[ ? ]U*(SHA*)*]*
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the solution X to
AX + XA+ UU" = VoV = VgV =0 (12)
is positive definite.

We denote by SE™(A,U,V,D) the set of functions in S?™ (D) which

Ag | B
satisfy (4) and such that, for a minimal realization of Q) = (C—Q’TQ) , the
Q

equation:
BoU* = YA" + AgY (13)
has a nonsingular solution.

The reason why we careful about elements on the boundary is that there
are functions in S?™(D) which satisfy (4), but are not in S (A, U, V, D) (an
example can be found in [13]). The set of such functions is clearly algebraic
and we shall see that it is constituted of elements for which there exists, in
fact, an interpolating solution of degree strictly less than n. It is therefore
quite natural that they cannot fit into our parametrization.

So our interpolation problem can be formulated as follows.

Problem 1 Given A,U,V, D, parametrize the set SV (A, U,V, D)

Notice that D can be assumed to be a positive semidefinite matrix. In
fact, given Uy, V, Dy, we can decompose Dy as

Dy = DT

where D is positive semidefinite and 7' is unitary. Set then U := UyT™ and
consider then the new problem defined by U, V., D, and let () be an arbitrary
solution. Then the function Qg := QT is easily seen to be a solution to the
original problem Uy, V| D.

It’s well known that a stable matrix function @ is Schur if and only if it
has a tall inner completion Q, i.e.

Ag | Bg
Q@:{g]: Co| D
Co| D

and Q:Q. = I. We would now like to characterize now the set Z¢(.A, U, V, D)
of all the inner extensions such that the first block is a Schur interpolating
function. We need an intermediate lemma, which is a variation of a result of
Horiguchi [15].



Lemma 4.1 The function Q is in S?™(A, U, V, D) if and only if, for any Q

such that Q). = | = | is tall inner, the function Q). is in L5(A, U, V, D).
h that Q g I he f Q Z0(A UV, D

Ao | B
Proor. Suppose Q = (C—Q’TQ) is in SE™(A,U,V,D) and let Q. =
Q

{ Q } be a tall inner extension. The interpolation constraints are obviously

Q
satisfied, so we only need to show that (12) holds. Given A,U,V, D, it is

easy to see that (5) is satisfied if and only if there exists a matrix ) such
that

BoU* = YA* + AQY (14)
DU* —V* = CQY (15)

In fact, suppose (5) holds and let ) be the solution to (14). We show that
then also (15) holds:

(Qs)UT = V) (s + A"~

= (DU* + Cq(sI — Ag) ' BoU* — V*)(sI + A*)~!

= (DU* = V*)(sI + A*)™' + Co(sI — Ag) ' BoU*(sI + A*)™*
= (DU* — V*)(sI + A*)!

+Co(sI — Ag) H(sY + VA" — sV + AgY)(sI + A*) ™
= (DU* —V*)(sI + A")7!
+Cqo(sI — Ag) ™'Y — CoY(sI + A*)
which, since (s 4+ .A*)~! has its poles in the right-half plane, entails that its

coefficients must vanish and thus (15). The converse is obtained backtracking
the above chain of equalities.

Let now Q = Aq B~Q be such that Q. := Q is tall inner. The
Bounded Real Lemma asserts that there exists a matrix P such that:

A*QP + PAQ + CéCQ + C%CQ =0 (16)

PBg +C’5D+C’Z~2D =0 (17)

D*D+D*D =0



We can also define V := UD* — Y*C'. Then, using (17) and (15), we
obtain:
Y'PBy = —Y'C4oD+YCyD=—(UD*—V)D— (UD* —V)D*
= ~-U+VD+VD (18)
Multiplying (16) by Y* and ), substituting (14) and (15) and then using
(18), we obtain:
0 = Y(AGP + PAq + C5Cq + C5C3)Y
— (UBLP — AY*P)Y + V*(PBQU* — PY.A*) + (V — UD*)(V* — DU")
+(V —UD*)(V* — DU*)
= —AY'PY - Y PYA +VV* +VV* 4 UU"
+U(ByPY — D'V* — D*V*) + (V*PBg — VD — VD)U*
= —AY'PY -V PYA +VV* +VV* —UU"
But the above is precisely (12) with X = Y*P) positive definite.

Suppose now (14) is not satisfied. Then also X will be singular and thus
Qe ¢ I5(A, UV, D). m
In conclusion, if a function () does not satisfy (13), any inner extension

will be such that & in (12) is singular. But this, in turn, implies that there
is a solution to the interpolation problem

[ ]) e

which has degree strictly less than n (see [8], [9]). The first block of this
solution will then provide a lower degree solution to the original problem.
The structure of this set of solution, although very interesting, is beyond the

aim of this paper and will be further investigated in [13].
We then have the following result:

Lemma 4.2 Let Q) be a rational function. Then Q € SP™(A,U,V, D) (i.e.
is an interpolating Schur function) if and only if Q is the first block of a tall
inner function Q. with realization

—A* =P U—-VD-VD|U* | P [U—-VD - VD]

Qw={g}= — (DU* — V) D

—(DU* — V%) D
(19)
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where Ve ©™™ is such that the solution P to the Lyapunov equation
AP + PA* +UU* —VV* = VV* =0

is positive definite. In other words, Q) € S"P(A,U,V, D) if and only if there

exists V, D such that [ g } € Z:(A UV, D).

Proor. Suppose @) is the upper block of the tall inner function (19). Then @
is clearly Schur; we need to show that it satisfies (4). Observe first that, if we

~ ~ D D

set Dy := (I — DD*)Y/? and D, := —D~*D*D;, we get that D = { D Dl }
1

is a unitary matrix. Then we can extend the matrix (). to a square matrix

Q:

Q @
a-[3 3]
~A* =P U-VD-VDU* | P {U—-VD-VD] —P'[VD,+ VD]
= — (DU = V") D Dy
—(DU* —V*) D D,
—A* =P U-VD-VDU* | P {UD* —V] P Y UD*-V]
= — (DU* = V) I 0
—(DU* = V*) 0 I

Setting Q = QD*, we immediately see that Q is inner, in view of Lemma
3.2 and the fact that

[~ A" = PUU VD VDU | P4 P [~ A = P U - VD - VDU

+w1wphwmplwﬁ—VnVDw_meﬁ

(DU* = VP!

_ V*PRN—UW+VDW+VDW—AP—Wﬁ+UWVHI@WﬂP*

+P”{UDD%”—VDU”—UDW“+VV*
LUDDU* — VDU —UD*V* + W*} Pl

= P-PA - AP - UUT VYV VT P =0

11
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from (9). Moreover, in view of (11) Q interpolates the conditions:

faw | oo | =15 =t (21)

But since

A DU* | 4 D D, vl U~
Q| oo |=ao| 5 3|5 ] =ew| T ]
the first block @ of Q interpolates the conditions (4). Lemma 4.1 ensures
that (13) is satisfied, as wanted.
Conversely, suppose @ € S(A,U,V,D). Then I — Q*Q has a stable

spectral factor Q; so Q. = [ g } is tall inner and, in view of Corollary 3.1

we can extend it to a square inner matrix Q. Define
V= </ Q(s)U*(sI+A*)1ds>
r

Backtracking the above reasoning, we see that Q := QD* interpolates (21);
but, again in view of Lemma 3.2 and 4.1, Q (and hence @) has a realization
as in (20), which achieves the proof. u

Let now A, U, V, V be given, and let P be the solution (if it exists and it
is unique) to: o
AP +PA*+UU* —VV =VV* =0
In this case, we set

LAUV,V):=P (22)

Then the above Lemma easily yields a parametrization of the set of all tall
inner extensions Z¢(A, U, V, D) of interpolating functions.

Theorem 4.1 (Inner extension parametrization) Let A be a stable matriz
and U € ™ and V € TP and D € TP*™ be given, with each row u;
of norm 1 (i.e. ufu; = 1) and D strictly contractive (i.e. D*D < I); let

. D
D e @©™™ be such that D, := [ D } s an isometry, and define the set

12



Via,uv,p.) and the function @ auv,p,) as follows:

o (@) : = [ / @@)U*@HA)*@] for Q. € ST (D)
Viauvp,) @ = {Qc = [ g } €L, (A UV, D,.); (23)

‘C(Av Ua ‘/7 SO(A,U,V,DC)(QC)) > 07 QC(OO) = Dc} (24)

Then the family (V(a,u,v,p.); au,v.p.)) forms an atlas for the set o (A, U, V, D)
whose topology coincides with the one induced by the topology of TPT™™(D..).

Proor. We can assume, without loss of generality, that the matrix A is of
the form:

where the s; are not necessarily distinct. In this case it can be shown (see [8],
[3]), that this corresponds to the classical Schur problem and that (see [1],
[14]), if D is a r X r unitary matrix, the set of inner functions Z">" (D) of degree
n is a smooth manifold and an atlas is given as follows: for U, W € """,
define the set V(4 u p) and the function ¢4 up) as

V(A,U,D) L= {Q € :Z'—:LJ‘(D); |uch(5i)*| < 17i = 17 "'7n7}
puun(Q): = {/F Q(S)U*(SI+A*)_1dS}

The map ¢! is given by:

S = A+ W(DU* - WHP! | -U+ WD
QP(A,U,D) (DU* . W*)Pil ‘ D

where P is the positive definite matrix satisfying:
AP +PA"+UU" — WW* =0

From the above, we can now easily derive an atlas for tall inner functions
Zr™(D.), where now D, is an isometry. In fact, given D = [D,, D,|, from

13



Corollary 3.1, there exists a unique inner completion of a tall inner function
Q.. Moreover, if m < r the subset of Z""(D) of inner function such that the
first m columns have degree n is obviously open. Therefore, the map

¢ o I™(De) = 17(D)
¥(Qe) = Q

is continuous and continuously invertible on its image. We can define the set
Via,u,p.) and the function p4,p,) as

P, (Qc) = @up)(P(Qc)) for Q. € S;™(D.)  (25)
Viaupy = = {Qc € Ty"(De); LIA U, V, oau,0)(Qe)) > 0} (26)
Consequently,
gy = A+ W(DU* = W)P~' | =U + W.D,
Py e (DU —W)Pt | D,

where P satisfies:
AP +PA*+UU" —W W) =0

We claim that the above is an atlas for Z)"™(D,) In fact, from Corollary (3.1)
there is a one to one correspondence between the elements of Z)>"(D,) and
the elements of for Z"" (D) whose first m columns have rank n and it is given

by setting U = [U, 0], W = W, and

q_ (AFWLDL — WP | —U +W.D. W.D,
- (DU -WrP | D, D,

we clearly see that
30_1(-’47 U, DC)(WC) = w_l(SO(_,iU’D)(W))

i.e. (26) is an atlas. To get eventually the claim of the theorem, partition

W, and D, as:
%4 D
we¥] oe[3
and set W := {WC e CM™W =V, Py, > O} where Py, is the solution to
APy, + P A+ UU —VV —WW* =0

14



Clearly W is diffeomorphic to an open dense subset of €™ and obviously

I¢(A,U,V, D) = ¢ (W), which shows that Z¢(A, U, V, D) is a submanifold
of Zr*™(A, U, D) u

The above is a parametrization of all inner completions of Schur inter-
polants; since each interpolants has many completions, corresponding to the
solutions to Bounded Real Lemma equations, this is not a parametrization

of S¢(A,U,V, D)

Corollary 4.1 The interior points of ZC(A,U,V, D) have degree exactly n.
That s, all zero poles cancellations occur on the boundary of the disk.

Proor. suppose Q has McMillan degree strictly less than n; then there

exists a completion Q such that Q. = { Q } is tall inner; moreover, we can

Q
assume that, possibly after multiplying by a conjugate inner function, ¢ is
outer. But this implies that the degree of Q*Q is twice the degree of Q. On
the other hand, deg Q*Q = deg Q*Q, and this means that deg Q < deg @ <
n; since moreover () and Q have the same state, we conclude that deg Q). < n;
but Q. is tall inner and therefore it is on the boundary of Z™(o0) and thus,
a fortiori, on the boundary of Z¢(.A, U, V, D) [ |

~ D
For ) € S™(D) and D given such that D, = [ D } is an isometry, it’s

well known that there exists a unique minimum phase spectral factor Q of

I — Q*Q such that Q(c0) = D.
Theorem 4.2 Let xp be the map

Xp : S™(D) = S (D)

D(Q) =Q
Then
Cauvvop (@) = [/r Xp(Q)(s)U*(sI + A*)~'ds for Q € 8™ (D)
V(A,U,V,D,D) = {QeSM(AU,V,D);

L(AU,V, P(A,U,V,D,D) (@Q)) > 0}

is an atlas for SP™(A,U,V, D). The inverse map (P(_;,U,V,D,D) has domain
W={Ve@e>™P>0,(-A-~PUD' —VDD' —V]V*) is stable}

15



and 1t 1s given by:

. - —A* =P U —-VD-VD|U* | P~ [U—-VD—-VD]
¥ (V) =
(AUV,D,D) — (DU = V) | D
Proor. since [ g ] € I¢ (A, U, V, D.) we can define the map
T SP"AUV,D)— T (A UV, D,)

Q)= [ XbC(QQ) ]

which is clearly continuous (it’s a property of spectral factorization); the

inverse, restricted to the subset of Z¢(A, U, V, D.) of Q. = [ g } such that Q

is outer, is well defined in view of Corollary 4.1 and is also clearly continuous.
This induces a differential structure on S?™ (A, U, V, D) by means of that of
Z¢(A,U,V, D); then the atlas is exactly that of (4.2) restricted to the set of
Q. such that Q is outer. As for the inverse o YA UV, D, D), the condition

on the domain simply reflects the stability of Q1.
From (20), we see that the zero matrix of @y is

AZY = Ag+ P '[VD, + VDD Cq
= —A* =P MU -VD-VDU* =P VD, + VDD (DU = V*)
= —A —P WU —PY-VDU*+ VD, D{*DU* — VD, D7'V*] + PV V™
— P—l[A+ V[D—*U* o D—*D*V* . V*]P_l]P
where we have used the fact that D — DlDle = D~* and DlDfl =
—D7*D*. Thus the zeros of ), are determined by pair:

(A9Y, BYY) = (A+V[D*U* = D*DV* = V*|P~', =V D, — VD)
The zeros of Q) are the conjugates of those of Q;. In fact
A9 = Ag—BoD'Co=—A"—Bo(U*+ D ') = —A" — BoD™'V =
= A" —PHUD - VDD ' V|V = —(A9)*

Thus the zeros of Q are determined by the observable pair:

(08, 49) = (~[U" = D7V, —A" = P UD ™ ~ VDD~ — VIV™)
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5 Positive real functions

An m x m matrix valued rational function Y is said to be positive real (see

[2]) if
e Y(iw)+Y*(iw) >0 forwe R
e Y(s)isreal for s € R*
o Y c HY (ie. Y is stable).

Let D be a positive definite m x m complex matrix. The set of m xm Positive
Real Functions of degree n such that Y (co) = D will be denoted by Y, (D)
Since positive real functions are so important in system and control theory,
it’s not surprising that the problem of parametrizing positive real functions of
fixed degree, which satisfy some given interpolating conditions, has received

a lot of attention in recent years (see [4], [7],[5],[6]). We know from the

. Ay | Fy
Positive Real Lemma that Y =
Cy | Ly

there exist P > 0, By, Dy such that

) is a Positive Real Function if

Ay P + PAS, + By By =0 (27)
AyP+ ByDi = Fy (28)
Dy Dy = Ly + Ly, (29)

It’s well known that a function Y is positive real if and only if the function
Q:
Q=Y+ (Y -1 (30)

is Schur. Thus, combining together (30) and (7), we obtain that the m x m
matrix valued function Y is positive real if and only it satisfies:

Q=Y +1HY —1)=(SO15+ ) (SO, + O) (31)
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for some © J-inner of dimension 2m x 2m and S Schur of dimension m x m.
Equivalently, solving for Y

Y = (I-Q7'(I+Q)
= [I — (5615 + O) (SO + 64!
[T+ (SO12 + O) 71 (SO11 + O]
= [SO12 + O — SO, — Oy]!
(8612 + O2p + 5611 + O]
= [S(O12 = O11) + Oy — O] !
[S(B12 + O11) + O3 + Oy

In particular, if @) satisfies (4), from (30) we get that Y satisfies the interpo-
lating conditions:

/(Y(s) F D7 (s) = DU = (V4 DV (5T + A s =0

(we have used the fact that [.(sI + .A*)"'ds = I). Since Y is positive real,
(Y(s) + I)~! is analytic in the right half-plane together with its inverse.
Therefore it cannot contribute to change the analyticity properties of the
other factors in the integral; thus the above is equivalent to

/(Y(s)(U* — V) (s + A s = U+ V*

Setting

1

(U-V) n = (U+V) (32)

Sl

1
fizﬁ

we get the following result (see [3]):

Lemma 5.1 Let £,n € @™, then there exists an m X m positive real
function Y such that

[Yeesr+aytas = (33)
r
if and only if the equation

AR+ RA* +&n" +nf =0 (34)

has a unique positive definite solution R.
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Proor. since it is
1 1
&+l = §(U -V U+ V") + §(U -Vur+Vv)=U0U0"-VVv*

(34) is equivalent to (9). u

Given A, ¢, n, Dy with Dy + D3 > 0, we can define Y (A, &, 1, Dy) as the
set of positive real functions satisfying the following interpolation conditions:

/F V()6 (s + A" s = Y(o0) = Dy (35)

A full-rank m x m positive real functions Y uniquely determines a stable
minimum-phase m X m spectral factor W (which has the properties that
Y +Y* = W*W and W~ is stable). Observe that, since Dy + D3 > 0, there
exists a matrix Dy such that Dy, Dy = Dy + D5.. Then, similarly to what
we did in the Schur function case, we can define the set W' (A, &, v, Dy ) as
the set of stable minimum-phase rational functions satisfying:

/ W (s)&* (sl + A*)tds = V* W (o) = Dy (36)

In fact, we have the following state space relation between the Schur and
Positive real realizations:

Lemma 5.2 Let (). = [
the relations (32). Set

OO

} be as in (19) and let €,V be determined by

Dy := (I +D)(I— D)™} Dy :=+2D(I — D)™ (37)

Y } satisfying (35) and (36) is given by:

Then a realization of [ W

—A* — R YDy +n — VDyle* | R7YEDy +n — V Dy

} = — (Dy¢* _17*) Dy
—(Dw& = V™) Dy,

(38)
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Proor. we recall first that, if { = } is tall inner and () is square, then the

HEEIS

pair

satisfies W*W =Y + Y*. In fact,

V'+Y =(I-Q) ' (I+Q)+{I+Q)I-Q)"
= ([-Q)'I+Q)I-Q)+(I-Q)I+QII-Q)"
= ([-Q)V'I-Q+Q -QQ+I-Q" +Q-QQU-Q)"
= 20-Q) I -QQ-Q)"

21 - Q) QU - Q) =W'W

F|G
Now, if { Q} = ?7 , we can write
“l\#mlp
Y1 [I+Q .,
= e
F G -1
F| -G
= H |I+D —’—
ot | vab <H ]—D)
F G
B F+G(I—D)"'H|G(I—D)"
“\ Al ks e i)
F+GUI-D)*H 0 G(I — D)™!
G(I — D) 'H F ‘ G(I — D)™
~ | tu+pD)t-D)'H H |I+D)({I-D)"
V2D(I-D)'H +2H| 2D - D)™
F+GUI—-D)'H 0 ‘ G —D)™!
0 F 0
- 2(I — D)*H H |(I+D)(I-D)!
V2[D(I - D)'H + H] V2H| v2D(I — D)™

F+G(I—-D)"'H|G(I - D)™
= 2(I — D) 'H Dy
DwH +v2H Dy
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Now, in our case, noticing that, inverting (32) we get

U=—=(c+n) V=

7% (=E+n)

Sl

we can write:
GUI-D)' = R WU -VD-VD)I - D)™

(1 1 5 —1
= R (5640 - -+ 0D - VD) (1-D)

1 7 -1
- R E[(5(1+D)+n(1—p)—ﬂVD} (I - D)

_ Rl%(fl?y 51— VD) (40)

Similarly,
(I-D)y'H = —(I-D)Y(DU* - V¥

= —(I-D)'—[D(E +7*) = (=€ +7n")]

Hg\H
[\

= —(I-D)"'—5[(I + D)§" ~ (I - D)n’]

S

1 * *
= —E[Dyﬁ — ] (41)

and
DwH+V2H = —2[D(I - D)""(DU* —V*)+ DU* — V*
= —V2[D(I - D) Y(DU* —V* +U* — DU*) — V*|
= —V2Dw¢ V7] (42)

Eventually, setting as before B := P~![U — VD — VD], we have

F+GUI—-D)'H = —-A*—-BU*—-B(I —-D)YDU* - V*)
= —-A"—B(I - D) YU* - DU* + DU* —V*)

- A R%@Dy L= VDw)(U* - V)

= —A" =R '(¢Dy +n—VDy)¢ (43)
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Plugging (40),(41), (42) and (43) into (39) we get

5] - [138]o-or

F+GUI—-D)'H|G(I—-D)"
= 2(I — D) 'H Dy
DwH +v2H Dw
F+G(I—-D)'H|V2G(I - D)™
= V2(I = D)"'H Dy
Z5(Dw H + V2)H Dy
—A* = REDy + 1 — VDw]¢* | R™[EDy + 1 — VDy/]
= — (Dy€" —1n) Dy
—(Dy&* — V) Dw

Remark eventually that, since ) and W have the same zeros, Q) is stable if
and only if W is. [ ]

Let now A, £,1,V be given, and let R be the solution (if it exists and it
is unique) to: o

AR +RA* +&n* +n&" —VV* =0
In this case, we set B
L(AE,n,V)=R

We then have the following result:

Theorem 5.1 Let xp,, be the map

XDy - er(AaganaDY) = W?(AvgvvaDW)

X Dy (Y) =W
Then
Orenpr oY) : = [ [ e er+as| oy e vy
r
Vaenny pw) i = 1Y € V(A& n, Dy);
L(A,&,1,0a6nDy,0n)(Y)) > 0} (44)

is an atlas for Y (A, &, n, Dy). The inverse map e(jéll,ﬁ,n,Dwa) has domain

W = {V € ™R >0, (—A —R Dy +n— VDW]é*) is stable}
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and 1t 1s given by:

0 (V) = ~A* — R YDy + 1 — VDl | REDy + 1 — V Dy
b bw —(DvE — ) | Dy

Proor. suppose Y € Y"(A, & n, Dy) and let Q = (Y +1)"Y(Y —1I); in view
of Theorem 4.2, there exists a unique Q such that } € I¢(A,U,V, D,);
since Y = (I — Q)" (I + Q), we obtain
Y+Y*" = (1-Q)7'(I+Q+{I+Q)(I-Q)"
=20/ - QNI -Q QU -Q) " =21 -QHQ QU -Q)™"

where Q is the stable outer factor of I —Q*(Q. Then, setting W := \/5@(] —
Q)~', we have (] Q*)W* = Q*; thus

LBITD)

/Q(S)U*(sl + A s =V

r

is equivalent to
1 / _ ~
— [ W(s)I —Q(s))U*(sI + A*) 'ds = V*
7 (s)( (s))U( )

Using the alternative formulation (5) we get

1 * V4 x\—1 : s +
(ﬁw(s)([ —Q(s))U* =V ) (sl +A") is analytic in €

which is equivalent to

(%W@) [(U* — V) = (Q(s)U* — v*)} - V*) (sI+ A" is analytic in ©*

or, using (32)
(W(s)[ﬁ* —(Q(s)U* = V)] — f/*) (sI + A*)7! is analytic in €

But now, from (4), (Q(s)U* —V*)(sI +.A*)~! is analytic in €* and thus we
get

(W(s)g* — f/*) (sI + A*)7! is analytic in €

23



which, in view of the equivalence between (4) and (5) is (36). Therefore
W e WA, &V, Dy). A reasoning completely similar to that of Theorem
4.1 concludes the proof.
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