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AN OPERATOR CORONA THEOREM.

SERGEI TREIL

ABSTRACT. In this paper some new positive results in the Operator Cor-
ona Problem are obtained in rather general situation. The main result
is that under some additional assumptions about a bounded analytic
operator-valued function F' in the unit disc D the condition

F*(2)F(z) >6°T YzeD  (6>0)

implies that F' has a bounded analytic left inverse. Typical additional
assumptions are (any of the following):

(1) The trace norms of defects I — F*(2)F(z) are uniformly (in z € D)
bounded. The identity operator I can be replaced by an arbitrary
bounded operator here, and F*F can be changed to FF™;

(2) The function F can be represented as F' = Fo + F1, where Fy is a
bounded analytic operator-valued function with a bounded analytic
left inverse, and the Hilbert-Schmidt norms of operators Fi(z) are
uniformly (in z € D) bounded.

It is now well-known that without any additional assumption, the condi-
tion F*F > §I is not sufficient for the existence of a bounded analytic
left inverse.

Another important result of the paper is the so-called Tolokonnikov’s
Lemma which says that a bounded analytic operator-valued function has
an analytic left inverse if and only if it can be represented as a “part”
of an invertible bounded analytic function. This result was known for
operator-valued function such that the operators F'(z) act from a finite-
dimensional space, but the general case is new.
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NOTATION
Open unit disk in the complex plane C, D :={z € C : |z| < 1};

Unit circle, T:=0D = {2z € C : |z| = 1};

measure on D defined by du = % log & dxzdy;

E
3 _ 1.0 0 5_1/0 i 0.
9 and d-operators, 0 = (g7 —ig;), 0 = 5(5; +iz,);
“normalized” Laplacian, A = 99 = A = %(;—;2 + g—;g),
Hardy classes of analytic functions,

HP = {f e LP(T) : f(k) := /Tf(z)sz =0 for k < o} .

Hi;

o0
LE—)E*

00
HE—)E*

He, Ty

2

Hardy classes can be identified with spaces of analytic in the
unit disk D functions: in particular, H is the space of all
bounded analytic in D functions;

norm; since we are dealing with vector- and operator-valued
functions, we will use the symbol || . || (usually with a subscript)
for the norm in a functions space, while | . | is used for the norm
in the underlying vector (operator) space. Thus for a vector-
valued function f the symbol || f||2 denotes its L2-norm, but the
symbol | f| stands for the scalar-valued function whose value
at a point z is the norm of the vector f(z);

)

vector-valued Hardy class H? with values in E;

class of bounded functions on the unit circle T whose values are
bounded operators from F to Fy;

operator Hardy class of bounded analytic functions whose val-
ues are bounded operators from E to E;

[Flloo := sup | F'(2)| = esssup||F(§)]];
zeD £eT
Hankel and Toeplitz operators with symbol ®.

0. INTRODUCTION

The Operator Corona Problem is to find a (preferably local) necessary
and sufficient condition for a bounded operator valued function F' € Hg® .
to have a left inverse in H, i.e. a function G € Hg®_ j, such that

(B)

G(z)F(z)=1 VzeD.

Such equations are sometimes called in the literature the Bezout equations,
and “B” here is for Bezout. The simplest necessary condition for (B) is

(©)

F*(2)F(z) > 6%*I, VYzeD  (6>0)

(the tag “C” is for Carleson).
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If the condition (C) implies (B), we say that the Operator Corona Theo-
rem holds.

The Operator Corona Theorem plays an important role in different ar-
eas of analysis, in particular in Operator Theory (angles between invariant
subspaces, unconditionally convergent spectral decompositions, see [8, 9, 16,
17]), as well as in Control Theory and other applications.

Let us discuss the cases when the Operator Corona Theorem holds.

The first case is dimFE = 1, dimFE, = n < oo. In this case F' =
[f1, fo,-- s ful®, G = [91,92,...,9x) and it is simply the famous Carleson
Corona Theorem [4], see also [6, Chapter VIII], [9, Appendix 3].

Later, using the ideas from the T. Wolff’s proof of the Carleson Corona
Theorem, M. Rosenblum [11], V. Tolokonnikov [14] and Uchiyama [20] in-
dependently proved that the Operator Corona Theorem holds if dim F = 1,
dim E, = oco.

Using simple linear algebra argument, P. Fuhrmann [5] proved that the
Operator Corona Theorem holds if dim £, dim E, < oo, and later V. Vasyun-
in [14]' extended this result to the case dim E* = oo (but still dim E < co).

And finally, a trivial observation: if F(2)E = E, Vz € D, then the left
invertibility (C) implies the invertibility of F(z), and so we can simply put
G = F~'. So in this case the Operator Corona Theorem holds as well.

As for the general Operator Corona Theorem, it was shown earlier by
the author ([15], see also [16]) that it fails if dim F = 400. Recently it was
shown by the author in [18], that the Operator Corona Theorem fails (if
dim F = 00) even if codim(F(2)FE) =1Vz € D, (i.e. if F is very close to the
“square” case F(z)E = E, Vz € D, for which the theorem holds)

Note, that for a long time there were no positive results in the infinite-
dimensional case (dim E' = c0). Probably the first positive results in this
case are the recent results of P. Vitse [21]. She proved that the Operator
Corona Theorem holds for operator-valued functions which can be uniformly
approximated by finite sums Y @i (2) Ay, where @y are scalar functions in
H* and Aj are constant bounded operators. For such functions the im-
age F(D) of the unit disc is a relatively compact (in norm) subset of the
space of bounded linear operators, and she also studied different classes of
functions for which this condition (relative compactness) alone implies the
Operator Corona Theorem.? Her technique involved using compactness and
the Grothendieck approximation property.

In this paper we prove another group of positive results in infinite-
dimensional case. Namely, we show that if an operator-valued function
F is a “small” perturbation of a “nice” function Fy (for example, if Fy is
left invertible in H*> and F' — Fy belongs to H* with values in the class G,

1t is not a typo, Vasyunin’s result was indeed published (with attribution) in the
Tolokonnikov’s paper.

2Note7 that it is still an open problem whether the relative compactness of F(D) implies
that F' can be uniformly approximated by functions of form S°r_ ¢ (2) Ag.
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of Hilbert Schmidt operators) then the Operator Corona Theorem holds for
such functions

Note, that although this theorem might look like a result obtained from
the matrix case using some approximation type reasoning, it is not. While
there is some use of approximation in the proof, it is only used as a simplest
way to justify existence of trace in one of the formulas (see Section 2.1.1
below), and the Matrix Corona Theorem is not used anywhere in the paper.

Moreover, it is probably impossible to get the results using matrix results
and approximation! Namely, one can hope to get such result by approxi-
mation, if the constants in the matrix Corona Theorem grow not too fast
when dim F — oco. But as it was recently shown in [18], the norm of the
solution grown (at least) exponentially in dim E, so it seems hopeless to use
approximation methods.

1. MAIN RESULTS

Let us recall that we say that a function F' € Hg2p is left invertible in
H if there exists G € Hg°_p such that G(z)F(z) =1 Vz € D (and a.e. on
).

Theorem 1.1. Let F' € Hg2 , satisfy one of the following conditions:
(1) There exist a constant operator A in E such that

sup |A — F*(2)F(2)] &, < o0
zeD !

(2) There exist a constant operator A in E such that

sup |A — F(2)F*(2)] &, < 00;
zeD !

(3) There exists a constant operator B : E — E, such that
F(z) = B+ Fi(2), SuHI;IFl(Z)IGQ < 0.
zE

(4) F can be represented as
F(z) = Fo(2) + Fi(2),

where Fo € Hg?.p s left invertible in H* and sup,cp | F1(2)| g, <
0.

Then for such F' the Operator Corona Theorem holds, i.e. the condition
F*(2)F(2) > 6*I  VYzeD
for some & > 0 implies that F is invertible in H*.

Theorem 1.2 (Tolokonnikov’s Lemma). A function F' € Hg.p, s left in-
vertible in H*® if and only if it can be extended to an invertible operator
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function, i.e. if and only if there exists an auziliary Hilbert space Ey and a

function F € HEO?BEI_’E* such that F~1 € HEOS_’E@El and

ﬁ(zﬂE = F(2) VzeD (and a.e. on T)

Note, that the existence of F trivially implies the left invertibility of F.

2. PRELIMINARIES

We will need the following well known theorem.
Recall, that given ® € Lg” 5 , Hankel and Toeplitz operators He and T
with symbol ® are defined as

Hy: H: — (HZ)* Hof:=P_(®f)
Ty : Hy, — Hp, Tof == P (2f),

where P, and P_ are orthogonal projections onto H? and (H?)* respec-
tively.

Theorem 2.1 (Arveson [2]|, Sz.-Nagy-Foias [13]). Let F' € Hg° p . The
following two statements are equivalent:
(1) The function F is left invertible in H*, i.e. there exists G € Hg°_ p,
such that GF = I;
(2) The Toeplitz operator T is left invertible, that is

inf I T5=f|l2 =: 6 > 0.
fer | fla=1 *

Moreover, the best possible norm of a left inverse G is exactly 1/6.

This theorem also can be found in the monograph [8], see Theorem 9.2.1
there.

Note, that this theorem is stated slightly differently in different papers.
For example, Theorem 9.2.1 in [8] states that F' is right invertible in H*° if
and only if Tp- is left invertible: applying it to F'7 we get the statement of
Theorem 2.1. Similarly, the theorem in [13] states that F' is left invertible
in H° if and only if T4 is left invertible, where F#(z) := F(%). Again,
applying this theorem to F'(Z) we get Theorem 2.1.

2.1. Reduction to the H? Corona Problem. According to the above
Theorem 2.1, an operator-valued function F' € Hg? , is left invertible in H>
if and only if the Toeplitz operator 1% is left invertible. The latter condition
is equivalent to the right invertibility of the adjoint operator (T)* = T =
Trpr.
Since FT € Hg®_p, the Toeplitz operator T'pr is simply the multiplication
o0

by FT. Therefore operator-valued function F € Hg . is left invertible in
H*®° if and only if for any g € H J%J the equation

Flf=g4
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has a solution g € HZ_satisfying ||g||2 < C/||f|l2 (where the constant C does
not depend on g)

The main step in the proof of the main result (Theorem 1.1) is the follow-
ing theorem giving a sufficient condition for solving the equation F'f = g.

Theorem 2.2. Let F' € Hg® p, satisfy
F(2)F*(z) > 61 VzeD

for some § > 0. Let there exist a (real-valued) bounded subharmonic function
@ such that its Laplacian A satisfy

Ap(z) > |F'(2)]? Vz e D.
Then for any g € H?E there exists a solution f € HJ%J* of the equation
Ff=yg
satisfying the estimate || f||2 < C||gll2, where C = C(0,||¢||oos | Flloo)-

2.1.1. Getting Theorem 1.1 from Theorem 2.2. As it was discussed above,
a function F' € Hg? , is left invertible in H°° if and only if for any g € HZ
the equation
Flf=yg

has a solution f € H, satisfying || f||2 < Cllgll2 (where the constant C' does
not depend on g).

According to Theorem 2.2 this happens if one can find a subharmonic
function ¢ satisfying

Ap(z) > |(FT) (A)I? = |[F'()]°  VzeD.

If F satisfies assumption 1 of Theorem 1.1 we put ¢(z) = trace{A —
F*(2)F(2)} (replacing A by Re A = (A + A*)/2 if necessary we can assume
without loss of generality that A = A*) so

Ap(z) = 400 trace{A — F*(2)F(z)} = 4trace{(F'(2))* F'(2)}
=4|F'(2)|&, 2 41F'(2)]*.

Formally, the above reasoning is only a general idea, not a formal proof, be-
cause we do not know that the trace appearing during differentiation exists.
However it can be easily fixed by using some approximation reasons. For
example, the above reasoning works fine if dim E' < oo, so all operators are
finite rank ones, so there is no question about trace. So, if P, is an increas-
ing sequence of orthogonal projections in F, such that P, — I strongly as
n — oo, then for ¢, = trace(P,(A — F*F)P,

Ay (2) = dtrace{ P, (F'(2))*F'(2)P,} = 4 |F’(z)|262 > 4|F'(2)P,)|?,

and from here it follows that Ap,(z) is an increasing sequence of subhar-
monic functions.
Since ¢, —  pointwise as n — oo, and

| P F ()%, /| F' ()]s, VzeD
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as n — 00, one can conclude that indeed
Ap(z) = 4|F'(2)|&, = 41 F'(2)]*.

We leave details as an exercise for the reader.
Similarly, for F' satisfying assumption 2 of Theorem 1.1 we can define ¢
as

p(z) = tr{A - F(2)F"(2)}.
If F satisfies assumption 3 of the theorem, we put
p(2) = trace(Fy (2)F1(2)) = | Fi(2)] &,
Finally, let us suppose that F' satisfies assumption 4 of the theorem. Let

us recall that F' is represented as F' = Fjy + Fi, where Fj is left invertible in
H®°. By Tolokonnikov’s Lemma (Theorem 1.2), F; can be extended to an

invertible (in H°) function Fy € Hggp,—p, - Since ﬁ’o‘E = F, , we have

(Fo(2))'F(z) =V,
where V : E — E @ E; is an isometry whose matrix with respect to the
decomposition F @ Fq is
I
o)

Therefore the function ® = ﬁo_ lp=v+ ﬁo_ LFy satisfies the assumption
3 of the theorem. Clearly,

O*(2)®(2) > 4, VzeD (6> 0),

so @ is left invertible in H°°. Hence, F' is also left invertible in H°°.

3. PROOF OF THEOREM 2.2.

3.1. Preliminaries. Our goal is for a given g € H? := H%, ||g]2 = 1 to
solve the equation

(3.1) Ff=g,  feHp,
with the estimate ||f|]2 < C. By a normal families argument it is enough
to suppose that F' and ¢ are analytic in a neighborhood of D. Any estimate
obtained in this case can be used to find an estimate when F' is only analytic
on D. Since F(z)F*(z) > 4§21, it is easy to find a non-analytic solution fq of
(3.1),
fo:=®g:= F*(FF*)1g.

To make fy into an analytic solution, we need to find v € L%* such that

f:=fo—v e H?and v(z) € ker F(z) a.e. on T. Then

Ff=F(fo—v)=Ff,— Fv=g,

and we are done. The standard way to find such v is to solve a O-equation
with the condition v(z) € ker F(z) insured by a clever algebraic trick. This
trick also admits a “scientific” explanation, for one can get the desired for-
mulas by writing a Koszul complex. What we do in this paper essentially
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amounts to solving the d-equation dv = df, on the holomorphic vector bun-
dle ker F'(z). Following the ideas of Matts Andersson [1], which go back to
Bo Berndson [3] we use tools from complex differential geometry to solve
the corona problem by finding solutions to the d-equation on holomorphic
vector bundles.

Since our target audience consists of analysts, all differential geometry
will be well hidden. Our main technical tool will be Green’s formula
(3.2) /udm —u(0) = i/ Aulog idmdy.

T 27 Jp |

z|
. 2 2 .. .
Instead of the usual Laplacian A = % + aa—yQ it is more convenient for us to

use the normalized one A := %A = 00 = 00. If we denote by u the measure
defined by

2 1
dp = — log —dxdy,
LRE

then Green’s formula can be rewritten as
(3.3) /udm —u(0) = / Audp.
T D

3.2. Set-up. To find the function v we will use duality. We want fo — v €
H?(E), therefore the equality

[ oty = [ 0.1y dm

must hold for all h € (H?)+. Using Green’s formula we get

/T<f0,h> dm = /T(q)g,h) dm = /Daé [(®g, h)] dp = /D@ [(0®g,h)] dp.

Here we used the harmonic extension of A, so h is anti-analytic and h(0) = 0.
The functions ® := F*(FF*)~! and g are already defined in the unit disc
D.

Now the critical moment: let II(z) := P_ F2) be the orthogonal pro-

jection onto ker F'(z), Il = I — F* (FF_*)f1 F. Direct computation shows
that 0® = I1(0®)*(FF*)~!, so [I0® = 0®. Therefore, if we define a vector
valued function £ on D by £(z) := II(2)h(z), then

[01@8g.0) dn = [ 0]@2g.1] d = [ 0[@0g.8)] du= L(e)
D D D

Suppose we are able to prove the estimate

(3-4) L@ < Clll2,  VE=TIh, he H(E)".

Then (by a Hilbert space version of Hahn—-Banach Theorem, which is trivial)
L can be extended to a bounded linear functional on L?(E), so there exists
a function v € L2(E), ||v|j2 < C, such that

L&) = /T(v,§> dm,  VY&=1Ih, he H*(E)*.
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Replacing v by Ilv we can always assume without loss of generality that
v(z) € ker F(z) a.e. on T. By the construction

/T@, By dm = /T@,Hh) dm = L(Ih) /T<<I>g, Wdm  Vhe HAE)

sov — fo =v—®g € H?(E). Therefore, to prove the main theorem we only
need to prove the estimate (3.4).
We will need the following lemma, which is proved by direct computations.

Lemma 3.1. For Il and ® defined above we have
Ol = —F*(FF* ' FTI
0o = II(F)" (FF*)™!
200 = OI(F ) (FF*)™' — (0®)F'® = 9T10® + (O11)*®F'®

4. EMBEDDING THEOREMS AND CARLESON MEASURES

As it is well known, Carleson measures play a prominent role in the proof
of the Corona theorem, both in Carleson’s original proof and in T. Wolff’s
proof and subsequent modifications. It is also known to the specialists, that
essentially all 3 Carleson measures can be obtained from the Laplacian of
a bounded subharmonic function. We will need the following well-known
theorem, see [9, 8], which was probably first proved by Uchiyama.

Theorem 4.1 (Carleson Embedding Theorem). Let ¢ > 0 be a bounded
subharmonic function. Then for any f € H*(E)

/D Ro(2) - 17(2)2du(z) < ellgllool £

Here dy = %log ‘—i‘dx, and A = %A@g.

Proof. Because of homogeneity, we can assume without loss of generality
that ||¢||oo = 1. Direct computation shows that

AP f(2)]?) = e?Ap | f1? + €2 [0pf + Of > = A - | £]*.
Then Green’s formula implies
[BotrPan< [ A 117) da
D D
= [P am— O O < [ 1712 dm =113
T T
|

3By “essentially all” we mean here that a Carleson measure should first be mollified,
to make it smooth, and then it can be obtained from the Laplacian of a subharmonic
function.
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Remark 4.2. 1t is easy to see, that the above Lemma implies the embedding
Jo 1F1?du < C [ | f]? dm (with C = e) for all analytic functions f. Using
the function 4/(2 — ¢) instead of e? it is possible to get the embedding for
harmonic functions with the constant C' = 4. We suspect the constants e and
4 are the best possible for the analytic and harmonic embedding respectively.
We cannot prove that, but it is known that 4 is the best constant in the
dyadic (martingale) Carleson Embedding Theorem.

We will need a similar embedding theorem for functions of form & = Ilh,
h € H?(E)*. Such functions are not harmonic, so the Carleson Embedding
Theorem does not apply. As a result, the proof is more complicated, and
the constant is significantly worse. We will need several formulas. Recall

that II(z) = PkerF(z) is the orthogonal projection onto ker F'(z), Il = I —

F*(FF*)7'F, and that du = 2 log gl‘dacd:n.

Lemma 4.3. Let o > 0 be a bounded subharmonic function in D satisfying
Ap(z) > |oM(2)]?,  VzeD,

and let K = ||¢|loo. Then for all & of form & =1Ih, h € H*(E)*

/Dﬁwz) 1£(2) 17 du(z) < eKe[|¢]13
and

/D 9612 du < (1 + eKe) €]

Proof. Let us take arbitrary subharmonic ¢ > 0 and compute A (e“" 19 |2)
Lemma 3.1 implies that IIOIT = 0 and OIIII = JI1. Therefore, using 0h =0
we get 9 = 0 (I1h) = OIlh + I10h = Ol1h = OII¢, and so

(0€,8) = (9¢,11€) = (Ol T1g) = .

Therefore
0 (e?|€1?) = PO |€]? + 7 (D8, &) + €# (€, 0E) = ePDp |€]* + e (€, 6).
Taking 0 of this equality (and using again (£, 9¢) = 0) we get
A (e [€1?) = e# (Bp ] + 196 + DI + (€. A9) ) -
To handle (¢, A¢) we take the 9 derivative of the equation (£,¢) = 0 to get
(0¢,0¢) — (¢,00¢) =0,
and therefore (£, A¢) = —|9¢|? = |(OI)E]2. Since ¢ >0

[ (Beter - 1omel?) au <
an [ (Bl = 1Omel + 19p¢+ 06) erd = [ evlelam:
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the equality is just Green’s formula (recall that £(0) = 0). In the last
inequality replacing ¢ by tw, t > 1 we get

[ (eBotet? = 1@mel?) du< [ e 1eidm < e
D T

Now we use the inequality A > |OI|2. It implies Ay |€]2 — |OIIE|2 > 0,
and therefore

(t—1) /D R 1612 < €2

Hence
tK

€13 = eRel&]13

~ e
A 2du < mi
/D 1€l dp < min —

(minimum is attained at ¢ = 1 + 1/K), and thus the first statement of the
lemma is proved.

To prove the second statement, put ¢ = 0 in (4.1) (we do not use any
properties of ¢ except that ¢ > 0in (4.1)) to get

[ (9€8 = 1omer?) au= [ 1617 am = e
But the second term can be estimated
[1@meldn< [ Bpleld < erce®
D D

and therefore f]D) [9¢]? dp < (1 + eKe) - |1€]13 O

5. MAIN ESTIMATES

As it was already discussed before, to prove the main result (Theorem
1.1) we need to prove Theorem 2.2, the proof of which is (see Section 3) is
reduced to the estimate (3.4), i.e. the estimate

rL<s>\=\ [ o0, du‘SCH{Hz, VE=TIh, he H(E):

e
|]

here, recall du = %bg dxdy. Computing 0 of the inner product we get

L) = /D 9 [(9%g,6)] du

[ @029, 6)d+ [ (@0 Srdn+ [ (@0g.0¢)au
D D D
= I+ IT+111.

The assumption of Theorem 2.2 is that there exists a real-valued function
¢ € L=(D), satisfying Ap(z)|| > ||F'(2)||2, Vz € D. Note, that without
loss of generality we can assume that ¢ > 0. Since (see Lemma 3.1) JII =
—F* (FF*)™! F'TI we can conclude that ||011]|2 < A|Ay|,
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To estimate the first integral recall that 99® = 910D + (OI1)*®F'®. We
get

1= [ (@90g.€)du = [ {@1604,6) + (O1) 0F'00,6)} dn.
D D
Since (OI1)*II = 0 we have (OI1)*¢ = 0, and so (9l1d®g, £) = 0. Therefore
1= [ (@ oreg.odu= [ (@Fsg, @me)d
D D

and the Cauchy—Schwarz inequality implies

1/2 1/2
/ Zd a 2d>
|f|§</@|<1>F<1>g| u> (/D|< e [2dp
1/2 1/2
< S|4 F' 1% g|%d ) ( O E%d )
<</DIIIII9IM | 1emela

By the Carleson embedding theorem (Theorem 4.1)

L1011 1ol < [0l elil ol
and by Lemma 4.3
| 1omet?an < clel
50 1] < Clglaliglo-

Let us estimate I1:

) 1/2 ) 1/2
1< [ 1911001161 dn < </Dlg’l2du> </DI6<I>I2I£I2du> .

We know that [, 1g'12dp = |lgll3 — |9(0)]> < |lg||3. Using the fact that
|0®]? < C|F'|? < CAp, we get using Lemma 4.3

/D 10B121€]% du < C/DAsDI£|2du < C'|l¢)2,

so again we have the desired estimate for 11, |II| < C|g2]|€]2-
The last term is estimated similarly to the first one, only simpler:

B B B 1/2 B 1/2
< [ 1oor 1ot 3l < ([ 1eP1aran) ([ o)
D D D
Again, |0®]? < CAyp, and so by Theorem 4.1

[ 10011910 < € [ Ko 1ol dn < gl

And Lemma 4.3 implies that

/D |9€]% du < Cllé]2

So, Theorem 2.2 is proved.
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6. PROOF OF TOLOKONNIKOV’S LEMMA (THEOREM 1.2 )

To prove the Tolokonnikov’s Lemma, we need the following surprising but
simple result due to N. Nikolski (personal communication).

Lemma 6.1. Let I € H%‘LE* satisfies

F*(2)F(z) > %I,  VzeD.
Then F' is left invertible in HE&E* (i.e. there exists G € HEHE such that
GF = 1) if and only if there exists a function P € Hp _p whose values

are projections (not necessarily orthogonal) onto F(z)E for all z € D (and
a.e. on'T).

Remark 6.2. Note that the condition
(6.1) PE)E.=F(2)E a.e. on T

(together with all other assumptions of the lemma except the assumption
that (6.1) holds for all z € D) is not sufficient for the left invertibility of F
in H*.

Indeed, in [18] a function F' € H} , was constructed, which satisfies
F*F > 61 and F(§)E = E a.e. on T, but is not left invertible in H.
Treating this function as a function in Hg pop . where Ej is an auxiliary
Hilbert space, one can see that the function P € HE pop. , P(z) = Pg
satisfies (6.1), but F is still not left invertible in H >

Proof of Lemma 6.1. Let F be left invertible in H*, and let G be one of its
left inverses. Define P € Hz' _ by

P(z) = F(2)G(2).
Direct computation shows that P2 = P, so the values of P are projections.
Since GF =1,
G(z)E,=FE Vz € D and a.e. on T.
Therefore
P(z)E. = F(2)G(2)E. = F(2)E ae.on T and Vz € D,

i.e. P(z) is indeed a projection onto F'(z)E.

Suppose now that there exists a projection-valued function P € Hg _p, |
whose values are projections onto F'(z)E for all z € D. We want to show
that F is left invertible in H°.

First of all let us notice that locally, in a neighborhood of each point z¢y € D
the function F'(z) has analytic left inverse. Indeed, if an operator Gy : E, —
E is a constant left inverse to the operator F'(zg), i.e. if GoF'(z9) = I, then

GoF(z) =1—Go- (F(20) — F(2)),

so the inverse of GoF(z) is given by the analytic function
A(z) =) [Go - (F(z0) — F(2)])*
k=0
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defined in a neighborhood of zy. So, A(2)Gy is a local analytic inverse of
Since (for a fixed z € D) the operator F'(z) is left invertible, it is invertible
if we treat it as an operator from E to F(z)E. Let F1(z) : F(2)E — E be
the inverse of such “restricted” F'(z).
Note, that for any (not necessarily analytic) left inverse G(z) of F(z)

(6.2) G(2) | F(2)E = Fl(2) | F(2)E.
Since P(z) is a projection onto F(z)E, the function G,
G(z) == Fl(2)P(2)

is well defined and bounded (since both FT and P are bounded). It is easy
to see that G(z)F(z) = I, so to complete the proof one needs only to show
that G is analytic.

Fix a point zg € D and let G (,) be a local analytic left inverse of F'(z)
defined in a neighborhood of zy. It follows from (6.2) that

G(2) = F1(2)P(2) = G (2)

in a neighborhood of zy, so G(z) is analytic there. Since zq is arbitrary, G
is analytic in D. O

Proof of Tolokonnikov’s Lemma. Let F' € Hg ., be left invertible in H°,
and let P € Hy . be a projection-valued function from Lemma 6.1 satis-
fying

P(z)E. = F(2)E Vz € D.
Define a projection-valued function Q@ € Hg _ by Q(z) := I-P(z), z € D,
and let

QO = 0R, © € Hg, _p, is inner, R € H _p, is outer,

be its inner-outer factorization; here Fq is an auxiliary Hilbert space.
Since the multiplication by Q is a bounded projection in H %*, the set

£:=QH} ={feH} :[=QggecHE}

is a closed subspace of H%* Therefore, by properties of inner-outer factor-
ization

©Hp, =closQHp = QHp, =€,
so £ = @Hszf In particular, this implies that ©(z)E; = Q(z)E, for all
z € D.

Let us show that ker©(z) = {0} for all z € D. Indeed, suppose for
some zgp € D and e € E; we have ©(zp)e = 0. Then for f € £ defined
by f(z) = ©(z)e we have f(z) = 0. Then f; = f/(z — z) is in H_ and
therefore in £. On the other hand g = (z — z9) e is the only L3, solution
of

©&)g(§) = f1(§) = f(§)/(§ —20)  ae onT,
and g ¢ H 1231‘ Therefore £ # OH %1 and we got a contradiction.
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Define F € Hiop,—p, by F:=Fa® O, meaning that

F(z)e® ey = F(z)e + O(2)ey, e€ E,e; € Fy.

Since for any fixed z € D the subspaces F(z)E = P(z)E, and O(z)E; =
Q(z)E, are complimentary subspaces (in particular, they have trivial inter-
section), and operators F'(z) and ©(z) have trivial kernels, we have

ker F(z) = {0} Vz e D.
Direct computation shows that Ge HE _pop, defined by
G(z)e = F7(2)P(2)e @ R(2)e, 2€D, e€E,

is a right inverse for F. Since ker F/(z) = {0} for all z € D, we can conclude
that F'is invertible in H*°. O

REFERENCES

[1] M. Andersson, The Corona Theorem for Matrices, Math. Z., 201 (1989), 121-130.

[2] W. Arveson, Interpolation problems in nest algebras, J. Functional Analysis 20 (1975),
no. 3, 208-233.

[3] Bo Berndtsson, By and Carleson type inequalities, Complex analysis, IT (College Park,
Md., 1985-86), Lecture Notes in Math., vol. 1276, Springer, Berlin, 1987, pp. 42-54.

[4] L. Carleson, Interpolations by bounded analytic functions and the Corona problem,
Ann. of Math. (2) 76 (1962), 547-559.

[5] P. Fuhrmann, On the corona theorem and its application to spectral problems in Hilbert
space, Trans. Amer. Math. Soc. 132 (1968), 55-66.

[6] J. B. Garnett, Bounded analytic functions, Pure and Applied Mathematics, vol. 96,
Academic Press Inc. [Harcourt Brace Jovanovich Publishers], New York, 1981.

[7] H. Helson, Lectures on invariant subspaces, Academic Press, New York, 1964.

[8] N. K. Nikolski, Operators, functions, and systems: an easy reading. Vol. 1: Hardy,
Hankel, and Toeplitz, Mathematical Surveys and Monographs, vol. 92, American
Mathematical Society, Providence, RI, 2002, Translated from the French by Andreas
Hartmann.

, Treatise on the shift operator, Grundlehren der Mathematischen Wis-
senschaften [Fundamental Principles of Mathematical Sciences], vol. 273, Springer-
Verlag, Berlin, 1986, Spectral function theory, With an appendix by S. V. Hruscev
[S. V. Khrushchév] and V. V. Peller, Translated from the Russian by Jaak Peetre.

[10] V. V. Peller and S. R. Treil, Approzimation by analytic matriz functions: the four
block problem, J. Funct. Anal. 148 (1997), no. 1, 191-228.

[11] M. Rosenblum, A corona theorem for countably many functions, Integral Equations
Operator Theory 3 (1980), no. 1, 125-137.

[12] B. Sz.-Nagy and C. Foias, Harmonic analysis of operators on Hilbert space, Translated
from the French and revised, North-Holland Publishing Co., Amsterdam, 1970.

, On contractions similar to isometries and Toeplitz operators, Ann. Acad.
Sci. Fenn. Ser. A I Math. 2 (1976), 553-564.

[14] V. A. Tolokonnikov, Estimates in the Carleson corona theorem, ideals of the algebra
H®°, a problem of Sz.-Nagy, Zap. Nauchn. Sem. Leningrad. Otdel. Mat. Inst. Steklov.
(LOMI) 113 (1981), 178-198, 267, Investigations on linear operators and the theory
of functions, XI.

[15] S. R. Treil, Angles between co-invariant subspaces, and the operator corona problem.
The Szbkefalvi-Nagy problem, Dokl. Akad. Nauk SSSR 302 (1988), no. 5, 1063-1068.




16

(16]

(17]

SERGEI TREIL

, Geometric methods in spectral theory of vector-valued functions: some recent
results, Toeplitz operators and spectral function theory, Oper. Theory Adv. Appl.,
vol. 42, Birkhauser, Basel, 1989, pp. 209-280.

, Unconditional bases of invariant subspaces of a contraction with finite defects,
Indiana Univ. Math. J. 46 (1997), no. 4, 1021-1054.

, Lower bounds in the matrix corona theorem and the codimension one conjec-
ture, preprint, 14 pp., submitted.

T. Trent, A new estimate for the vector valued corona problem, J. Funct. Anal. 189
(2002), no. 1, 267-282.

A. Uchiyama, Corona theorems for countably many functions and estimates for their
solutions, preprint, UCLA, 1980.

P. Vitse, A tensor product approach to the Operator Corona Problem,to appear in
Journal of Operator Theory.

DEPARTMENT OF MATHEMATICS, BROWN UNIVERSITY, 151 THAYER STR./Box 1917,
ProviDENCE, RI 02912, USA

E-mail address: treil@math.brown.edu

URL: http://www.math.brown.edu/ treil



