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Abstract
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1 Introduction

The complete states of dynamical systems arising in biology, economics, population dynam-
ics and in fact in mechanical systems are seldom available for measurement. Measurements
are made of observed quantities and from these measurements it is desired to reconstruct
the complete set of states of the system. In many, but not all, mechanical systems controls
may be utilized to make the states reconstructions feasible. However, for systems arising
in biology or medicine it is often impossible, infeasible or immoral to effect the states with
direct control. Thus one is faced with the problem of when a set of measurements suffices
to reconstruct the state. At the level of mathematics there are many ways of specifying how
to reconstruct the state. In this paper we look at a very natural problem of when we can
reconstruct the state of a system that is described by polynomials, using only polynomials
in the measurement data. We will prove that that this a generic property for polynomial
systems, provided the number of measurements is sufficiently large. While at first glance it
would seem more natural to ask for a reconstruction of the state using algebraic functions,
more thought reveals that algebraic functions require the solution of polynomial equations
which may be difficult to construct.

More precisely, we consider single-output polynomial systems of the form

i= f(x), y = hix) (L1)

on K" where f € K"[xy,...,z,],h € K[z1,...,x,] are polynomials, and K denotes the field
of real and complex numbers, respectively. For such systems various concepts of observability
have been proposed in the literature, that can all be expressed in terms of conditions on the
Lie—derivatives of the system. The best well-known notions are those of observability and
algebraic observability, respectively. While the set-theoretic definition of observability is
usually a too weak concept to work with, it is Sontag’s definition of algebraically observable
systems that seems particularly suited to polynomial systems. Recall, that the ith Lie—
derivative is recursively defined as

Lih = Lg(L;'h), L$h = h.

Here Lih(z) = dh(z)f(x),x € K", denotes the directional derivative of h with respect to
the vector field f. Thus Ljfh is a polynomial for all ¢ € N,.

The standard definition of observability of (1.1) then requires that the state vector z € K”
is uniquely determined from knowledge of the Lie—derivatives L’J)h,i € Np. It is immediately
shown by the Hilbert Basis Theorem, that (1.1) is observable if and only if there exists a
finite integer N € Ny such that for all z,y € K™:

Lz}h(x):chh(y) fori=0,--- N = x=uy.

Moreover, (1.1) is called algebraically observable (in the sense of Sontag; see [16]) if the
observation algebra Qs C Klx]

Qf,h = {p(h7th7 o 7L§"Vh) | p € K[yOa T 7yN]7 N € NO}
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satisfies
Qrn =Kzl
Equivalently, (1.1) is algebraically observable if and only if there exists a finite integer
N € Ny and a polynomial p € K[yo, - - - , yn] such that

x = p(h(z),--- ,chvh(x)) Vo € K" (1.2)

Since the ith time-derivative ¥ of the output function y = h(z) along a trajectory x of (1.1)
is given as y® = L?}h, the above condition implies that the state vector x can be obtained
from the first N 4+ 1 derivatives of the output function via a suitable polynomial.

Algebraic observability is stronger than observability. The system

i=0 y=a (1.3)

is an example of an observable system that is not algebraically observable.

In this paper we show that algebraically observable systems are generic. Of course, this
implies that observable polynomial systems are generic, too. More precisely, we show the
following results.

Theorem 1.1. Let dy,--- ,d, € N be given. Let
P(n,d) ={(f,h) e K'[z] x K[z] | degh < dy,deg f; < d;;i=1,---,n}. (1.4)

There exists a nonempty Zariski—open subset Q0 of polynomial systems of bounded degrees
such that every system (f,h) € Q0 is algebraically observable. Thus the set of algebraically
observable polynomial systems of bounded degrees is an open and dense subset of the finite
dimensional vector space P(n,d).

Theorem 1.2. Let dy,---,d, € N be given and N > 2n. There exists a non-empty Zariski—
open subset Q@ C P(n,d) of polynomial systems of bounded degrees such that for every
(f,h) € Q the following holds true: For every pair (f,h) € Q there exists a polynomial
7 € Klyo, -+, yn] with

x = 7w(h(x),--- ,,chvh(x)) vz € K" (1.5)

The next result shows that algebraic observability happens generically in families of
polynomial systems.

Theorem 1.3. Let dy,--- ,d,, D € N be given, X C KP an irreducible algebraic subvariety,
and let F denote the finite dimensional K—vector space of polynomial maps ' : X — P(n,d)
of degree < D. Then there exists an open and dense subset 2 C F such that for each
polynomial map I' € Q the following holds true: There exists an open and dense subset U
C X such that for each parameter value uw € U the system I'(u) is algebraically observable.

A similar genericity statement holds as well for smoothly parametrized polynomial maps
of bounded degrees, with respect to the strong Whitney topology on C*(KP, P(n,d)). In
particular, it is a generic property for polynomial systems of bounded degrees, that the
state can be polynomially expressed in terms of the first N + 1 derivatives y, - - -, y) of the
output, provided N > 2n. Similar results have been shown by F. Takens and D. Aeyels for
smooth systems, and by Gauthier and Kupka for real analytic systems; see [1, 2, 10, 18].
There is also a very nice recent survey paper by E. Sontag [17] with potential applications
to biology in mind. Our results however do not follow from these earlier contributions.
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2 Preliminaries

In this section we recall some basic definitions and facts from complex algebraic geometry.
See e.g. the books by Mumford [14] and Hartshorne [11] for further details.

Let C denote the field of complex numbers. A complex algebraic subvariety V' C C" is
the zero set

V={2eC"|p(z)=-=pl(z) =0}

of a finite number of polynomials py,--- ,p. € Clz1,- -, 2,]. V is also called a Zariski—closed
subset of C" and its complement U = C" — V a Zariski-open subset. In particular, Zariski—
open subsets of C" are open and dense with respect to the standard FEuclidean topology of
C™. A constructible subset X C C™ is a Boolean combination of a finite number of Zariski-
closed subsets. More explicitly, a subset of C” is locally closed if it is the intersection of a
Zariski-open and a Zariski—closed subset. Any union of finitely many locally closed subsets
is a constructible set. The class of constructible subsets has nice properties. The union, the
intersection and the Zariski—closure of finitely many constructible subsets is constructible.
Moreover, the complement V' — W of two constructible subsets is again constructible. If
f:C" — C™ is a polynomial map, i.e. if f = (f1,- -, fm) with fi,--+ fin € Clz1,-- -, 23]
polynomials, then f maps constructible subsets X C C" onto constructible subsets ¥V =

f(X) c C™. Moreover, for the Zariski-closure f(X) in C™

dim(f(X)) < dim(X)

holds for all constructible subsets X C C™. In particular,

dim(X) = dim(X)

for each constructible subset X C C" and corresponding Zariski-closure X. Finally, a
constructible subset X C C" is Zariski—closed if and only if X is closed in the Euclidean
topology of C".

Complex polynomial maps are special holomorphic functions and one can therefore apply
differential geometric techniques to study such maps. The following definition is well-known
from differential geometry.

Definition 2.1. A polynomial map f : C* — CV is called a proper embedding if and only if
the following conditions hold:

(i) [ is injective

n

(ii) f is an immersion, i.e. the derivative df (z) : C* — C¥ is an injective linear map, for

all z € C™.

(iii) f: C" — CN is proper, i.e. the preimage f~1(K) is compact for each compact subset
K cCm

The above conditions on f imply that the image f(C") is a closed complex submanifold
of CN. Even more is true as the following characterization shows; see [11].



Proposition 2.2. A polynomial map f : C* — CV is a proper embedding if and only if the
following conditions hold:

(1) f is an injective immersion

(2) f(C") is a Zariski—closed subset of CN and f maps C" algebraically isomorphic to
f(C™). Equivalently, f(C™) is Zariski—closed and there ezists a polynomial map m :
CN — C" with

m(f(z)) = 2z, VzeC" (2.1)

The above result allows for a purely algebraic reformulation, which leads to the standard
algebraic definition of a (proper) embedding.

Proposition 2.3. A polynomial map f : C* — CV is a proper embedding if and only if:
f*((c[yla 7yN]) :C[‘Tlv'” ,fEn], (22)

where
f*(Cly]) =A{p(f(z)) € Clz] | p € Cly]}- (2.3)
If N is sufficiently large, then there is a beautiful and more explicit recent characteriza-

tion of complex polynomial proper embeddings due to Z. Jelonek that shows that they are
unknotted maps. See [12] for a proof of the next result.

Theorem 2.4. Let N > 2n. A complez polynomial map f : C* — C¥ is a proper embedding
if and only if there exists a polynomial automorphism F : CN — CN with Flenxgoy = f-
Thus in these dimensions, proper embeddings always extend to polynomial automorphisms
on CV.

The following two examples serve to illustrate some important phenomena.

Example 2.5. 1. The polynomial map f : C — C2 f(z) = (2?%,2%) is injective and
proper. The image is the Zariski—closed subset

Y =f(C) ={(z,y) €C* | * = y"}. (2.4)

However, f is not a proper embedding as Y is not algebraically isomorphic to C. In
fact, the inverse f~':Y — C, f~!(x,y) = y/z is rational and not polynomial.

2. This example shows that the above characterization does not hold for real polynomials.
Let f: R — R? f(x) = (1+ 2% x(1 +2?%)). Then f is an injective, proper immersion
and therefore defines an embedding of R. However,

fR) = {(u,v) €R? | u® +v* =0 v > 1} (2.5)

is not a real algebraic subvariety of R2. The induced map on complex points f : C — C?
has the image set

f(C) = {(u,v) € C* | u® +v* =v°}, (2.6)
which is Zariski—closed, but not algebraically isomorphic to C. In fact, f is not injective,
although it defines a proper immersion on C. Therefore f : C — C? is not a proper
embedding and the inverse map f~!: f(C) — C, f~!(u,v) = v/u is rational, but not
polynomial.



The above example shows that the above characterizations of proper embeddings make
essential use of the fact that we work over an algebraically closed field. For our purposes the
following sufficient condition for a real algebraic map to be an embedding will suffice.

Proposition 2.6. Let f : R* — RY be a real algebraic polynomial map such that the
extension f : C* — CV is a proper, injective immersion on C". Then

S*Rlyy, - yn]) =Ry, - ). (2.7)
In particular, there exists a real polynomial m € Ry, - -+, yn] with
m(f(z)) = x, VreR™ (2.8)
Proof. From the above,
[ (Clyr, -+ yn]) =Clag, -+, 2. (2.9)

For any m € Rlyy, - ,yn] C Clys, -+ ,yn] there exists F' € Clyy, -+ ,yn| with F o f = 7.
But then the real polynomial

G:=(F+F)/2cR[y,-,yn] (2.10)

satisfies G o f = 7. The result follows. O

The crucial condition for a complex polynomial map to qualify as an algebraic embedding
is the properness. It is usually hard to verify. For the sake of completeness we state a well—
known algebraic characterization.

Proposition 2.7. A polynomial map f : C* — CV is proper if and only if it is a finite
morphism, i.e. if and only if the polynomial ring Clxy,- -+, x,] is an integral ring extension
over Cly1,- -+, yn|.

Recall that a ring extension C[z] of f*(Cly]) C C[z] is called integral, if every element
p € Clz] satisfies a monic equation

pm _'_ a/milpmil _'_ e —|— a’O = 0 (211)

with coefficients a; € f*(C[y]). Equivalently, as the integral elements of Clx] with respect to
f*(Cly]) forming a subring of C[z], we conclude:

Corollary 2.8. A polynomial map f : C* — C¥ is proper if and only if every component x;
satisfies a monic polynomial equation

24 a? _(fla)a™ T - ag(f(x) = 0 (2.12)
foralli=1,---,n, ze€C", agi) € Cly].

Thus the properness of f is equivalent to the state variables zi,--- ,x, being monic
algebraic functions of y1,- - ,yn = fi(z), -+, fn(2).



3 Genericity of Observability

In this section we prove our main results concerning genericity of algebraic observability. Let

Pa(n) = {g € K"[z] | deg(g) < d} (3.1)

Thus P,,4(n) is a finite-dimensional K-vector space. Let ®V(f, k) : K* — K~ be defined
by
N (f, h)(x) = (h(z), -, LF " h(x)). (3.2)

Before stating and proving our main result we first show some lemmas.

Lemma 3.1. For any integers N,n > 1 consider
X = {(917 7gN7:L‘7y) € Prfd(zn) X KQn | gl(xvy)t(l‘_y) = 07 L= 1a ,N,l’ 7£ y} (33)

Then the Zariski—closure X is a closed affine algebraic subvariety of P,]L\fd(Qn) x K?* and X
consists entirely of nonsingular points of X.

Proof. Let U := {(x,y) € K* | z # y}. The map

o Prjxd(Qn) xU — K™V x (K™ — {0}) (3.4)
(gla"'7gN7x7y> = (gl('ruy)a"'agN<x7y>7'r_y> ‘
is a submersion. Moreover, 0 is a regular value for the map
P KW x (K*—{0}) — KN
‘ : (3.5)
(uy, -+ ,un, 2) = (ulz, e uly2).

Therefore 0 is a regular value for the composed map 1 o ¢ and the result follows, as X =
(606)"(0). O
Lemma 3.2. For any integers N > 2n, n > 1 the set
S={(g1,-+,gn) € Ppla(2n) [Tz # y with gi(z,y)'(x —y) =0,Yi=1,--- ,N}. (3.6
s a constructible algebraic set of dimension
dim(S) < dim(X) < Ndim(P,,.q4(2n)) (3.7)
Proof. S is the projection of the algebraic set X and therefore constructible. Moreover,
dim(S) < dim(X) = Ndim(P,,q4(2n)) + 2n — N < Ndim(P,,4(2n)). (3.8)
Q.E.D. O
We now prove

Theorem 3.3. The set of polynomial systems
Via = {(f, h) € Pua(n) x Pra(n) |®N(f, h) is an injective immersion} (3.9)

is the complement of a closed proper algebraic subvariety of Py.q X Piq , provided N > 2n.
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Proof. Consider the polynomial map
D :Ppa(n) X Pra(n) — PfYD(n)
defined by ®(f,h) = (h,---, LY "h), D := N(d — 1)+ 1.
There exist unique polynomials gq, - - -, gn in 2n variables, such that for all x,y
Lih(z) — Lyh(y) = gi(=.y)'(z — y).
Then ®(f, h) : K® — K is injective if and only if (g1,---,gn) € S. Note that
deg(Lsh) < (i+1)d—i <D

and therefore deg(g;) < (i + 1)(d —1) < D. We conclude that (f,h) is observable if and
only if ®(f,h) ¢ S. Therefore the set of observable systems in P, 4(n) X Py q(n) is the
complement of a constructible set of codimension at least N — 2n. For N — 2n > 0 there
exists therefore a nonempty Zariski-open (and hence open and dense) set of systems (f,h)
which is observable.

For the immersion property consider similarly the algebraic map

U Pua(n) x Pra(n) — P,JXD(n)
defined by W(f, h) = (dh,dL;h, - - - ,dL}V_lh)t. Let
S ={(m, - ,7n) € PYp(n) | 3z € K* such that rk(mi(z), -, wy(z)) < n}
and 3
S ={(m, v, 2) € Pra(n) x K™ [ rk(mi(z), - my(z)) < n}
Obviously, ¥ is the projection of the algebraic set 3 onto first factor. Moreover, it is easily
seen (using the linearity in the first component) that
(7T17 e 77TN>x) = (ﬂ-i(l‘)v e 77T§V("L‘))
is a submersion. Since the set of matrices

{Ae KN | rkA < n}

is algebraic of codimension N —n 4+ 1 we conclude that

dim(X) = dim(PYp(n))+n—(N—-n+1)

= dim(Pyp(n)) +2n — (N +1) (3.10)

Therefore 3
dim(%) < dim(X) < dim(P,p(n)),
provided N 4+ 1 > 2n. This implies that
{(f,h) € Pna(n) x Pra(n) |®(f,h) is an immersion} = ¥ (PYp(n) — %)

contains a Zariski-open subset for N 4+ 1 > 2n. Finally note that for N > n the set V,, 4 is
nonempty, as it contains the observable linear systems. Therefore V,, 4 contains an open and
dense subset, provided N > 2n. This completes the proof. O

8



We now turn to the analysis of the properness assumption. We first derive a sufficient
condition for properness that has the advantage of being more easily verified than the alge-
braic characterization. For any polynomial p € C[z] let p'? € C[x] denote the leading term,
ie. if

P=po+t -+ Dpa
is the canonical decomposition into homogeneous components p; of degree 4, then pt? = p,.
Thus for e.g. p(z,y) =1+ x + y? + 23y — 2y® we have p'P(z,y) = 23y — 21>

Proposition 3.4. Let f = (f1, -+, fn) : C* — C¥ be a polynomial map with degrees
di :=deg f; >0 fori=1,---,N. If the preimages of fi° satisfy

(f)7HO) NN (fF)7H0) = {0} (or=10) (3.11)
then f s proper.

Proof. Suppose f is not proper, i.e. there exists a sequence of points z, € C" and a unit
vector e and a constant M > 0 with

TR = |z = 00 ep = zk/|zk]| — €
|lf(zr)| <M VkeN.
Here | - | denotes the Euclidean norm. In particular, fori =1,--- | N
|fi(zx)| < M VE € N.

But
i) = £, (2) + 9i(2)]
where g; = f; — | f/°” has degree deg g; < deg f; = d;. Thus for all k € N

| fi(rrexr) i fi% (ex) + gi(rie)|

Fi%(en) + ry % gi(raes)]

i (3.12)

Since f{”(ex) — fi(e) and 7, % g;(rper) — 0 we conclude that fiP(e) = 0 for all i with

d; > 0. By assumption therefore f{(e) = --- = fi*(e) = 0, contradiction. 0O

We can now complete the proof of our main result.

Theorem 3.5. Let dy,--- ,d, € N be given. There exists a nonempty Zariski-open subset
Q of polynomial systems of bounded degrees

Pr(n,d) ={(f,h) € K'[z] x K[z] | degh < dy,deg f; < d;;i=1,--- ,n} (3.13)

such that every system (f,h) € Q is algebraically observable. Thus the set of algebraically
observable polynomial systems of bounded degrees is an open and dense subset of the finite
dimensional vector space Px(n,d).



Proof. Choose N > 2n. We first consider the complex case K = C. Note that the complex
algebraic set

W ={(m, -, 7n,x) € Ply(n) x C* = {0} | ;" (z) = --- = wy"(x) =0} (3.14)
has codimension N and therefore
W= {(m,---,mn) € Piy(n) | (m™)7H0)N--- N (my")7H(0) = {0} (or=0)} (3.15)

is the complement of a constructible set of codimension at least N — n. Therefore it must
contain a Zariski—open subset. This shows that for NV > n also the preimage

=N (W) = {(f,h) € P(n,d) [ (h"")7H(0)N--N((LF~'R))71(0) = {0} (or =0)} (3.16)

contains a Zariski-open subset, which is nonempty as the linear observable pairs are con-
tained in it.
Altogether we see that

{(f,h) € Pra(n) x Pra(n) |®(f, h) is an embedding} = <I>_1(Vn,d) Nne~ W)

contains the intersection of nonempty Zariski-open subsets, provided N > 2n. By the
embedding characterization of algebraic observability, Proposition 2.3, it follows that the
class of complex algebraically observable systems contains an open and dense subset )c.
This completes the proof in the complex case. For the real case note that ()¢ contains the
linear observable systems and therefore it contains real points. Since Pg(n, d) is nonsingular,
irreducible this implies that the set of real points of ()¢, i.e. the subset (g, is dense in
Pr(n,d). This completes the proof.

O

The proof of Theorem 1.3 follows easily from the above one. In fact, the arguments above
show for N > 2n the existence of a proper algebraic, Zariski closed subvariety V' C Px(n, d)
such that the complement Qx = Pk (n,d) — V consists of algebraically observable systems.
The set of polynomial maps I' : X — Px(n,d) of degree < D with I'(X) C V is then a
Zariski-closed proper algebraic subvariety of the affine space of all maps

N X — PK(n,d)

of degree < D. Thus its complement is open and dense and has the claimed property. This
completes the proof of Theorem 1.3.

4 Application to Tracking Observers

In this section we explain a simple application to observer design. The approach here follows
that by [13, 9], see also [3], in the smooth or real analytic case. Given a polynomial system
on K"

i = f(a), y= ha) (4.1)



a polynomial tracking observer for (4.1) is a system on K¥

t = a(2) + By), 7 =(2) (4.2)

together with an embedding ¢ : K® — KV, 2 = ¢(z), such that for all initial states z(0) € K",
2(0) e KY
2(0) = 6(x(0) = =(t) = pla(t) VieR

Let C C K™ denote a positively invariant compact subset for (4.1). We say that (4.2) is a
locally asymptotic observer for C, if there exists an € > 0 such that for all initial conditions

z(0) € K, 2(0) € KV
12(0) = ¢(2(0))] <€ = |2(t) = ¢(x(t))| = 0 fort— o0

The embedding dimension N is called the order of the observer. The idea behind this
definition is that information about the initial state x(0) of the system may be available
only through knowledge of ¢(x(0)) and one wants to deduce information about the state
trajectory x(t) through that of the observer state z(t).

We prove the generic existence of polynomial tracking observers.

Theorem 4.1. Let N > 2n. Then, for a generic set of polynomial systems (4.1), there ezist
a polynomial tracking observer of order N. Moreover, for every compact positively invariant
subset C of K", there exists a locally asymptotic observer (4.2) for (4.1).

Proof. To prove the theorem we assume that (4.1) satisfies the generic property of algebraic
observability. For N > 2n let ®V¥(f, h) : K® — K" denote the embedding

N (f, h)(w) = (h(x), -, LF~"N(z)). (4.3)
By algebraic observability, there exists a polynomial map 1 : K¥ — K" such that for all x
x=YP(h(z),: - ,L;V_lh(x)). (4.4)
Therefore there exists a polynomial ¢ : K¥ — K such that for all =
L) = ¢(h(x),- -, LY h(x)). (4.5)
Consider now the associated polynomial system
i=(A-JC)z2+ Jy+bp(z), T=Cx (4.6)

where ¢(z) is the above polynomial and

01 0 ... 0 0
00 1 0 0
A= | : ekKY, b=|: | eK",
0 0 . 1 0
| 0 0 . ] | 1
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ai
a2

C=[100 ... 0]ek™, J= : e KY,

an

is such that the characteristic polynomial of A — JC
xs(8) =sY +apsN - day

is Hurwitz. It is immediately verified by inspection that ®" maps solution of (4.1) to
solutions of (4.6). Moreover, (4.6) is a tracking observer for (4.1). Let C C K™ denote a
fixed compact positively invariant subset for (4.1). Then the image ®(C) is a positively
invariant subset for (4.6). By compactness of ®V(C) and standard estimates from stability
theory, there exists an output injection matrix J such that ys(s) is Hurwitz and (4.6) has
the desired attractivity property around ®~(C). Thus (4.6) is a locally asymptotic observer.
The result follows. O

In order to efficiently construct such observers it would be useful to have an explicit
bound on degree of the polynomial ¢ in terms of the degrees of f, h. Probably such bounds
can be provided using tools from commutative algebra, or using similar methods as in [7],
but we are not aware of any concrete estimates.
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