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Finally, we show that the sufficient conditions we have proved are equivalent to the conditions stated in the

lemma. Since Ai(Γe) = M−1
11 (Γe)M12(i), i = 1, 2, {A1(Γe), A2(Γe),Γe} are linearly independent if and only if

{M12(1),M12(2),M11(Γe)Γe} are linearly independent. Using the expression for M11 and the equilibrium condition,

we have M11(Γe)Γe = JΓe. Moreover, it is noted that the condition Γe ·Ai(Γe) 6= 0 for i = 1 or i = 2 is equivalent

to Γe · [A1(Γe)×A2(Γe)] 6= 0. A similar computation as in [21] shows that A1(Γe)×A2(Γe) = M11(Γe)
det M11(Γe) [M12(1)×

M12(2)], thus Γe · [A1(Γe)×A2(Γe)] = [M11(Γe)Γe] ·
1

M11(Γe) [M12(1)×M12(2)] = JΓe ·
1

det M11(Γe) [M12(1)×M12(2)].

This shows that the two conditions are equivalent.

Case II.3: three rotors. Following the analysis of the three rotor case in the previous section, we can show

that the system is locally fiber configuration accessible at an equilibrium when the three rotors are independent.

We show that the system also satisfies the good-bad symmetric product condition at the equilibrium. Using an

analysis similar to the proof of Lemma 5.2, we can show that bad symmetric products of degree two and three can

be expressed as a linear combination of lower degree good symmetric products at equilibrium. Then we consider

two cases: 1). Γe is not collinear with any Ai(Γe), i = 1, 2, 3; 2). Γe is collinear with only one of Ai(Γe), i = 1, 2, 3.

Since {A1(Γ), A2(Γ), A3(Γ)} are linear independent, this classification includes all possible cases. In the first case,

we have [Γe · Ai(Γe)]
2 6= ||Ai(Γe)||

2, i = 1, 2, 3. Therefore, any (bad) symmetric products of degree higher than

3 can be expressed as a linear combination of Y A
i ,

〈〈
Y A

i : Y A
i

〉
: Y A

i

〉
, i = 1, 2, 3 when evaluated at equilibrium,

as shown in the proof of Lemma 5.2. For the second case, without loss of generality, we may assume that Γe is

collinear with A3(Γe) only. Moreover, it is clear that if Γe ·Ai(Γe) 6= 0 for i = 1 or i = 2, then any (bad) symmetric

products of degree higher than 3 can be expressed as a linear combination of Y A
i , i = 1, 2, 3,,

〈
grad V : Y A

i

〉
, and〈〈

Y A
i : Y A

i

〉
: Y A

i

〉
, i = 1, 2, at equilibrium. Suppose Γe · Ai(Γe) = 0 for i = 1, 2. Then

〈〈
grad V : Y A

1

〉
: Y A

2

〉
(Γe) = mT agM

−1(Γe)

[
Γe × p + β

(
Γe · [A1(Γe) × A2(Γe)]

)
Γe

?

]
,

where p is a suitable vector function and β 6= 0 is a real coefficient. Note that Γe × p ∈ span{A1(Γe), A2(Γe)}

and Γe · [A1(Γe) × A2(Γe)] 6= 0. This implies that any (bad) symmetric products of degree higher than 3 can be

expressed as a linear combination of Y A
i , i = 1, 2, 3,

〈〈
grad V : Y A

1

〉
: Y A

2

〉
, and

〈〈
Y A

i : Y A
i

〉
: Y A

i

〉
, i = 1, 2 at

equilibrium. Consequently, the good-bad symmetric product condition is satisfied.

Moreover, the symmetry property of the equilibrium manifold implies that if the above controllability conditions

are satisfied at a spherical body equilibrium, then they are also satisfied on the whole equilibrium manifold. We

summarize these results in the following proposition:

Proposition 5.3. Consider Chaplygin’s top controlled by rotors.

1. Suppose the top is controlled by two independent rotors. If the system is locally fiber configuration accessible

and satisfies the conditions of Lemma 5.2 at an equilibrium, then it is small time locally fiber configuration

controllable and locally fiber equilibrium controllable at the equilibrium and the equilibrium manifold;

2. Suppose the top is controlled by three independent rotors. The system is small time locally fiber configuration

controllable and locally fiber equilibrium controllable on the equilibrium manifold.

5.3 Chaplygin’s Top Controlled by Sliders

We study another case: a spherical robot controlled by n sliders; see Figure 3 for its schematic configuration. In

this case, the shape configuration is Qs = R
n, ignoring sliders’ stroke limits. It is clear that the inertia tensor M
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and the position vector ρc are both functions of shape. Hence, M and A are functions of (Γ, r).

Figure 3: Schematic configuration of a spherical robot with three sliders

Each slider consists of an ideal mass particle that can be translated along the linear axis of the actuator by a

motor. Let νi denote a unit vector that defines the axis of the ith slider and let ri denote the relative distance

along the axis; let ρi0 denote the constant position vector from the origin of the base body frame (i.e. the center

of the sphere) to the location of the ith slider’s axis corresponding to zero ri. Hence, the ith slider’s position in

the base body frame is given by ρi(r) = ρi0 + riνi, i = 1, · · · , n. Note Ji ≡ 0, i = 1, · · ·n. Substituting ρi(r)’s

expression into the inertia tensor matrix M(r), we obtain

J(r) = JB −

n∑

i=1

miρ̂i(r)ρ̂i(r), JB = J0 − m0ρ̂0ρ̂0, Bt(r) =
[
m1ν1, · · · , mnνn

]
,

Br(r) =
[
m1(ρ10 × ν1), · · · , mn(ρn0 × νn)

]
, and m(r) = diag

{
m1, · · · , mn

}
. Hence, Bt, Br, m are all

constant. Using these results, we further obtain the expressions for elements in M(Γ, r):

M11(Γ, r) = JB−
n∑

i=1

mi[ρi(r)+aΓ]∧[ρi(r)+aΓ]∧, M12(Γ) =
[
m1{(ρ10 + aΓ) × ν1}, · · · , mn{(ρn0 + aΓ) × νn}

]
,

and M22 = diag
{
m1, · · · , mn

}
. For the reduced dynamics, the equilibrium manifold is given by {(Re, re)|Γe ×

ρc(re) = 0}, where Γe = RT
e e3.

Define the constant matrix E as E = mT
∂ρc(r)

∂r =
[
m1ν1, · · · , mnνn

]
. It is easy to verify that the term

ρ̃∗(X̃, Z̃) + ρ̃∗(Z̃, X̃) in the symmetric product formula (22) is given by

ρ̃∗(X̃, Z̃)+ρ̃∗(Z̃, X̃) = a
{[(

EvZ

)
·ωX+

(
EvX

)
·ωZ

]
Γ−

[
(ρc(r)×Γ)·ωZ+

(
EvZ

)
·Γ

]
ωX−

[
(ρc(r)×Γ)·ωX+

(
EvX

)
·Γ

]
ωZ

}
.

The control vector fields and the gravitational vector field are given in (15) and (16).

Some symmetric products evaluated at equilibrium are

〈
Y A

i : Y A
j

〉∼

= aM−1(Γe, r)

[
−[miνi · Aj(Γe, r) + mjνj · Ai(Γe, r)]Γe + mj(νj · Γe)Ai(Γe, r) + mi(νi · Γe)Aj(Γe, r)

?

]
,

and

〈
grad V : Y A

i

〉∼
= −aM−1(Γe, r)

[
Γe × [mT ρc(r) × Ai(Γe, r) + miνi]

0

]
,

〈
grad V :

〈
grad V : Y A

i

〉〉∼
= −aM−1(Γe, r)




Γe × {mT ρc(r) × [aM̃11(Γe, r)Γe × (mT ρc(r) × Ai(Γe, r) + miνi)]

+E[−aM̃12(Γe, r)Γe × (mT ρc(r) × Ai(Γe, r) + miνi)]}
0


 ,
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where i, j = 1, · · · , n. In fact, let (
syk

grad V
Y A

i

)∼

=

[
ωk(Γe, r)
vk(Γe, r)

]
,

for k ∈ Z
+, then

(
syk+1

grad V
Y A

i

)∼

= −aM−1(Γe, r)

[
Γe × [mT ρc(r) × (−ωk(Γe, r)) + Evk(Γe, r)]

0

]
.

Hence, the bad symmetric products of degree two evaluated at the equilibrium are

〈
Y A

i : Y A
i

〉∼
= −aM−1(Γe, r)

[
2mi

(
[νi · Γe]Ai(Γe, r) − [νi · Ai(Γe, r)]Γe

)

?

]
, i = 1, · · · , n.

Case 1: one slider. The necessary condition for small-time local configuration controllability of the single-

input system (given in the Appendix) requires that [(ν · Γe)Ae − (ν · Ae)Γe] and Γe × hi be linearly dependent,

where hi is some suitable vector function. This implies that (ν · Γe)(Ae · Γe) = ν · Ae. Consider an equilibrium

(Re, re) ∈ SO(3) × R. The necessary condition and the equilibrium condition imply that the system is small time

locally configuration controllable only if the following three equations hold

(ν · Γe)[A(Γe, re) · Γe] = ν · A(Γe, re), Γe × ρc(re) = 0, ||Γe|| = 1.

It is clear that the set on the manifold SO(3) × R that satisfies these equations has a zero measure. This means

that the system in the single slider case is generically not small-time locally configuration controllable at equilibrium.

Case 2: two or more sliders. The sufficient conditions for small time local configuration controllability

require that [νi · Γe]Ai(Γe, r) = [νi · Ai(Γe, r)]Γe for each i = 1, · · · , n, and that the union of
{

Γe × [mT ρc(r) × Ak(Γe, r) + mkνk], k = 1, · · · , n
}

and
{
− [miνi · Aj(Γe, r) + mjνj · Ai(Γe, r)]Γe + mj(νj · Γe)Ai(Γe, r) + mi(νi · Γe)Aj(Γe, r), i 6= j, i, j = 1, · · · , n

}

span R
3 at the equilibrium, as well as local configuration accessibility conditions at this equilibrium. Note that

the condition [νi ·Γe]Ai(Γe, re) = [νi ·Ai(Γe, re)]Γe for each i = 1, · · · , n implies that {Ai(Γe, re), i = 1, · · · , n} are

collinear with Γe. This does not generally hold if any two columns of M12(Γe) are linearly independent. If this is

the case, the sufficient conditions fail to show small time local configuration controllability and local equilibrium

controllability.

These results suggest that the slider-driven spherical robot model is more difficult to control.

6 Motion Planning for Chaplygin’s Sphere and Top using Rotors

We introduce some notation. Let X(q, t) be a time-varying function, we use X(q, t) to denote its time integral,

that is X(q, t) =
∫ t

0
X(q, τ)dτ .

6.1 Motion Planning for Chaplygin’s Sphere using Rotors

We look at Chaplygin’s sphere controlled by n rotors. In this case, the center of mass of the system coincides with

the center of the sphere so that there is no gravity acting on the system. The sub-system (33-34) on SO(3)×Qs is

M(Γ)

[
ω̇
r̈

]
=

[
mT a2(Γ · ω)Γ × ω + ∂lc

∂ω × ω
0

]
+

[
0
us

]
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or equivalently [
ω̇
r̈

]
= M−1(Γ)

[
mT a2(Γ · ω)Γ × ω + ∂lc

∂ω × ω
0

]
+

[
−A(Γ)

In

]
∆−1(Γ)us.

Let control us = ε∆(Γ)ũ, where ũ is new control and ε > 0 is a small number, we obtain Y (Γ, t) = ε
∑n

i=1 Yi(Γ)ũi(t),

where Yi(Γ) is control vector field corresponding to ũi given by Ỹi(Γ) =

[
−Ai(Γ)

ei

]
. Following Bullo’s series

expansion [5] [
ω(t)
ṙ(t)

]
= Ỹ (Γ, t) −

1

2

〈
Y : Y

〉∼
(Γ, t) +

1

2

〈〈
Y : Y

〉
: Y

〉∼
+ O(ε4),

we have [
ω(t)
ṙ(t)

]
= ε

n∑

i=1

Ỹi(Γ)ũi(t) − ε2
1

2

n∑

i,j=1

〈
Yi : Yj

〉∼
(Γ)ũiũj(t) + O(ε3), (35)

where 〈
Yi : Yj

〉∼
(Γ) =

[
−A(Γ)

In

]
D∆ij(Γ), D∆ij = ∆−1

[∂∆i

∂Γ
(Aj × Γ) +

∂∆j

∂Γ
(Ai × Γ)

]
.

Expanding the series around the equilibrium Γe , we further have [20]
[
ω(t)
ṙ(t)

]
= ε

n∑

i=1

[
−Aie

ei

]
ũi(t) + ε2

n∑

i,j=1

{ [
∂Aie

∂Γ [Γe × Aje]ũj ũi(t)
0

]
+

[
−A(Γe)

In

]
D∆ij(Γe)ũiũj(t)

}
+ O(ε3).

We introduce another control transformation ũ = v − ε
∑n

i,j=1 D∆ij(Γe)vivj , where v = (v1, · · · , vn) is control

function. Thus we obtain

ω(t) = ε
n∑

i=1

−Aievi(t) + ε2
n∑

i=1

∂Aie

∂Γ
[Γe × (

n∑

j=1

Aje)]vjvi(t) + O(ε3), ṙ = ε
n∑

i=1

eivi(t) + O(ε3).

In the following, we determine the control function v (and hence the original control us) so as to achieve a maneuver

between equilibrium configurations.

6.1.1 Approximate Solutions for Sphere Configuration

We use the classical perturbation technique to obtain approximate solutions which provide us a map between the

control function vi and configuration and velocity solutions. Suppose ω(t) can be written as ω(t, ε) =
∑∞

i=1 εiωi(t),

where ωi(t) is the i-th order approximation of ω. An approximate solution for R expressed in the exponential

coordinates (i.e. R(t) = Ree
ẑ(t)) is z(t, ε) =

∑∞
i=1 εizi(t), where z1(t) = ω1(t), z2(t) = 1

2ω1 × ω1(t) + ω2(t), and

so on. See [20] and the reference therein for more details.

We further obtain a series expansion for Γ = RT e3. Since R(t) = Re

∑∞
k=0

ẑk(t)
k! , we can write R as

R(t) = Re

[
I + εẑ1(t) + ε2

(
ẑ2 +

ẑ2
1

2!

)
(t) + ε3

(
ẑ3 +

ẑ1ẑ2 + ẑ2ẑ1

2!
+

ẑ3
1

3!

)
(t)

]
+ O(ε4).

Using this result, we have

Γ = Γe + ε
(
Γe × z1

)
(t) + ε2

(
Γe × z2 +

(Γe × z1) × z1

2!

)
(t)

+ε3
(
Γe × z3 +

(Γe × z2) × z1 + (Γe × z1) × z2

2!
+

[(Γe × z1) × z1] × z1

3!

)
(t) + O(ε4).

Similarly, we obtain a series expansion for x. Since

ẋ = −ae3 × R(t)ω(t)

= −ae3 × Re

[
I + εẑ1(t) + ε2

(
ẑ2 +

ẑ2
1

2!

)
(t) + O(ε3)

][
εω1(t) + ε2ω2(t) + ε3ω3(t) + O(ε4)

]

= −ae3 × Re

[
εω1(t) + ε2

(
ω2 + z1 × ω1

)
(t) + ε3

(
ω3 + z1 × ω2 + z2 × ω1 +

z1 × (z1 × ω1)

2!

)
(t) + O(ε4)

]
,
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thus x(t) = x0 + εx1(t) + ε2x2(t) + ε3x3(t) + O(ε4), where

x1(t) = −ae3 × Reω1(t), x2(t) = −ae3 × Re

(
ω2 + z1 × ω1

)
(t).

Substituting the above results into eqn.(35) and equating the orders of ε, we obtain the approximate solutions as

follows:

1). The order of ε:

ω1(t) = −

n∑

i=1

Aievi(t), z1(t) = −

n∑

i=1

Aievi(t), x1(t) = ae3 × Re

( n∑

i=1

Aievi(t)
)
,

where Aie := Ai(Γe);

2). The order of ε2:

ω2(t) =

n∑

i=1

∂Aie

∂Γ
[Γe × (

n∑

j=1

Aje)]vjvi(t),

z2(t) =
1

2

n∑

i,j=1

Aie × Ajevivj(t) +

n∑

i=1

∂Aie

∂Γ
[Γe × (

n∑

j=1

Aje)]vjvi(t),

x2(t) = −ae3 × Re

(
ω2 + z1 × ω1

)
(t) = −ae3 × Re

(
z2 +

1

2
ω1 × ω1

)
(t),

where ∂Aie

∂Γ := ∂Ai(Γ)
∂Γ |Γ=Γe

.

We compute ∂Ai(Γ)
∂Γ as follows. Since Ai(Γ) = M−1

11 (Γ)M12ei, we have

∂Ai(Γ)

∂Γ
=

∂M−1
11 (Γ)

∂Γ
M12 = −M−1

11 (Γ)
∂M11(Γ)

∂Γ
M−1

11 (Γ)M12ei = −M−1
11 (Γ)

∂M11(Γ)

∂Γ
Ai(Γ).

Note that ∂M11(Γ)
∂Γi

= −mT a2[êiΓ̂ + Γ̂êi], i = 1, 2, 3, we obtain

∂Ai(Γ)

∂Γ
=

[
∂Ai(Γ)

∂Γ1

∂Ai(Γ)
∂Γ2

∂Ai(Γ)
∂Γ3

]

= mT a2M−1
11 (Γ)

[
∂M11(Γ)

∂Γ1
Ai(Γ) ∂M11(Γ)

∂Γ2
Ai(Γ) ∂M11(Γ)

∂Γ3
Ai(Γ)

]

= mT a2M−1
11 (Γ)

{ [
ê1[Γ × Ai(Γ)] ê2[Γ × Ai(Γ)] ê3[Γ × Ai(Γ)]

]
+ Γ̂

[
ê1Ai(Γ) ê2Ai(Γ) ê3Ai(Γ)

] }
.

Finally, we obtain the following approximation up to order of ε2:

ṙ = ε

n∑

i=1

eivi(t) + O(ε3),

ω(t, ε) = −ε
n∑

i=1

Aievi(t) + ε2
n∑

i=1

∂Aie

∂Γ
[Γe × (

n∑

j=1

Aje)]vjvi(t) + O(ε3),

z(t, ε) = −ε
n∑

i=1

Aievi(t) + ε2
{ ∑

1≤i<j≤n

DAijevivj(t) +
∑

1≤j≤i≤n

[1

2
Aje × Aie +

∂Aje

∂Γ
(Γe × Aie)

]
vivj(t)

}
+ O(ε3),

x(t, ε) = −ae3 × Re

(
ε2z2(t, ε) +

ε2

2

[ ∑

1≤i<j≤n

Aie × Aje(vivj(t) − vjvi(t)) +
∑

1≤j≤i≤n

Aje × Aievivj(t)
])

+ O(ε3),

where

DAije = Aie × Aje +
∂Aje

∂Γ
(Γe × Aie) −

∂Aie

∂Γ
(Γe × Aje)

is the curvature of the connection Ai. These approximation results can be used for motion planning design.
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6.1.2 Motion Planning for Chaplygin’s Sphere using Three Rotors

In this section, we study the case where Chaplygin’s sphere is controlled by three independent rotors, i.e.,

rank{M12} = n = 3. This suggests Ai(Γ), i = 1, 2, 3, are linearly independent for all Γ. As shown in Section

5.2.1, the sphere configuration, i.e., its attitude and planar position, is controllable at equilibrium using the three

rotors. The motion planning algorithm to achieve fiber configuration maneuvers is given as follows. This algorithm

also guarantees equilibrium conditions at final instant, e.g., zero rotor speed.

Assume the final attitude and final position of the sphere are given by εzf and εxf = ε(xf1, xf2, 0) (without

loss generality, we assume the initial position is at the origin). Define

DAe =
[
DA12e DA13e DA23e

]
, Pe =

[
A1e × A2e A1e × A3e A2e × A3e

]
.

and choose xf ∈ R
3 to satisfy xf = −ae3 × Rexf ; note that Pe is invertible and xf is not unique.

Let [0, T ] be a given time interval, where T > 0. Using the approximation formula at the end of the last section,

we may divide the motion planning task into two sub-tasks: in the first half time interval [0, T
2 ], the second order

terms proportional to vi
(2)vj − vi

(2)vj , i < j, are used; in the second half time interval [T
2 , T ], the first order terms

are used. That is,

1. Find controls vi(t), t ∈ [0, T
2 ], i = 1, 2, 3 that satisfy the following boundary conditions

vi(
T

2
) = 0, v

(2)
i (

T

2
) = 0, i = 1, 2, 3,

where v
(2)
i = vi, and [

v1
(2)v2 v1

(2)v3 v2
(2)v3

]
(
T

2
) = P−1

e (xf − zf ),

where we use the fact that vi
(2)vj − vi

(2)vj(
T
2 ) = 2vi

(2)vj(
T
2 ) when v

(2)
i (T

2 ) = 0;

2. Let R(T/2) = Re exp
(
[DAeP

−1
e (xf − zf )]∧

)
. Find controls vi(t), t ∈ (T

2 , T ], i = 1, 2, 3 that satisfy the

following boundary conditions

vi(T ) = 0, i = 1, 2, 3,
[
v
(2)
1 v

(2)
2 v

(2)
3

]
(T ) = A−1(Γ)|Γ=RT (T/2)e3

[zf − DAeP
−1
e (xf − zf )].

This algorithm leads to ṙ(T ) = 0, ω(T ) = 0, z(T ) = zf , x(T ) = xf . The errors at the final instant T are in O(ε2).

Now we give specific control functions that accomplish the two sub-tasks. Suppose T = 4π so that T
2 = 2π.

Consider the first sub-task. If xf − zf = 0, then we choose vi(t) = 0. Now look at the case where xf − zf 6= 0.

Without loss of generality, we assume the first element of P−1
e (xf − zf ) to be nonzero. Consider the following

control functions defined on t ∈ [0, 2π]

v1(t) = a1[sin t− k1 sin(k1t)], v2 = a2[cos t− k2 cos(k2t)], v3 = a31[sin t− k31 sin(k31t)] + a32[cos t− k32 cos(k32t)],

where k1, k2, k31, k32 are distinct positive integers greater than one (but k31 and k32 can be identical), and

a1, a2, a31, a32 are amplitude coefficients to be determined. It is easy to verify that vi(2π) = 0, v
(2)
i (2π) = 0, i =

1, 2, 3, and

v1
(2)v2(2π) = −a1a2π, v1

(2)v3(2π) = −a1a32π, v2
(2)v3(2π) = a2a31π.

Note that in the last condition, we have three equations but four variables. This allows us to choose these variables

such that an objective function a2
1 + a2

2 + a2
31 + a2

32 is minimal. This function has the physical meaning that
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the magnitudes of the control functions are minimal. Let 1
π P−1

e (xf − zf ) = (ν1, ν2, ν3)
T , it is easy to see that

a1 =
(

(ν2

1
+ν2

2
)ν2

1

ν2

1
+ν2

3

) 1

4

results in the minimum. Then we choose a2 = −ν1/a1, a32 = −ν2/a1, a31 = ν3/a2, where

a2 6= 0, then the boundary conditions are satisfied. In the second sub-task, we may choose

vi(t) = bi sin t, t ∈ [2π, 4π], i = 1, 2, 3.

It is clear that vi(4π) = 0, v
(2)
1 (4π) = 2πbi. Therefore, (b1, b2, b3)

T = 1
2π A−1(Γ)|Γ=RT (T/2)e3

[zf−DAeP
−1
e (xf−zf )]

satisfies the boundary conditions.

Example. Consider Chaplygin’s sphere controlled by three rotors. The inertia matrices are J = diag(5, 5, 5),

and

M12 =




1.0 0.1 0.1
0.1 1.0 0.1
0.1 0.1 1.0


 , M22 = diag(1.0, 1.0, 1.0).

The total mass of the system is mT = 2 and the sphere’s radius is a = 1. For illustration, we design two maneuvers:

pure rotational maneuver without changing the sphere’s initial position, and pure translational maneuver without

changing the sphere’s initial attitude. Clearly, any sphere maneuver can be written as a combination of these two

maneuvers. Assume the initial attitude R(0) = I3 and initial position x(0) = 0.

Pure Rotational Maneuver. In this maneuver, the desired final configuration is given by zf = (0.006,−0.006, 0.006)

and xf = (0, 0), and T = 4π. We choose xf = (0, 0, 0) and the other control parameters are chosen as

a1 = 0.296, a2 = 0.3255, a31 = −0.2212, a32 = 0.1749, k1 = 4, k2 = 3, k31 = k32 = 2

and b1 = −0.0115, b2 = 0.014, b3 = −0.0136. The time responses of the exponential coordinate z and the position

x are given in Figures 4-5. Simulations show that the final configuration is given by

z(T ) = (0.0061, −0.0061, 0.0057), x(T ) = 1.0 × 10−3(−0.1365, −0.9076),

and ||ω(T )||∞ = 1.212 × 10−5, ||ṙ(T )||∞ = 8.254 × 10−5.
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Figure 4: Time response of the exponential coordinate z: pure rotational maneuver

Pure Translational Maneuver. In this maneuver, suppose the desired final configuration is given by zf =

(0, 0, 0) and xf = (−0.0025, 0.0025) at T = 4π. We choose xf = (−0.0025,−0.0025,−0.00075) (to make the control

magnitude small), and the other control parameters are determined as

a1 = a2 = 0.1333, a31 = a32 = −0.2455, k1 = 2, k2 = 3, k31 = k32 = 4, b1 = b2 = −0.001742, b3 = −0.000726.

The time responses of the exponential coordinate z and the position x are given in Figures 6-7. Simulations show

that the final configuration is given by

z(T ) = 1.0 × 10−3(0.0768, −0.1041, −0.0437), x(T ) = (−0.0027, 0.0022),
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Figure 5: Time response of the sphere position x: pure rotational maneuver
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Figure 6: Time response of the exponential coordinate z: pure translational maneuver

and ||ω(T )||∞ = 6.098 × 10−6, ||ṙ(T )||∞ = 4.45 × 10−5.

6.2 Motion Planning for Chaplygin’s Top using Rotors

In this case, the reduced equations of motion on SO(3) × Qs are

M(Γ)

[
ω̇
r̈

]
=

[
mT aN(Γ, ω) + ∂lc

∂ω × ω + mT a[(ρc × Γ) · ω]ω
0

]
+

[
mT agΓ × ρc

0

]
+

[
0
us

]
,

where N(Γ, ω) = a(Γ · ω)Γ × ω − (ρc × ω) × (Γ × ω) − ρc × (ω × (Γ × ω)), or equivalently
[
ω̇
r̈

]
= M−1(Γ)

[
mT aN(Γ, ω) + ∂lc

∂ω × ω + mT a[(ρc × Γ) · ω]ω
0

]
+ M−1(Γ)

[
mT agΓ × ρc

0

]
+

[
−A(Γ)

In

]
∆−1(Γ)us,

where ρc is constant. Choosing us = ∆(Γ)ũ, we obtain

grad V ∼ = M−1(Γ)mT ag

[
Γ × ρc

0

]
, Ỹi =

[
−Ai

ei

]
= M−1(Γ)

[
0

∆i(Γ)

]
, i = 1, · · · , n.

Symmetric product computations show that

〈
grad V : Yi

〉∼
(Γe) = M−1(Γe)

[
Γe × (ρc × Aie)

0

]
,

〈
Yi : Yj

〉∼
(Γe) =

[
−A(Γe)

In

]
D∆ije.

Therefore according to [20], we introduce

ũ = v −
n∑

i=1

M̃21(Γe)[Γe × (ρc × Aie)]vi + ε
n∑

i,j=1

D∆ij(Γe)vivj ,

where v = (v1, · · · , vn) is control function. Thus we obtain

ω(t) = ε
n∑

i=1

[
− Aievi(t) + M−1

11 (Γe)[Γe × (ρc × Aie)]v
(3)
i (t)

]
+ ε2

n∑

i=1

∂Aie

∂Γ
[Γe × (

n∑

j=1

Aje)]vjvi(t) + O(εt5),

ṙ = ε

n∑

i=1

eivi(t) + O(εt5).
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Figure 7: Time response of the sphere position x: pure translational maneuver

We further have

z(t, ε) = ε

n∑

i=1

[
− Aievi(t) + M−1

11 (Γe)[Γe × (ρc × Aie)]v
(4)
i (t)

]
+ ε2

{ ∑

1≤i<j≤n

DAijevivj(t)

+
∑

1≤j≤i≤n

[1

2
Aje × Aie +

∂Aje

∂Γ
(Γe × Aie)

]
vivj(t)

}
+ O(εt6),

x(t, ε) = −ae3 × Re

(
z2(t, ε) +

ε2

2

[ ∑

1≤i<j≤n

Aie × Aje(vivj(t) − vjvi(t)) +
∑

1≤j≤i≤n

Aje × Aievivj(t)
])

+ O(εt6),

In the following, we assume that the top is controlled by three rotors. Using the above formulas, we obtain a

motion planning algorithm similar to that for Chaplygin’s sphere:

1. Find T1 satisfying 0 < T1 < T and controls vi(t), t ∈ [0, T1], i = 1, 2, 3 that satisfy the following boundary

conditions

vi(T1) = 0, v
(2)
i (T1) = 0, v

(3)
i (T1) = 0, v

(4)
i (T1) = 0, i = 1, 2, 3,

and [
v1

(2)v2 v1
(2)v3 v2

(2)v3

]
(T1) = P−1

e (xf − zf ),

2. Let R(T1) = Re exp
(
[DAeP

−1
e (xf − zf )]∧

)
. Find controls vi(t), t ∈ (T1, T ], i = 1, 2, 3 that satisfy the

following boundary conditions

vi(T ) = 0, i = 1, 2, 3,
[
v
(2)
1 v

(2)
2 v

(2)
3

]
(T ) = A−1(Γ)|Γ=RT (T1)e3

[zf − DAeP
−1
e (xf − zf )].

This algorithm leads to ṙ(T ) = 0, ω(T ) = 0, z(T ) = zf , x(T ) = xf . The error for the configuration is in O(εT 4)

and the error for the velocity is in O(εT 3).

Specific control functions are given below to achieve the two sub-objectives. Choose ωv such that ωvT1 = 2π.

Consider the first sub-task. If xf −zf = 0, we choose vi(t) = 0. Now look at the case where xf −zf 6= 0. As before,

we assume the first element of P−1
e (xf − zf ) to be nonzero. Consider the following control functions defined on

t ∈ [0, 2π
ωv

]

v1(t) = a1ωv

(
[sin(ωvt) − 23 sin(2ωvt)] −

3

7
[33 sin(3ωvt) − 43 sin(4ωvt)]

)
,

v2(t) = a2ωv[cos(ωvt) − 52 cos(5ωvt)],

v3(t) = a31ωv

(
[sin(ωvt) − 33 sin(3ωvt)] −

2

3
[23 sin(2ωvt) − 43 sin(4ωvt)]

)
+ a32ωv[cos(ωvt) − 52 cos(5ωvt)],
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where a1, a2, a31, a32 are amplitude coefficients to be determined. Let T1 = 2π
ωv

, it is easy to verify that v
(k)
i (T1) =

0, i = 1, 2, 3, k = 1, 2, 3, 4 and

v1
(2)v2(T1) = −

a1a2π

ω2
v

, v1
(2)v3(T1) = −

a1a32π

ω2
v

, v2
(2)v3(T1) =

a2a31π

ω2
v

.

In the second sub-task, we choose

vi(t) = biω̃v sin(ω̃vt), t ∈ [
2π

ωv
,
2π

ωv
+

2π

ω̃v
], i = 1, 2, 3.

which implies that T = 2π
ωv

+ 2π
ω̃v

. It is clear that v
(2)
1 (T ) = 2π

ω̃v
bi. Therefore, (b1, b2, b3)

T = ω̃v

2π A−1(Γ)|Γ=RT (T/2)e3
[zf−

DAeP
−1
e (xf − zf )] satisfies the boundary conditions.

Example. Consider Chaplygin’s top with the same mass and inertia values as those in the previous Chaplygin’s

sphere example. The position vector of the center of mass is given by ρc = (0, 0,−0.1). The equilibrium manifold

is characterized by {(R, r)|Γ = RT e3 = ±e3, ∀r ∈ S × S × S}. As before, we look at two typical maneuvers: pure

rotational maneuver and pure translational maneuver. In each maneuver, the final configuration must be in the

equilibrium manifold, that is, Rf must satisfy RT
f e3 = ±e3. For the pure rotational maneuver, this implies that the

final Γ is equal to ±e3 or zf = λe3 for some λ ∈ R. Therefore, xf is always zero as desired. This observation allows

us to simplify motion planning design for this maneuver: the first sub-task can be skipped, and it is sufficient to

consider the second sub-task only to accomplish a pure rotational maneuver. As an example, we assume that the

desired final configuration is given by zf = (0.0, 0.0, 0.1) and xf = (0, 0), and T = 0.1. We choose ω̃v = 20π and

b1 = −0.463, b2 = 0.463, b3 = −5.0925. The time responses of z and x are given in Figures 8-9. Simulations

show that the final configuration is given by

z(T ) = (0.00, 0.00, 0.10), x(T ) = 1.0 × 10−17(−0.1043, −0.0129),

and ||ω(T )||∞ = 1.484 × 10−14, ||ṙ(T )||∞ = 6.177 × 10−14.

To illustrate the pure translational maneuver, we assume that the desired final configuration is given by zf =

(0, 0, 0) and xf = 10−5 × (−0.1, 0.1), and T = 0.5. We choose ωv = 5π, ω̃v = 20π, a1 = a2 = 0.0547, a31 = a32 =

−0.0581, and b1 = b2 = −0.3887× 10−4, b3 = −0.524× 10−4. The first sub-task is accomplished when t ∈ [0, 0.4]

and the second sub-task is accomplished in the remaining time. The time responses of z and x are given in Figures

10-11. Simulations show that the final configuration is given by

z(T ) = 10−7 × (0.2927, 0.0919, −0.040), x(T ) = 10−5 × (−0.1001, −0.0976),

and ||ω(T )||∞ = 8.489 × 10−8, ||ṙ(T )||∞ = 5.286 × 10−7.

7 Conclusions

Local configuration/equilibrium controllability and motion planning have been studied for a class of constrained

multibody systems controlled via internal actuators. The system dynamics depend on an advected parameter and

fit the framework of the Euler-Poincaré equations. As an example, we consider a controlled multibody spherical

robot that can be modeled as a Chaplygin’s sphere or a Chaplygin’s top. Specific controllability and motion

planning results are obtained for the spherical robot controlled by rotors or sliders, which illustrate the theory.
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Figure 8: Time response of the exponential coordinate z: pure rotational maneuver

0 0.02 0.04 0.06 0.08 0.1 0.12
−12

−10

−8

−6

−4

−2

0

2
x 10

−19

 time (sec) 

 x 

 x
1

 x
2

Figure 9: Time response of the sphere position x: pure rotational maneuver

8 Appendix

8.1 A Necessary Condition for Small-time Local Configuration Controllability of

Single-Input Mechanical Systems

Consider a single-input simple mechanical system on a manifold Q. Let q = (q1, · · · , qn) be local coordinates. The

equations of motion are
d

dt

[
q
q̇

]
=

[
q̇

−Γ(q, q̇)

]
+

[
0

Yg(q)

]
+

[
0

Ya(q)

]
u, (36)

where Γ(q, q̇) has components Γi
jk(q)q̇j q̇k (i.e. Γi

jk(q)’s are Christoffel symbols), Yg(q) denotes a potential vector field

on Q, and Ya(q) represents a control vector field on Q for the single bounded control input u(t) ∈ R. Furthermore,

all the vector fields and components of Γ are assumed to be analytic. Using the lift notation for the potential vector

field and the control vector field, we denote the vector fields in eqn.(36) as

Zg =

[
q̇

−Γ(q, q̇)

]
, fg = Y lift

g , ga = Y lift
a .

We introduce the following symmetric product operator syk
Yg

Ya for notational convenience:

sy0
Yg

Ya = Ya, sy1
Yg

Ya =
〈
Yg : Ya

〉
, syk+1

Yg
Ya =

〈
Yg : syk

Yg
Ya

〉
, k ∈ Z

+.

Assume that qe is an equilibrium for the system in eqn.(36). This implies Yg(qe) = 0. The necessary condition is

given as follows.

Lemma A.1. Let vq = 0qe
be an equilibrium of the mechanical system (36) where Yg(qe) = 0. The system is

small time locally controllable and small time locally configuration controllable at 0qe
only if

〈
Ya : Ya

〉
(qe) ∈ span

{
Ya(qe), sy1

Yg
Ya(qe), · · · , syn−1

Yg
Ya(qe)

}
.
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Figure 10: Time response of the exponential coordinate z: pure translational maneuver
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Figure 11: Time response of the sphere position x: pure translational maneuver

Proof: The proof follows from Lewis’s result for single-input mechanical systems without potential [14], which

is an extension of Sussmann’s necessary condition [24] for single-input analytic nonlinear systems. This necessary

condition says that a nonlinear system on x ∈ R
n is small time locally controllable at an equilibrium xe only if

[g, [f, g]](xe) ∈ span{f, g, adi
fg,∀i ∈ Z

+}(xe), where f and g are drift and control vector fields, respectively.

For the system (36), f = Zg + fg is zero when evaluated at vq = 0qe
. Furthermore, the Lie brackets of the

vector fields Zg, fg, ga have special structure. Some useful facts shown in [16] are

[fg, ga] ≡ 0, [Zg, Y
lift
a ](0qe

) = −Ya(qe), [X lift, [Zg, Y
lift
a ]] =

〈
X : Ya

〉lift
, adk

Zg
X lift(0qe

) = 0, k ≥ 2,

where X is a vector field on Q. Using these facts, we obtain

adfga = [f, ga] = [Zg + fg, ga] = [Zg, ga] = [Zg, Y
lift
a ], ad2

fga = [Zg + fg, [Zg, ga]] = ad2
Zg

ga +
〈
Yg : Ya

〉lift
,

where ad2
Zg

ga(0qe
) = 0. Hence, we claim

ad2k−1
f ga = [Zg,

(
syk−1

Yg
Ya

)lift

] + Ỹ k−1(vq), ad2k
f ga =

(
syk

Yg
Ya

)lift

+ Ỹ 2k(vq), k ∈ Z
+,

where Ỹ 2k−1 and Ỹ 2k are vector fields on Q and become zero when evaluated at vq = 0qe
.

We show the claim by induction on k. For k = 1, the previous computations have shown the claim holds. Now

assume the claim is true for 1, 2, · · · , k where k ≥ 1. We then consider the case of k +1, where we need to compute

ad2k+1
f ga and ad

2(k+1)
f ga. By the induction hypothesis, we have

ad2k+1
f ga = [Zg + fg, ad

2k
f ga] = [Zg + Y lift

g ,
(
syk

Yg
Ya

)lift

] + [Zg + Y lift
g , Ỹ 2k]

= [Zg,
(
syk

Yg
Ya

)lift

] + [Zg + Y lift
g , Ỹ 2k]

= [Zg,
(
syk

Yg
Ya

)lift

] + Ỹ 2k+1(vq)
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where Ỹ 2k+1(vq) = [Zg +Y lift
g , Ỹ 2k](vq). Note that Zg(0qe

) = 0, Y lift
g (0qe

) = 0 and Ỹ 2k(0qe
) = 0, thus Ỹ 2k+1(0qe

) =

[Zg + Y lift
g , Ỹ 2k](0qe

) = 0, following the local coordinate expression of Lie bracket operation. Similarly,

ad
2(k+1)
f ga = [Zg + Y lift

g , ad2k+1
f ga] = [Zg + Y lift

g , [Zg,
(
syk

Yg
Ya

)lift

]] + [Zg + Y lift
g , Ỹ 2k+1]

= [Y lift
g , [Zg,

(
syk

Yg
Ya

)lift

]] + [Zg, [Zg,
(
syk

Yg
Ya

)lift

]] + [Zg + Y lift
g , Ỹ 2k+1]

=
〈
Yg : syk

Yg
Ya

〉lift
+ ad2

Zg

(
syk

Yg
Ya

)lift

+ [Zg + Y lift
g , Ỹ 2k+1]

=
(
syk+1

Yg
Ya

)lift

+ Ỹ 2(k+1)(vq)

where Ỹ 2(k+1)(vq) = ad2
Zg

(
syk

Yg
Ya

)lift

(vq) + [Zg + Y lift
g , Ỹ 2k+1](vq) is zero when evaluated at vq = 0qe

. This com-

pletes the proof of the claim.

We return to the proof of the lemma. Note that

[ga, [f, ga]] = [ga, [Zg, ga]] = [Y lift
a , [Zg, Y

lift
a ]] =

〈
Ya : Ya

〉lift
.

Evaluating the above brackets at vq = 0qe
and writing them in matrix form, we have

[ga, [f, ga]](0qe
) =

[
0〈

Ya : Ya

〉
(qe)

]
, ad2k−1

f ga(0qe
) =

[
−syk−1

Yg
Ya(qe)

0

]
, ad2k

f ga(0qe
) =

[
0

syk
Yg

Ya(qe)

]
, k ∈ Z

+.

Consequently, Sussmann’s necessary condition is equivalent to

〈
Ya : Ya

〉
(qe) ∈ span

{
Yg(qe), syk

Yg
Ya(qe), k ∈ Z

+
}

.

Moreover, since Yg(qe) = 0, using the local coordinate expression of symmetric product operation, it is clear that〈
Yg : X

〉
(qe) =

∂Yg

∂q (qe)X(qe), where X is a vector field on Q. Using this observation and defining A =
∂Yg

∂q (qe), we

obtain syk
Yg

Ya(qe) = AkYa(qe), k ∈ Z
+. By Cayley-Hamilton Theorem, AlYa(qe), l ≥ n is a linear combination of

AjYa(qe)’s, 0 ≤ j ≤ n − 1. Hence, Sussmann’s condition is equivalent to

〈
Ya : Ya

〉
(qe) ∈ span

{
Yg(qe), syYg

Ya(qe), · · · , syn−1
Yg

Ya(qe)
}

.

Following the argument of [14], we see that this condition is also necessary for small-time local configuration

controllability.

8.2 Local Configuration Accessibility Test for Chaplygin’s Sphere

This section provides details of Lie bracket computations for local configuration accessibility test for Chaplygin’s

sphere controlled by two rotors in Section 5.2.1. Define

∆12 = J12J21 − J11J22, ∆13 = J13J21 − J11J23, ∆23 = J13J22 − J12J23.

The vector fields evaluated at Re = I3, where Γe = e3, are

Y
A

1 (Re) '




− J11

J01+mT a2

− J12

J02+mT a2

−J13

J03

1
0

aJ12

J02+mT a2

− aJ11

J01+mT a2

0




, Y
A

2 (Re) '




− J21

J01+mT a2

− J22

J02+mT a2

−J23

J03

0
1

aJ22

J02+mT a2

− aJ21

J01+mT a2

0




, [Y
A

1 , Y
A

2 ](Re) '
1

∆1




−J01∆23

J02∆13

−[J03 + 2mT a2]∆12

0
0

[2J02 + mT a2]∆13

[2J01 + mT a2]∆23

0




,
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where ∆1 = J03(J01 + mT a2)(J02 + mT a2),

[Y
A

1 , [Y
A

1 , Y
A

2 ]](Re) '
1

∆2

[
Υ21 Υ22 Υ23 0 0 Υ26 Υ27 0

]T
,

where

∆2 = J2
03(J01 + mT a2)2(J02 + mT a2)2,

Υ21 = −2mT a2J2
03J12∆12 + J01[J03J12(J03 + 3mT a2)∆12 + J02J13(J02 + mT a2)∆13],

Υ22 = 2mT a2J2
03J11∆12 + J02[−J03J11(J03 + 3mT a2)∆12 + J01J13(J01 + mT a2)∆13],

Υ23 = −4m2
T a4(J02J11 + J01J12)∆13 + m2

T a4J03[J13(J11J21 + J12J22) − J23(J
2
11 + J2

12)]

−(J2
02J11 + J2

01J12)[J03 + mT a2]∆13,

Υ26 = a
[
mT a2[J03J11(J03 − 2mT a2)∆12 + J01J13(J01 + mT a2)∆23] + J02[−J03J11(2J03 + 5mT a2)∆12

+2J01J13(J01 + mT a2)∆23]
]
,

Υ27 = −a
[
mT a2[J03J12(−J03 + 2mT a2)∆12 + J02J13(J02 + mT a2)∆23] + J01[J03J12(2J03 + 5mT a2)∆12

+2J02J13(J02 + mT a2)∆23]
]
,

and

[Y
A

2 , [Y
A

1 , Y
A

2 ]](Re) '
1

∆3

[
Υ31 Υ32 Υ33 0 0 Υ36 Υ37 0

]T
,

where

∆3 = J2
03(J01 + mT a2)2(J02 + mT a2)2,

Υ31 = −2mT a2J2
03J22∆12 + J01[J03J22(J03 + 3mT a2)∆12 + J02J23(J02 + mT a2)∆13],

Υ32 = 2mT a2J2
03J21∆12 + J02[−J03J21(J03 + 3mT a2)∆12 + J01J23(J01 + mT a2)∆13],

Υ33 = −4m2
T a4(J02J21 + J01J22)∆13 + m2

T a4J03[−J23(J11J21 + J12J22) + J13(J
2
21 + J2

22)]

−(J2
02J21 + J2

01J22)[J03 + mT a2]∆13,

Υ36 = a
[
mT a2[J03J21(J03 − 2mT a2)∆12 + J01J23(J01 + mT a2)∆23] + J02[−J03J21(2J03 + 5mT a2)∆12

+2J01J23(J01 + mT a2)∆23]
]
,

Υ37 = −a
[
mT a2[J03J22(−J03 + 2mT a2)∆12 + J02J23(J02 + mT a2)∆23] + J01[J03J22(2J03 + 5mT a2)∆12

+2J02J23(J02 + mT a2)∆23]
]
.

Its determinant is given by ∆
J5

03
(J01+mT a2)5(J02+mT a2)5

, where

∆ = −a2∆12

[
J03

(
J2

03∆
2
12 + J2

02∆
2
13 + J2

01∆
2
23

)
+ mT a2

(
4J2

03∆
2
12 + 3J2

02∆
2
13 + 3J2

01∆
2
23 + 2J03[J02∆

2
13 + J01∆

2
23]

)

+m2
T a4

(
3J02∆

2
13 + 3J01∆

2
23 + J03[4∆

2
12 + ∆2

13 + ∆2
23]

)][
J03(J03 + 2mT a2)∆2

12 + J02(J02 + mT a2)∆2
13

+J01(J01 + mT a2)∆2
23

]
.

Hence, if ∆12 6= 0 or equivalently J12J21 6= J11J22, then the system is locally fiber configuration controllable at the

equilibrium Re = I3.
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