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Finally, we show that the sufficient conditions we have proved are equivalent to the conditions stated in the
lemma. Since A4;(T.) = M ' (Te)Mia(i),i = 1,2, {A;(T.), A2(T.),T.} are linearly independent if and only if
{M12(1), M12(2), M11(T)T.} are linearly independent. Using the expression for M1 and the equilibrium condition,
we have M1 (Te)T. = JT.. Moreover, it is noted that the condition T'e - A;(T'.) # 0 for i = 1 or ¢ = 2 is equivalent
to Iy - [A1(Te) x A3(T.)] # 0. A similar computation as in [21] shows that A;(T'.) x A2(T.) = %[Mm(l) X
Mi2(2)], thus T, - [A1 (Te) X Aa(Te)] = [M11(Te)Te] - m[Mu(l) X Mi2(2)] = JT, - m[]\/ﬁz(l) X Mi2(2)].
This shows that the two conditions are equivalent. O

Case I1.3: three rotors. Following the analysis of the three rotor case in the previous section, we can show
that the system is locally fiber configuration accessible at an equilibrium when the three rotors are independent.
We show that the system also satisfies the good-bad symmetric product condition at the equilibrium. Using an
analysis similar to the proof of Lemma 5.2, we can show that bad symmetric products of degree two and three can
be expressed as a linear combination of lower degree good symmetric products at equilibrium. Then we consider
two cases: 1). T'c is not collinear with any A;(T.), ¢ =1,2,3; 2). T, is collinear with only one of A;(T.), i =1,2,3.
Since {A1(T"), Ax(T"), As(T")} are linear independent, this classification includes all possible cases. In the first case,
we have [[. - A;(Te)]? # ||Ai(Te)||?, i = 1,2,3. Therefore, any (bad) symmetric products of degree higher than
3 can be expressed as a linear combination of Y4, ((V;* : Y/4) : Vi), i = 1,2,3 when evaluated at equilibrium,
as shown in the proof of Lemma 5.2. For the second case, without loss of generality, we may assume that I, is
collinear with A3(T.) only. Moreover, it is clear that if T, - A;(Te) # 0 for ¢ = 1 or ¢ = 2, then any (bad) symmetric
products of degree higher than 3 can be expressed as a linear combination of YiA, i =1,2,3,, <grad V. YZA>, and
<<YZA : YiA> : YA>, i1 =1,2, at equilibrium. Suppose I'. - 4;(T'.) = 0 for i = 1,2. Then

K3

)

{{grad V : Y{*) : YS')(Te) = mra M~ H(T) lr‘e X p+ ﬂ(re [A(Te) x AQ(F@)])F&

*

where p is a suitable vector function and 5 # 0 is a real coefficient. Note that T'. x p € span{A;(T), A2(T.)}
and T - [A1(T) x A2(T¢)] # 0. This implies that any (bad) symmetric products of degree higher than 3 can be
expressed as a linear combination of YiA, 1 =1,2,3, <<grad V: Y1A> : Y2A>, and <<YiA : Y;A> : YZ-A>, 1 =1,2 at
equilibrium. Consequently, the good-bad symmetric product condition is satisfied.

Moreover, the symmetry property of the equilibrium manifold implies that if the above controllability conditions
are satisfied at a spherical body equilibrium, then they are also satisfied on the whole equilibrium manifold. We
summarize these results in the following proposition:

Proposition 5.3. Consider Chaplygin’s top controlled by rotors.

1. Suppose the top is controlled by two independent rotors. If the system is locally fiber configuration accessible
and satisfies the conditions of Lemma 5.2 at an equilibrium, then it is small time locally fiber configuration

controllable and locally fiber equilibrium controllable at the equilibrium and the equilibrium manifold;

2. Suppose the top is controlled by three independent rotors. The system is small time locally fiber configuration

controllable and locally fiber equilibrium controllable on the equilibrium manifold.

5.3 Chaplygin’s Top Controlled by Sliders

We study another case: a spherical robot controlled by n sliders; see Figure 3 for its schematic configuration. In

this case, the shape configuration is @, = R, ignoring sliders’ stroke limits. It is clear that the inertia tensor M
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and the position vector p. are both functions of shape. Hence, M and A are functions of (T, 7).

Figure 3: Schematic configuration of a spherical robot with three sliders

Each slider consists of an ideal mass particle that can be translated along the linear axis of the actuator by a
motor. Let v; denote a unit vector that defines the axis of the ith slider and let r; denote the relative distance
along the axis; let p;o denote the constant position vector from the origin of the base body frame (i.e. the center
of the sphere) to the location of the ith slider’s axis corresponding to zero r;. Hence, the ith slider’s position in
the base body frame is given by p;(r) = pio + riv4, ¢ = 1,--- ,n. Note J; =0, i = 1,---n. Substituting p;(r)’s

expression into the inertia tensor matrix M (r), we obtain

J(r)=Jp — Zmiﬁi(r)ﬁi(r), Jg =Jo —mopopo, Bi(r) = [mivi, -, mavy,
i=1
B, (r) = [m1(p1o X1v1), oy Mup(pno X l/n)], and m(r) = diag{ml7 cee mn}. Hence, B;, B,, m are all

constant. Using these results, we further obtain the expressions for elements in M (T, r):
My (T,r) = Jp— Zmz pi(r)+al ) pi(r)+al)", Miz(T) = [mi{(pio +al) x 1}, -+, ma{(pno +al) x v, }],

and Moy = diag{ml, cee mn}. For the reduced dynamics, the equilibrium manifold is given by {(Re,7)|Te X
pe(re) =0}, where ', = Rl es.
Define the constant matrix £ as £ = my

apacifr) = [mlul, S mnl/n]. It is easy to verify that the term

p*(X,Z)+ p*(Z,X) in the symmetric product formula (22) is given by

(X Z)—i—p (ZX) = a{ [(Evz)-wx—i—(EvX)-wZ]l"— [(pc(r)xI‘)-wZ—l—(EvZ)-F}wX— [(pc(r)xF)-wX—&—(EvX)-I‘}wZ}.

The control vector fields and the gravitational vector field are given in (15) and (16).

Some symmetric products evaluated at equilibrium are

(A yM”
_ aM_l(l"e7 7“) _[mi’/i : Aj (F€7 7") + m;v; - Ai(Fea T)]Fe +m; (Vj : Fe)Ai(Fea 7‘) + mi(Vi : Fe)Aj(Fev T) ’
*
and
<grad V . YA>~ _ —CI,M_l(F ’I“) Fe X [mTpC(r) X Ai(Fe,r) +m11/1]
. 1 €9 0 b
) T, x {mrpe(r) x [l (Tos )T,  (mpe(r) x Ai(Te,r) + mivy)

(grad V: (grad V: Y;*))" = —aM~'(Te,7) +E[—aMyy(Te,7)Te X (mrpe(r) x Ai(Te,r) +mvs)]}

0
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where 4,7 = 1,--- ,n. In fact, let
k A\~ _ |wk(Te, )
<Sygrad vYi ) N L%(Feﬂ“)] ’
for k € Z7T, then

(Syg;r;d VYiA)N — M YT, r) Fe X [mrpe(r) x (—WS(Feﬂ")) + E”k(reﬁ)q .

Hence, the bad symmetric products of degree two evaluated at the equilibrium are
(VA YA = —aM (Do) [2”“([’” el dille,m) = [ Ai“e”‘”“)] . i=1..n
*

Case 1: one slider. The necessary condition for small-time local configuration controllability of the single-
input system (given in the Appendix) requires that [(v - T'¢)A. — (v - Ac)T¢] and T’ X h; be linearly dependent,
where h; is some suitable vector function. This implies that (v -T.)(Ae - T'.) = v+ A.. Consider an equilibrium
(Re,7e) € SO(3) x R. The necessary condition and the equilibrium condition imply that the system is small time

locally configuration controllable only if the following three equations hold
(v-To)[A(Te,re) Te] =v-ATe,1e), Te X pe(re) =0, |[|Te|| =1.

It is clear that the set on the manifold SO(3) x R that satisfies these equations has a zero measure. This means

that the system in the single slider case is generically not small-time locally configuration controllable at equilibrium.

Case 2: two or more sliders. The sufficient conditions for small time local configuration controllability
require that [v; - Te]4;(Te,7) = [v; - Ai(Te,7)]Te for each ¢ = 1,- -+ ,n, and that the union of

{Te X Imrpe(r) x Ay(Ter) + mum, k=1, ,n}
and
{ — [mivi - Aj(Te,r) +mjv; - Ai(Teyr)Te +mj(vj - Te)Ai(Te, ) + mi(v; - Te)Aj(Teyr), i#34, 4,5=1,-- 7n}

span R? at the equilibrium, as well as local configuration accessibility conditions at this equilibrium. Note that
the condition [v; - Tc]A;(Te,re) = [V - Ai(De,re)]Te for each ¢ = 1,- -+ ,n implies that {A4;(T¢,r.), i =1,--- ,n} are
collinear with T',. This does not generally hold if any two columns of M15(T.) are linearly independent. If this is
the case, the sufficient conditions fail to show small time local configuration controllability and local equilibrium

controllability.

These results suggest that the slider-driven spherical robot model is more difficult to control.

6 Motion Planning for Chaplygin’s Sphere and Top using Rotors

We introduce some notation. Let X(g,t) be a time-varying function, we use X(¢,t) to denote its time integral,

that is X (q,t) = fot X(q,7)dr.

6.1 Motion Planning for Chaplygin’s Sphere using Rotors

We look at Chaplygin’s sphere controlled by n rotors. In this case, the center of mass of the system coincides with

the center of the sphere so that there is no gravity acting on the system. The sub-system (33-34) on SO(3) X Q5 is

o] - e )
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or equivalently

5] = armaay [tk ey [0 A

Let control us, = eA(I')a, where @ is new control and € > 0 is a small number, we obtain Y (I',t) = e Y| Y;(I')a;(¢),
—A;()
e

‘ } Following Bullo’s series

where Y;(T') is control vector field corresponding to @; given by Y;(T') = [

expansion [5]

{jgﬂ V(1) - %W@, b+ %W+ O(eh),
we have . .

W] _ s 1 .

{f(t)] *;Yi( €3 2:: (Vi 2 Y5) (D)asti (1) + O(e?), (35)
where

(Y; YD) = [‘é‘im} DA;(T), DAy =A"! [%?f (A; x T) + %(Ai X r)]

Expanding the series around the equilibrium I', , we further have [20]

[c:((g] :62":{_/1 ]_ H e Z { rme T, xA]emm)] N {—ﬁim] DA ()] + O,

i=1 i,j=1

We introduce another control transformation @&« = v — 62?]’:1 DA;;(T)v;uj, where v = (vy,--- ,vy) is control

function. Thus we obtain
n 8141@ n
w(t) =€) —AiTit +622 ZAJS )+ 0(), F=e€) emi(t)+O(e*).
i=1 i=1

In the following, we determine the control function v (and hence the original control uy) so as to achieve a maneuver

between equilibrium configurations.

6.1.1 Approximate Solutions for Sphere Configuration

We use the classical perturbation technique to obtain approximate solutions which provide us a map between the
control function v; and configuration and velocity solutions. Suppose w(t) can be written as w(t,e) = Y2, €'w;(t),
where w;(t) is the i-th order approximation of w. An approximate solution for R expressed in the exponential
coordinates (i.e. R(t) = Ree®) is z(t,€) = Y07 €'%;(t), where z1(t) = w1 (1), 22(t) = 3©1 X wi(t) + Wa(t), and
so on. See [20] and the reference therein for more details.

~k
We further obtain a series expansion for I' = RTe3. Since R(t) = Re Y ey = k(,t), we can write R as

2122 + /2\221 Z%

R(t):Rc[I+621(t)+6 <22+ 2|)(t)+e3<33+T+ 3,)( )] +O(b).

Using this result, we have

Iexz) x 2
r = I. +6<I‘e X 21>(t) +52(Fe X 29 + (62#)(2?)
T, X 29) X 21 + (Te X 21) X Te X 21) X 2] X
+é (Fe x gy + LeX22) X2 21< a)xz N 21)31 2 Zl)(t) +0(e).

Similarly, we obtain a series expansion for . Since
& = —ae3z X R(t)w(t)

= —ae3 X R, [I +ez1(t) + € (22 + 51 )(t) + 0(63)} {ewl(t) + 2wy (t) 4+ Sws(t) + 0(64)}

X X
= —ae3z X Re [ewl(t) + 62 <w2 + 21 X wl)(t) + 63 (u}3 + 21 Xwy + 29 X w1 + W)(t) + 0(64):|,

23



thus z(t) = ¢ + ex1(t) + x2(t) + w3(t) + O(e?), where
.131(75) = —ae3z X R, (t), .Z‘Q(t) = —ae3z X R, (@2 + 21 X w1> (t)

Substituting the above results into eqn.(35) and equating the orders of €, we obtain the approximate solutions as

follows:
1). The order of e:

- Z Aieii (t)’ 21 (t) = Z Aieﬁi (t)v Z1 (t) =aeg X Re ( Z Aie%i (t)) )

where A;e := A;(T.);
2). The order of €%

n

” 8AZE = —
woft) = 322 x (Y A )fm(h),

i=1 j=1

1 - 81415 - = _
a) = 3 Z Aje X Aj0i(t) + Y o0 [Fe % O~ A)Tm(),

=1 i=1 j=1
- 11—
xo(t) = —aes X Re (Eg + 21 X w1> (t) = —aes X Re (zz + =1 X w1> (1),
2
where % = 8%1-131“) Ir=r, .

We compute 8’%‘1@) as follows. Since A;(T") = M;;"(I')Mi2e;, we have

dA;() oMy (D)

OMy; (T
= My = —Mﬁl(r)iﬂ( )

oMy (T)

My (T)Myse; = =M (T)

or or or or
Note that Bﬂg}li(m = —mra? [é}f + fé}], 1=1,2,3, we obtain
oA;(T) [OAi(F) 9A,(T) aAi(r)}
aI‘ - ory o'y 8F3

= mra® My (T) [ 250 4,1) 20 4 ) 2O 4 r)]

Finally, we obtain the following approximation up to order of €2:

Po= ey emi(t)+O(ed),
i=1

n Ale n _
w(te) = €Y Autlt) + ¢ Z O [P x (3 Ay )5,54(0) + O,
i=1 j=1
= = 2 =_ /N 1 814 = = 3
Aty = € AuTi(t) +e { > DA+ Y [5Au X Aie+ ST x A vj(t)} +O(e%),
i=1 1<i<j<n 1<j<i<n
w(tie) = —aes x Re(EEa(t,e) + 5[ S A x AeGT 0 —TmO) + Y. Age x AT (1)] ) + O(),
1<i<j<n 1<j<i<n
where oA, oA
DAjje = Aje X Aje + =2 a0 “(Te X Aje) — a—lje(l“e x Aje)

is the curvature of the connection A;. These approximation results can be used for motion planning design.
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6.1.2 Motion Planning for Chaplygin’s Sphere using Three Rotors

In this section, we study the case where Chaplygin’s sphere is controlled by three independent rotors, i.e.,
rank{ M2} = n = 3. This suggests A;(I"),i = 1,2,3, are linearly independent for all I". As shown in Section
5.2.1, the sphere configuration, i.e., its attitude and planar position, is controllable at equilibrium using the three
rotors. The motion planning algorithm to achieve fiber configuration maneuvers is given as follows. This algorithm

also guarantees equilibrium conditions at final instant, e.g., zero rotor speed.
Assume the final attitude and final position of the sphere are given by ez; and ex; = e(zs1,22,0) (without
loss generality, we assume the initial position is at the origin). Define
DA, = [DA126 DAz DA23e] , Pe= [Ale X Age  Are X Aze  Age ¥ AS@] .
and choose Ty € R3 to satisfy 2y = —ae3 x R.T; note that P, is invertible and Z¢ is not unique.
Let [0, T] be a given time interval, where T' > 0. Using the approximation formula at the end of the last section,
we may divide the motion planning task into two sub-tasks: in the first half time interval [0, %}, the second order

terms proportional to U_i(Q)U_j — v_i(2)v_j,i < j, are used; in the second half time interval [%, T}, the first order terms

are used. That is,

1. Find controls v;(t), ¢ € [0, %], i =1,2,3 that satisfy the following boundary conditions

U’L(E):O7 vi (5):07 7’:172337

T g
0% w0m wmOn) (5) = P - ),
)

where we use the fact that 5;)7; — v_i(Q)v_j(%) = 2U_i(2)1}_j(% when 69(%) =0;

2. Let R(T/2) = Reexp ([DAP; (T — z5)]"). Find controls v;(t), t € (£,T], i = 1,2,3 that satisfy the
following boundary conditions
5i(T) =0, i=123, |:5§2) 552) @?)} (T) = A_I(F)|F:RT(T/2)63 [Zf - DASPe_l(jf - Zfﬂ

This algorithm leads to #(T') =0, w(T) =0, 2(T) = zf, *(T) = x¢. The errors at the final instant 7" are in O(€?).

Now we give specific control functions that accomplish the two sub-tasks. Suppose T' = 47 so that % = 2m.
Consider the first sub-task. If Zf — zy = 0, then we choose v;(t) = 0. Now look at the case where Ty — zy # 0.
Without loss of generality, we assume the first element of P."'(ZT; — zf) to be nonzero. Consider the following

control functions defined on ¢ € [0, 27|
v1(t) = aq[sint — ky sin(k1t)], v = ag[cost — ko cos(kat)], vs = agyi[sint — ksy sin(ks1t)] + asa[cost — ksa cos(ksat)],

where ki, ko, k31, k3o are distinct positive integers greater than one (but k3; and k3p can be identical), and
a1, as,az1, aze are amplitude coefficients to be determined. It is easy to verify that 7;(27) = 0, @(-2)(277) =0,¢=
1,2, 3, and

'U_l(Z)’U_Q(Zﬂ') = —ajasT, 71(2)%(2%) = —ajass, 0_2(2)%(271') = Qo3| T.

Note that in the last condition, we have three equations but four variables. This allows us to choose these variables

such that an objective function a? + a3 + a3, + a3, is minimal. This function has the physical meaning that
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the magnitudes of the control functions are minimal. Let 1P }(Z; — z5) = (v1,v2,13)7, it is easy to see that

1
2 2 2 1 . ..
a) = (%) results in the minimum. Then we choose ay = —v1/a1, asy = —va/a1, as1 = vs/az, where
1 3

as # 0, then the boundary conditions are satisfied. In the second sub-task, we may choose
vi(t) = b;sint, te€ [2m4n], i=1,2,3.
It is clear that T;(47) = 0, 5§2)(47T) = 27b;. Therefore, (b1, by, b3)" = 5= A"HD)|r_pr (7/2)e, 2§ —D APy (T —25))]

satisfies the boundary conditions.

Example. Consider Chaplygin’s sphere controlled by three rotors. The inertia matrices are J = diag(5,5,5),

and
1.0 0.1 0.1
Ma= (0.1 1.0 0.1|, Mass = diag(1.0,1.0,1.0).
0.1 0.1 1.0

The total mass of the system is my = 2 and the sphere’s radius is a = 1. For illustration, we design two maneuvers:
pure rotational maneuver without changing the sphere’s initial position, and pure translational maneuver without
changing the sphere’s initial attitude. Clearly, any sphere maneuver can be written as a combination of these two

maneuvers. Assume the initial attitude R(0) = Is and initial position x(0) = 0.

Pure Rotational Maneuver. In this maneuver, the desired final configuration is given by z; = (0.006, —0.006, 0.006)

and x5 = (0,0), and T = 4w. We choose Ty = (0,0,0) and the other control parameters are chosen as
a1 = 0296, ag = 03255, azp = 702212, azg = 01749, kl == 4, kg == 3, k31 = k32 =2

and by = —0.0115, by, = 0.014, b3 = —0.0136. The time responses of the exponential coordinate z and the position

x are given in Figures 4-5. Simulations show that the final configuration is given by
2(T) = (0.0061, —0.0061, 0.0057), z(T) = 1.0 x 1073(—0.1365, —0.9076),

and [|w(T)|oe = 1.212 x 1072, [|#(T)][0c = 8.254 x 1075,

time (sec)

Figure 4: Time response of the exponential coordinate z: pure rotational maneuver

Pure Translational Maneuver. In this maneuver, suppose the desired final configuration is given by z; =
(0,0,0) and ¢ = (—0.0025,0.0025) at T" = 4mw. We choose T = (—0.0025, —0.0025, —0.00075) (to make the control

magnitude small), and the other control parameters are determined as
a1 = ag = 01333, az1 = azg = 702455, ]Cl = 27 k'2 = 3, k'31 = ]{132 = 4, b1 = b2 = 700017427 b3 = 70000726

The time responses of the exponential coordinate z and the position = are given in Figures 6-7. Simulations show
that the final configuration is given by

2(T) = 1.0 x 1073(0.0768, —0.1041, —0.0437), «(T) = (—0.0027, 0.0022),
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Figure 5: Time response of the sphere position z: pure rotational maneuver

—0.02 -y TR S ~ : -

—o.06

time (sec)

Figure 6: Time response of the exponential coordinate z: pure translational maneuver
and ||w(T)||eo = 6.098 x 1075, ||7*(T)]]oo = 4.45 x 107°.

6.2 Motion Planning for Chaplygin’s Top using Rotors

In this case, the reduced equations of motion on SO(3) x Q; are

M(T) m = {mT‘lN(Rw) + 55 X e mral(pe x T) -w]w] N [mTagOF x pc} N {o} |

where N(I',w) = a(T" - w)T’ X w — (pe X w) X (I’ X w) — pe X (w x (' X w)), or equivalently

M — M) [mmmr,w) + % x @+ mral(p. xT) w}w} ) [mT%F x pc} + [—Am} AN D),

where p, is constant. Choosing us = A(I")i, we obtain

~ _ pp-1 I' % pe > | 0 C
grad V> =M (F)mTag{ 0 , Y= e =M (T) AT i=1,---,n.
Symmetric product computations show that
<grad V . }/;>N(Fe) — M_l(Fe) |:Fe X (p(cJ X Ale):| , <)/'Z . }/j>N(1—‘e) — |:_"4](Fe):| DAije-
n
Therefore according to [20], we introduce
n n
uU=0v— ZM21(F6)[F€ X (pc X Aze)]%z + € Z DAZ‘]‘(FC)EI‘??’,
i=1 ij=1
where v = (v1,- - ,vy,) is control function. Thus we obtain
n n 8A n
w(t) = e; [ = Aiti(®) + MG T x (pe x Ai)[5 ()] + €2 ; Spo[Le (; Aj)Joui(t) + O(et”),
ro= ez ei0i(t) + O(et®)
i=1
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Figure 7: Time response of the sphere position z: pure translational maneuver

We further have

n

2t = €D [ = Alilt) + M (COITe x (pe x A)n V)] +{ " DAGTw;(0)

i=1 1<i<j<n

1 0A;, —
+ Z [§Aje X Aie + arj (Fe X Aie)]iz‘ﬁj(t)} + O(€t6),
1<j<i<n
2
- _ = € , B o . == 6
z(t,e) = aes X R, (Zz(t,e) + 3 {K;Ql Aje X Aje(T;0;(t) — 0;T,(F)) + 1<j;<n Aje X A0 (t)D + O(et®),

In the following, we assume that the top is controlled by three rotors. Using the above formulas, we obtain a

motion planning algorithm similar to that for Chaplygin’s sphere:

1. Find T; satisfying 0 < Ty < T and controls v;(t), t € [0,T1], ¢ = 1,2, 3 that satisfy the following boundary
conditions

5,(Ty) =0, v2(Ty) =0, v¥m)=0 oYM)=0 i=1,23,

and

m w0 B0 () = PCE - ),

2. Let R(Ty) = Reexp ([DA.P; Ty — zf)]"). Find controls v;(t), t € (T1,T], i = 1,2,3 that satisfy the

following boundary conditions
ﬂi(T) =0, i=1,2,3, [5(12) 79) 5;(32)} (T) = A_I(F)|F:RT(T1)63 [Zf - DA@Pe_l(ff - Zf)]

This algorithm leads to #(T) = 0, w(T) =0, 2(T) = z¢, z(T) = xy. The error for the configuration is in O(eT?)
and the error for the velocity is in O(eT3).

Specific control functions are given below to achieve the two sub-objectives. Choose w, such that w,T; = 2.
Consider the first sub-task. If Ty —z; = 0, we choose v;(t) = 0. Now look at the case where T —zy # 0. As before,
we assume the first element of P.'(Zf — z¢) to be nonzero. Consider the following control functions defined on
telo,2r]

vi(t) = ajwy ([Sin(wvt) — 23sin(2w,t)] — %[33 sin(3w,t) — 43 sin(4wvt)]),
va(t) =  aswylcos(wyt) — 52 cos(5wyt)],
v3(t) = aziwy ([Sin(wvt) — 33 sin(3w,t)] — ;[23 sin(2w,t) — 4° sin(4wvt)]> + agaw, [cos(wyt) — 5% cos(5w,t)],
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where a1, as, az1, aszs are amplitude coefficients to be determined. Let T} = i—:, it is easy to verify that ﬁgk) (Th) =

0, i=1,2,3, k=1,2,3,4 and

o — 1049 o — 14327 o — a2a31T
T TR(Th) = - 1,22 , wn(M) = =, mOn(n) = QJQI :
In the second sub-task, we choose
2m 2 2
vi(t) = by sin(@,t), te[—, 4+, i=1,2,3.

Wy Wy Wy

which implies that T' = i—:”rg—:r It is clear that 552) (T) = é—’fbl Therefore, (b1, ba, b3)T = g’—;A’l(I‘)|p:RT(T/2)e3 [2p—
DA P (T — z¢)| satisfies the boundary conditions.

Example. Consider Chaplygin’s top with the same mass and inertia values as those in the previous Chaplygin’s
sphere example. The position vector of the center of mass is given by p. = (0,0, —0.1). The equilibrium manifold
is characterized by {(R,7)|l' = RTe3 = +e3, ¥r € S x S x S}. As before, we look at two typical maneuvers: pure
rotational maneuver and pure translational maneuver. In each maneuver, the final configuration must be in the
equilibrium manifold, that is, Ry must satisfy R}Feg = +es. For the pure rotational maneuver, this implies that the
final I" is equal to £e3 or zy = Aes for some A € R. Therefore, x ¢ is always zero as desired. This observation allows
us to simplify motion planning design for this maneuver: the first sub-task can be skipped, and it is sufficient to
consider the second sub-task only to accomplish a pure rotational maneuver. As an example, we assume that the
desired final configuration is given by zy = (0.0,0.0,0.1) and x5 = (0,0), and T' = 0.1. We choose &, = 207 and
by = —0.463, b = 0.463, b = —5.0925. The time responses of z and x are given in Figures 8-9. Simulations

show that the final configuration is given by
2(T) = (0.00, 0.00, 0.10), z(T)=1.0 x 1077(—0.1043, —0.0129),
and ||w(T)||eo = 1.484 x 10714, ||#(T)||eo = 6.177 x 10714,
To illustrate the pure translational maneuver, we assume that the desired final configuration is given by z5 =
(0,0,0) and 2 = 107° x (—0.1,0.1), and 7' = 0.5. We choose w, = 57, @, = 207, a1 = ag = 0.0547, a3y = azs =
—0.0581, and by = by = —0.3887 x 1074, b3 = —0.524 x 10~*. The first sub-task is accomplished when ¢ € [0, 0.4]

and the second sub-task is accomplished in the remaining time. The time responses of z and x are given in Figures

10-11. Simulations show that the final configuration is given by
2(T) = 1077 x (0.2927, 0.0919, —0.040), z(T) = 107" x (—0.1001, —0.0976),

and [|w(T)]|oe = 8.489 x 1078, ||#(T)]|0e = 5.286 x 10~ 7.

7 Conclusions

Local configuration/equilibrium controllability and motion planning have been studied for a class of constrained
multibody systems controlled via internal actuators. The system dynamics depend on an advected parameter and
fit the framework of the Euler-Poincaré equations. As an example, we consider a controlled multibody spherical
robot that can be modeled as a Chaplygin’s sphere or a Chaplygin’s top. Specific controllability and motion

planning results are obtained for the spherical robot controlled by rotors or sliders, which illustrate the theory.
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Figure 8: Time response of the exponential coordinate z: pure rotational maneuver
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Figure 9: Time response of the sphere position z: pure rotational maneuver

8 Appendix

8.1 A Necessary Condition for Small-time Local Configuration Controllability of
Single-Input Mechanical Systems

Consider a single-input simple mechanical system on a manifold @. Let ¢ = (g1, - , g») be local coordinates. The

% [Z] N [—F(q;z, q‘ﬂ " [Yﬁqﬂ * [Yﬂqﬂ " (36)

where I'(¢, ¢) has components F;-k(q)qjqk (i.e. F;k(q)’s are Christoffel symbols), Y, (g) denotes a potential vector field

equations of motion are

on @, and Y, (q) represents a control vector field on @ for the single bounded control input u(¢) € R. Furthermore,
all the vector fields and components of I" are assumed to be analytic. Using the lift notation for the potential vector

field and the control vector field, we denote the vector fields in eqn.(36) as
Z, = LFC] )} L fy=Yi g =yl
We introduce the following symmetric product operator sy’ffg Y, for notational convenience:
syg)/gYa =Y, sy%,gYa = <Yg : Ya>7 sy];,jlYa = <Yg : sygﬂnga>, kezZt.

Assume that ¢. is an equilibrium for the system in eqn.(36). This implies Y;(¢ge) = 0. The necessary condition is

given as follows.

Lemma A.1. Let v, = 04, be an equilibrium of the mechanical system (36) where Y;(g.) = 0. The system is

small time locally controllable and small time locally configuration controllable at 0,4, only if

(Yo s Ya)ae) € span{Yala), syb, Yalao), - sv% Valao) .
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Figure 10: Time response of the exponential coordinate z: pure translational maneuver
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Figure 11: Time response of the sphere position x: pure translational maneuver

Proof: The proof follows from Lewis’s result for single-input mechanical systems without potential [14], which
is an extension of Sussmann’s necessary condition [24] for single-input analytic nonlinear systems. This necessary
condition says that a nonlinear system on x € R” is small time locally controllable at an equilibrium z. only if

l9,[f, 9] (ze) € span{f,g, ad;g,Vi € Z7}(z.), where f and g are drift and control vector fields, respectively.

For the system (36), f = Z,; + f, is zero when evaluated at v, = Oq4,. Furthermore, the Lie brackets of the
vector fields Zg, f4, g have special structure. Some useful facts shown in [16] are

i i i lift i
[fgvga} =0, [ZmY; ft](oqe) = _Ya(Qe)a [Xl ft, [ZgaYal ft]] = <X : Ya> s angXI ft(Oqe) =0, k2>2,

where X is a vector field on . Using these facts, we obtain
i lift
adfga = [f, 90l = [Zg + fg,9a] = [Zg, 90] = [Zmyal ft}v adffga =12+ [9,1Z4,94)] = 8LdQZgga + <Yg : Ya> )
where ad%gga(oqe) = 0. Hence, we claim
2k—1 k—1y )\ okt 2k k HEE ook +
ad?"" "ga = [Zg, (syyg Ya) [ +Y" (vy), adi’ga = (Synga> +Y*(vg), keZ™,

where Y2#=1 and Y2¥ are vector fields on @ and become zero when evaluated at vg = 0g, .

We show the claim by induction on k. For k = 1, the previous computations have shown the claim holds. Now
assume the claim is true for 1,2,--- , k where k > 1. We then consider the case of k+ 1, where we need to compute
ad?p’”'1 g and ad?(kﬂ) Jda- By the induction hypothesis, we have

. lift -
ad? g, = [Z,+ fg,ad;kga]:[zg+yghft,(sy§qya) |+ (2, + Y™ V2
lift . ~

= g, (sy8,Ya) 1+ (2, + Y7

lift. -
= [Z,, (sylf/gYa) |+ Y2k+1(vq)
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where Y21 (v,) = [Z,+ V)i Y2F](v,). Note that Z,(04,) = 0,Y](0,,) = 0 and Y?#(0,,) = 0, thus Y2+1(0,,) =
(Zg + Yg“ft7 Y?¥](0,,) = 0, following the local coordinate expression of Lie bracket operation. Similarly,

. ) lift o
ad?(kﬂ)ga _ [Zg+Y£]l1ft,ad?ck+lga] _ [Zg_,’_i/;]llft’[zg,(syl;/gya) ]]+[Zg+Y;1ft’Y2k+1]

) lift . lift T
= 2 (58, Ya) 0 (20 1, (598, Ya) )4 (2, 4+ Y5 V2]

; lift . ~
_ <Yg : Syéc/gya>l ft + adzzg (sy’f,gYa) + [Zg + Ygllft’ Y2k+1]
lift -
= () 7y

. lift o
where Y21 (y, ) = adQZg (sy@q Ya) (vg) + [Zg + YT V2K (1g) is zero when evaluated at vy = 0Oy, . This com-

pletes the proof of the claim.

We return to the proof of the lemma. Note that

i i lift
[gav [fa ga” = [gaa [Zgﬂgaﬂ = [Yal ft> [Z97Y; ft“ = <Ya : Ya> .
Evaluating the above brackets at v, = 0, and writing them in matrix form, we have

0

ket
sy%Ya(qe)]’ ©

. 0 2k—1 - —Syl;/_lya(Qe) 2k o
[gaa [fa ga]](o%) - |:<Ya . Ya>(q«e):| 9 adf ga(OQe) - |: gO bl adf ga(oqﬁ) -
Consequently, Sussmann’s necessary condition is equivalent to

. k +
9
(Yo : Ya)(qe) € span{Y (ge); syy,Ya(qe), k€Z }

Moreover, since Yy(g.) = 0, using the local coordinate expression of symmetric product operation, it is clear that
<Yg : X>(qe) = %(qe)X(qe), where X is a vector field on Q). Using this observation and defining A = 83—?((]6), we
obtain sylf,y Y.(qe) = A*Y,(q.), k € ZF. By Cayley-Hamilton Theorem, A'Y,(g.),l > n is a linear combination of

AY,(qe)’s, 0 < j < n — 1. Hence, Sussmann’s condition is equivalent to

<Ya : Ya>(Qe) € Span{Yg(QE)a SYYgYa(qe)7 T Syr;glya(qe)}'
Following the argument of [14], we see that this condition is also necessary for small-time local configuration
controllability. O
8.2 Local Configuration Accessibility Test for Chaplygin’s Sphere

This section provides details of Lie bracket computations for local configuration accessibility test for Chaplygin’s

sphere controlled by two rotors in Section 5.2.1. Define
Arg = JiaJor — JinJaz, Az = JizJor — Ji1Jaz,  Agz = JizJag — Ji2Jas.

The vector fields evaluated at R, = I3, where I', = eg3, are

r Ji1 ] B J21

" Joitmra? " Joit+mraZ —Jo1A93
___Jia __Ja TuA
J02+mTa2 J02+mTa2 02213 )
_ s _J2s _
-1]03 603 X [Jos + 2(7)71Ta A1z
—A —A A A
Yy (Re) ~ 0 s Yo (Re) > 1 s Y1, Y5 (Re) ~ _1 0 )
—aJiz —aJaz 2J, mra?]A
TostmraZ Tortmaa? [2Jo2 + mr 2] 13
__aJin _ ___aJn [2J01 + mra ]A23
2 2
Joi+mra Jor1+mra 0
i 0 ] i 0 ] L i
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where A; = J03(J01 + mTaZ)(Jog + mTa2),

—A —A —A 1 T
Y, Y, Yo l(Re) = Ay [Tor T Yoz 0 0 Ty YTor 0],
where
AQ = Jgg(J()l + mTaz)z(Jog + mTa2)2,
Tor = —2mra®JisJial12 + Jo1[JosJ12(Jos + 3mra®)Ara + JoaJ13(Jo2 + mra®)Aqs],
Yoo = 2mra®JizJiiArz + Joo[—JozJ11(Jos + 3mra®)Ars + Jo1 J13(Jor + mra®)Aqs),
Yoz = —4mia*(JooJ11 + Jo1J12)Ars + miat Jos[J13(Ji1dor + Ji2Jaz) — Jos(J3y + J5o)]
—(J3y 11 + JGJ12)[Jos + mra®]Ags,
Tos = a[mTaz[Jolel(Jos —2mra®) Az + Jo1J13(Jo1 + mra®)Aos] + Joo[—JozJ11(2Jos + 5mra®)As
+2Jo1J13(Jo1 + mTa2)A23ﬂu
Yo = —a |:mTa2[J03J12(7J03 + 2mra®) Az + Jo2J13(Joz2 + mra®) Ass] + Jo1[Joz J12(2Jos + 5Smra®) Ay
+2Jo2J13(Jo2 + mTGQ)A23]} ;
and )
—A —A —A T
Yo, [V, Y5 [[(Re) =~ As [Ts1 Yso Tsz 0 0 T Tar 0],
where
Az = J&(Jo1 +mra?)?(Jog + mra?)?,
Ts1 = —2mra®JisJeals + Joi[JosJaz(Jos + 3mra?)Ara + JoaJaz(Jo2 + mra®)Aqsl,
Ts2 = 2mra®JisJa1 Az + Joo[—JosJo1(Jos + 3mra®)Ara + Jo1Joz(Jo1 + mra®)Aqs],
T33 = —4771,%(14((]02(]21 —+ J01J22)A13 —+ m%a4J03[—J23(J11J21 + J12J22) + J13(‘]221 + ‘]222)]
—(JZyJ21 + JZ T22)[Jos + mra®]Ars,
Tss = a[mTGQ[Joanl(JO?, —2mpa®) A1z + JorJoz(Jo1 + mra?) Ags] + Joo[—JozJ21(2Joz + Smra?)As
+2Jo1J23(Jo1 + mTaz)Azs]} ;
Ts7 = —a {mTaz[Jo3J22(—J03 + 2mra®) A + JooJas(Joz + mra?)Ass] + Joi1[JozJo2(2J03 + bmra®)Ags
+2Jo2J23(Jo2 + mTGZ)AQB]} .
A

Its determinant is given by 73 25 where

3(Jo1+mra?)®(Joz+mra
A= —a’Aps [Jog (J33A§2 +JRAZ ngAgg) + mra? (4J§3A§2 +3J2,A2, + 304 A2y + 2J03[Joa A2 + J01A§3])
+ma (3J02A§3 4 3J01 A2, + Jos[AAZ, + A2, + Agg])} [Jog(Jog + 2mra®) A2, + Joo (Joz + mra?) A
+Jo1(Jo1 + mTGQ)Agg} :
Hence, if Ajs # 0 or equivalently JioJo1 # J11J22, then the system is locally fiber configuration controllable at the

equilibrium R, = I3.
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