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Abstract : In this paper we show that the canonical correlations betwee
the state space and the future input space of a (minimal) stochastic system
with inputs, are maximized (equivalently the canonical angles are minimized)
when the zeros of the spectral density of the input process cancel exactly the
poles of the deterministic component of the system. This result is relevant
in the analysis of subspace identification with inputs.
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1 Introduction

Let y = {y(¢)}, u = {u(t)} be m and p-dimensional zero-mean second-order
stationary random processes admitting a representation by a linear stochastic
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system of the form

{ x(t+1) = Ax(t)+ Bu(t) + Gw(t) (1.1)
y(t) = Cx(t)+ Du(t) + Jw(t) '

where A, B,G,C, D, J are constant matrices, {x(t)} is the state process of
dimensions n, and {w(t)} is a normalized white noise process. We shall
assume that there is no feedback from y to u, see e.g. [3, 12, 17| for a
discussion of this concept. This implies that the processes {u(¢)} and {w(¢)}
are completely uncorrelated.

The system (1.1) is then called a stationary stochastic realization of the
output process 'y with input u [17, 6, 16]. There are always infinitely many
such linear representations of y, which are equivalent up to (conditional)
second-order statistics. A realization which is unique up to change of basis,
is the so-called “innovation representation”

{ x(t+1) = Ax(t) + Bu(t) + Ke(t) (1.2)

y(t) = Cx(t)+ Du(t) +e(t)

where the white noise {e(¢)} has the meaning of (stationary) one step pre-
diction error of {y(t)}, given the infinite past history of {y(¢)} {u(¢)} up to
time t — 1.

For obvious reasons, it will be convenient to assume throughout that
the realization (1.2) is (stochastically) minimal, in the sense that the state
dimension, n, is the smallest possible. This implies in particular (but is not
equivalent to) that the triplet {C, A, [B K]} is minimal in the usual system-
theoretic sense.

In this paper we shall give for granted that the reader is familiar with
canonical correlation analysis and with the concept of principal (or canonical)
angles between subspaces spanned by zero-mean random variables. See e.g.
2, 1]. We shall be interested in computing certain (canonical) angles between
the state space and the future input space of the system (1.2). The motivation
for this problem comes from subspace identification, since as discussed in
5,9, 4], these angles play an essential role in the conditioning analysis of the
subspace identification problem, and are related to the performance (e.g. the
asymptotic variance of the estimates) of subspace identification methods.



1.1 Notations

Boldface symbols will denote random quantities. For —oo < t, <t < T <
+o00 define the Hilbert spaces of zero-mean (square integrable) random vari-
ables

Uy = spanfuy(s); k=1,....p, tg<s<t}

y[tg,t) = W{Yk(s)a k= 17 co,my g S s < t}

where the bar denotes closure in mean square, i.e. in the metric defined by
the inner product

(&mn) = E{{n} (1.3)

the operator E denoting mathematical expectation. Similarly, let Uy, ), Vi, 1)
be the respective future spaces up to time T’

Uy = span{u(s); k=1,...,p, t <s<T}
Vi,r) = Span{yi(s); k=1,....m, t<s<T}
By convention the past spaces do not include the present. When ty = —o0

we shall use the shorthands U;, J;” to denote the Hilbert spaces U_, 1), V|—cc,t)-
of random variables spanned by the infinite past of u and y up to time .
Subspaces spanned by random variables at just one time instant (e.g.
U 1), V1), ete) are denoted simply as Uy, )y, etc. while for the spaces
generated by the whole time history of u and y we shall use the symbols U,
Y. We shall take H := U vV Y (the V denoting closed vector sum) as the
ambient space, of all random quantities considered hereafter.
All through this paper we shall assume that the input process is “suffi-
ciently rich”, in the sense that Uy, ) admits the direct sum decomposition

Ui, 1) = Uito,ny + Uy, o<t <T (1.4)

the + sign denoting direct sum of subspaces. The symbol & will be reserved
for orthogonal direct sum. Condition (1.4) can be found expressed in various
equivalent forms in the literature, see e.g. [19, formula (10)]. Also various
conditions ensuring sufficient richness are known. For example, it is well-
known that for a full-rank purely non deterministic process u to be sufficiently
rich, it is necessary and sufficient that the determinant of the spectral density
matrix @, should have no zeros on the unit circle [13].

The symbol E [-|A] will denote (wide sense) conditional expectation, i.e.
orthogonal projection onto the subspace A C H, orthogonality being with



respect to the inner product (1.3). To streamline notation we shall sometimes
also use the symbol E4[]; in particular, EA-| 5 will denote the restriction of
the orthogonal projection to the subspace B.

2 A decoupled canonical form

Let U~ be the orthogonal complement of U in 4/ V). The stochastic processes
yq and y,, called the deterministic and the stochastic component of y, defined
by the complementary projections

yat) = Ely(t) | U] ys(t) :=y(t) - Ely(t) |U] = Ely(t) | U] (2.5)

are obviously uncorrelated at all times. It follows that y admits an orthogonal
decomposition as the sum of its deterministic and stochastic components

y(t) = ya(t) + ys(t) Ey(t)ya(r) =0 for all t,7.

It is easy to see that, under absence of feedback, y, is actually a causal linear
functional of the input process, i.e.

ya(t) = Ely(t) [ U] teZ

see [17], and is hence representable as the output of a causal linear time-
invariant system driven only by the input signal u. Consequently, y4(t) is
also the ”causal estimation error” of y(t) based on the past and present
inputs up to time ¢, i.e.

ys(t) == y(t) = Ely(t) | U] (2.6)

Since, under absence of feedback, u and w are uncorrelated, the deterministic
and stochastic components of a process represented by a state space realiza-
tion of the type (1.1) are represented by (generally non minimal) individual
state space realizations, obtained by setting u = 0 and w = 0 in (1.1), or,
equivalently, e = 0 in (1.2).

The input-output relation of the innovation model (1.2) has the familiar
formy = F(2)u+G(z)e with “stochastic” and “deterministic” transfer func-
tions F(z) = D+C(2I —A)"'B and G(z) = I+ C(2I — A)"'K. Note that in
these formulas the transfer functions are parametrized by the same dynamic
parameters A, C' and therefore need not be represented minimally. This is
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essentially the well-known ARMAX parametrization, most often considered
in the identification literature. In most practical cases, however, unless there
are known “physical” disturbances entering the system from the same input
channels as u, the stochastic and deterministic dynamics will be different.
In this case F(z), G(z) are parametrized by non-minimal realizations and
cancellations leading to subsystem transfer functions of individual degrees
ng, Ns, sSmaller than the overall dimension n in general occur.

The innovation representation of y can be split into the parallel a ”deter-
ministic” state-space model for y,

Xd(t + 1) = AdXd<t> + BdU(t> (27&)
ya(t) = Caxq(t) + Du(t). (2.7b)

and the innovation representation of y,

xs(t+1) = Agxs(t) + Kees(t) (2.8a)
ys(t) = Csxs(t) +es(t) (2.8b)

where e4(t) is the one-step prediction error of the stochastic component y;
based on its own past, i.e. the innovation process of ys. Hence, the process
y has a “canonical” block-diagonal innovation realization

{idg:” - H)d /” [’;dﬁii ] +[%d}u<t)+[[gs}es((2)9a)

y(t) = [Cq Cy] { < ; } + Du(t) + e4(t) (2.9b)

where x4(t) and x4(t), are the deterministic and stochastic components of
the state, mutually uncorrelated at all times. There is a nonsingular change
of basis bringing (1.2) into a decoupled form of the type (2.9)!. In the input-
output relation of (2.9), the transfer functions can then be parametrized as
F(2) =D+ Cy(2I — Ay) "' By and G(z2) = I + Cy(2I — As) ' K.

In general it may happen that, even if the realizations of the stochastic
and deterministic components of y are individually minimal, the joint model
is not, as there may be a loss of observability due to the presence of common

!Just consider any choice of basis in the state space, coherent with the orthogonal
direct sum decomposition X = Xy P X, where X; and X are the reachable subspaces
for u and e from t = —o0.



modes in the dynamics of the two subsystems. Hence in general a minimal
realization takes the form

X4(t+1) Ag 0 0 X4(t) By 0
X()(t + 1) = 0 AQ 0 Xo(t> + Bo ll(t) + K() (%5](@)
X,(t+1) 0 0 A %4 (t) 0 K,
) ) X4(1)
y(t) = [ Cq Cy Cs ]| x0(t) | + Dult) +ey(t) (2.11)
% (1)

where xg, of dimension ng, describes the common dynamics, dimx, = n, —
ng := ng, and dimx; = ng — ng := ng. This brings down the dimension
of the model (2.9) from ng + ngy = ng + 2ng + Ns, to Ng + ng + N for the
minimal description (2.10). In order to simplify the analysis, below we shall
assume that there is no common dynamics between the “stochastic” and
“deterministic” part.

Assumption 1 The deterministic and stochastic subsystems (2.8) and (2.7)
of the true model have no common dynamics, i.e. the sum of respective
dimensions ng +ns is equal to the dimension n, of the (minimal) joint model

(1.2).

This assumption is not necessary and can be avoided at the price of notational
complications.

3 Canonical correlation analysis

In this section we shall investigate how the input signal affects the canonical
correlation coefficients between the state space and the future input space.
From a system identification viewpoint, this analysis will point out which
systems and which inputs lead to the worst conditioning of the subspace
identification problem [7, 8]. To be precise, in system identification one is
actually interested in studying the canonical correlation between the state
and the finite future space U, ), T < oo. However here we shall make
the simplifying assumption that 7" — t is “very large”, so that the angles
between the finite future U, 71 and the state will not differ too much from

those between the infinite future U;" and the state Xt+/_ := span{x(t)} of
the innovation model (1.2) .



We shall henceforth fix the present time to be t = 0, and hereafter sup-
press the present time subscript from all symbols.
Let
X;/_ = EHZ/I+ [y;r | u_} cu-

denote the oblique predictor space of the subspace spanned by the determin-
istic component y, of the process y [17]. This is the state space of the model
(2.7) of dimension ny. Let x,; be a basis in Xj/_, i.e. the deterministic
component of the state (at time zero).

Let also X.7/~ = span{x;(0)} be the state space off the “stochastic” com-
ponent (in innovation form). Under the absence of feedback assumption the
two subspaces Xs /= and X ; /= are orthogonal and moreover, under Assump-
tion 1 the state space X*/~ can be decomposed in the orthogonal direct

sum 2

Xt =xm gt

Since by absence of feedback X s orthogonal to the whole input history
U, the (non zero) canonical correlation coefficients between U+ and X*/~
are the same as those between U™ and X (ZF /~. For the computations of the
canonical correlations we shall hence only need to consider the deterministic
subsystem.

Denote by ak(Xj / “,UT) the k—th canonical correlation coefficient of
xS /= and U* and by oy (U~,UT) the k—th canonical correlation coefficient
of U~ and U, the canonical correlation coefficients being ordered in decreas-
ing magnitude. Let X,/ := E[U" | U] be the forward predictor space (i.e.
the state space of the innovation model) of the process u. It is well-known
that the canonical variables® of U~ for the pair of subspaces (U~,U™), belong
to X,/ [1, 11, 15).

For concreteness in what follows we shall assume that the spectral density
of u is rational of MacMillan degree 2r. The following Lemma, whose proof
is immediate, will be instrumental in the analysis.

Lemma 3.1 Let r > ngy. The following inequalities hold:

o XU <o Ut k=1,2,.... (3.1)

2Note that when Assumption 1 is not satisfied, we merely have the inclusion X+/~ C
x et
3Also called principal directions.



Moreover
oW X T UN = o U UY) k=1,2,... ng (3.2)
if and only if the first ng canonical variables of U~ for the pair (U~ ,UT),
belong to X;/_ (and hence span X;/_).
Let instead v < ng. Then the inequalities (3.1) hold for k = 1,2,... .
Moreover
ol X T U = o U UY) k=1,2,.. 7 (3.3)
if and only if the first r canonical variables of X;/_ for the pair (Xj/_,bﬁ),
belong to X (and hence span Xj/f).

Consider the case r > ngy. Let x; be a subvector of the state vector
x spanning the predictor space Xy /=, Without loss of generality we may
assume that x is decomposed as

<[]

where span{x;} := X C X" and x, L X

Let
D;g*i” _ AU[ZEi”JrKUeU(t) (3.4)
ut) = cu{zgg]mu(t) (3.4b)

be the corresponding minimal realization of u with state space X /7 Ex-
pressing the innovation in function of u and substituting in the state equation
we obtain

[ Xl(t+ 1) :| _ [ (Au _Kucu)ll (Au _Kucu>12 } [ Xl(t) :|+[ Kul :| u(t)
X2<t + 1) (Au - Kuou)21 (Au - KuCu)22 X2<t> Ku2

(3.5)
Now, for the subvector x; to qualify also as a state variable evolving in
X (which then becomes an oblique Markovian splitting subspace), it must
hold that (A, — K,C,)12 = 0. If this property holds, it clearly holds (modulo
change of basis) for any subvector of the type x; = Tx; with 7" a non singular
matrix, and hence is a property of the subspace X. In this case we shall call
X an invariant subspace of X



It is well known [1, 11, 15] that we can pick a basis x in X/~ made
of random variables which are proportional to the principal directions of
U~ for the pair (U~,UT). In particular, we may pick a basis of ordered
principal directions. A basis of this kind (with proper weights) leads to the
so-called stochastically balanced form of the corresponding realization. If X is
an invariant subspace of X, /= spanned by the first n; principal components
of U~ for the pair (U~,UT), we shall say that X is a principal invariant
subspace of X /~. In this case the eigenvalues of the upper left diagonal
block M (A, — K,Cy)11}, will be called the first ny principal zeros of the
system (3.4). Principal zeros, like principal eigenvalues to be introduced
later, remain invariant under principal truncation, i.e. extraction of the
subsystem with state vector xy, defined by the upper-left block entries in
(3.4) [15].

The following result then follows readily from the statement of Lemma
3.1 and provides a geometric solution to our problem.

Proposition 3.1 Letr > ng. The maximal canonical correlation coefficients
(smallest canonical angles) between X;/_ and U are obtained when, and

only when, X;/f s a principal invariant subspace of XJ/f.

In the following Theorem we shall give conditions on the input process
and on the input spectrum to insure that the deterministic state space X d+ /=

is a principal invariant subspace of X, /=

Theorem 3.1 Given an input process of rational spectral density matriz
®, of degree 2r, r > ng, the maximal canonical correlation coefficients
ak(Xj/_,Z/{Jr) are obtained when, and only when there are ng principal zeros
of the (forward) innovation realization of u cancelling all the poles of the
deterministic transfer function F(z) of the system. Equivalently, the spectral

density matriz ®, has ng stable principal zeros which cancel all the poles of
F(z).

Proof. Let (3.4) be a stochastically balanced innovation representation of u
and let (Ag4, Bg, Cq, D) be a minimal realization of the deterministic subsys-
tem (with state space X; / 7). As we have just seen, x,- /= admits a principal
invariant subspace if and only if the matrix A, — K,C,, has the block struc-
ture

(Au - Kucu)ll 0 Kul
A, — K,C,) = . K, =
( ) (Au - KuCu)Ql (Au - KuCu)22 Ku2

9



moreover X = s spanned by the first n, canonical vectors of X, /= if and
only if ((A, — KuCy)11, Ky1) is similar to the pair (Ag, Bg). In other words,
there exists a non singular 7' € R"*" such that Ay = T(A, — K,C,)nnT !
and By = TK,;. In particular, X" and Xj/_ coincide if and only if
(A, — K,Cy, K,,) is similar to the pair (Ag, By).

The equivalence of the statement of Proposition 3.1 with the cancellation
of the zero dynamics of the innovation realization (3.4) and the dynamics of
the deterministic subsystem can be seen from the state space description of
the cascade of (3.4) with the deterministic realization (Ag, B4, Cy4, D), namely

xa(t +1) Ag BiCui BaCluys xq(t) By
(t + ].) = 0 (Au)ll (Au)lg X1 (t) + Kul eu(t)
x2(t +1) 0 (Auar (Au)2 Xo(t) Koz

yva(t) = Caxq(t) + DsCyx(t) + De,(t)

from which, subtracting the second state component from the first, and recall-
ing from the previous paragraph that, X, " isa principal invariant subspace
of X7/~ if and only if we can substitute (Ag, Bg) with ((Ay — Ku,Cy)11, K1),
it follows that

Xa(t+1) —x1(t+ 1) = (Ay — Ku,Cu)11(xa(t) — x1(t))

so that x4(t) — x1(t) = 0 for all ¢, by asymptotic stability of (A, — K,C)11-
Hence a minimal basis in the state space of the cascade realization is x(t)
and the dynamics of the overall system reduces to,

] = [ ] [+ [ e oo

yd(t) = (Cd + DdCul)Xl (t) =+ DCUQXQ (t) + Deu(t)

whose only eigenvalues are those of the innovation realization (3.4). The

dynamics of the deterministic system has been cancelled completely.
O

Remark 3.1 If the (deterministic) system is given and we are to design
the spectrum of the “probing” input to get maximum ill-conditioning, it is
enough to choose a spectral density of degree 2n,; so that the innovation
model of u has dimension n, and all of its zeros are (trivially) principal. In

10



addition, we should choose the zero dynamics of the innovation model, i.e.
of ®,, so as to cancel the dynamics of the deterministic system.

There is then freedom to place the poles of ®,. These poles determine
the “excitation properties” of the input process (in fact, the conditioning of
the Toeplitz matrix Xy+yu+). It is possible to show (but we shall not do that
here) that, by placing the poles of ®, arbitrarily close to the unit circle, one
can obtain canonical correlation coefficients oy (U™, U™), arbitrarily close to
one. Hence we can make o (U~ ,U™), arbitrarily close to one by choosing the
poles of the spectrum and make the oy (X, ; / ~,U")’s equal to their maximum
values o (U~ ,U"), by choosing the zeros of the spectrum. O

We shall now take a quick look to the case r < n4. Let x4 be a subvector
of the state vector x,4, spanning the predictor space X, /~. Without loss of
generality we may assume that x; is decomposed as

Xd1
Xq =
Xd2

where span{xg } := X c X;/_ and xgo L X7
Since x4 is a state in the predictor space Xy / ~, We can write

{ Z;gig } = A { ij;ﬁg } + Bau(t) (3.62)
u(t) = Huxal(t) +ey(t) (3.6b)

for some matrix H,. Expressing u in function of the innovation in the state
equation we obtain

[ xq1(t + 1) ]

Xd2<t -+ 1)

_ [ (Ag)u + BaH, (Ag)re } [ } i [ Ba } eu(t)
(Ad)21 + BaeHy  (Ad)22 Xq2(t) Bag |
(3.7)
Now, for the subvector x4 to qualify as a state variable evolving in X, /=
(which has to be so since XS /= is a Markovian splitting subspace), it must
hold that (Ag)12 = 0. This property clearly holds (modulo change of basis)
for any subvector of the type X41 = Tx4; with T" a non singular matrix, and
hence is a property of the subspace spanned by x4. Any subspace of this
kind will be called an invariant subspace of X; /~. This condition is clearly
equivalent to (Hy, (Aq)11 + Bai Hy, Bai, I) being a minimal realization of the
innovation model of u. In other words X,/ is an invariant subspace of

11



Xd+ /= iff there exists a non singular 7' € R"™" such that for any minimal
realization (C.,, Ay, Ky, I) of the innovation model of w, it holds that A, =
T((Ag)11 + BaH,)T™ and K, = TBg . But this is the same as

T(AguT ' = A, — K,C,, Bn =T7'K,, C,=H, T

Again, we can (and shall) pick a basis x4 in XJ /~ made of random vari-
ables made of ordered principal directions for the pair (X, d+ / U IS /s
an invariant subspace of X; / ~, then by (3.1) of Lemma 3.1, it is necessarily
spanned by the first r principal components of X ; /~ and hence it is automat-

ically a principal invariant subspace of Xd+ /~. In this case the eigenvalues of
the upper left diagonal block, M{(Aq4)11}, are the first r principal eigenvalues
of the deterministic system.

Proposition 3.2 Let r < ng. The first r canonical correlation coefficients
between X;/_ and Ut are mazimal when, and only when, XJ/_ 18 an 1muari-

ant subspace of X;/_.
The analogue of Theorem 3.1 in case r < ng, is as follows.

Theorem 3.2 With an input process of rational spectral density matriz @, of
degree 2r, r < ng, the first r canonical correlation coefficients ak(é\fj/_,bfr)
are maximized when, and only when the deterministic subsystem of transfer
function F(z), admits r eigenvalues® which are all cancelled by the zeros of
the forward innovation realization of u.

4 Matrix representation and computation of
the canonical angles

Let Hy4 be the Hankel operator

+/-
Xd

Ha=E"y, (4.8)

where the subscript “|” means “restricted to”. It is well-known that the
canonical correlation coefficients between future inputs Ut and the deter-
ministic state space X; /= can be computed as the singular values of the

Hankel operator H,.

4These eigenvalues are then necessarily principal.

12



Since X; /= U~ the Hankel operator can be factorized as follows:

X+/* _ X+/7 +/—
_ d U _ d Xy
Hd — E IM,E |u+ — E |XJ/7 |U+

where the last operator in the formula is the adjoint of the observability
operator O := E”erﬁ/,7 of the state space X, for the process u [14, 15].

Introducing the projection operator

it is evident that H,; admits the factorization Hy = PO*.
Since the squared canonical correlation coefficients {o%,03,...,02 } of

U* and Xj/_ are the eigenvalues of ‘HHg, i.e., o
HiHaE = 076, i=1,...,nq
using the factorization introduced above we obtain
{02,035, ... ,aid} = MOP*PO*} = M{O*OP*P} (4.9)

The following lemma provides an explicit matrix representation of the
operator O*OP*P.

Lemma 4.1 Let x be a basis in the forward predictor space Xy /= of the
process u and Xq be a basis in the oblique Markovian splitting subspace X j /=,
Let P be the covariance matrix

. Xd / A Py Pa,
P_E|:X1[Xd X]_<Pud Puu)

where P, := Var{x}. Then
P*Pa'x = ' P,yPy PrPlx  a€R" (4.10)

and B
0O*Od'x = d' P,,P,.,x acR" (4.11)

where Py, is the covariance of the dual (backward) basis in the backward
predictor space U~/* ([14]). Hence the (squared) canonical correlation coef-

ficients of U and X;/f are given by
{0},03,...,02 } = MO*OP*P} = M PuaPy;' PauPuu} (4.12)

) ndg

13



Proof. Equation (4.10) follows from
BT RN (Tx = B 0T P Pixy = af PuPr) P Pilx

To prove the second expression, recall that the dual basis, X, of x is a basis
such that Fxx’' = I, so that x = P, !x. Recall also from stochastic realiza-
tion theory [14, 18] that the projection of X onto the future U™ gives exactly
the natural basis, X, of “backward predictors” in U —/+ (i.e. the canonical
vectors of U™T)

E'"x = F*" P,x = P.,x,

and that

+/- +/-
EY% %, =E%" P,x,=P,x

which together imply (4.11).
Since the canonical correlation coefficients are the eigenvalues of the ma-

trix representation of (4.9), (4.12) follows.
0

Remark.
A (stochastically balanced) basis x in X, /~ is made of random variables
which are proportional to the principal directions of U~ [11, 15]. If the first n,

principal directions of i/~ are contained in X j / , then x can be decomposed

as
)
X =
X1
where span{x_} = X;/_ and x; | X;/_.
Now, when X, /=5 X; /= we can choose x4 = X_ whereby P,y = [P_0] =
P, where P_ := Var x_. In this situation P, = diag{P-, P} and it

can beiche(zked that also P,, has a block diagonal structure, namely P,, =
diag {P,, P, }. Hence

_ _ [P 1[P. 0 _
PuaPy' Py Py, = [P_O|P! { 0 ] { 0+ PL] =P_P,

and, by a well-known result in stochastic system theory, [10, 11, 18], formula
(4.12) reduces to
MO*OP*P} = MP_P.} = {o) |, 0272, co0r )

» Y u,ng

14



where o ; are the first ng canonical correlation coefficients of past and future
inputs. In other words, 07 = o.;, @ = 1,...,nq. This agrees with the

results of the previous section stating that the maximal canonical correlation
coefficients (smallest canonical angles) between X; /= and U* are obtained

whenXJ/_DXJ/_.
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