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THE NORMALISER DECOMPOSITION FOR p-LOCAL FINITE
GROUPS

ASSAF LIBMAN

ABSTRACT. We construct an analogue of the normaliser decomposition for p-
local finite groups (S, F, £) with respect to collections of F-centric subgroups
and collections of elementary abelian subgroups of S. This enables us to
describe the classifying space of a p-local finite group, before p-completion, as
the homotopy colimit of a diagram of classifying spaces of finite groups whose
shape is a poset and all maps are induced by group monomorphisms.

1. THE MAIN RESULTS

For finite groups Dwyer defined in [5] three types of homology decompositions
of classifying spaces of finite groups known as the “subgroup”, “centraliser” and
“normaliser” decompositions. These decompositions are functors F' : D — Spaces,
where D is a small category which is constructed using collections H of carefully
chosen subgroups of G. The essential property of these functors is, that given a
finite group G, the spaces F(d) have the homotopy type of classifying spaces of
subgroups of G. Moreover the category D is constructed using information about
the conjugation in G of the subgroups in H. We say that D depends on the fusion
of the collection H of G.

The purpose of this note is to construct an analogue of the normaliser decompo-
sition for p-local finite groups in certain important cases. Throughout this note we
will freely use the terminology and notation that by now has become standard in
the theory for p-local finite groups. The reader who is not familiar with the jargon
is advised to read §2 prior to this section, and is also referred to [4] where p-local
finite groups were initially defined.

It should be noted that the analogues of the “subgroup” and the “centraliser”
decompositions for p-local finite groups was already known to Broto, Levi and
Oliver [4, §2].

The normaliser decomposition which is introduced in this note enabled the au-
thor together with Antonio Viruel to analyze the nerve |£| of p-local finite groups
(S, F, L) with small Sylow subgroups S. We prove that these are classifying spaces
of, generally infinite, discrete groups [10]. The author also used normaliser decom-
positions to give an analysis of the spectra associated with the nerve, |£]|, of the
linking systems due to Ruiz and Viruel in [16] and other “exotic” examples, see [9].
These results will appear separately as they involve techniques that have little to
do with the actual construction of the normaliser decomposition.
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We now describe the main results of this paper. Throughout we work simplicially,
thus a space means a simplicial set. The category of simplicial sets is denoted by
Spaces. The nerve of a small category D is denoted Nr(D) or |D|. We obtain a
functor | — | : Cat — Spaces where Cat is the category of small categories. A
more detailed discussion can be found in §3

1.1. Definition. Let (S,F, L) be a p-local finite group. A collection is a set C of
subgroups of S which is closed under conjugacy in F. That is if P < S belongs
to C then so do all the F-conjugates of P. A collection C is called F-centric if it
consists of F-centric subgroups of S.

1.2. Definition. A k-simplex in a collection C is a sequence P of proper inclusions
Py < P < ... < P, of elements of C. Two k-simplices P and P’ are called
conjugate if there exists an isomorphism f € Isoz(Py, P;) such that f(P;) = P/ for
alli =0,...,k. The conjugacy class of P is denoted [P].

1.3. Definition. The category SdC is a poset whose objects are the conjugacy
classes [P] of all the k-simplices in C where k = 0,1,2,.... A morphism [P] — [P’]
in 8dC exists if P’ is conjugate to a subsimplex of P.

Recall from 2.8 that in every p-local finite group it is possible to choose mor-

phisms L?, in the linking system £ which are lifts of inclusions P < @) of F-centric

subgroups. The choice can be made in such a way that Lg o Lg =& for inclusions

P<Q<R
1.4. Definition. Let C be a centric collection in (S, F, £) and let P be a k-simplex

in C. Define Aut.(P) as the subgroup of Hf:o Aut,(P;) whose elements are the
(k + 1)-tuples (p;)¥_, which render the following ladder commutative in £

Lil L£2 L}}zk
k—1
P s P ! Py
WOJ( Wll lwk
PO Pl e Pk
Py Pa P
try 2 bP_q

1.5. Proposition. The assignment (¢;)%_, — ¢o canonically identifies Aut.(P)
as a subgroup of Auty(Py). More generally, if P’ is a subsimplex of P in C then
restriction induces a monomorphism of groups Auty(P) — Aut.(P’).

Proof. The second assertion follows immediately from Proposition 2.11. The first
follows from the second by letting P’ be the 1-simplex P,. O

Notation. BAut,(P) denotes the subcategory of £ whose only object is Py and
whose morphism set is Autz(P).

1.6. Definition. Given a centric collection C in a p-local finite group (S, F, £), let
LC denote the full subcategory of £ generated by the objects set C.

Frequently, the inclusion £¢ C £ induces a weak homotopy equivalence on nerves.
For example, this happens when C contains all the F-centric F-radical subgroups
of S. This fact is proved in [2, Theorem 3.5].

The following theorem applies to all centric collections. The decomposition ap-
proximates £ if the inclusion £° C £ induces an equivalence as explained above.
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Theorem A. Let C be an F-centric collection in a p-local finite group (S, F,L).
Then there exists a functor d¢c : SdC — Spaces such that

(1) There is a natural weak homotopy equivalence

hocolim ¢ —— |LE|.
sdC

(2) There is a natural weak homotopy equivalence BAuty(P) = d¢([P]) for
every k-simplex P.

(3) The natural maps 6c([P]) — |LC| are induced by the inclusion of categories
BAut,(P) C LC.

(4) If P’ is a subsimplex of P then the equivalence 2 renders the following
square commutative

BAut,(P) —— 6¢([P])

B reslg, l/ l

BAut(P') = 5c([P'])

Moreover if P and P’ are conjugate k-simplices and ¢ € Isoz(Po, P}) maps
Autz(P’) onto Autz(P) by conjugation then the following square commutes

BAut,(P’) — ¢ ([P])
)

(
o
BAut, (P) — d¢([P]

Remark. When (S, F, L) is associated with a finite group G one may consider
the G-collection H consisting of all the subgroups of G which are conjugate to
elements of the F-collection C. Dwyer constructs in [5, §3] a poset 8dH and a
functor 573‘"3'“ : 83dH — Spaces which he calls the normaliser decomposition. We
will show in 5.2 that sdH = 8dC and that §c and 67]?lwyer can be connected by a
natural zigzag of mod-p equivalences. That is, a zigzag of natural transformations
which at every object of sdC give rise to an H,(—;Z/p)-isomorphism.

We now describe the second type of normaliser decomposition that we shall
construct in this note. It is based on collections £ of elementary abelian subgroups
of S.

1.7. Definition. For a k-simplex E in £ define Autz(E) as the subgroup of
Autz(FE)) consisting of the automorphisms f such that f(FE;) = E; for all i =
0,.... k.

Consider an F-centric collection C in (S, F, L).

1.8. Definition. Fix an elementary abelian subgroup E of S. The objects of the
category Cr(C; E) are pairs (P, f) where P € C and f : E — Z(P) is a morphism
in F. Morphisms (P, f) — (Q,g) in Cz(C; E) are morphisms ¢ € L(P,Q) such
that g = w(¢) o f where 7 : £ — F is the projection functor.

Observe that Autz(E) acts on Czc(E) by pre-composition. Thus, h € Autz(E)
maps (P, f) — (P, f o h).
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1.9. Definition. For a k-simplex E in & let Nz (C; E) denote the subcategory of £
whose objects are P € C for which E; < Z(P). A morphism ¢ € L(P, Q) belongs
to Nz (C;E) if w(p)|g, is an element of Autr(E).

Recall that the homotopy orbit space of a G-space X, i.e. the Borel construction
EG xg X, is denoted by Xpq.

1.10. Proposition. Let E be a k-simplex in £. There is a map
eg : [N2(CE)| = |C(C; Er)lhautr ()

which is a homotopy equivalence if Ey is fully F-centralised. The map is natural
with respect to inclusion of simplices.

Proof. This is immediate from proposition 5.3. (]

A comment on the categories Cr(C; E) is in place. If C is the collection of all
the F-centric subgroups of S and F is fully F-centralised, then it is shown in [4,
Theorem 2.6] that |C(C; E)| has the homotopy type of the nerve of the centraliser
linking system |Cz(E)|. The categories N (C; E) are more mysterious. Even when
E is a 1-simplex E, the category Ng (C; E) is in general only a subcategory of the
normaliser linking system N, (FE) because the largest subgroup which appears as
an object of Nz(C; E) is Cg(E) which in general is smaller than Ng(E). When
Cs(F) = Ng(FE) these categories are equal.

The next decomposition result, theorem B, depends on a collection of elementary
abelian groups £ and a collection C of F-centric subgroups of S. It approximates
L if C contains, for example, all the F-centric F-radical subgroups of S. The
collection £ must be large enough as explicitly stated in the theorem. For example
the collection of all the non-trivial elementary abelian subgroups will always be a
valid choice.

1.11. Definition. Given a group H and a prime p let Q,(H) denote the subgroup
of H generated by all the elements of order p in H.

Theorem B. Consider a p-local finite group (S,F,L), an F-centric collection C
and a collection £ of elementary abelian subgroup of S which contains the subgroups
Q,Z(P) for all P € C. Then there exists a functor dg : SAE — Spaces with the
following properties.

(1) There is a natural weak homotopy equivalence hogé)glim b — |LC|.
S

(2) For a k-simplex E in £ there is a weak homotopy equivalences

1C(C; i) | hautr &) — de([E)).

(3) Fix a k-simplex E where Ey, is fully F-centralised. The equivalences (1)
and (2) give a natural map S¢([E]) — |LC| whose precomposition with eg
of 1.10 is induced by the realization of the inclusion of Nz (C;E) in L.
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(4) If E' is a k-subsimplex of an n-simplex E then the following square com-
mutes up to homotopy

IC(C; En)|hautrm) —— d¢([E))
CL(C; By naut @) — oe([E'])

The homotopy is natural with respect to inclusion of simplices. In addition,
the square commutes on the nose if E) = E,.

2. ON p-LOCAL FINITE GROUPS

The term p-local finite group was coined by Broto, Levi and Oliver in [4]. They
cropped up naturally in their attempt in [3] to describe the space of self equivalences
of a p-completed classifying space of a finite group G. They discovered that the
relevant information needed to solve this problem lies in the fusion system of the p-
subgroups of G and certain categories which they later on called “linking systems”.
Historically, fusion systems were first introduced by Lluis Puig in [13].

2.1. Definition. Fix a prime p and let S be a finite p-group. A fusion system over
S is a sub-category F of the category of groups whose objects are the subgroups of
S and whose morphisms are group monomorphisms such that

(1) All the monomorphisms that are induced by conjugation by elements of S
are in F.
(2) Every morphism in F factors as an isomorphism in F followed by an inclu-
sion of subgroups.
We say that two subgroups P,Q of S are F-conjugate if they are isomorphic as
objects of F.

When g is an element of S and P, Q are subgroups of S such that gPg~! < Q, we
let ¢, denote the morphism P — @ defined by conjugation, namely c,(x) = grg™*
for every z € P.

We let Homg (P, @) denote the set of all the morphisms P — @ in F that are
induced by conjugation in S. Also notice that the factorization axiom (2) implies
that all the F-endomorphisms of a subgroup P are in fact automorphisms in F.
Thus we write Autz(P) for the set of morphisms F (P, P).

2.2. Definition. A subgroup P of S is called fully F-centralised (resp. fully F-
normalised) if its S-centraliser Cs(P) (resp. S-normaliser Ng(P)) has the maximal
possible order in the F-conjugacy class of P. That is, |Cs(P)| > |Cs(P’)| (resp.
[Ns(P)| > |Ng(P’)|) for every P’ which is F-conjugate to P.

2.3. Definition. A fusion system F over a finite p-group S is called saturated if

I. Every fully F-normalised subgroup P of S is fully F-centralised and more-
over Autg(P) = Ng(P)/Cs(P) is a Sylow p-subgroup of Autz(P).

II. Every morphism ¢: P — S in F whose image ¢(P) is fully F-centralised
can be extended to a morphism ©: N, — S in F where

N, ={g € Ng(P) : @cgcp_l € Autg(P)}.
5



2.4. Definition. A subgroup P of S is called F-centric if P and all of its F-
conjugates contain their S-centralisers, that is Cs(P’) = Z(P’) for every subgroup
P’ of S which is F-conjugate to P.

2.5. Definition. A centric linking system associated to a saturated fusion system
F over S consists of
(1) A small category £ whose objects are the F-centric subgroups of S,
(2) a functor 7w : L — F and
(3) group monomorphisms dp : P — Aut,(P) for every F-centric subgroup P
of S,
Such that the following axioms hold
(A) The functor 7 acts as the inclusion on object sets, that is w(P) = P for
every F-centric subgroup P of S. For any two objects P,Q of L, the
group Z(P) acts freely on the morphism set £(P, Q) via the restriction of
dp : P — Autz(P) to Z(P). The induced map on morphisms sets

m: L(P,Q) — F(P,Q)

identifies F(P, Q) with the quotient of L(P, Q) by the free action of Z(P).
(B) For every F-centric subgroup P of S the map 7 : Autz(P) — Autrz(P)
sends dp(g), where g € P, to c,.
(C) For every f € L(P,Q) and every g € P there is a commutative square in £

P _ Q
ap<g>l lwﬂf)(g))

Remark. A morphism f € £(P,Q) is called a lift of a morphism ¢ € F(P,Q) if
o =7(f)

2.6. Definition. A p-local finite group is a triple (S, F, L) where F is a saturated
fusion system over the finite p-group S and L is a centric linking system associated
to F. The classifying space of (S, F, L) is the space |/3|2, that is the p-completion
in the sense of Bousfield and Kan [1], of the realization of the small category L.

2.7. When S is a Sylow p-subgroup of a finite group G, there is an associated p-local
finite group denoted (S, Fs(G), Ls(G)). See [4, Prop. 1.3 and the remarks after
Definition 1.8]. We shall write F for Fg(G) and L for Ls(G).

Morphism sets between P,Q < S are

‘F(Pa Q) = HomG(Pa Q) = NG(Pa Q)/OG(P)

where Ng(P,Q) = {g € G : gPg~' < Q} and Cg(P) acts on Ng(P,Q) by right
translation.

A subgroup P of S is, by [4, Prop. 1.3], F-centric precisely when it is p-centric
in the sense of [5, §1.19], that is, Z(P) is a Sylow p-subgroup of C¢(P). In this
case Cq(P) = Z(P) x Cf(P) where C(P) is the maximal subgroup of C¢(P) of
order prime to p. Morphism sets of £ = L5(G) have, by definition, the form

L(P,Q) = N(P,Q)/C¢(P).
The functor 7 : Lg(G) — Fs(G) is the obvious projection functor. The monomor-

phism dp : P — Autz(P) is induced by the inclusion of P in Ng(P).
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It is shown in [4] after Definition 1.8, that (S, Fs(G), Ls(G)) is a p-local finite
group and that |£s(G)|g o~ BGQ. It should also be remarked that there are exam-
ples of p-local finite groups that cannot be associated with any finite group. These

are usually referred to as “exotic examples”.

2.8. In every p-local finite group (5, F, £) one can choose morphisms Lg € L(P,Q)
for every inclusion of F-centric subgroups P < @, in such a way that

(1) W(Lg) is the inclusion P < @,

(2) Lg o Lg =B for every F-centric subgroups P < Q < R of S, and

(3) £ =id for every F-centric subgroup P of S.
This follows from [4, Proposition 1.11]. Using the notation there, one chooses
L?, = dp,o(e) where e is the identity element in S. Whenever possible, in order to

avoid cumbersome notation, we shall write ¢ for Lg.

2.9. From [4, Lemma 1.10(a)] it also follows that every morphism ¢ : P — @ in
L factors uniquely as an isomorphism ¢’ : P — P’ in £ followed by the morphism
t: P — Q. In fact P = 7(¢)(P)

2.10. It was observed by Broto, Levi and Oliver that every morphism in L is a
monomorphism in the categorical sense; cf. the remarks after Lemma 1.10 in [4].
It was later observed in [2, Corollary 3.10] and independently by others, that every
morphism in £ is also an epimorphism. As an easy consequence we record for
further use:

2.11. Proposition. Consider a p-local finite group (S,F,L) and a commutative
square in F on the left of the display below

! f

p—L.,p p—L . p

incll lincl Lgl lbgj
i ¢

where P,P',Q and Q' are F-centric subgroups of S. Then for every lift § of g
in L there exists a unique lift f of f in L which render the square on the right
commutative in L. We denote f by glp.

Given a lift ffor f, if there exists a lift g for g rendering the square on the right
commutative, then it is unique.

Proof. The first assertion follows immediately from [4, Lemma 1.10(a)] by setting
P = incl?,, , 77[? = L?,, and w~go = ng. The second assertion follows immediately from
the fact that Lg is an epimorphism. O

2.12. Fix a p-local finite group (S, F, L). Given a subgroup P of S, there are two
important p-local finite groups associated with it (a) the centraliser of P and (b)
the normaliser of P. Both were defined by Broto Levi and Oliver in [4].

The centraliser fusion system Cx(P), where P is fully F-centralised, is a sub-
category of F. As a fusion system it is defined over the S-centraliser of P denoted
Cs(P). Morphisms @Q — Q' in Cx(P) are those morphisms ¢ : @ — Q' in F
that can be extended to a morphism ¢ : PQ — PQ’ in F which induces the iden-
tity on P. The objects of the centric linking system C(P) associated to Cx(P)
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are the Cz(P)-centric subgroups of Cg(P). The set of morphisms @ — Q' in
Cr(P) is a subset of L(PQ, PQ’) consists of those morphisms f : PQ — PQ’ such
that m(f) induces the identity on P and carries  to @’. It is shown in [4] that
(Cs(P),Cr(P),Cr(P)) is a p-local finite group.

Now fix a subgroup K < Autz(P) where P is fully normalised in F. The
K-normaliser fusion system NZX(P) is a subcategory of F defined over Ng(P).
The objects of NX(P) are the subgroups of Ng(P). A morphisms ¢ € F(Q,Q’)
belongs to NX(P) if it can be extended to a morphism ¢ : PQ — PQ’ in F which
induces an automorphism from K on P. The fusion system NX(P) is saturated.
When K = Autz(P) we denote this category by Nx(P) and call it the normaliser
fusion system of P. The centric linking system N, (P) associated to Nz(P) has
the Ng(P)-centric subgroups of Ng(P) as its object set. The set of morphisms
@ — @' is the subset of L(PQ, PQ’) consisting of those f : PQ — PQ’ such that
m(f) carries @ to " and induces an automorphism on P.

3. HOMOTOPY COLIMITS AND THE GROTHENDIECK CONSTRUCTION

Throughout this paper we work simplicially, namely a “space” means a simplicial
set. For further details, the reader is referred to [1],[12], [7] and many other sources.
In this section we collect several results from general simplicial homotopy theory
that we shall use repeatedly in the rest of this note.

Homotopy colimits. Fix a small category K and a functor U : K — Spaces.
The simplicial replacement of U is the simplicial space [ [, U which has in simplicial
dimension n the disjoint union of the spaces U(Kj) for every chain Koy — K; —

- — K, of n composable arrows in K. The homotopy colimit of U denoted
hoclglimU is the diagonal of [ [, U regarded as a bisimplicial set. See Bousfield and

Kan [1, §XIL5].
Consider a functor F' : K — L between small categories. For a functor U : L —
Spaces there is an obvious natural map, cf. [1, §X1.9].

hocolimF*U — hocolimU.
K L

For an object L € L, the comma category (L | F') has the pairs (K, L LiSN FK)

as its objects. Morphisms (K, L LR FK) — (K',L LN FK') are the morphisms
x : K — K’ such that Fz ok = k’. Similarly one defines the category (F' | L)
whose object set consists of the pairs (K,k : FK — L). Compare [11].

3.1. Definition. The functor F' : K — L is called right-cofinal if for every object
L € L the category (L | F') has a contractible nerve.

The following theorem was probably first proved by Quillen in [14, Theorem A].
See also Hollender and Vogt in [8, §4.4] and Bousfield and Kan in [1, §XI.9].

3.2. Cofinality Theorem. Let F' : K — L be a right cofinal functor between
small categories. Then for every functor U : L — Spaces the natural map
hoclglimF U — hocglimU is a weak homotopy equivalence.

Associated with a functor U : K — Spaces there is a functor F,U : L — Spaces
called the homotopy left Kan extension of U along F'. It is defined on every object
L eL by

F,U(L) = hocolim ((F L L) 2 g L spaces).
8



See [8, §5], [6, §6]. The following theorem is originally due to Segal. See e.g. [8,
Theorem 5.5].

3.3. Segal’s Pushdown Theorem. Fix a functor F : K — L of small cate-
gories. Then for every functor U : K — Spaces there is a natural weak homotopy
equivalence

hocglimF*U — hoclglimU .

The Grothendieck construction. Recall that a small category K gives rise to
a simplicial set Nr(K) called the nerve of K. Its n-simplices are the chains of n
composable arrows Kg — K; — -+ — K, in K. See e.g. [7, Example 1.4] or [1,
§XI.2]. We shall also use the notation |K| for the nerve of K.

Given a functor U : K — Cat Thomason defined in [17] the translation category
K [ U associated to U as follows. The object set consists of pairs (K, X) where K
is an object of K and X is an object of U(K'). Morphisms (Ko, Xo) — (K1, X1) are
pairs (k, x) where k : Ko — K is a morphism in K and z : U(k)(Xo) — X1 is a mor-
phism in U(K;). Composition of (Ko, Xo) 2™, (K, X,) and (K, X;) ),
(K3, X2) is given by

(k1,21) o (w0, ko) = (k1 © ko, z1 o U(k1)(0)).

This category is also called the Grothendieck construction of U and the notation
TrgU is also used. Thomason shows in [17] that there is a natural weak homotopy
equivalence

(3.4) 7+ hocolim [U] — |TrgU|

A natural transformation U = U’ gives rise to a canonical functor TrgU — TrgU’.
The induced map |Trk (U)| — |Trk (U’)| corresponds via i (3.4) to the induced map
hoc}ghm U] — hoclglim |U’|. Furthermore, for every object K in K the natural map

|U(K)| — hoclglim |U|

corresponds under (3.4) to the inclusion of categories
(3.5) UK)— Trx U, wehere X — (K, X) and z — (1g, x).

Consider now a functor F' : K — L of small categories. Given U : L — Cat there
is a naturally defined functor

R(K,X € F'U(K)) = (FK, X)
Fi(k,z) = (Fk, z).

The functor Fy is a model for the map hocolim F*|U| — hocolim |U] in the sense
that the following square commutes

|Trg F*U| —— hocolimF*|U|

| |

TrLU|] —1— hocolim|U|

(3.6) F:TrxF*U — TrU, where {

3.7. Definition. For a functor U : K — Cat define F,U : L — Cat by
FU(L) = Tr((F [ iy Y Spaces)

9



The maps 7 (3.4) provide a natural weak homotopy equivalence |F,U| — F.|U]|.
The equivalence in the pushdown theorem can be realized as the nerve of a functor
between the transporter categories as follows.

3.8. Proposition. The functor Fy : Trp, F,U — TrgU defined by
Fy:(L,(K,FK — L), X €cUK) — (K, X)
Fy: (LL LKL K UKRX) S X)) = (k).
renders the following diagram commutative where the arrow at the top of the square
is an equivalence by the pushdown theorem.

(3.9) hocI(?hm |FU| <~ hocghm FU| ~ o hocl(ghm |U|

N

| T (B )| — = [ Tk (U))]

It is useful to point out that if x : K — Cat is the constant functor on the trivial
category with one object and an identity morphism, then Trg (x) = Nr(K).

4. EI CATEGORIES

Fix an EI category A, namely a category all of whose endomorphisms are iso-
morphisms. We shall assume that the category A is finite. We shall also assume
that A is equipped with a height function, namely a function h : Obj(A) — N such
that h(A) < h(A’) if there exists a morphism A — A’ in A and equality holds if
and only if A — A’ is an isomorphism. Clearly, if A is an El-category then so is
A°P. The finiteness condition also implies that if A is heighted then so is A°P.

We can always choose a full subcategory Agx of A which contains one represen-
tative from each isomorphism class of objects in A. We say that Agy is skeletal in
A. Clearly the inclusion Ay, C A is an equivalence of categories. In the language
of Stominska [15] Agk is an EIA category.

Throughout we let k denote the poset {0 — 1 — --- — k} considered as a small
category.

4.1. Definition. The subdivision category s(.A) is the category whose objects are
height increasing functors A : k — A, namely h(A(i)) < h(A®i + 1)) for all
i < k. Morphisms A — A’ in s(A) are pairs (¢, p) where € : K — k is a strictly
increasing function and ¢ : €*(A) — A’ is a natural isomorphism of functors
k' — A. Composition of (e,¢) : A — A’ and (¢/,¢') : A’ — A" is given by
(o€, €™ (p) 0 ¢).

Note that € is determined by the heights of the values of A namely €(i) = j if
and only if h(A'(z)) = h(A(5)).

We shall further assume that A contains a subcategory Z which is a poset with
the property that every morphism ¢ : A — A’ in A can be factored uniquely as
@ = 1p’ where ¢’ is an isomorphism in A and ¢ is a morphism in Z. The ladder

..—>A(n—2)ﬁ>A(n—1)L>A(n)

(«p;own_l)’lﬁ «p;lﬁ H

= An-2) ——=A'(n-1) ——A'(n)

10



shows that the the full subcategory sz(A) of s(A) consisting of the objects A in
which all the arrows A (i) — A(i+ 1) belong to 7 is a skeletal subcategory of s(A).
We obtain two skeletal subcategories of s(.A)

(4.2) s(Ask) C s(A) and sz(A) C s(A).

We observe that Homg4)(A,A’) has a free action of Autg4)(A’) with a single
orbit. Also every ¢ : A — A’ in s(A) gives rise to a natural group homomorphism
upon restriction and conjugation with the isomorphism ¢ : €A ~ A’

Px AutS(A) (A) — Auts(A) (A/)
4.3. Proposition. There is a right cofinal functor p: s(A) — A defined by

p(A) = A(0), (A:k— A).
Proof. Stominska shows in [15, Proposition 1.5] that the restriction p : s(As) —
Agx is right cofinal (3.1) hence so is p : s(A) — A. O

4.4. Definition. The category 5(.A) has the isomorphism classes [A] of the objects
of s(A) as its object set. There is a unique morphism [A] — [A’] if there exists a
morphism A — A’ in s(A4). There is an obvious projection functor
7 s(A) — 5(A), A — [A]

When D is a full subcategory of s(.A) one obtains a sub-poset D of 5(.A) whose
objects are the isomorphism classes of the objects of D.

Clearly 5(A) is a poset and it should be compared with Stominska’s construction
of s0(A) in [15, §1]. Also note that 57(A) = 5(.A) because sz(A) is skeletal in s(.A).
Similarly 5(Aq) = 5(A).
4.5. Lemma. Let J : C — D be a functor of small categories with a left adjoint
L :D — C such that Lo J = Id. Then J is right cofinal.

Proof. Fix an object d € D. We have to prove that the category (d | J) has a
contractible nerve. Let (d | D) denote the category (d | 1p). It clearly has a
contractible nerve because it has an initial object. The functors J and L induce
obvious functors

Jo:(d]lJ)—=(@d|D), (edLsJe)e (Je,d L Je)
L.:d|D)—(d]J), (d.d5d)—@d,dldird).

It is obvious that L, o J, = Id. Furthermore the unit n : Id — LJ gives rise to a
natural transformation Id — J, o L. Therefore J, induces a homotopy equivalence
on nerves so |(d | J)| ~|d | D)| ~ . O

4.6. Proposition. For every functor F : s(A) — Cat and every A € s(A) there
s a functor

Trpaua)F'(A) — (m F)([A])
which induces a weak homotopy equivalence on nerves. It is natural in the sense
that every o : A — A’ gives rise to a square

TrautayF(A) —— (m.F)([A])
Try, F(w)l z lﬂ* ([D)

Trauean F(A") —— (m. F)([A])
11



which commutes up to a natural transformation T which is functorial in . Here p, :
Aut(A) — Aut(A’) is the homomorphism induced by restriction and conjugation

by ¢ : €A =~ A’. The square commutes on the nose if F(A) RLill2N F(A') is the

identity.

Proof. Fix anobject A : k — Ain s(A). Let IIa be the full subcategory of (7 | [A])
consisting of the objects (A’,[A’] = [A]). It is isomorphic to the full subcategory
of s(A) consisting of the isomorphism class of A. The inclusion J : IIpo — (7 | [A])
has a left adjoint L where

L:(B,[B] — [A]) — ¢*B, where [¢*B] = [A] for € : k' — k.

Clearly e, if it exists, is unique. There is an obvious natural map B — ¢*B induced
by the identity on ¢*B under the bijection s(A)(B,e*B) ~ s(A)(e*B,e*B). We
obtain a natural transformation Id — JL which gives rise to bijections for every
object (A’,[A’] — [A]) in (7 | [A])
Hom(ﬂ.l[A])(B, JA/) = Homs(A) (B, A/)
~ Hom,(4)(e*B, A’") = Homp, (LB, A).
Thus L is left adjoint to J and we apply Proposition 4.5. By definition IIp is

a connected groupoid with automorphism group BAuty4)(A). Therefore upon
realization, the functor

Tr(BAutS(A) (A) — s(A) EiN Cat) Testriction,
Te(7 | [A]) — s(A4) £ Cat) = (n.F)([A])
induces a weak homotopy equivalence. Also, for a morphism ¢ : A — A’ we get

an obvious ¢, : IIa — II)y by restriction and conjugation by the isomorphism
p:e*A — A’. Tt gives rise to the following diagram

BAut(a)(A)2 Ty — (7 | [A])

|+ l lm

BAut ) (A>T, —% (7 | [A])

The morphism ¢ provides a canonical natural transformation [p].oJoincl — Joinclo

@«. This provides the natural transformation 7 in the statement of the proposition
F

and its naturality with . It F(A) 225 F(A’) is the identity, then F(7) becomes

the identity and the square in the statement of the proposition commutes. ([l

5. PROOF OF THE MAIN RESULTS

Fix a p-local finite group (S, F, £) and a centric collection C. Choose a subcat-
egory Z C L of distinguished inclusions, cf. 2.8. Note that £¢ possesses a height
function, see §4, by assigning to a subgroup P in C its order. Also every morphism
in £€ factors uniquely as an isomorphism followed by a morphism in Z.

We claim that (definitions 1.3 and 4.4)

sdC = 5(L°).
12



To see this recall that sz(L£C) is a skeletal subcategory of s(LC), see (4.2), hence
5(£%) = 57(LC). The functor 7 : £ — F gives a functor 57(L°) — sdC because
it maps the morphisms ¢ € 7 to inclusion of subgroups of S. It is an isomorphism
of categories because conjugation (1.2) of two k-simplices Py < ... < P, and
Py < ... < P} induced by an isomorphism ¢ € Isoz(Py, P}) can be lifted to
an isomorphism of the corresponding objects in s7(£C) by lifting the isomorphism
¢i : P, — P} to £ and using 2.11 to obtain the commutative ladder in LE:

L

P, P, . P,
| 4k
Pé - pll . P,é

We remark that a k-simplex Py < --- < Py in C can be identified with the object
Py % -+ 5 Py of s(£°). Under this identification we clearly have

Aut/; (P) = AutS(EC) (P)

When G is a discrete group we let BG denote the category with one object and G
as its set of morphisms. For every k-simplex P in C we identify BAut,(P) with the
obvious subcategory of BAut,(Fp).

5.1. Theorem. Let C be a centric collection in a p-local finite group (S,F,L).
Then there exists a functor dc : 5dC — Cat with the following properties
(1) There is a naturally defined functor Trsac (SC) — L which induces a weak
homotopy equivalence on nerves.
(2) For every k-simplex P there is a canonical functor BAut,(P) — dc([P])
which induces a weak homotopy equivalence on nerves. If P’ is a subsimplex
of P then the following square commutes

BAut,(P) —— SC P

(1P
(

)
BAutg(Pl) —_— SC [P’])

(3) The natural inclusion BAut, (P) C LC is equal to the composition
BAut,(P) — Sc([P]) C Trsac (Sc) — L°

(4) An isomorphism of k-simplices ¢ : P’ =5 P in s(£C) induces a commutative
square

BAutz(P) — ([P

([P])

Cwl l/

BAut,(P') — éc([P'])

Proof. We have seen that 5dC = 5(£C). Let x : 3(£L°) — Cat denote the constant

functor on the trivial small category with one object and identity morphism. Use
13



the projection functor 7 : s(£¢) — 5(L°) to define
be = (%)
According to proposition 4.6 we have a canonical functor
BAutz(P) = Trpaup) (%) — m(%)([P]) = dc([P])

which induces a weak homotopy equivalence. Since * is constant, the square in the
statement of proposition 4.6 commutes and we obtain the naturality assertions in
point (2) and (4). The natural functor of (1) is defined using 3.8 and 4.3 by

Trsac(d¢) = Traze) (M (%)) —2 Try(pey(x) = s(LE) L LC.

It induces a weak homotopy equivalence by the pushdown theorem 3.3, proposition
3.8 and the cofinality theorem 3.2. Whence point (1). Inspection of the functor
7y, the inclusion BAut,(P) C (7 | [P]) = m.(x)([P]) and 3.5 yield point (3) d

proof of Theorem A. Apply theorem 5.1 above and define d¢ = |5c| O

5.2. We now relate the construction in theorem A to Dwyer’s normaliser decompo-
sition [5, §3]. We will show that the two functors are related by a zigzag of natural
transformations which induce a mod-p equivalence.

Fix a finite group G and the p-local finite group (S, F, £) associated with it. A
collection C of F-centric subgroups of S gives rise to a G-collection H of p-centric
subgroups of G (cf. [5, §1.19], 2.7) by taking all the G-conjugates of the elements of
C. We let T™ denote the transporter category of H. That is, the object set of 77 is
H and the morphism set 77*(H, K) is the set Ng(H,K)={9€ G:g9g 'Hg < K}.
We also let 7€ denote the full subcategory of 7™ having C as its object set. Almost
by definition 7€ is skeletal in 7. We also obtain a zigzag of functors (see 2.7)

TH  TC¢ 5 1€,

Dwyer defines in [5, §3] a category sdH whose objects are the G-conjugacy classes
[H] of the k-simplices Hy < ... < Hj in H. There is a unique morphism [H] — [H']
in 8dH if and only if H' is conjugate in G to a subsimplex of H. It follows directly
from the definition of H as the smallest G-collection containing C and from the
definition of F = Fg(G) that sdH = 8dC. We obtain a commutative diagram (see
4.1)

s(TM) ==— (7€) — 5(£°)

'NEN
5(TH) ==35(T¢) == 5(L°).

Fix a k-simplex P = Py < --- < Pj in C. Note that (72 | [P]) is isomorphic to the
subcategory of 77 of the objects P’ which admit a morphism to P. It contains
a full subcategory Ilp of the objects of s(7 ) that are isomorphic to P; cf. the
proof of proposition 4.6. By inspection Ilp is the translation category of the action
of G on the orbit of P, that is it is the transported category of the G-set [P] in H
thought of as a functor BAut,(P) — Sets, cf. [5, §3.3]. Thus

S ([P]) = EG xg [P] = Nr(Ilp).
14



The inclusion J : IIp < (w2 | [P]) has a left adjoint L : (P’,[P'] — [P]) — €*P’
where €*P’ ~ P in s(£¢). Compare the proof of 4.6. Lemma 4.5 implies that J is
right cofinal. We obtain a zigzag of functors

wyer inc mod- ~
57]3( ¥y T) |(7T2)*(*)| < :1 |(7T1)*(*)| _mod-p | |7T*(*)| — |5C| — dc.

The third map induces a mod-p equivalence by the following argument. For any
object [P] we obtain a map (1)« (x)([P]) — 7. (*)([P]) which by proposition 4.6 is
equivalent to the map

BAutg(P) — BAutg(P).

Since Py is p-centric then Cq(FPy) = Z(Py) x Cg(Py) where Cf(P) is a char-
acteristic p’-subgroup of Cq(Py) and Autg(Py) = Ng(Po)/Ch(Py). Therefore
Autg(P) — Autg(P)/Cf(Py) induces a mod-p equivalence as needed.

We shall now prove theorem B. Fix an F-centric collection C and a collection £
of elementary abelian subgroups in (S, F, £). Recall from 1.8 and 1.9 the definitions
of C(C; Ey) and N (C; E) where E is a k-simplex in €.

5.3. Proposition. Fiz a k-simplex E in £, namely a functor E : k — F€. There
is a functor

€: NL(C;E) — Trgaut-(E) (C'E(C;E))

which is fully faithful and natural with respect to inclusion of simplices. If Ey is
fully F-centralised, its image is also skeletal and in particular induces homotopy
equivalence [Nz (CiE)| —— |CL(C; Ek)|nautr(B)-

Proof. The objects of H := BAutz(E) [ C.(C; E) are pairs (P, f) where P € C and
f € F(E,Z(P)). Morphisms are pairs (p, g) where ¢ € L(P, P’) and g € Autz(E)
such that f' = m(p)o fog (see §3). Since f, f are monomorphisms, g is determined

v

by ¢. Define € : Nz (C; E) — H by

(5.4) «(P)=(P,E 2L z(P) < P)
eP L P)=(P% P a(e)g)).

It is well defined and fully faithful by the definition of N (C;E). Naturality with
respect to inclusion of simplices is readily verified. Consider an object (P, f) € H.
Note that f(Ey) < Z(P), hence for g := f~! € Isor(f(Ey), Ex) we must have (see
2.3) Ny 2 Cs(f(Ey)) 2 P. By axiom II of 2.3 we can extend g to an isomorphism
h:P — P'in F. Clearly P’ is in C because the latter is a collection. Fix a lift
h € L(P,P') for h. We have n(h)o f = ho inCl?(Ek) og ! = inclg;. Therefore

o

(idg, , k) is an isomorphism (P, f) — (P’, inclg;) in H. This shows that e embeds
Ng (C; E) into a skeletal subcategory of H and the result follows. O

proof of Theorem B. For every P € C define ((P) = Q,Z(P), see 1.11. Note that
if f: P — P’ is an isomorphism in F then f~!: ((P’) — ((P) is an isomorphism
in F. Also if P < P’ in C then Z(P) < Z(P’) because P and P’ are F-centric so
their centres are equal to their S-centralisers. It easily follows that this assignment
forms a functor
C: LS — FEP.
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Fix E € £. Since every homomorphism f : £ — Z(P) factors through ((P) we see
that Cz(C; E) = (¢ | E). In particular (3.7)

(5.5) G(x): E— Cr(CE).

We now observe that F¢ is an El-category. The assignment E — |E| gives rise to a
height function in the sense of §4. Furthermore the set Z of inclusions in F¢ forms
a poset where every morphism in F¢ factors uniquely as an isomorphism followed
by an element in Z. We conclude that

56 = 57(F%) = 5(F°%).

There is an isomorphism 7 : s(F€°") — s(F€) which is the identity on objects
while on morphisms set between E : k — F¢ and E : n — FE

HOIHS(]:SOP)(E, EI) = ISO]:SDP (6*E, EI) =
feft

~

Isors (E',"E) Isore (¢"E, E') = Hom,(re)(E, E').

The functor p : s(FE?) — FEP of 4.3 fits into a commutative diagram

S(]:SOP) p_> ]_—50p

©w

S(FE) i e

where u(E) = E). Since 7 is an isomorphism, p is right cofinal. We obtain a zigzag
of functors

SAE " s(FE) L FEP & £C %, Cat.
Define
b =y 0 ¥ 0 Cu(%), and b = |0¢|.
Since p is right cofinal, the cofinality theorem 3.2 and the pushdown theorem 3.3
imply a weak homotopy equivalence

hocolim dg —» |£C|.
sd€

This is point (1) of the theorem. Inspection of (3.5), 3.8 and 3.6 shows that this
equivalence is given as the realization of a functor Trgqede — LC where

(B,Ex LP) — P
(E - E,geAuts(E),P L5 P) — o

Point (2) follows from (5.5) and proposition 4.6. Point (3) follows from proposition
1.10, inspection of € in proposition 5.3, of (5.5) and the functor Trsqg(dg) — LC.
Point (4) is a consequence of proposition 4.6. O
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