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Abstract

For bicategories we define the associated charted 2-bundles and hence 2K-
theories. For the bicategory of 2-vector spaces in the sense of Kapranov and
Voevodsky this gives the 2K-theory of Baas, Dundas and Rognes.

Restricting to 2-categories, we provide assumptions sufficient to show
that the 2-nerve is a classifying space. This applies to examples based on
the 2-category of 2-vector spaces in the sense of Baez, and our calculations
show that their 2K-theory is just two copies of ordinary first order K-theory.

1 Introduction

In this paper we extend the point of view on 2-vector bundles introduced
in [BDR04]. Let 2C be a discrete, topological or simplicial bicategory. We
introduce a general notion of a 2C-bundle, and functorialize the definition.
Restricting to 2-categories, we present a general setting for studying these
bundles, and give a sufficient condition on 2C such that is 2-nerve (geomet-
ric nerve) is a classifying space for 2C-bundles. This relates charted and
represented 2C-bundles.

To the various notion of 2C-bundles there are associatedK-type cohomol-
ogy theories. For 2C = 2-Vect in the sense of Kapranov and Voevodsky we
know that the 2K-theory of [BDR04] is represented by the (Ω∞)-spectrum
K(ku) - which is essentially of chromatic filtration two and hence represents
a homotopy theoretic model of elliptic cohomology.

However, the structure of these theories vary according to whether 2C
is a 2-groupoid (the strict version of Duskin’s bigroupoid) or not. In the
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examples just mentioned this is not the case, and this is what leads to group-
completions and the use of algebraic K-theory.

If 2C is a sufficiently fibrant (to be defined) 2-groupoid we obtain second
order K-theories which can be calculated using standard techniques similar
to those applied to ordinary K-theories. In particular if 2C = 2-Vect in the
sense of Baez (objects defined as a category in Vect), then the corresponding
“second-order” K-theory is just equivalent to two copies of ordinaryK-theory
- which is of chromatic filtration one, and hence not a model of elliptic
cohomology.

Clearly there may be other interesting 2-categories (or bicategories) to
consider together with their associated 2K-theories in the above sense. There-
fore we think that the general setting developed here may be useful in such
studies. In particular, this article does not rule out the possibility that there
might exist a 2-groupoid giving a 2K-theory of chromatic filtration 2.

Recall that bicategories, as defined first in [Bén67], are a weakened form
of 2-categories (also known as strict 2-categories, i.e. a category enriched in
categories), given by relaxing the associativity of the composition.

2 Charted 2-bundles

In this section we formulate equivalent ways to define a charted 2C-bundle.
Here 2C will be a discrete, topological or simplicial bicategory. This includes
the cases where the objects form topological spaces or simplicial sets.

We start with an explicit definition which specializes to the chartered
2-vector bundles of [BDR04] for a suitably chosen 2C. An ordered open
cover (U , I) of X, as defined in [BDR04], is a cover U of X indexed by a
partial ordered set I that restricts to a total ordering on each finite subset
{α1, . . . , αk} of I whenever Uα1···αk

= Uα0
∩ · · · ∩ Uαk

is nonempty. We use
the notation Uk for the collection of k-fold intersections of sets in U . A cover
U is good if each finite intersection Uα1···αk

is either empty or contractible.

Definition 2.1 Let X be a topological space, with an ordered open cover
(U , I), and let 2C be a discrete, topological, or simplicial bicategory. A
charted 2C-bundle E over X consists of

(1) for each Uα in U a bundle V α over Uα consisting of objects in 2C, and

(2) for each Uαβ in U2, α < β, a bundle of 1-morphisms in 2C

Eαβ : V α → V β ,

and

(3) for each Uαβγ in U3, α < β < γ, a bundle of 2-morphisms in 2C

φαβγ : Eαβ · Eβγ → Eαγ ,
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such that

(4) the diagram

Eαβ · (Eβγ · Eγδ)
α

//

id·φβγδ

��

(Eαβ · Eβγ) · Eγδ

φαβγ ·id
��

Eαβ · Eβδ
φαβδ

// Eαδ Eαγ · Eγδ
φαγδ

oo

commutes over Uαβγδ, for each chain α < β < γ < δ in I. The map α
is the natural associativity isomorphism of the bicategory 2C.

Here the term “bundle” needs both an explanation and a justification.
Consider the case where 2C is topological. A bundle of objects (1-morphisms,
or 2-morphisms respectively) in 2C should be a locally trivial family of objects
(1-morphisms, or 2-morphisms respectively). However, for general 2C it is
unclear how to give the local triviality condition. Therefore we view the
space of objects (1-morphisms, or 2-morphisms respectively) as a classifying
space for the appropriate kind of bundle. Thus an object bundle over over Uα

is precisely a continuous map Uα → Obj(2C). If 2C is simplicial we interpret
object and morphism bundles as maps into the geometric realizations of
Obj(2C) and Mor(2C) respectively. For discrete bicategories 2C, we regard
the object and morphism sets as discrete topological spaces.

Example 2.2 We recover gerbes as the charted 2C-bundles of the following
topological bicategory: Let the objects of 2C be the space having a single point
∗. Define the 1-morphisms to be CP

∞, let 2-morphisms be linear isomor-
phisms, and use the tensor product to define composition.

Remark 2.3 When 2C is a 2-category the cocycle condition in definition
above simplifies since the natural associativity isomorphism α in this case is
an identity. Most of this article concerns the case of 2-categories. Hence
we will from now on assume that 2C is a 2-category, unless we explicitly say
otherwise.

To an ordered cover (U , I) of X we associate the Čech complex Č•, the
ordered Čech complex U• and Segal’s topological category XU . These are
defined as follows: Č• and U• are 1-coskeletal simplicial spaces (and thus
determined by their 0- and 1-simplices, see [Bek04, proposition 3.1]). We
define Č0 and Č1 to be

∐

α

Uα and
∐

α,β

Uαβ

respectively. U• is the sub-simplicial space of Č• having the same 0-simplices,
but the 1-simplices being the disjoint union of all Uαβ ’s with α ≤ β. The

3



space of objects of XU is the disjoint union of all US where S is a finite set
of indices. The space of morphisms is the disjoint union of US over all pairs
R ⊆ S, with S as above. The source map forgets R, and the target map is
induced from the inclusions US ⊆ UR.

From theorem 2.1, proposition 2.6 and proposition 2.7 in [DI04] we have
that the spaces

|Č•| , |U•| and |N•XU |

all are weakly equivalent to X via the natural maps.

Definition 2.4 To an ordered cover (U , I) of X we can also associate a
topological 2-category 2XU . We shall denote a finite nonempty increasing
chain α1 < α2 < · · · < αk in I by α∗. Define now the space of objects of the
2-category as pairs (α;x) where α lies in I and x ∈ Uα. Let the 1-morphisms
be pairs (α∗;x) where α∗ is as above and x ∈ Uα1α2···αk

, and finally let the
2-morphisms be triples (α∗, β∗;x) where β∗ is a subchain of α∗ with β1 = α1

and βl = αk, and x ∈ Uα1α2···αk
. Source and target of 1-morphisms are

restriction to α1 and αk respectively. Identity 1-morphisms have chains of
length 1, and composition is given by joining the chains. Source and target of
2-morphisms is restricting to the α∗ or β∗ chain respectively, 2-identities have
α∗ = β∗, vertical composition is removal of the middle chain, and horizontal
composition is joining of chains.

Recall from [Str87], [BC03], or [Dus02], the notion of the geometric nerve
∆2C of 2C. It is well-defined for all bicategories, but for our purposes we
only consider strict 2-categories. Moreover, we use a modified version ∆′2C
with opposite 2-morphisms. It has 0-simplices the objects x0 of 2C. The
1-simplices are the 1-morphisms x0

x0,1
−−→ x1 of 2C, and the 2-simplices are

triangles
x1

x1,2

!!CC
CC

CC
CC

x0,1,2

��x0

x0,1

=={{{{{{{{

x0,2

// x2

where x0,1,2 is a 2-morphism x1,2 ◦ x0,1 → x0,2. For n ≥ 3 the n-simplices
are build from 2-simplices, such that for each subtetrahedron the obvious
coherence condition for 2-morphisms is satisfied. The geometric nerve is 3-
coskeletal. If 2C is topological or simplicial, then ∆′2C becomes a simplicial
space or a bisimplicial set respectively.

Theorem 2.5 Let (U , I) be an ordered open cover over X. Then there are
one-to-one correspondences between

charted 2C-bundles over X subordinate to the given ordered open cover,

continuous strict 2-functors 2XU → 2C, and
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simplicial maps U• → ∆′2C.

Proof: The proof is to inspect the definitions. Assume that α < β < γ < δ
in I. From a strict 2-functor F we recover V α, Eαβ and φαβγ of the charted
2C-bundle at a point x in Uα, Uαβ , or Uαβγ by restricting F to the object,
1-morphism, or 2-morphism (α;x), (α < β;x), and (α < β < γ, α < γ;x)
respectively. To get the cocycle condition at a point x in Uαβγδ apply F to
the following commutative diagram of 2-morphisms in 2XU :

(α < β < γ < δ;x)
forget β
−−−−−→ (α < γ < δ;x)

forget γ



y



yforget γ

(α < β < δ;x)
forget β
−−−−−→ (α < δ;x)

.

From a charted 2C-bundle one can construct F by first defining it on
objects, 1-morphisms, and 2-morphisms of the form (α;x), (α < β;x), and
(α < β < γ, α < γ;x). The construction is completed by using strictness of
F and the fact that 2XU is generated by these 1- and 2-morphisms.

A map U• → ∆′2C is uniquely determined by the maps of k-simplices for
k ≤ 3. For the correspondence to charted 2C-bundles the map on 0-simplices,
1-simplices, and 2-simplices give the V α’s, the Eαβ ’s, and the φαβγ ’s respec-
tively. The coherence condition on tetrahedrons in ∆′2C corresponds to the
cocycle condition of the charted 2C-bundle. �

Remark 2.6 It is probably possible to generalize definition 2.4 to a topolog-
ical bicategory 2Xw

U . The idea is letting the 1-morphisms be nonassociatively
freely generated by pairs (α∗;x) where the chain has length 2. Thus it should
also be possible to extend the theorem above to all bicategories.

Given a charted 2C-bundle E overX and a subspace A ofX it is clear that
we may restrict E to A. We denote the restriction by E|A. More generally,
there is a pullback f ∗E over Y , for every continuous map f : Y → X.

We define equivalence of charted 2C-bundles by concordance:

Definition 2.7 Two charted 2C-bundles E0 and E1 over X are equivalent
(or concordant) if there exists a charted 2C-bundle E over X × I such that
E|X×{i} = Ei, i = 0, 1.

3 Classifying spaces

An important tool for the study of bundles is the classifying space. Restrict-
ing to the cases where 2C is a 2-groupoid the 2-nerves gives classifying spaces
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in the discrete case. For the topological and simplicial case we need in addi-
tion a fibrancy condition on 2C. Let us begin by defining what a classifying
space is:

Definition 3.1 If there exists a space B such that for all finite CW-complexes
X there is a one-to-one correspondence between equivalence classes of charted
2C-bundles over X and homotopy classes of maps X → B, then we say that
B is a classifying space for charted 2C-bundles. We denote such classifying
spaces by B2C.

Now restrict to the case where 2C is a 2-groupoid, i.e a 2-category where
all 1-morphisms are weak equivalences and all 2-morphisms are isomor-
phisms. In the discrete case results by Duskin, Dugger and Isaksen, and
Bullejos and Cegarra yields a theory for the classifying spaces of charted
2C-bundles. We now review this, and summarizing their results we get the
following theorem:

Theorem 3.2 Let 2C be a discrete 2-groupoid, then |∆′2C| ' |N••2C| is a
classifying space for charted 2C-bundles.

Observe the following facts:

• The realization of the ordered Čech complex U• is weakly equivalent
to X by [DI04, theorem 2.1 and proposition 2.6].

• The main theorem of [BC03] states that |∆′2C| ' |N••2C| for arbitrary
2-categories 2C.

• The geometric nerve ∆′2C of a 2-groupoid is a Kan complex by theo-
rem 8.6 in [Dus02].

• A refinement (U ′, I ′) of an ordered open cover (U , I) is an order pre-
serving function f : I ′ → I such that U ′

α ⊆ Uf(α). Given a charted
2C-bundle E subordinate to (U , I) the restriction E|U ′ to a refinement
is well-defined and concordant to E .

• At least in the case where X is a finite CW-complex, it is clear that
every ordered open cover has a good refinement. Hence, every con-
cordance class of charted 2C-bundles can be charted subordinate to a
good ordered open cover.

• Suppose that two charted 2C-bundles E0 and E1 are subordinate to the
same ordered open cover (U , I). If their representing simplicial maps
U• → ∆′2C are homotopic by a simplicial homotopy, then it is obvious
that E0 and E1 are concordant.
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Before completing the proof we need to discuss covers relative to a sub-
space. Assuming that A is a subspace of X and that (U , I) an ordered open
cover of X, we can restrict the cover to A by defining (V, I) by the formula
Vα = Uα ∩ A, and using the same indexing set. We say that (U , I) is good
relative to A if (U , I) is good as a cover of X, and each nonempty finite
intersection Vα1···αk

is a deformation retract of Uα1···αk
. Clearly, at least in

the case where X is a finite CW-complex and A a subcomplex, all ordered
open covers of X have refinements which are good relative to the subspace.

This enables us to formulate the following lemma:

Lemma 3.3 If (U , I) is a ordered cover good relative to a neighborhood de-
formation retract A of X, then there is a bijection between simplicial homo-
topy classes [U•,∆

′2C]rel A and topological homotopy classes [X, |∆′2C|]rel A.

Proof: Define the simplicial space Y• to be the quotient of the ordered
Čech complex U• where Yn is given by collapsing each path component of
Un to a point. The natural quotient map U• → Y• induces a bijection

[U•,∆
′2C]rel A

∼=
←− [Y•,∆

′2C]rel A

since ∆′2C is a simplicial set.
Observe that both U• and Y• have free degeneracies, see [DI04, defin-

ition A.4]. Moreover, each Un → Yn is a weak equivalence since (U , I) is
good. By [DI04, corollary A.6] it follows that |U•| ' |Y•|. Hence also ' X.

Using that ∆′2C is a fibrant simplicial set, we have that

[Y•,∆
′2C]rel A

∼= [|Y•|, |∆
′2C|]rel A .

The lemma follows from these facts. �

Without loss of generality we may assume that all ordered open covers
are good. A charted 2C-bundle corresponds to some map U• → ∆′2C, and
geometric realization yields a topological homotopy class in [X, |∆′2C|]. By
the lemma, with A = ∅, any such class actually comes from a charted 2C-
bundle. To see that two such bundles mapping to the same class in [X, |∆′2C|]
are concordant, apply the lemma in the case X × I relative to X × {0, 1}.
This concludes the proof of theorem 3.2 in the discrete case.

We begin our treatment of the topological case by introducing our
fibrancy condition on topological 2-groupoids. Let D be the diagram (small
2-category) given by the following picture:

•

��@
@@

@@
@@

��• //

??~~~~~~~
•

.
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Let H0, H1 and H2 be the subdiagrams

•

• //

??~~~~~~~
•

, •

��@
@@

@@
@@

•

??~~~~~~~
•

and •

��@
@@

@@
@@

• // •

respectively.

Definition 3.4 A topological 2-groupoid 2C is called sufficiently Serre fi-
brant if the source and target maps from 1-morphisms to objects are Serre
fibrations, and the maps

2 Functstr(D, 2C)→ 2 Functstr(Hi, 2C) for i = 0, 1, 2

also are Serre fibrations. Similarly, we can define sufficiently Hurewicz fi-
brant topological 2-groupiods.

The consequence, whose proof we have postponed until the appendix, see
theorem A.3 and lemma A.4, is the following:

Corollary 3.5 If 2C is a sufficiently Serre fibrant topological 2-groupoid,
then the bisimplicial set Sing• ∆′2C is Moerdijk fibrant.

Using this fact, we are able to show the following theorem. The proof is
long and technical, and has unfortunately not been written down yet.

Theorem 3.6 Let 2C be a sufficiently Hurewicz fibrant topological 2-groupoid,
then |∆′2C| ' |N••2C| is a classifying space for charted 2C-bundles.

Let us call a simplicial 2-groupoid sufficiently fibrant if the simplicial
maps analogous to those in definition 3.4 are surjective Kan fibrations. Since
the geometric realization of a Kan fibration is a Serre fibration, we get clas-
sifying spaces in the simplicial case:

Corollary 3.7 Let 2C be a sufficiently fibrant simplicial 2-groupoid, then
|∆′2C| ' |N••2C| is a classifying space for charted 2C-bundles.

This follows immediately from theorem 3.6.
There is another approach to the classifying space of a charted C-bundle,

namely via 2-functors 2XU → 2C. We now develop this:

Lemma 3.8 Let (U , I) be an ordered open cover of X, then the natural
map |N••(2XU )| → X is a weak equivalence. In particular if X is a finite
CW-complex, then |N••(2XU )| and X are homotopy equivalent.

We first need a Quillen’s Theorem A adopted to the setting of simplicial
(or topological) 2-categories. Suitable for our purposes we have the following.
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Theorem 3.9 Let F• : 2C• → 2C′• be a simplicial strict 2-functor between
simplicial strict 2-categories. Let Fq be the restriction of F• to simplicial
degree q. If for every q and object y in 2C ′q the classifying space B(y//Fq) is
contractible, then

BF : B2C → B2C ′

is a homotopy equivalence.

It is conceivable that a stronger version can be proved, however that is
beyond the scope of this article.

Proof: By Bullejos and Cegarra’s theorem 1.2, [BC03], we have that
BFq : B2Cq → B2C′q is a homotopy equivalence for each q. Realizing the last
simplicial direction we get that BF is also a homotopy equivalence. �

If 2C is a strict 2-category, we can form its classifying space B2C by
applying the double nerve, and then realizing the resulting bisimplicial set.

Proof: Recall Segal’s topological poset XU . Its space of objects is the
disjoint union

∐

S

US ,

where S runs through all nonempty finite subsets of I. The space of mor-
phisms is

∐

R⊆S

US ,

where R and S are finite nonempty subsets of I. The source map forgets R,
while the target map is induced by the inclusions US ↪→ UR.

There is a natural map BXU → X, and Segal shows that this map is a
homotopy equivalence. Our strategy for proving the lemma is to introduce
a hybrid between XU and 2XU , a topological 2-category denoted by 2C. It
comes with forgetful topological 2-functors XU ← 2C → 2XU , and we get a
commutative diagram

B2C −−−−→ B(2XU )


y



y

BXU
'

−−−−→ X

.

The singular simplicial complex functor replaces the topological 2-categories
with corresponding simplicial 2-categories. In this setting we may apply the
weak Quillen’s Theorem A to show that B2C → BXU and B2C → B(2XU )
are homotopy equivalences. This will complete the proof.

Let us define 2C. The space of objects is

{(α, S, x) ∈ I × P(I)×X , where α ∈ S and x ∈ US .}
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The space of 1-morphisms is

{(α1 < · · · < αk, S,R, x) , where R ⊆ S, α1, . . . , αk−1 ∈ S, αk ∈ R, and x ∈ US .}

The 2-morphisms are tuples (α1 < · · · < αk, β1 < · · · < βl, S,R, x) such that
(α1 < · · · < αk, S,R, x) and (β1 < · · · < βl, S,R, x) are 1-morphisms (the
source and target respectively), and β∗ is a refinement of α∗ with β1 = α1 and
βl = αk. It is obvious how to define the two forgetful topological 2-functors
into XU and 2XU .

�

4 Calculations

In this section we will investigate possible definitions of 2-vector bundles
based on Baez’ 2-vector space. However, the result is quite disappointing;
the topological K-theory of these 2-vector bundles splits as two copies of the
K-theory of ordinary vector bundles. The main reason for this behavior is
that Baez’ 2-vector spaces, which can be defined as 2 term chain complexes,
admits a 2-retraction into the direct sum of two general linear groups. This
2-retraction is given by taking the homology of the 2 term chain complex.
Moreover, the 2-morphisms in Baez’ 2-vector spaces, i.e. the chain homo-
topies, between fixed 1-morphisms form affine spaces.

We now list abstract properties giving a sufficient condition for equiva-
lence between the classifying space of a topological bigroupiod 2C and the
classifying space of a topological group G: Suppose that 2C is sufficiently
fibrant and contains G as a retract. This means that there are continuous 2-
functors G i

−→ 2C
r
−→ G such that ri is the identity on G. Suppose further that

2-morphisms in 2C from f to g is an affine space, and thus 2-automorphisms
of f is a vector space. Also assume that whenever f, g : y → y′ are two
1-morphisms in 2C such that r(f) = r(g), then there exists a 2-morphism
φ : f → g in 2C.

Theorem 4.1 Under the assumptions above the classifying space of 2C is
weakly equivalent to BG.

Proof: Recall the notion of the homotopy fiber 2-category y//F for a 2-
functor F : 2C ′ → 2C at an object y ∈ 2C. For our purposes we look at
y//i, where i is the inclusion of G in 2C. In this case the homotopy fiber
2-category simplifies. Let y0 = i(∗). The objects of y//i are morphisms
u : y → y0 in 2C, the 1-morphisms from u1 to u2 are pairs (g, φ) where g ∈ G
and φ is a 2-morphism in 2C from i(g) ◦ u1 to u2, and y//i has only trivial
2-morphisms since G has no non-trivial 2-morphism.
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We now observe that y//i is a groupoid. The inverse of (g, φ) is (g−1, ψ),
where ψ is the horizontal composition of i(g−1) and −φ.

We also check that y//i is connected. Let u1 and u2 be objects. Choose
weak inverse v : y0 → y to u1 in 2C. Let g = r(u2 ◦ v). Notice that
r(i(g) ◦ u1) = r(u2) ◦ r(v) ◦ r(u1) = r(u2). By assumption there then exists
a 2-morphism φ : i(g) ◦ u1 → u2 in 2C, and we get a 1-morphism (g, φ) in
y//i from u1 to u2.

Hence, the nerve of y//i is weakly equivalent to the nerve of the auto-
morphism group of some u in y//i. Let (g, φ) be an automorphism of u. By
definition φ is a 2-morphism from i(g) ◦u to u. The retraction r sends every
2-morphism in 2C to an equality in G. Hence, g ◦ r(u) = r(u) and conse-
quently g = 1 since r(u) is invertible. We see that the automorphisms of u in
y//i is equal to the 2-automorphisms of u in 2C, and these are contractible
by assumption.

What we now have shown is that |N•(y//i)| is contractible for every ob-
ject y in 2C. The theorem follows. �

Let us now discuss choices of 2C based on Baez’ 2-vector spaces. The nu-
merous variations depend on how strictly the 1-morphisms should be equiv-
alences, how much structure the 2-morphisms should contain, and how to
choose the objects from 2-vector spaces within the same weak equivalence
class. Let n, b0 and b1 be positive integers and let C∗ be a 2-term chain
complex of vector spaces.

Let Bstrict(C∗) be the 2-category with a single object C∗, the 1-morphisms
are the chain isomorphisms f : C∗ → C∗, and the 2-morphisms f → g
are chain homotopies φ from f to g.

Let Bweak(C∗) be the 2-category with a single object C∗, the 1-morphisms
are the chain equivalences f : C∗ → C∗, and the 2-morphisms f → g
are chain homotopies φ from f to g.

Let Beq(C∗) be the 2-category with a single object C∗, the 1-morphisms
are tuples (f, f̄ , ιf , εf ), where f and f̄ are chain maps C∗ → C∗, and
ιf : 1 → ff̄ and εf : f̄f → 1 are chain homotopies, and the 2-
morphisms (f, f̄ , ιf , εf ) → (g, ḡ, ιg, εg) are pairs of chain homotopies
φ : f → g and φ̄ : f̄ → ḡ such that the following identities hold:

ιg − ιf = fφ̄+ φḡ and εf − εg = fφ̄+ φḡ .

Let Bad(C∗) be the 2-category with a single object C∗, the 1-morphisms
are tuples (f, f̄ , ιf , εf ), where f and f̄ are chain maps C∗ → C∗, and
ιf : 1→ ff̄ and εf : f̄f → 1 are chain homotopies such that the zigzag
identities

fεf + ιff = 0 and εf f̄ + f̄ εf = 0
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hold, and the 2-morphisms (f, f̄ , ιf , εf )→ (g, ḡ, ιg, εg) are pairs of chain
homotopies φ : f → g and φ̄ : f̄ → ḡ such that the following identities
hold:

ιg − ιf = fφ̄+ φḡ and εf − εg = fφ̄+ φḡ .

Let BH
weak(b0, b1) be the 2-category with objects all 2 term chain com-

plexes C∗ with Betti-numbers b0, b1, the 1-morphisms are the chain
equivalences f : C∗ → C ′

∗, and the 2-morphisms f → g are chain
homotopies φ from f to g.

Let BH
eq(b0, b1) be the 2-category with objects all 2 term chain com-

plexes C∗ with Betti-numbers b0, b1, the 1-morphisms are tuples (f, f̄ , ιf , εf ),
where f : C∗ → C ′

∗ and f̄ : C ′
∗ → C∗ are chain maps, and ιf :

1 → ff̄ and εf : f̄f → 1 are chain homotopies, and the 2-morphisms
(f, f̄ , ιf , εf )→ (g, ḡ, ιg, εg) are pairs of chain homotopies φ : f → g and
φ̄ : f̄ → ḡ such that the following identities hold:

ιg − ιf = fφ̄+ φḡ and εf − εg = fφ̄+ φḡ .

Let BH
ad(b0, b1) be the 2-category with objects all 2 term chain com-

plexes C∗ with Betti-numbers b0, b1, the 1-morphisms are tuples (f, f̄ , ιf , εf ),
where f : C∗ → C ′

∗ and f̄ : C ′
∗ → C∗ are chain maps, and ιf : 1→ ff̄

and εf : f̄f → 1 are chain homotopies such that the zigzag identities

fεf + ιff = 0 and εf f̄ + f̄ εf = 0

hold, and the 2-morphisms (f, f̄ , ιf , εf )→ (g, ḡ, ιg, εg) are pairs of chain
homotopies φ : f → g and φ̄ : f̄ → ḡ such that the following identities
hold:

ιg − ιf = fφ̄+ φḡ and εf − εg = fφ̄+ φḡ .

Observe that in all cases there is an inclusion 2-functor

GL(b1)⊕GL(b1)→ B ,

where B is one of the 2-categories above. There is a retraction to this inclu-
sion given as the homology of the 2-term chain complex C∗. Furthermore,
this retraction satisfies the assumptions of theorem 4.1. Thus:

Corollary 4.2 Let X be a finite CW-complex and B be one of the 2-categories
above. There is a bijection between concordance classes of B-bundles over X
and a pair of concordance classes of ordinary vector bundles over X of fiberdi-
mension b0 and b1 respectively. Consequently the 2-K-theory associated to
Baez’ 2-vector spaces splits as two copies of ordinary K-theory.
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Thus we may write
2KBaez ' K ⊕K ,

where K is ordinary topological K-theory of vector bundles.
However, based on Kapranov and Voevodsky’s 2-vector spaces we could

define 2C to be one of the following:

Let KV(n) be the 2-category with n-tuples V = (V1, V2, . . . , Vn) of
complex vector spaces as objects, the 1-morphisms V → V ′ are n× n
matrices E = (Eij) with det dimE = ±1 and E · V = V ′, and the
2-morphisms E → E ′ are n × n matrices φ = (φij) of isomorphisms

φij : Eij

∼=
−→ E′

ij .

Let KVpt(n) be the 2-category with a single object n, n × n matrices
E = (Eij) with det dimE = ±1 as 1-morphisms, and the 2-morphisms

E → E′ are n×n matrices φ = (φij) of isomorphisms φij : Eij

∼=
−→ E′

ij .

In this case the 2-category is not a bigroupoid, so theorem 4.1 does not apply.
Furthermore, Baas, Dundas and Rognes has calculated the associated 2-K-
theory in [BDR04] and shown that this generalized cohomology theory is
Kalg(ku), and essentially of chromatic filtration 2, thus resembling something
elliptic. We have:

2KBDR ' Kalg(ku)

If V = FinSet (the category of finite sets and maps) and 2C = V−mod, then
the representing spectrum is K(S) = A(∗), relating this to Waldhausens
A-theory (as pointed out by John Rognes).

A The topological Kan condition.

We consider a simplicial space X• with a topological Kan property. To be
precise, in the notation of Duskin, we define the space of k-horns in dimension
n to be

Λk
n(X•) =

{(x0, . . . , xk−1,−, xk+1, . . . , xn) | di(xj) = dj−1(xi), i < j, i 6= k 6= j}

⊂ Xn−1 ×Xn−1 × · · · ×Xn−1
︸ ︷︷ ︸

nfactors

For our purposes, it seems more natural to associate this horn to the
complementary set I(k) = {0, 1, . . . , k − 1, k + 1, . . . n}. So we think of a
k-horn as an I(k)-cohorn. If I ⊂ [n] = {0, 1, . . . , n}, we define the space of
I-co-horns to be

13



CΛI
n(X•) =

{(xi)∈I | di(xj) = dj−1(xi), i < j, i ∈ I 3 j}

⊂ Xn−1 ×Xn−1 × · · · ×Xn−1
︸ ︷︷ ︸

|I|factors

Note that Λk
n = CΛ

I(k)
n There is a canonical map cI(k)

n , : Xn → Λk
n(X•) =

CΛ
I(k)
n (X•), and more generally, for any I ⊂ [n] we have a canonical map

cIn : Xn → CΛI
n(X•).

Definition A.1 We say that X• satisfies the discrete Kan condition in di-
mension n if ck is surjective for all 0 ≤ k ≤ n. We say that X• satisfies the
topological Kan condition in dimension n if the maps ck are surjective Serre
fibrations for all 0 ≤ k ≤ n.

Lemma A.2 If the simplicial space X• satisfies the topological Kan condi-
tion both in dimension n and in n− 1, then for every non-empty I ⊂ [n] the
map cIn is a surjective Serre fibration.

Proof: If |I| = n − 1, then I = I(k) for some 0 ≤ k ≤ n, and the lemma
follows directly from the definitions. Suppose inductively that the lemma is
true for all J ⊂ [n] with n − |J | < n − |I| = m > 1. Assume that k 6∈ I
and J = I ∪{k}, so that by the induction hypothesis cJn is a surjective Serre
fibration. Consider the canonical map which forgets xk

rI
J : CΛJ

n(X•)→ CΛI
n(X•).

Then cIn = cJn ◦ r
I
J . So by the induction assumption, it is enough to show

that the map rJ
I is a surjective Serre fibration.

Recall that δk : [n− 1]→ [n] is the injective map which omits k, so that
the face map dk : Xn → Xn−1 is the map induced by δk. Let the sequence
x = (xi)i∈I be a point in CΛI(X•). We can apply the face map dk to each
entry. We obtain a sequence of points in Xn−1, namely (dk(xi))i∈I . Let
I ′ ⊂ [n − 1] be the subset determined by that I = ∂k(I

′). There is such a
subset, since k 6∈ I.Moreover

|I ′| = |I|

and the map
δk : I ′ → I

is a bijection. We define elements

yi =

{

dk−1(xδk(i)) = dk−1(xi) if i ∈ I ′, and i < k.

dk(xδk(i)) = dk(xi+1) if i ∈ I ′, and k ≤ i.

14



We claim that the sequence (yi)i∈I′ forms an I ′-co-horn in Xn−1, which we
can fill by induction. This can be seen either by meditating on the geometry
of the simplex, or more computationally in the following way (for i, j ∈ I ′

and i < j):

diyj =







didk−1(xj) = dk−2di(xj) i < j < k

didk(xj+1) = dk−1di(xj+1) i < k ≤ j

didk(xj+1) = dkdi+1(xj+1) k ≤ i < j

and also (using that x is in the kth I-co-horn):

dj−1yi =







dj−1dk−1(xi) = dk−2dj−1(xi) = dk−2dixj i < j ≤ k

dj−1dk−1(xi) = dk−1dj(xi) = dk−1dixj+1 i < k < j

dj−1dk(xi+1) = dkdj(xi+1) = di+1xj+1 k ≤ i < j

The association
x = (xi)i∈I 7→ P I,k(x) = (yi)i∈I′

defines a continuous map of horns P I,k : CΛI
n(X•) → CΛI′

n−1(X•). Since
k ∈ J there is also a continuous map pk : CΛJ

n(X•)→ Xn defined by picking
out the appropriate component: pk((xi)i∈J) = xk.

These maps fit into a diagram of spaces

CΛJ
n(X•)

pk

��

rI
J // CΛI

n(X•)

P I,k

��

Xn

cI′

n−1 // CΛI′

n−1(X•)

This is actually pull back diagram. The bottom map is a surjective Serre
fibration by assumption, so it follows that the top map is also a surjective
Serre fibration. �

We can now prove our main theorem.

Theorem A.3 Let X• be a simplicial space.

• Assume that X• satisfies the topological Kan condition in dimensions
n and n − 1. Then the diagonal simplicial space T• = δ•(Sing(X))
satisfies the Kan condition in dimension n.

• Assume that the three boundary maps di : X2 → X1 are Serre fibrations,
and assume that X• satisfies the discrete Kan extension condition in
dimension 2. Then the diagonal simplicial space T• = δ•(Sing(X))
satisfies the Kan condition in dimension 2.
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Proof: We need to show that any horn in T• can be filled. The Kan con-
dition is always satisfied for n = 1, since a 1-horn is filled by the degeneracy
map s0 : X0 → X1. So we assume without restriction that n ≥ 2. A k-horn
in dimension n in T• consists of a sequence of continuous maps

xi : ∆n−1 → Xn−1 defined for 0 ≤ i ≤ n− 1, i 6= k.

with the property that if xi and xj are defined and i < j then the following
two continuous maps agree:

∆n−2
δi−→ ∆n−1

xj
−→ Xn−1

di−→ Xn−2

∆n−2
δj−1

−−−→ ∆n−1
xi−→ Xn−1

dj−1

−−−→ Xn−2

Here, and in the rest of the proof, we abuse notation by not distinguishing
between a map [m] → [n] and its affine extension to a continuous map
∆m → ∆n. The way to visualize this, is to consider the topological horn

Λk
n = ∪i6=kδi(∆n−1) ⊂ ∆n

The map xi can be identified with a map from the subset δi(∆n−1) of Λk
n.

The maps corresponding to xi and xj do not necessarily agree on the inter-
section δi(∆n−1)∩ δj(∆n−1) of these subsets, but satisfy a more complicated
compatibility condition.

Main step. We define a continuous map

y : Λk
n → Xn

such that for every i 6= k we have that xi = di ◦ y ◦ δi. We define this
map inductively. The induction is done over a sequence of subspaces of
the skeletons of Λk

n, which we define now.. Let Zr be the union of all r-
dimensional subsimplices of ∆n which contain the vertex k. Then

{k} = Z0 ⊂ Z1 ⊂ . . . Zn−1 = Λk
n

Start of induction: Z0 is included in every subspace ∂i(∆n), so we obtain
a sequence of elements ai = xi∂i(k) ∈ Xn. These element satisfy that if
i < j, i 6= k 6= j, then

diaj = dixj(∂j(k)) = dj−1xi(∂j(k)) = dj−1ai

By assumption the map ck is surjective, so we can find an element b ∈ Xn+1

such that di(b) = ai. We define y on Z0 = {k} by y(k) = b ∈ Xn+1.
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Induction step: Assume that we have defined y : Zr−1 → Xn+1 such that
for each i 6= k we have a commutative diagram:

Zr−1 ∩ ∂i(∆n−1)
� � //

� _

��

Zr−1
y

// Xn

di

��
∆n−1

xi // Xn−1

We want to extend y to a map from Zr with the same property. To define
this extension, it is sufficient to define it on each r-simplices in Zr. Such
a simplex is determined by a subset I ⊂ [n] with the two properties k ∈ I
and |I| = r. There is a unique order preserving injection with image I.
α : [r] → I ⊂ [n + 1], and some k′, 0 ≤ k′ ≤ r so that α(k′) = k. Using
α, we can translate the problem of extending the map y to the simplex
determined by I into a problem of constructing a map y′ : ∆r → Xn with
certain properties. In order to construct the extension of y to Zr, we have
to solve this transformed problem for all injective α : [r] → [n] such that
the image I = α([r]) contains k. We have to be careful about what the
transformed problem is.

First, note that α(∆r) ∩ Zr−1 = α(Λk′

r ), so y′ is already defined on Λk′

r .
There are two cases for the maps xi. If i 6∈ I, then xi is defined on a sub

space α(Λk
r ), and by induction, there it agrees with diy. So these maps do

not give extra conditions on y′, beyond that it has to be an extension of the
already defined map y′ : Λk

r . On the other hand, if i ∈ I, say i = α(i′), we
do get an extra condition. First note that we have a canonical factorization

[r − 1]
α′

i′ //

δi′

��

[n− 1]

δi

��
[r]

α // [n]

where

α′
i′(j

′) =

{

α(j′) if j′ < i′.
α(j′ + 1)− 1 if j ′ ≥ i′.

For i = α(i′) and i 6= k we define

xα,i : ∆r−1

α′
i′−−→ ∆n−1

xi−→ Xn−1

We claim, that these maps fit together to a map xα : ∆r → CΛI
n(X•). To

see this, assume that 0 ≤ i′ < j′ ≤ r, i = α(i′),j = α(j′) and i 6= k 6= j.
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There is a commutative diagram (whose diagonal composite is α : [r]→ [n]).

[r]

α′
i

��:
:

:
:

:
:

:
:

:
:

:
:

:
:

:
:

:

α′′
i,j &&LLLLLLLLLLL

α′
j

++VVVVVVVVVVVVVVVVVVVVVVVVVV

[n− 2]
δi //

δj−1

��

[n− 1]

δj

��
[n− 1]

δi // [n]

Taking this diagram into account, we compute:

dixα,j = dixjα
′
j′

= dj−1xiδj−1α
′′
i,j

and

dj−1xα,i = dj−1xiα
′
i′

= dj−1xiδj−1α
′′
i,j

End of argument for n ≥ 3.
So the maps xα,i collectively define a map

xα : ∆r → CΛI
n(X•)

The extension problem we have to solve is the following:

Λs
k

y
//

� _

��

Xn+1

cI

��
∆r

xα //

88q
q

q
q

q
q

CΛI
nX•

However, this is solvable, since the map cI is a Serre fibration by lemma A.2.
The case n = 2. Let 0 ≤ k ≤ 2, and consider a k-horn in δ1(Sing(X•).

Use the Kan extension property at the vertex k to obtain a point in X2.
Then use that di : X2 → X1 is a Serre fibration to obtain a continuous map
y : Λk

2 → X2. Finally extend this to the 2-simplex.
In this case, we do not need lemma A.2. �

We deduce:

Lemma A.4 If 2C is a sufficiently fibrant topological 2-groupoid, then for
all n and k, 0 ≤ k ≤ n the map from the n-simplexes of ∆′2C into the space
of k horns in dimension n in ∆′2C are surjective Serre fibrations.

18



Proof: Surjectivity follows from Duskin’s result that the geometric nerve
of a discrete 2-groupoid is a Kan complex.

For n = 1 and n = 2 the definition of sufficiently fibrant corresponds
precisely to the geometric nerve having the topological Kan condition in
that dimension.

For n > 3 there is nothing to prove since in this case any n-simplex in the
geometric nerve is uniquely determined by its restriction to the 3-skeleton.

For n = 3 consider an extension problem

ck : (∆′2C)3 → Λk
3(∆

′2C) .

This amounts to finding a 2-morphism in 2C satisfying a certain coherence
condition. Since every 2-morphism in a 2-groupoid is an isomorphism, the
map ck is injective. But we know from Duskin that ck is also surjective.
Thus ck is a homeomorphism, and in particular a surjective Serre fibration.

�

References

[BC03] M. Bullejos and A. M. Cegarra, On the geometry of 2-categories
and their classifying spaces, K-Theory 29 (2003), no. 3, 211–229.
MR MR2028502 (2004i:18009)

[BDR04] Nils A. Baas, Bjørn Ian Dundas, and John Rognes, Two-vector
bundles and forms of elliptic cohomology, Topology, geometry and
quantum field theory, London Math. Soc. Lecture Note Ser., vol.
308, Cambridge Univ. Press, Cambridge, 2004, pp. 18–45. MR
MR2079370 (2005e:55007)

[Bek04] Tibor Beke, Higher Čech theory, K-Theory 32 (2004), no. 4, 293–
322. MR MR2112899 (2005i:18007)

[Bén67] Jean Bénabou, Introduction to bicategories, Reports of the Mid-
west Category Seminar, Springer, Berlin, 1967, pp. 1–77. MR
MR0220789 (36 #3841)

[DI04] Daniel Dugger and Daniel C. Isaksen, Topological hypercovers
and A

1-realizations, Math. Z. 246 (2004), no. 4, 667–689. MR
MR2045835 (2005d:55026)

[Dus02] John W. Duskin, Simplicial matrices and the nerves of weak
n-categories. I. Nerves of bicategories, Theory Appl. Categ. 9

(2001/02), 198–308 (electronic), CT2000 Conference (Como). MR
MR1897816 (2003f:18005)

19



[Str87] Ross Street, The algebra of oriented simplexes, J. Pure Appl. Al-
gebra 49 (1987), no. 3, 283–335. MR MR920944 (89a:18019)

20


