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How is the Hit
hin system self-dual?Let us 
ount the ways.S. Abenda and E. PreviatoAbstra
t. The notion of Algebrai
 Complete Integrability (ACI) of 
ertain me
hani
al systems, introdu
edin the early 1980s, has given great impetus to the study of moduli spa
es of holomorphi
 ve
tor bundlesover an algebrai
 
urve (or a higher-dimensional variety, with mu
h more ground to be explored). Severalnotions of \duality" have been the obje
t of mu
h interest in both theories. We highlight the pertinentnotions, fo
using on the most basi
 
ase of a rather `universal' 
lass of ACIs, (generalized) Hit
hin systems.We explore the relationship between dualities of ACIs, o

urring both in �nite and in�nite dimensions. Wethen highlight variations on the notion of ACI whi
h have also exhibited features of duality. We 
omparethese, our goal being a systemati
 use of duality to produ
e new integrable systems from given ones.x0. Introdu
tionThe Hit
hin system [H℄ and its generalizations have generated a tremendous amount of a
tivity and
onstru
tions, but often the 
ommon underlying freatures of two theories remain unrelated.The purpose of this note is to 
onne
t several dualities exhibited by the Hit
hin system; in doing so,we present two modi�
ations of the 
on
ept of algebrai
 integrability, be
ause these two were shown, inparti
ular examples, to exhibit the same or a similar kind of duality; we illustrate the 
on
ept of St�a
keltransformation and of re
ipro
al transformations (whi
h were re
ently shown to be essentially the same[BS℄) sin
e they 
onne
t systems whi
h also exhibit Hit
hin-type dualities. We also pose some questions forin�nite-dimensional 
ompletely integrable systems, given that some spe
i�
 examples of quantized Hit
hinsystems exist; again, there doesn't seem to be a worked-out 
onne
tion between dualities of isospe
tral typein the Sato Grassmannian and dualities of the Hamiltonian systems, whereas at least in the genus 0 and 1limits of the Hit
hin system, the a
tion-angle dualities would have a very expli
it manifestation at the levelof the Baker fun
tion. Re
ipro
al transformations have been used for systems of hydrodynami
 type, e.g.,[AG℄, whi
h en
ompass �nite and in�nite-dimensional 
ommuting 
ows.Ultimately we propose, �rstly to strengthen the 
orresponden
es between the various 
on
epts, and wepose 
on
rete questions below, sket
hing the method; we hope to 
omplete this work and follow-up with adiagrammati
 note that provides a network between the types of dualities and transformations; se
ondly, wewould like to systematize the transformations to produ
e new integrable systems from known ones.In this note, we just lay out the proposed links between dualities, both 
lassi
al and newly 
onstru
ted(Se
tion 1), between systems in
luding modi�ed versions of algebrai
ally 
ompletely integrable (Se
tion 3);we work out the expli
it self-duality for the 
ase of moduli of ve
tor bundles in genus 2 (Se
tion 2); and wepropose to 
onne
t dualities systemati
ally via transformations (Se
tion 4).A
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ts of dualityDuality as pertaining to dynami
s appears to owe its relevan
e to Fourier-type transforms via bilinearpairings. It is more diÆ
ult, we believe, to understand its `natural' explanation when it appears in geometry.The goal of this se
tion is to give a list as 
omplete as possible of dualities that o

ur when integratingequations of motion and to pose the question of relating them.1.1 Legendre transform. We report the �rst instan
e from Arnol'd's 
lassi
al book [Ar, 3.14℄, whereit is sited after a sket
h of Cal
ulus of Variations and used to turn the Lagrangian into the Hamiltonianformulation of equations of motion: \The Legendre transformation is a very useful mathemati
al tool: it1



transforms fun
tions on a ve
tor spa
e to fun
tions on the dual spa
e. Legendre transformations are relatedto proje
tive duality and tangential 
oordinates in algebrai
 gometry..."The Legendre transform of a fun
tion f(x) is: in the s
alar 
ase, the maximum distan
e g(p) betweenthe value of the fun
tion at p = f 0(x) and the height of the line of slope p = f 0(x) at x; this 
an be viewedas a 
orresponden
e between a proje
tive line and its dual, if x is regarded as an aÆne 
oordinate of P1 andp, the slope of the lines through the origin, as an aÆne 
oordinate of P1�; in several variables (x1; :::; xn),it is the di�eren
e between the inner produ
t (p; x) and the value f(x), where again x(p) is the value su
hthat rf(x) = p. Note that for this to be uniquely de�ned, f has to satisfy a 
onvexity 
ondition. It is easyto 
he
k that this is an involutive operation. Note also that quadrati
 forms are self-dual, meaning thatf(x(p)) = g(p) and g(p(x)) = f(x).Under this involution, a Lagrangian system of se
ond-order di�erential equations, de�ned, in the 
lassi
alsetting, on the tangent bundle to a manifold by a Lagrangian fun
tion L(q; _q; t) that satis�es:_p = �L�q ; where p = �L� _q ;is 
onverted into a Hamiltonian system:Theorem [A, x15℄. The system of Lagrange's equations is equivalent to Hamilton's equations, namelythe system of 2n �rst-order equations: _p = ��H�q ; _q = �H�p ;where H(p; q; t) = p _q � L(q; _q; t) is the Legendre transform of the Lagrangian fun
tion viewed as a fun
tionof _q.Note that H is de�ned on the 
otangent bundle to the manifold endowed with the natural symple
ti
stru
ture dp^dq. A re
ent generalization appears to be a natural duality of \Hessian metri
s g" [SY℄, whi
hhave an interesting integral property.While the Lagrangian formulation of the equations stems from a variational energy-minimizing problem,in the `dual' Hamiltonian version, as generalized below to 
omplex proje
tive manifolds with holomorphi
symple
ti
 stru
ture (an area of intensive resear
h together with the 
on
ept of duality), perhaps a variationalapproa
h is not equally systematized; in parti
ular, proje
tive geometry 
arries di�erent metri
 stru
turesthan Eu
lidean geometry, 
f. e.g. [Fis
h℄ for a 
omparison. It is therefore important to make re
ourse to thevariatonal approa
h as generalized to in�nite-dimensional manifolds (spe
i�
ally loop spa
es) by Gardner-Zakharov-Faddeev; the KdV equation 
ould then be derived from the Euler-Lagrange equation and these weregeneralized to \systems of hydrodynami
 type", 
f. [Nov℄ for a 
on
ise exposition. It might be interestingto work out a di
tionary between the �nite-dimensional 
ompletely integrable 
ase (esp., the geodesi
 orNeumann system whi
h will be reviewed below in the 
ontext of `duality') and the PDE 
ase where 
owsindeed o

ur on a loop spa
e (esp. the KdV equation whose algebro geometri
 solutions 
an be 
onstru
tedfrom the geodesi
 system), to ask whether the variational equations of the 
lassi
al 
ase are obtained fromthe hydrodynami
 ones; the geometry of the solutions is 
ertainly well understood [DKN℄, but we are notaware of an expli
it Lagrangian in the literature, whi
h would be
ome the mu
h more interesting in the 
aseof the Hit
hin system of x2. In the Lagrangian formulation, the pursuit of integration is better a
hievedby identifying 
onservation of angular momentum, in the Hamiltonia formulation, 
onservation of energy: isthere a geometri
 reason why the Hit
hin system should have 
onserved angular momenta?1.2 Lie's sphere geometry. The quadrati
 
omplex is key in the integration of the Hit
hin systemon whi
h we zero in below. An alternative way to Pl�u
ker's Grassmannian for parametrizing lines in realproje
tive spa
e, was devised by Sophus Lie. Des
ribed over the reals, Lie's line-sphere 
orresponden
e doesthe following [J, Art. 215℄. Given a sphere of radius R with equation�2�x� 2�x� 2
z + x2 + y2 + z2 + C = 0; where C = �2 + �2 + 
2 �R2in Cartesian 
oordinates, letting C = ��; �+ �{ = s; R+ 
 = r;�� �{ = �; R� 
 = �;2



a 
orresponden
e is established between spheres of R3 and lines whose 
oordinates (r; s; �; �; �) satisfying theequation � = r� � s� are related to the standard Pl�u
ker 
oordinates, namely the six minors of� 1 0 �r ��0 1 �s �� � :Lie then gave a 
hara
terization of linear 
omplexes in terms of di�erential equations. Certain \spe
ial"quadrati
 
omplexes were also 
hara
terized, where spe
ial means that they 
onsist of all the lines tangentto a given surfa
e. The equation is 5Xi=0( ���xi )2 = 0; � = 5Xi=0 �ix2i being the equation of the 
omplex in Klein
oordinates (i.e., the Grassmannian has equation: Px2i = 0). There are 4 
o-singular (\
onfo
al" would bethe word for quadri
s) 
omplexes, 5Xi=0 x2i�i + � = 0;that go through any given line y := [y0; :::; y5℄ 2 P5, given by the values �1; :::; �4, say, of the parameter.Then, y 
an be des
ribed by the \ellipti
 
oordinates" [�1; :::; �4℄ in su
h a way that[yi℄ � �(�i + �1)(�i + �2)(�i + �3)(�i + �4)f 0(��i) � ; f(�) = 5Yi=0(�i + �)and the PDE for the 
omplex be
omes:4Xi=1 � ����i�2 f(�i)Qj 6=i(�i � �j) = 0:Naturally, as soon as you write down a di�erential equation, you realize that Ja
obi already integrated it.Not only do we re
ognize hyperellipti
 genus-2 integrals in his solution:� = 4Xi=1  Z d�ip(�i � a)(�i � b)pf(�i) !+ C; a; b 2 C arbitrary;we also see that this system is a transformed Neumann/Geodesi
 system (
f. x2.3 below), for the parametersof the base (the �xed values of the Hamiltonians) 
orrespond to moving 
urves � = a; � = b, the family ofhyperellipti
 
urves given by �xing g+1(= 3) Weierstrass points (plus a `normalized' one, su
h as 1 in theNeumann notation, 
f. [M℄, e.g.) and varying the other g.1.3 \Dualities in integrable systems". We quote verbatim from the beginning of [GR℄, where theauthors make our point better than we ever 
ould: \During the last years duality be
omes a very fashionableterm denoting a lot of di�erent phenomena mainly due to the dramati
 development in the string theory.Hen
e it is ne
essary to be very pre
ise when speaking in the related issues. That is why we formulate thesubje
t of the paper from the very beginning { the di�erent dualities in the Hit
hin type many-body systemsas well as their generalizations shall be dis
ussed".The �rst appearan
e of striking examples of duality that 
onne
ted ACIs, as far as we know, o

urred in[FGNR℄. In the di�erentiable 
ategory, on (open sets) of a manifold of dimension 2m, a 
ompletely integrablesystem admits a
tion-angle variables (Ii; �i), ! = mXi=1 dIi ^ d�i being the symple
ti
 form, given in Darboux
oordinates as mXi=1 dpi ^ dqi, Hj = fj(I) the Hamiltonians, andI(b2)� I(b1) = Z� !;3



where b1; b2 are two points in the base joined by a path 
 and � 2 H2(h�1(
); h�1(b1 [ b2);Z); h is theHamiltonian map and the lift of 
 is transported through the Gauss-Manin 
onne
tion.De�nition. [FGNR℄ Two Hamiltonian systems are dual to ea
h other in the sense of a
tion-
oordinate(AC) duality if the a
tion variables Ii of the �rst system 
oin
ide with the 
oordinates qi of the se
ond andvi
e-versa.Example. The two-parti
le system 
alled Calogero os
illator gives rise in one limit to the Calogero-Moser system, with Hamiltonian: H(p; q) = p22 + �22q2 ; we let the parameter � = 1 for simpli
ity. Thestrategy is the following. Step I: �nd a
tion-angle variables I = f(H), and �, in terms of p; q, so thatdp ^ dq = dI ^ d�, with H = H(�) a fun
tion of � only. Step II: �nd a dual HD(I; �) = HD(q); a fun
tionof q only. For the example,I = 12� I pdq = 12� I rE � 12q2 dq; d� = dqp � �I�E��1I ; so that � =rq2 � 12E ;where E is the value of H , the energy, then HD(I; �) = q22 = �22 + 12I2 , inter
hanging position and momen-tum.For the holomorphi
-symple
ti
 
ase the authors give a stronger de�nition of duality, whi
h they 
allAA (A
tion-Angle).De�nition. [FGNR℄ AA duality is obtained by 
hoosing a symple
ti
 basis (A;B) of H1(h�1(b1);Z),whi
h is also transported via the Gauss-Manin 
onne
tion along a path 
 
onne
ting the points b1; b2 of thebase, giving a de
omposition of� 2 H2(h�1(
); h�1(b1 [ b2);Z); � = �A + �B :The dual a
tion variables are:I(b2)� I(b1) = Z�A !; ID(b2)� ID(b1) = Z�B !:Sin
e the 2-form P dIi ^ dIDi vanishes, (lo
ally) there exists a fun
tion F , 
alled prepotential, su
h thatIDi = �F�Ii .Example. Again in one degree of freedom, the Hamiltonian of the \ellipti
 Calogero-Moser" system is:H(p; q) = p22 + �2}� (q); where }� is the Weierstrass fun
tion on the ellipti
 
urve E� :y2 = 4x3 � g2(�)x � g3(�) = 4 3Yi=1(x � ei); x = }� (q); y = }� (q)0:With the notation: e0 = E�2 = H�2 , the a
tion variable is one of the periods of the di�erential pdq2� on the
urve E = H(p; q),I = 12� IA dqp2(H � �2}� (q) = {�2p2� IA dxpx� e0p(x� e1)(x � e2)(x� e3) ; d� = 12{T (E) dxqQ3i=0(x� ei) ;where T (E) = 14�{ IA dxqQ3i=0(x� ei) :By introdu
ing the meromorphi
 fun
tion on E� ,
̂n� (z) =rx� e1x� e2 ;4



whi
h up to a res
aling of z is indeed Ja
obi's ellipti
 
osine, andHD(I; �) = 
̂n� (z) = 
̂n�E (�)s1� �2(e1 � e3)2E � �2e3 ;whi
h indeed depends on z only, A
tion-Angle duality is a
hieved sin
e�E = 0�HB dtqQ3i=1 4(t�ti)1A0�HA dtqQ3i=1 4(t�ti)1A ;
t = 1x� e0 + 13 3Xi=1 1x� ei ; ti = 13 3Xj=1 ej � ei(e0 � ei)(e0 � ej) :Not surprisingly, this duality 
arries more geometry; the general ellipti
 model, also worked out in [FGNR℄,with modular fun
tions g2; g3 viewed as se
tions of O(4n) and O(6n), respe
tively, over P1, and Hamiltonianan arbitrary (meromorphi
) fun
tion over P1, when dualized has integral manifolds that are Ja
obians ofdimension 5, thus exemplifying an \embedding of the Liouville tori into (...) abelian varieties of higherrank (...) going ba
k to the original work of S. Novikov and A. Veselov [NV℄", who studied the theoryof Liouville-integrable Hamiltonian systems on the phase spa
e of the �nite-zone potentials. The Poissonbra
kets obtained from the 
lassi
al and new integrable dynami
al systems are related over these phasespa
es. The general Poisson bra
kets de�ned by the authors have algebro-geometri
 signi�
an
e, and someof these Poisson bra
kets possess foliations by 
omplex tori whi
h are no longer abelian varieties. The issuewill be pursued a bit further in Se
tion 4.The authors give an example of prepotential for the 
ase H = p22 + �2 
os q, with spe
tral 
urve y2 =(x�u)(x2�1), x = 
os q, y = p sin qp�2� ; u = H�2 whi
h they interpret as S-duality (inter
hanging SU(2) gaugetheories near u =1 and u = 1, respe
tively). The dual variablesI = Z 1�1r x� ux2 � 1dx; ID = Z u1 r x� ux2 � 1dxobey the Pi
ard-Fu
hs equation and u is monodromy-invariant:� d2du2 + 14(u2 � 10)�� IID � = 0; IID � 2F = u; F � 12u logu+ ::: � I2 log I +Xn 
nn I2�4n; 
n 2 C :1.4 Involutions on Sato's Grassmannian. There are at least two involutions of key importan
ede�ned on Sato's Grassmannian. The �rst, whi
h takes the \Baker fun
tion" to its \adjoint", equivalently,a subspa
eW 2Gr to its orthogonal, is the ingredient that yields the link between Gr and the KP hierar
hy:IS1  W (g; �) �  W?((g0)�1; �) = 0; W (g; z)jz=� = �W (gq�)=�W (g)the wave or Baker fun
tion is equivalent to:1Xj=0 pj(�2x)pj+1(Dx)eP1k=1 ykDky �(y)��(x) = 0;5



namely the KP hierar
hy in Hirota's bilinear form (we do not provide de�nitions for this well-known termi-nology). In Sato's (boson-fermion) 
orresponden
e ��1 $ z (given by � + v�1(x)��1 + :::) (x; z) = z ),this 
orresponds to the 
lassi
al notion of \adjoint operator", in di�erential algebra:L = NXj=0 uj(x)�j ; Ly = NXj=0(��)juj(x);the dual Baker fun
tion  y to  is the Baker fun
tion of Ly. More generally, the adjoint operator ofdi�erential algebra: (D�u�)v = Æ(u�v)� u�(Dv); u� 2 V �; v 2 V;(V; Æ;D) a di�erential system, namely D : K ! K a derivation on a di�erential �eld (K; Æ), V; V � dualK-spa
es, was used re
ently to give algorithmi
 
riteria for the di�erential system to have a 
y
li
 ve
tor, 
f.[CK℄. For \algebro-geometri
 solutions" of the KP hierar
hy (the 
entralizer of L in the ring of di�erentialoperators is larger than a polynomial ring C [L0 ℄), the spe
tral 
urves are the same and the eigen-line-bundlesof 
ommon eigenfun
tions of the adjoint rings are the opposite of ea
h other on the Ja
obian. However, spe
ialpoints of the Grassmannian, dubbed in the algebro-geometri
 
ase \adeli
 Grassmannian" by G. Wilson,have the property that inter
hanging the variables x and z, they still belong to the Grassmannian: theseare the solutions to the \bispe
tral problem" posed by J.J. Duistermaat and F.A. Gr�unbaum [DG℄, namelya 
lassi�
ation of di�erential operators in one variable, with 
ommon spe
trum, that admit a `dual' pair ofdi�erential operators in their spe
tral parameter, with spe
trum depending on the variable of the originalpair.There seems to be little information on how dualities of ACIs re
e
t on dualities on the Grassmannian forthe PDE problem that 
orresponds, 
ertainly in a non-trivial way, to the Hamiltonian system (for instan
e,KdV 
orrespond to the Neumann system, 
f. [M℄), with the following ex
eption. In [C℄, Sutherland quantizedpotentials (in several variables (xi)),��+ X1�i<j�n 12m(m+ 1)sinh�2�xi � xj2 � ;are shown to be bispe
tral to a 
ommutative ring of di�eren
e operators, the rational Ruijsenaars operators,
f. [Ruij℄ in whi
h Ruijsenaars �rst dete
ted a duality. We 
onsider the natural question: Is there a bispe
tralduality 
orresponding to the quantized Hit
hin system and its eigenfun
tion? In [GT-N-B2℄, upon �ndingHamiltonians for the Hit
hin system in genus 2, the authors propose an expli
it quantization; the missinglink with bispe
trality is an expli
it wave/Baker fun
tion, whi
h Chalykh is able to produ
e.x2. What is this duality?This se
tion is devoted to the simplest 
ase of the Hit
hin system. The phase spa
e is T �SUX (2;OX),the 
otangent bundle to the (Seshadri) moduli spa
e of semistable rank-2 bundles over a Riemann surfa
eX of genus 2. This seems to be to date the only 
ase in whi
h expli
it Hamiltonians have been written, asquarti
 polynomials in six variables, 
f. [GT-N-B1℄ where the authors provide a parametrization of the phasespa
e in terms of se
ond-order theta fun
tions and reveal that this 
ase of the Hit
hin system is self-dualunder inter
hange of positions and momenta. The aim of this se
tion is to identify this duality in geometri
terms. In rephrasing results from [GT-N-B1℄ we shall be ne
essarily sket
hy, referring to the original paperfor mu
h more detail and te
hni
al provisos.2.1 Wirtinger duality. Points of the phase spa
e of the system are pairs (E; ), where the bundlesE 
an be given as an extension (
lass) 0! `�1 ! E ! `! 0;` a line bundle of degree g� 1 = 1, and  is a holomorphi
 (1:0) form with values in the bundle of tra
elessendomorphisms of E. By asso
iating to E the subvariety CE of Pi
g�1(X) 
onsisting of the line bundles `su
h that H0(`
E) 6= 0 (equivalently, E is an extension of `), M.S. Narasimhan and S. Ramanan showed that6



SUX (2;OX) �=!P3 = PH0(2�0), E 7! C �� where � is a se
ond-order theta fun
tion that vanishes pre
isely onthe 
urve CE .2.1.1 Two versions. The 
lassi
al duality is intrinsi
. Indeed, the theta divisor in Pi
g�1, � := f� 2Pi
g�1 : H0(�) 6= 0g is 
anoni
ally de�ned, as is the morphism Pi
0 ! j2�j; � 7! �� + ���1 , and thisidenti�es j2�j�, the linear forms on j2�j, with j2�0j = H0(Pi
0; 2�0), be
ause the hyperplane 
lass pullsba
k to 2�0. In [GT-N-B1℄, this is presented in an analyti
 way using extrinsi
, expli
it 
oordinates thatdepend on the 
hoi
e of suitable bases. Upon 
hoosing a (standard) homology basis on X , the asso
iatedtheta fun
tion #(u) gives rise to a se
ond-order theta fun
tion (in both u and u0) #(u0�u)#(u0+u), a

ordingto Riemann's addition theorem:#(u0 � u)#(u0 + u) = Xe2Zg �2;e(u0)�2;e(u);where :�k;e(u) = gXn2BbbZ e�{kt(n+e=k)�(n+e=k)+2�{k(n+e=k)�u :The linear isomorphism � : H0(2�0)� ! H0(2�0); �(�)(u) = h#(��u)#(�+u); �i, is su
h that by Riemann'saddition theorem � inter
hanges the basis (�2;e) of H0(2�0) with the dual basis (��2;e) of H0(2�0)�. Thesedualities 
oin
ide, as 
an be seen by noting that to an element � 2 j2�0j� there should 
orrespond an element� 2 j2�0j = H0(Pi
0; 2�0) a

ording to the intrinsi
 duality, and sin
e �(�)(u) = h#(� � u)#(� + u); �i, thisis the divisor �(�) = fu : �((�0)u) + ((�0)�u) = 0g.In this way, � inter
hages positions p1; :::; p4 and momenta q1; :::; q4 (given by a dual basis) for thestandard symple
ti
 form dp^dq, whi
h is the 
anoni
al one on the 
otangent bundle, used by Hit
hin. It is bythis devi
e that the authors are able to show that, for a Hit
hin Hamiltonian h, h(p; q) = h(q; p), a property\far from obvious in the original formulation of the Hit
hin system" [GT-N-B2, x5.4℄. The inter
hange(�; �) 7! (�(�); �(�)) takes pla
e on a proje
tive variety, so a natural geometri
 question is, \what is thisduality?" Let's re
all how [GT-N-B1℄ tra
es the bundle to its proje
tive 
oordinates [p1; :::; p4℄ 2 P3. In thepresentation 0! `�1 ! E ! `! 0, E is regarded as the bundle `�1�` with 
omplex stru
ture (�-operator)�E = �`�1�` + B, B = � 0 b0 0 �. The duality inter
hanges the bundle E that 
orresponds to the 
urve ofzeroes of �, with the bundle that 
orresponds to the 
urve of zeroes of �(�), fu : h#(�+ u)#(� � u); �i = 0g.More geometri
ally: for a pair (�; �) in generi
 position, namely su
h that the 
orresponding Hit
hinvalue is not the square of a di�erential, equivalently � 6= 0 in the Higgs �eld  = ��� �� � �, a generi
� will not be the produ
t of two elements, one ea
h from H0(`2u1) and H0(KX), where u1 is one of thepoints asso
iated to E : �(u1) = 0. There is then a 2-dimensional 
hoi
e of theta fun
tions vanishing atu1; u2; u1 � u2; u1; u2 =2 � , su
h that the four zeroes x1; :::; x4 of #�Z xx0 ! � u1 � u2 ���) satisfy:u1 + u2 = Z x1x0 ! + Z x2x0 ! � 2�; u1 � u2 = Z x3x0 ! + Z x4x0 !:In other words, given E and an asso
iated �, with a line bundle `1 
orresponding to a point on it, one 
hoosesa plane through the point of j2�0j that 
orresponds to � and a � in its orthogonal line; the duality nowthe line meets the Kummer dual in four points �`i ; the divisors of `1`2 and `1`�12 K are x1 + x2, x3 + x4,respe
tively. It is possible to arrange the dual 
hoi
es in su
h a way that the asso
iated points yi are imagesof the xi under the hyperellipti
 involution.Con
lusion. While this duality does not make sense on moduli of bundles, sin
e it also dependson the 
hoi
e of Higgs �eld, its geometri
 meaning is the following: 
hoosing (generi
ally) a point on the
urve that 
orresponds to E, and one Fay quadrise
ant through that point (the 3-dimensional family of Fayquadrise
ants a

ounts for the 
hoi
e of �, in the proje
tivized 
otangent spa
e at E, a plane), the de�ningequations of the `dual' 
urve in the pair are obtained in the same way as the original, but after translationby u1 (where the points u1; :::; u4 play symmetri
al roles).7



Notably, expressing Wirtinger's duality in extrinsi
 
oordinates provides a proof [GT-N-B1, Appendix 3℄that the Kummer surfa
e is self-dual (di�erent from the standard geometri
 argument) and might be usefulto investigate similar geometri
 properties of the higher-genus Kummer variety.The 
hallenge is then to pursue a duality for the Hit
hin system in higher genus. An indi
ation that itshould exist, is the AC duality of x1.3: the many-body rational Calogero-Moser systems and trigonometri
Ruisenhaars-S
hneider systems [RS℄ (both self-dual) approa
h ea
h other under two su

essive deformationsof the (dual) parameters, while an AC duality 
onne
ts the trigonometri
 Calogero-Moser with the rationalRuisenhaars-S
hneider systems [FGNR℄.In genus 0 and genus 1, resp., the Gaudin system and the ellipti
 Calogero-Moser (spin) system havebeen interpreted as limits of the Hit
hin system when the 
urve X a
quires singular points [ER,N℄. It is
on
eivable that the dualities between these systems 
an also be obtained as a limit of a duality for theHit
hin system in genus g; in the g = 2 
ase, we are in the pro
ess of 
omparing the [GT-N-B1℄ duality, inthe limit taken as in [ER,Nekr℄, with the a
tion-angle duality of [FGNR℄.An easier proje
t whi
h we propose is to interpret this genus-2 duality of integrable systems in thegeometry of the quadrati
 
omplex (x1.2): what is the symmetry that an ex
hange of positions and momentabrings to the Ja
obi-Lie di�erential equation, related as that equation is to the geodesi
 and Neumannsystem? Does it inter
hange these two systems in the sense of [K℄ in x2.3 below, whi
h too is an ex
hangeof positions and momenta (but also 
hanges the spe
tral 
urve, by inversion of the separating variables inthe sense of Sklyanin [S℄!) In the next subse
tion, an ad ho
 Lax-pair model for the system in genus 2 ispresented [GT-N-B2℄, whose spe
tral 
urve has genus 3 and Ja
obian isomorphi
 to the Hit
hin Prymianwhere the 
ows linearize; it does not appear to us that the authors investigated what duality is indu
ed onthis Hamiltonian system by their inter
hange (p; q)$ (q; p).2.2 The Lax pair. What's more, thanks to these formulas, the authors are able to re
ognize asymple
tomorphism between the phase spa
e of the Hit
hin system and that of a Neumann system with6� 6 Lax pair, with �rst element a 6� 6 matrix L(z):Lmn(z) = zJmn + enÆmn;where the 15 = �62� Jij are de�ned as follows:J12 = {2(q1p1 + q2p2 � q3p3 � q4p4); et
:;ei are the six bran
hpoints of the 
urve X , and with spe
tral 
urve6Yn=1(z � en)0�1 + 12�2 Xn6=m2f1;:::;6g J2nm(z � en)(z � zm)1A :Note that this is not the Lax pair with `
onstraints' identi�ed by Kri
hever [Kr1℄ for the Hit
hin system inTyurin 
oordinates, for the size of Kri
hever's matrix is the rank of the bundle (two, in this 
ase).2.3 The geodesi
 and Neumann systems. Kn�orrer in [K℄ identi�ed a 
orresponden
e between theNeumann system, �� = �A� + u�; �21 + :::+ �2n = 1; u = h�; A�i � h _�; _�i(assume for simpli
ity that A is a diagonal matrix with distin
t non-zero eigenvalues) and the geodesi
motion on the quadri
 2q(x) = hx;Bxi � 1; B = diag� 1a1 ; :::; 1an� :He gave a beautiful geometri
 interpretation (rooted is Riemannian geometry) of the following:If x(t) is a geodesi
 on the quadri
, then the zeroes of the polynomial in z:0� nXi=1 _x2iai � z � 12 nXi;j=1 (xi _xj � xj _xi)2(ai � z)(aj � z)1A � nYi=1(ai � z)8



are independent of t. Calling these zeros 0; �1; :::; �n�2, then 0; 1�1 ; :::; 1�n�2 are the zeroes of the polynomial:0� nXi=1 �2i�i � z � 12 nXi;j=1 ( _�i�j � _�j�i)2(�i � z)(�j � z)1A � nYi=1(�i � z); �i := 1ai ;and are independent integrals of the Neumann system.This being an inter
hange of positions and momenta, it is again a symple
ti
 transformation. On theother hand, for the `degenerate' 
ase of geodesi
s over a manifold of 
onstant 
urvature, whi
h was shownby J. Moser to be equivalent to Kepler's problem, and by an inversion of the 
oordinates: ~xi := xijxj2 , theauthors of [KBS℄ show that, this transformation, also 
anoni
al, brings the geodesi
 
ows in a parallel fashionto Kepler's 
ows.x3. Aspe
ts of integrabilityThe goal of this se
tion is to make the mysterious (for us at least) dualities of x2 mu
h more mysterious.To that worthy aim, we present two modi�
ations of the 
on
ept of integrability that have been re
entlyintrodu
ed.The elusiveness of the 
on
ept of integrability is by now a legend, with volumes re
ently written onthat theme. What may be attainable, is a pre
ise de�nition at least in the 
ase of a �nite-dimensionalHamiltonian system. Yet even in this realm, one has to 
arefully distinguish between integrability byquadratures, separation of variables, and 
omplete integrability. Sin
e we want to fo
us on the nuan
esof 
omplete integrability, let's �rst review the nomen
lature. Liouville integrability and integration byquadratures are taken to be the same in [Ar℄; it is a 
onsequen
e that the integral manifolds are real tori.Separation of variables, whi
h we do not use mu
h here but would assume in Sklyanin's sense [S℄, \redu
esthe 
ompli
ated intera
ting many-body problems to [a℄ 
olle
tion of identi
al systems with one degree offreedom", and \for the Hit
hin-type many-body systems 
an be re
ognized within the duality group" [GR℄.It is important to note that separability is a lo
al property, while Liouville integrability is usually intendedto be global (though not by us: we impli
itly and always 
onsider generi
ally 
ompletely integrable systems),thus the latter implies the former but not vi
e versa.We pro
eed to highlight the di�eren
e between Liouville integrability and algebrai
 
omplete integra-bility (ACI). Then, we present alternative de�nitions of integrability whose 
ommon relation to ACIs arenon-linear time transformations.Consider a Hamiltonian system in R2n_xi = fxi; H(x; p)g; _pi = fpi; H(x; p)g; i = 1; : : : ; n (3:1)where f�; �g is a non-degenerate Poisson bra
ket, x = (x1; : : : ; xn), p = (p1; : : : ; pn) and H is smooth. Thesystem is 
alled integrable if there exist n fun
tionally independent �rst integrals H � I1(x; p); : : : ; In(x; p)in involution i; j = 1; : : : n.If the generi
 real invariant manifolds A = \nl=1fIl(x; p) = 
l; 
l = 
onstg are 
ompa
t, then they aren-dimensional tori Tn. More generally, a

ording to Arnold-Liouville's theorem, if the 
ows are 
omplete(i.e. the solutions to Hamilton equations exist for all times), then there exist k su
h that A � TK � Rn�k .Integrable Hamiltonian systems with polynomial �rst integrals whose 
ows are not 
omplete may beeasily obtained and their generi
 real invariant manifolds are topologi
ally non trivial. We re
all two exam-ples: Mumford's example is that of the simplest possible polynomial Hamiltonian that, for geometri
 reasons,irredeemably blows up at in�nity while Flas
hka's misses 
ompletion by reasons of topologi
al nature.To give our example we sket
h the 
on
ept of algebrai
 
omplete integrability whi
h will be 
ontextu-alized more 
arefully below.A Hamiltonian system with n degrees of freedom, i.e. de�ned on a symple
ti
 manifoldM of (real) dimension2n is 
ompletely integrable if it admits n fun
tions in involution whose di�erentials are linearly independent(possibly, generi
ally on M). (Arnold, [Ar, x49℄) When M is a 
omponent of the set of real points of analgebrai
 variety MC and the symple
ti
 form ! and hamiltonian fun
tion H are rational without poles on9



M , the 
on
ept of algebrai
 
omplete integrability 
an be introdu
ed. For this to be the 
ase, we require thatthe ve
tor �elds 
orresponding to the hamiltonians in involution still have no poles on a 
ompa
ti�
ation ofthe �bres on MC .Nonexample (Mumford, [M, x4℄):M = R2 ; ! = dx ^ dy; H = x4 + y4Here a 
ompa
ti�
ation of the �bre, the aÆne 
urve x4+y4 = 
, is the proje
tive 
urve X4+Y 4 = 
Z4,whi
h is smooth (provided 
 6= 0) and has 4 points at in�nity. The ve
tor �eld XH de�ned by H , XH
! =�dH; XHf(x; y) = �H�y �f�x � �H�x �f�yis tangent to the �bre in the aÆne plane, i.e. a multiple of ��( ��t ), if � : t 7! (x(t); y(t)) on the 
urve, be
ause��( ��t )f(x(t); y(t)) = �x�t �f�x + �y�t �f�yand di�erentiating x4 + y4 = 
 gives �x�t x3 + �y�t y3 = 0, so (�x�t ; �y�t ) / (y3;�x3).At in�nity Z = 0; X; Y 6= 0, the ve
tor �eld XH = 4y3 ��x � 4x3 ��y has a pole, sin
e 
oordinates at in�nityare (Z=X = 1=x; Y=X = y=x) and ��x = � 1x2 ��(1=x) , and sin
e 4y3=(�x2) = �4Y=Z. This is why 4 is thelowest exponent for whi
h this simple nonexample works!Note: In the algebrai
ally 
ompletely integrable situation, the �bres are abelian varieties or extensionsof su
h by C �k for some power k.Following Flas
kha [Fl℄, take F (p; q) = p2 � q3 and substitute q = x1 + iy1, p = x2 + iy2. Then the realand imaginary parts of F ,I1 = x21 � y21 � x32 + 3x2y22 ; I2 = 2y1x1 � 3x22y2 + y32are 
learly in involution with respe
t to the 
anoni
al Poisson bra
ketfyi; xjg = Æij ; fy1; y2g = fx1; x2g = 0;the invariant manifold A may be identi�ed with a 
omplex torus with the points at in�nity missing andArnold-Liouville's theorem is not appli
able. This 
onstru
tion may easily be generalized starting with npolynomials F1; : : : ; Fn in involution in R2n , 
omplexifying and obtaining 2n involutive polynomials in R4n .As pointed out by Flas
hka [Fl℄, the 
ore question is then to explain the qualitative di�eren
e betweenpresen
e and absen
e of �rst integrals and a natural (open) problem is to �nd 
anoni
al models for thebehavior of integrable Hamiltonian systems in two degrees of freedom whose level surfa
es are pun
turedRiemann surfa
es.3.1 Algebrai
 
omplete integrability. In the following we restri
t ourselves to real integrable Hamil-tonian systems (3.1) to whi
h the Arnold-Liouville theorem applies. Then following Adler and van Moerbeke[AvM℄, the system (3.1) is 
alled algebrai
ally 
ompletely integrable if:1) the 
omplexi�ed invariant manifolds in C n , whi
h are non
ompa
t, 
an be 
ompleted into 
omplexAbelian tori Tg, i.e., AC = Tg n D
:Here Tg is the quotient of C g by a latti
e �2g generated by 2g period ve
tors independent over the reals andsatisfying Riemann's 
onditions, D
 � Tg is a union of 
odimension one analyti
 subvarieties, a \divisor".The periods and the divisor depend on the 
onstants of motion 
1; : : : ; 
n�g . The variables x are meromorphi
fun
tions on Tg with poles along D
 � Tg.2) In Cartesian 
oordinates z1; : : : ; zg on C g the 
omplex traje
tories of the system are straight-lineproje
tions on Tg, along whi
h (possibly after a 
hange of time t) the motion is uniform.10



3.2 De�
ient Integrability. Algebrai
 integrability \with de�
ien
y" was introdu
ed by Pol Van-hae
ke [V℄ in relation to symmetri
 produ
ts of 
urves and strata of (generalized) Ja
obians, and exempli-�ed by Abenda and Fedorov [A,AF1,AF2℄ in the 
ase of hyperellipti
ally separable systems. The simplestsituation is a real 
ompletely integrable Hamiltonian system whose 
omplexi�ed invariant manifolds are
odimension 1 subvarieties of an abelian variety.The generalization of a.
.i. systems proposed by Vanhae
ke [V℄ 
onsists in the asso
iation of an integrablesystem with polynomial invariants on R2n (n � 1) to a pair of polynomials F (�; �), '(�; �). Indeed anypolynomial '(�; �) spe
i�es a Poisson bra
ket on R2 by fy; wg = '(�; �), whi
h extends to (R2 )n = R2 �� � �R2 by taking the produ
t bra
ket, i.e.fpi; xjg = Æij'(xj ; pi); fxi; xjg = fpi; pjg = 0:Let � = f((x1; p1); : : : ; (xn; pn)) jxi = xj for some i 6= jg and 
onsider the map S : (R2 )nn� 7! R2n , givenby (u(�); v(�)) = 0� nYi=1(�� xi); nXi=1 piYj 6=i �� xjxi � xj1A :S is invariant for the obvious a
tion of the permutation group Sd on (R2 )n and is a d! : 1 unrami�ed 
overingmap onto an open subset of R2n . Sin
e the Poisson stru
ture is also invariant under the a
tion of Sd, a C1Poisson bra
ket f�; �g'n is de�ned on the image of S by requiring that S is a Poisson map, i.e. that for anyf; g 2 C1(R2n , one has ff; gg'n Æ S = ff Æ S; g Æ Sg. The Poisson bra
ket f�; �g'n is given in terms of the
oordinates ui; vi by fu(�); ujg'n = fv(�); vjg'n = 0;fu(�); vjg'n = fuj ; v(�)g'n = '(�; v(�) � u(�)�n�j+1 �+ mod u(�); j = 1; : : : ; n;where, as usual, [r(�)℄+ denotes the polynomial part of the rational fun
tion r(�), while [r(�)℄� = r(�) �[r(�)℄+. Then all nontrivial Poisson bra
kets f�; �g'n are rank 2n on a dense subset of R2n (see [V℄).An arbitrary polynomial F (�; �) leads to a natural set of n polynomials on R2n whi
h have the re-markable property to Poisson 
ommute for all Poisson stru
tures f�; �g'n. These fun
tions are fun
tionallyindependent (ex
ept in the spe
ial 
ase F does not depend on w), hen
e they de�ne an integrable systemon R2n for any stru
ture f�; �g'n. Indeed there exists a natural map ĤF;n; : (R2 )nn� 7! Rn , whi
h assigns toa n-tuple ((x1; p1); : : : ; (xn; pn)) the unique polynomial in R[�℄ of degree less than n, whi
h takes the valueF (xi; pi) for � = xi. Sin
e ĤF;n is invariant under the a
tion of Sd, ĤF;n = HF;n Æ S, whereHF;n(u(�); v(�)) = F (�; v(�)) mod u(�) = H1�n�1 + � � �+Hn:Then H1; : : : ; Hn form a set of n fun
tionally independent polynomials on R2n whi
h are in involution onthe Poisson manifold (R2n ; f�; �g'n) (see [V℄).If the algebrai
 � � C 2 de�ned by F (�; �) = 0 is smooth, then the �berAF;n = �(u(�; v(�)) 2 R2n j hF (�; v(�))u(�) i� = 0� � R2nus also smooth (see [V℄). Moreover, its 
omplexi�
ation ACF;n is an aÆne part of the n-fold symmetri
 produ
t�(n) = �n=Sn. If n � g then the algebrai
 integrable system is de�
ient.Example. Hyperellipti
ally separable systems Suppose ' � 1 and � is hyperellipti
 of genus g,i.e. F (�; �) = �2 +Q2gi=0(�� 
i) and let n � g. Then the 
omplex invariant manifold ACF;n is biholomorphi
to a smooth aÆne part of an n{dimensional stratum of Wn � Ja
(�). An a.
.i. system is then obtainedin the spe
ial 
ase n = g, sin
e Wg = Ja
(�), while for n < g the system is algebrai
ally integrable withde�
ien
y (also 
alled hyperellipti
ally separable by Abenda and Fedorov [AF1℄). Noti
e that in the spe
ial
ase n = g � 1 Wg�1 � �, the theta divisor of Ja
(�).11



3.3 Superintegrability, or Degenerate integrability, and duality. We unders
ore the intent ofthis se
tion by 
iting Kri
hever [Kr2℄: \It is worth [understanding℄ if there is [a℄ general Hamiltonian-typesetting, in whi
h these 
hara
teristi
 features of [a symple
ti
 manifold, 
arrying a family of skew-symmetri
2-forms, ea
h of whi
h is degenerate, while the family is non-degenerate℄ provide the basis for something thatmight be the notion of super-integrable systems." Notably, Kri
hever's approa
h (joint with D.H. Phong),through a universal two-form on a spa
e of meromorphi
 matri
es, en
ompasses the Hit
hin system.Superintegrability was �rst 
onsidered by Nekhoroshev [Nek℄: these are integrable systems in whi
h thenumber of frequen
ies of 
onditionally periodi
 motions is less than the number n of degrees of freedom.A superintegrable system [Nek℄ with Hamiltonian H(p; x), p = (p1; : : : ; pn); x = (x1; : : : ; xn) is said to besuperintegrable if it admits n+ k, 1 � k � n � 1 integrals of motion, n of whi
h are pairwise in involutionwith all of the �rst integrals. The 
ase k = n� 1 is also known as maximally superintegrable or degenerateintegrable system.An extensive literature exists on the 
lassi�
ation of (
lassi
al and quantum) superintegrable systemsmainly in the 
ases where n = 2; 3. In parti
ular, superintegrable systems with a 
omplete set of 
ommutingquadrati
 integrals of motion are multiseparable, that is the 
orresponding Hamilton-Ja
obi equation allowsfor separation of variables in more than one system of (orthogonal) 
oordinates. The 
lassi
al superintegrablesystems with an arbitrary number of degrees of freedom are the harmoni
 os
illator, the Kepler problem,the Calogero system in a harmoni
 well and the rational Calogero{Moser system as well as the quantum andspin-generalizations of the latter system.Reshetikhin in [R℄ �nds a duality between two super-integrable systems. He gives an interpretation ofthe duality of spin Calogero-Moser and spin Ruijsenaars whi
h is even more promising in view of the Hit
hinsystem, sin
e it is reminis
ent of the n $ r duality in Moser's \rank r-perturbations", found in [AHH℄. Itwould be striking, in our opinion, if there was a relationship.Reshetikhin des
ribes the degenerate integrability of rational spin Ruijsenaars by two proje
tions:S � T �G==AdG ~ ! ~ (S) � (T �G; p)==AdG ~�! G==AdG;while the degenerate integrability of the spin Calogero-Moser system is given by:S � T �G==AdG  !  (S) � (g� � g�)==Ad�G �! g�==Ad�G ' h�=W:He shows that the proje
tions  and  � are dual in the sense that their �bres meet exa
tly at one point,thus angle variables for the rational spin Ruijsenaars system are a
tion variables for the 
orresponding spinCalogero-Moser system and vi
e versa.In Moser's system, r is the rank of the perturbation (following Hit
hin's work [H℄, E. Markman de�neda Hit
hin system with poles, and interpreted the Moser systems as su
h, with the rank of the bundle, overP1 in this 
ase, being r), and n related to the genus of the spe
tral 
urve; the 
urve in fa
t 
an be asso
iatedto the determinant of either matrix (r � r or n� n), as in the following diagram:℄gl(n)� JYn � M JAr�! ℄gl(r)�JYn;0- . & JAr;0%# M=GL(r)Y M=GL(n)A #& .℄gl(n)�=GL(n)A  � M=(GL(r)Y �GL(n)A) �!℄gl(r)�=GL(r)Ywhere we refer to [AHH℄ for mu
h of the notation, but spe
i�
ally:JAr (F;G) = �GT (A� �)�1F , JYn (F;G) = F (Y � z)�1GT ;GL(n):M !M by g: (F;G) 7! (gF; (gT )�1G),GL(r):M !M by g: (F;G)! (Fg�1; GgT ); GL(n)A and GL(r)Y denote the stabilizers under 
onjugationof A 2 gl(n) and Y 2 gl(r), resp., and the meaning of the diagram is that we restri
t when ne
essary to12



open dense submanifolds (to have, for example, Gl(n)A; G(r)Y a
t freely). The relevant fun
tion rings onM whi
h give hamiltonians are:FY = f 2 C1(M)j (F;G) = �(Y +GT (A� �)�1F ); � 2 I(℄gl(r)�)gFA = f 2 C1(M)j (F;G) = �(A+ F (Y � z)�1G); � 2 I(℄gl(n)�)gand the �nal statement on the AKS 
ows (whi
h 
an be viewed by redu
tion as 
ows on the symple
ti
leaves o

urring at the bottom of the diagram, where the arrows are 1:1 Poisson maps) is the following:Theorem. The two rings FY and FA are equal, their elements Poisson 
ommute and their Hamiltonian
ows preserve the spe
trum of N(�) = Y +GT (A��)�1F and M(z) = A+F (Y � z)�1G. If  2 FY = FAis of the form  (F;G) = �1(N) = �2(M), the integral 
urves of the 
orresponding hamiltonian 
ow satisfydNdt = [(d�1)+; N ℄; dMdt = [(d�2)+;M ℄:Note that the equality of the rings follows from the usual Weinstein-Aronszajn identity:det(A� �) det(Y +GT (A� �)�1F � z) = det(Y � z) det(A+ F (Y � z)�1GT � �);sin
e generators of FY (FA) will appear as 
oeÆ
ients in the expansion of the left (right)-hand side in � andz; the formula also shows that the two spe
tral 
urves are birational.Is there a dual for the Kepler system, whi
h is known to be superintegrable? More generally, does dualityin the sense of x2.1 preserve superintegrability? Is the ellipti
 spin Calogero-Moser system superintegrable?x4. Proposed links4.1 Algebro-geometri
 Poisson stru
tures. Hyperellipti
 separability is a manifestation of thefollowing 
onstru
tion by Veselov and Novikov [VN℄. They pres
ribe a variety M whose points are algebrai

urves � of genus less than or equal to g (e.g. hyperellipti
 
urves) and for �xed n 
onsider the natural�bering where the �ber other � 2M is �(n) (the n-th symmetri
 produ
t).Points on the �ber bundle F have the form���; (�1; �1); : : : ; (�n; �n)�; (�i; �i) 2 �; i = 1; : : : ; n; � 2M	 :Following [VN℄, the asso
iated analyti
 Poisson bra
kets are determined by i)-iii) below:i) a subsheaf of rings A in the sheaf of germs of meromorphi
 fun
tions on M , depending only on apoint of the base � 2 M . Subrings of the form AU for open domains U play the role of the annihilator ofthe Poisson bra
ket whi
h is a
tually 
on
entrated on subvarieties FA � F , where f = 
onst: for all f 2 A,FA 7!MA �M .ii) There is a given meromorphi
 di�erential 1-form �(�) depending on � (or its 
overing) as a parameter.In lo
al 
oordinates: �(�) = �(�; �)d�;and it is required that the derivatives of �(�) along all dire
tions of the base tangent to the manifolds MAbe globally de�ned meromorphi
 di�erential one-forms on �.iii) Allow for the 
ase in whi
h the form � is meromorphi
 on the 
overing ~� with Abelian monodromygroup ~� 7! �, where the image �1(~� 7! �1(�) 7! H1(�;Z) is generated by a 
olle
tion of 
y
les a1; : : : ; anwith pairwise zero index ai � aj = 0.De�nition [VN℄: if the 
losed 2-form
� = nXi=1 d�(�; �i) ^ d�i ;13



is non-degenerate in a Zariski-open region of the manifold FA where the pair (A;�) satis�es i),ii) and iii)above, then an analyti
 Poisson bra
ket with annihilator A is given on an open region of F .A ne
essary 
ondition is that the dimension of FA is 2n, and the dimension of MA is n.By de�nition, the Poisson bra
ket is de�ned by the 
onditionsf�i; �jg = 0 = f�(�i);�(�j)g; i; j = 1; : : : ; n;f�(�i); �jg = Æij ; i; j = 1; : : : ; n;ff; �jg = 0 = ff;�(�j)g; j = 1; : : : ; n; f 2 A:Clearly, any two fun
tion g; h depending only on a point of the base � 2M are in involution:fg(�); h(�)g = 0:The interesting 
ase treated in [VN℄ is when the pair (A;�) is su
h that all derivatives of � along tan-gential dire
tions �1; : : : ; �n to the manifoldMA at a general point � 2MA form a 
olle
tion of meromorphi
one forms r�i� on � su
h that the following holds:a) the forms r�i� on � may be represented asr�i� = !i + ~!i + lXj=1 !̂i;j ; i = 1; : : : ; n;where !i are holomorphi
 on �, ~!i are meromorphi
 with zero residues at all poles and !̂i;j have a pair ofsimple poles at Pj ; Qj whose residues di�er only in sign;b) if n � g it is required that the forms !i generate the one dimensional 
ohomology group H1;0(�) and!i = 0, i > g.In the important 
ase n = g, the Abel map �(g) 7! Ja
(�) linearizes the dynami
s of all HamiltoniansH(�) for the Poisson bra
ket de�ned by pairs (A;�) possessing the above properties a), b) if and only if r�i�,i = 1; : : : ; g, form a basis of holomorphi
 one{forms of the Riemann surfa
e �. Clearly the integrable systemis a.
.i. The 
ase of hyperellipti
ally separable systems 
orresponds to the 
ase in whi
h � are hyperellipti
of genus g, n � g.Note also Veselov's further investigation of non-linear time transformations [V℄, our next topi
.There are two links between ACI and de�
ient ACI: 1. In the early examples of Abenda and Fedorov,the integral manifold being an n-dimensional stratum of a Ja
obian, the de�
ient systems 
an be viewed asDira
 redu
tions of an ACI [AF2℄; 2. More re
ently, Abenda and Grava [AG℄ apply the theory of re
ipro
altransformations to link the modulated KdV equations to the modulated Camassa-Holm equations via theaverage of the re
ipro
al transformation �rst introdu
ed by Fu
hssteiner [Fu℄ to link the �rst negative KdV
ow to the Camassa-Holm equation. These transformations, on
e we restri
t to the stationary equation andto the related �nite dimensional integrable systems, give rise to nonlinear time transformations whi
h 
hangethe Poisson stru
tures while preserving integrability.4.2 Nonlinear time transformations. Let H be the Hamiltonian of the (de�
ient or 
ompletely)integrable system and let the Hamilton equationsd�idt0 = fH;�ig; d�idt0 = fH;�ig; i = 1; : : : ; n:A nonlinear time transformation dt0 = 'dt1 preserves integrability while 
hanging the Poisson stru
tureto f�; �g1 = 'f�; �g0. In many examples, de�
ient integrable systems are mapped to a.
.i. systems aftersu
h transformation (typi
ally � is a symmetri
 fun
tion in the �js. The typi
al situation is modelled bythe geodesi
 
ow, that is a real 
ompletely integrable Hamiltonian system whose 
omplexi�ed invariantmanifolds are 
odimension 1 subvarieties of generalized Ja
obi varieties (see the example above). After a14



nonlinear time transformation dt = �1 � � ��nds, the re-parameterized geodesi
 
ow is linearized on on theJa
obi variety Ja
(�
).Of spe
ial interest here are the 
ases in whi
h the �nite dimensional integrable system is asso
iated to thestationary solutions to integrable PDEs. In that 
ase the nonlinear time transformation has its 
ounterpartin a re
ipro
al transformation at the PDEs level. A re
ipro
al transformation is a 
losed form whi
h 
hangesthe independent variables of the equations and maps 
onservation laws into 
onservations laws, but it doesnot preserve the Poisson stru
tures. Assuming that the evolution equation ut = Q(u; ux; uxx; : : :) admitstwo 
onservation laws B(u)t = A(u)x; N(u)t =M(u)x(B(u)M(u)�A(u)N(u) 6= 0), then we 
an perform a 
hange of the independent variables by the relationsdx̂ = B(u)dx+A(u)dt; dt̂ = N(u)dx+M(u)dt:Then the re
ipro
al equation ut̂ = Q̂(u; ux̂; ux̂x̂; : : :)possesses a bihamiltonian stru
ture and is therefore integrable if and only if the original equation is.A 
ase study. Here we show how the Camassa{Holm equation may be obtained from the �rst negativeKorteweg de Vries 
ow through a re
ipro
al transformation (see [Fu℄) and the relation between the travelingwave solutions to both systems. In [AG℄ it is shown that the modulation equations of the Camassa Holmperiodi
 solutions are transformed to the modulation equations of the �rst negative KdV 
ow by the averagedre
ipro
al transformation.In the following, to distinguish between CH and KdV, we use (x; t) for Camassa-Holm variables and(y; ��) for the KdV variables. The 
hange of dependent variable �2 = m+ � transforms the Camassa{Holmequation mt = �2mux � umx � 2�ux; m = u� uxx: (4:1)into the asso
iated Camassa-Holm equation�t = ��u��x; �2 = u� uxx + �;whi
h, via the re
ipro
al transformation introdu
ed by Fu
hssteiner [Fu℄,dy = �dx� u�dt; d�� = dt; (4:2)is �nally transformed intou = �2 � � � �y�� + ����y� ; �1���� = 2��y ���� log ��y���y :The above equation is equivalent to the �rst negative 
ow of the KdV hierar
hy��2y + 2U + Uy��1y �U�� = 0; (4:3)under the 
ondition U�� = �2�y. Finally, we observe that Z �(x; t)dx is a Casimir of the se
ond Hamiltonianoperator of the Camassa{Holm equation, P2 = m�x + �xm+ 2��x. The Camassa{Holm and the Korteweg-de Vries negative 
ow equations share many properties. Both of them admit a Lax pair representation,are formally integrable through the inverse s
attering method and are elements of Hamiltonian integrablehierar
hies. A major di�eren
e between the two integrable hierar
hies is the absen
e of a �{stru
ture inthe Camassa{Holm 
ase. As a 
onsequen
e, the (
omplex) analyti
 stru
ture of solutions to (4.1) is more
ompli
ated than that of solutions to (4.3). 15



Let us look for a traveling wave solution to (4.1) of the formu(x; t) = (
� 2�)� 2�(�); � = kx� !t+ �0� ;where k is the wave number, ! the frequen
y and �0 is a phase to be determined from the initial 
onditions.Then, the impli
it solution isk Z ��0 (� + �)d�q(� + �)Q3i=1(� � ui) = �; u1 + u2 + u3 = 
� 2�: (4:4)Let �� < u1 < u2 < u3, so that �(�) is real periodi
 in the interval [u1; u2℄. Sin
e d�d� has 
onstant signfor � 2 [u1; u2℄, by standard argument, the (real) inverse fun
tion �(�) exists and is monotone in � 2 [0; Z℄,where Z is the half period of the travelling wave solution. However, the di�erential in (4.4) maybe asso
iatedto the ellipti
 
urve E : fw2 = (� + �)Q3i=1(� � ui)g and has simple poles at 1�. This implies that �(�) isnot meromorphi
 in �.Nonlinear time transformations play a role also in superintegrability. Below we limit ourseleves to theimportant example of the Kepler problem and we review some well known fa
ts. We plan to 
onsider thequestion of dis
ussing the role of su
h transformations from the algebrai
 geometri
 point of view and in itsfull generality in a subsequent publi
ation.The Kepler problem and nonlinear time transformations. The Kepler problem of a body movingunder the in
uen
e of the 
entral for
e �eld with potential V (r) = �1=r is arguably the best known examplesof superintegrable system. In n dimensions the Hamiltonian takes the formH(y; x) = 12 jyj2 � r�1; jyj2 = nXi=1 y2i ; r = jxj = ( nXi=1 x2i )1=2:Under the nonlinear time res
aling ds = r�1dt (Levi{Civita transformation, see [L℄), on the energy surfa
eH0 = �1=2, the res
aled ve
tor �eld is asso
iated to K0 = r2(jyj2 + 1) = 1. The energy surfa
e is non
ompa
t and does not 
ontain the 
ollision states. Moser's regularization (see [Mo℄) 
arries the geodesi
 
owon the unit tangent bundle of the pointed n{sphere onto the 
ow in the n{dimensional Kepler problem onsurfa
e of �xed negative energy. Let q = (q0; : : : ; qn), p = (p0; : : : ; pn). Then onT+Sn = f(q; p) 2 R2(n+1) ; jjqjj2 = nXi=0 q2i = 1; < p; q >= nXi=0 qipi = 0; p 6= 0g;the Moser di�oemorphism � : T+Sn ! (Rnnf0g)� Rn is de�ned by the formulaex0 = (jjpjj+ p0)qi � q0pi; yi = (jjpjj+ p0)�1pi; i = 1; : : : ; nand has the propertyK0Æ� = jjpjj. In Moser's regularization, the 
ow on a surfa
e of �xed negative energy ofthe Kepler problem is repla
ed by the geodesi
 
ow on TSn (see [Mo℄) and all fun
tions ��� = q�p��p�q� are�rst integrals. In parti
ular the pull-ba
k of the n-dimensional ve
tor R = (R1; : : : ; Rn), with Ri = q0pi�p0qitakes the form Ri = 12 (jyj2 � 1)xi � yiPj xjyj , i =; : : : ; n and 
ommutes with K0, so that the ve
torR+(H0+ 12 )x is the generalized Runge-Lenz ve
tor, whi
h gives the n additional integrals of motion besidesthe 12n(n� 1) 
omponents of the angular momentum for the Kepler problem.4.3 The St�a
kel transform. A natural questions is then under whi
h 
onditions, nonlinear timeres
alings preserve superintegrability. In [BKM℄, the authors introdu
e the "St�a
kel transform" to map anintegrable system to an integrable system when the Hamiltonian is St�a
kel separable and takes the formH(p; q) = nXi;j=1 gij(q)pipj + V (q);16



with (p; q) 2 R2n . Then, in the orthogonal separation 
oordinates they make a 
hange of the independentvariable (time) using the potential (whi
h is a St�a
kel multiplier by 
onstru
tion) and the transformed systemis automati
ally integrable. In the spe
ial 
ase n = 3 andgij(q) = Æij�(q) ; i; j = 1; : : : ; 3;in [KKM℄ it is proven that H(p; q) is superintegrable with nondegenerate potential on a three dimensional
onformally 
at spa
e if and only if it is St�a
kel equivalent to a superintegrable system on either 3 dimensional
at spa
e or the three dimensional sphere.The St�a
kel transform 
onsidered in [BKM℄ 
orresponds to the 
ase in whi
h the family of 
urves ishyperellipti
 and the nonlinear time transformation between the St�a
kel equivalent systems is a (
ombinationof) elementary symmetri
 fun
tion in the lambda 
oordinates �j .The e�e
t of the transformation is to modify the Poisson stru
ture. Consequently, the St�a
kel transfor-mation does not preserve algebrai
 
omplete integrability in the sense of Adler-van Moerbeke. Vi
e versa,not every hyperellipti
ally separable system may be obtained as St�a
kel transform from an algebrai
ally in-tegrable system. In parti
ular, the geodesi
 
ow on the ellipsoid (in natural parametrization) is the St�a
keltransform of the Neumann system on the sphere.Next, we show that the Dira
 formalism for 
onstrained Hamiltonian systems and re
ipro
al transfor-mations are useful tools for the algebrai
-geometri
 
hara
terization of de�
ient and degenerate algebrai
allyintegrable systems4.4 Dira
 
onstraints Let U be a subvariety in the moduli spa
e of 
urves of genus g and 
onsider ana.
.i. system whose phase spa
eM 
an be regarded as a �ber bundleM! U with the base U parameterizingthe 
orresponding 
urves and the �bers being (generalized) Ja
obians of the 
urves. Let 
 =Pni=1 d�i ^ d�ibe the 
anoni
al symple
ti
 stru
ture, where n is either g or g + 1. Then on ea
h invariant manifold thepairs of 
onjugated variables satisfy algebrai
 relationsF (�i; �i; 
) = 0; i = 1; : : : ; n;de�ning a family of algebrai
 
urves �
 of genus g. 
 = (
1; : : : ; 
n) are the independent involutive �rstintegrals of the system and form a basis of 
oordinates on the base U . Solving F (�; �; 
) = 0 in terms of �,we obtain the generating fun
tion G(�; 
) =Xi Z �i�0 �(�; 
1; : : : ; 
n) d�of another 
anoni
al transformation (�; �) ! (
; �). Sin
e, following [VN℄, we require that ��(�; 
)�
i ,i = 1; : : : ; g form a basis of holomorphi
 di�erentials on �
, the 
anoni
al transformation is des
ribedexpli
itly by the Abel{Ja
obi mapping �(g)
 !Ja
(�
), if n = g (or by the generalized Abel{Ja
obi mapping�(g+1)
 !Ja
�(�
), if n = g + 1) whi
h takes the expli
it form�G�
i �Xi Z �i�0 ��(�; 
)�
i d� = �i; i = 1; : : : ; n:�1; : : : ; �n are 
oordinates on the universal 
overing of Ja
(�
) (resp. of Ja
�(�
)) and are also the 
omplexangle variables.Our main observation here (see also [AF2℄) is that imposing suitable Dira
 
onstraints to the abovea.
.i. systems, one 
an obtain de�
ient algebrai
ally integrable systems, whose generi
 invariant manifoldsare strata of (generalized) Ja
obi varieties.Let us 
onstrain the a.
.i. system onto the symple
ti
 subvariety N �M de�ned by the 2d 
onstraints�n�d+1 = Cn�d+1; : : : ; �n = Cd; Cn�d+1; : : : ; Cd = 
onst;17



�n�d+1 = En�d+1; : : : ; �n = En; Ei = 
onst:Then the following theorem holdsTheorem [AF2℄ The 
onstraint variety N interse
ts the family of (generalized) Ja
obians along (n �d)-dimensional nonlinear subvarieties (strata), the images of the mapping �(n�d) !Ja
(�
) (respe
tivelyJa
�(�
). The latter are 
omplexi�ed invariant manifolds of the system restri
ted on N . �Now the angle variables �1; : : : ; �n play the role of redundant 
oordinates on the strata ( see[AF℄).An interesting question is whether any algebrai
ally de�
ient system 
an be obtained as a 
onstrainedsystem from an a.
.i. system, even in a generalized sense.Example. The following example shows that even in the 
ase n = g + 1 and d = 1 the 
onstrainedsystem obtained from an a.
.i. is not a.
.i. in general. The geodesi
 
ow (in its natural parametrization)on an n dimensional ellipsoid may be obtained 
onstraining the free motion in Rn+1 . Consider a family of
onfo
al quadri
s in Rn+1 (or in C n+1 )Q(s) = � X21a1 � s + X22a2 � s + � � �+ X2n+1an+1 � s = 1� ;s 2 R; 0 < a1 < a2 < � � � < an+1:and the asso
iated ellipsoidal 
oordinates �1; �2; : : : ; �n+1 su
h thatX2i = Qn+1j=1 (ai � �j)Qk 6=i(ai � ak) ; i = 1; : : : ; n+ 1:A free motion of a parti
le in Rn+1 is des
ribed in ellipsoidal 
oordinates by the HamiltonianH = 2 n+1Xi=1 Qk 6=i(�k � �i)�(�i) _�2i = 12 n+1Xi=1 �(�i)Qk 6=i(�k � �i) �2i ;where �(�) = n+1Yi=1(�� ai);and �i, i = 1; : : : ; n are the momenta 
anoni
ally 
onjugated to �i. The 
anoni
al variables satisfy thealgebrai
 relations �2i = 
0Qnj=1(�i � 
j)�(�i) ; i = 1 : : : ; n+ 1;de�ning the genus n hyperellipti
 
urve �
 = fw2 = �(�)Qnj=1(� � 
j) � R(�)g. The 
onstants of motion
1; : : : ; 
n have a transparent geometri
 interpretation: in the 
on�guration spa
e Rn+1 the straight linetraje
tory is tangent to the quadri
s Q(
1); : : : ; Q(
n) of the above 
onfo
al family.The generating fun
tion G(�; 
) = n+1Xi=1 Z �i�0 p
0(�� 
1) � � � (� � 
n)p�(�) d�produ
es the following 
anoni
al transformation (�; �)! (�; 
) written in a di�erential formn+1Xi=1 d�i2pR(�i) = d�1 ; :::; n+1Xi=1 �ni d�i2pR(�i) = d�n+1;where R(�) has been de�ned above, and the dynami
s is linearized on Ja
�(�
) sin
ed�1 = � � � = d�n = 0; d�n+1 = dt;18



(the di�erentials d�=w; : : : ; �n�1d�=w form a basis holomorphi
 di�erentials while �nd�=w is meromorphi
of the se
ond kind on the genus n 
urve �
). As expe
ted, the free motion of a parti
le in Rn+1 is an a.
.i.system.Now let us restri
t the system onto the symple
ti
 subvariety N = f�n+1 = 0; �n+1 = 0g � TRn+1 .N 
oin
ides with the 
otangent bundle of the n{dimensional ellipsoid Q(0) on whi
h one of the 
onstants ofmotion is zero, 
n = 0.The generating fun
tion restri
ted to the geodesi
 
owG(�; 
) = nXi=1 Z �i�0 p
0�(�� 
1) � � � (� � 
n�1)p�(�) d�produ
es the following transformation (�; �)! (�; 
) written in di�erential formnXi=1 �d�i2pR(�i) = d�2 ; :::; n+1Xi=1 �ni d�i2pR(�i) = d�n+1: (4:5)The subvariety N interse
ts the family of generalized Ja
obians along an n-dimensional nonlinear stra-tum W �n , whi
h is expli
itly des
ribed in the angle 
oordinates �j byW �n = fZ + ��n log �(z) = 0g;where �(z) is the Ja
obi theta fun
tion on Ja
(�
), z = (z1; : : : ; zn), zj are linear 
ombinations of �1; : : : ; �nand Z is a linear 
ombination of �1; : : : ; �n+1.From the me
hani
al point of view, we have restri
ted the free motion in the spa
e Rn+1 to the geodesi

ow on Q(0) � Rn+1 ; from the algebrai
 geometri
al point of view, by imposing the 
onstraint, we for
ethe linear motion on the generalized Ja
obian to take pla
e on the nonlinear stratum W �n , where the anglevariables �1; : : : ; �n+1 play the role of redundant 
oordinates. A

ording to the de�nition ofW �n , �1 be
omesa trans
endental fun
tion of �2; : : : ; �n+1 = t, whi
h is of 
ourse a sign that the system 
annot be a.
.i. inthe natural length 
oordinates.To revisit the geodesi
-Neumann 
orresponden
e, we observe that the 
omplete St�a
kel transformationbetween the two in separation variables is the 
omposition of two transformations: time-parameter res
aling(not symple
ti
), and a birational transformation.The geodesi
 
ow on a quadri
, after separation of variables (in ellipsoidal 
oordinates), admits thefollowing quadratures (4.5) with insertion of the time-dependen
e in t:nXi=1 �d�i2pR(�i) = 0 ; :::; nXi=1 �n�1i d�i2pR(�i) = 0; nXi=1 �ni d�i2pR(�i) = dt: (4:6)whi
h 
onsists of n � 1 holomorphi
 di�erentials and a meromorphi
 di�erential on a genus n hyperellipti

urve.Now let us perform the following nonlinear time res
aling (whi
h is not symple
ti
):ds = �1 : : : �ndt: (4:6)The res
aled quadratures now be
ome:nXi=1 d�i2pR(�i) = ds; nXi=1 �d�i2pR(�i) = 0 ; :::; nXi=1 �n�1i2pR(�i) = 0: (4:7)That is, to give the solution xi(t); pi(t) (
oordinates and momenta) of the geodesi
 
ow on the quadri
 in thenatural parameter t is equivalent to giving xi(s); yi(s) using Ja
obi inversion theorem in (4.7) and invertings = s(t) in (4.5). 19



Now as Kn�orrer observed (see $2.3), (4.6) (res
aled geodesi
 
ow) is equivalent to Neumann system inseparation variables (up to a birational transformation, known as Moser Trubowitz isomorphism).Finally, respe
tively in real t or s, the solutions to geodesi
 
ow and Neumann system are both realanalyti
 in their natural parameters, sin
e both transformations are real analyti
. However, if we 
omplexifythe two systems (in their original parameters) there is a major di�eren
e: the Neumann system is a.
.i.,while the geodesi
 
ow in its natural parameter is de�
ient, as observed above.Of 
ourse we 
on
lude with more questions and fewer answers: under whi
h 
onditions does a nonlineartime transformation preserve (super)integrability? Duality?REFERENCES[A℄ Abenda, Simonetta Geometry and dynami
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