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Abstract

We analyze a possible way to calibrate the perturbed Black Scholes model using Variance
Swaps. We assume that the market prices of Variance Swaps are coherent, since these are
securities very exchanged on the market, we show how calibrate the variance and the bias
of volatility parameter using the bid-ask spread on variance swaps and the implied volatility
curve.
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1 Introduction

In this article, we study the calibration of perturbed Black Scholes model, using Variance Swaps
securities.

A Variance Swap is a financial security whose payoff is equal to the difference between the
realized variance over a span of time and a fixed quantity, known as the variance strike, chosen
in order to cancel the derivative premium.

The Perturbed Black Scholes model (PBS), Scotti [11], is a new model based on Black Scholes
model (see Black and Scholes [1]), characterized by an uncertain volatility parameter, this uncer-
tainty is treated thanks an error structure, a procedure introduced by Bouleau [2]. We suppose
that the uncertainty on volatility parameter is small. The PBS is a stochastic volatility model
with closed forms for option pricing, that permits to reproduce a smile on implied volatility and
generate automatically a bid-ask spread.

The paper is organized as follows:

In section 2, we resume, shortly, the elements of Perturbed Black Scholes model. In section 3,
we analyze the Variance Swap securities. In section 4, we explain how to calibrate the PBS model
in accord with Variance Swap options, their bid-ask spreads and at-the-money implied volatility.
Finally section 5 resumes and concludes.

*T am grateful to Nicolas Bouleau and Francesco Sangiorgi for their helpful comments, support by the Institut
Mittag-Leffler, the Royal Swedish Academy of Science, is gratefully acknowledged.
email: simone.scotti@unito.it
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2 Preliminaries

In this paper, we search to calibrate the PBS model, that is based on a recent technique developed
by Bouleau [2|. To make the paper self-contained, we resume the classical notations on probability
and we make a survey of the key ideas of error theory using Dirichlet forms.

2.1 Notation

In this article we use the following notation:

e (0, F, P) is the historical probability space, for the sake of brevity denoted with €.

T denotes a fixed positive number.

{Fi}o<i<r a filtration of the probability space.

{B:}y<,<r is an associated brownian motion, i.e. a brownian motion adapted to the filtration
{ft}ogth'

<§, F , IF’) is another probability space, used to represent the uncertainty on the volatility

parameter, for the sake of brevity denoted with Q.

E[ | and E[ |F;] denote, respectively, the expectation and the conditional expectation under
probability P, while E[ | denotes the expectation under the probability P.

(P;),>( denotes a strongly continuous contraction semi-group, A its generator, with domain
DA, and I' the "carré du champ" operator associated with the Dirichlet form of the semi-
group, with domain D.

2.2 Error Theory using Dirichlet Forms

We often work with models characterized by a few parameters, that permit some freedom to
reproduce the real data. We must estimate these parameters, the classical way is to fit these on
market data thanks to a statistics. However, the result of this fit is not a single value, but a mean
value plus an uncertainty, a variance with probability words.

What is the impact of this uncertainty? Generally, we use only the mean value and we
forget the variance, since it is small compared with the mean, but we apply no-linear functions,
i.e. functions that distort the moments of a random variable. What is the bias yields by the
forgetfulness of the probabilistic nature of an estimated parameter?

The answer to this question is not easy, if we consider a no-linear function F and a random
variable o, the expected value of F'(o) is different to the function F evaluated at the expected value
of o, but the computation is no very simple, besides the law computation of the random variable
F(0o) is often unmanageable. This is the reason why the probabilistic nature of uncertainty on a
parameter estimation, already known by Gauss, is frequently forgotten.

But, if the main problem is unassailable, we can take advantage from a scale effect, i.e. the
variance of an estimated parameter is very small compared with its mean, this fact justify a Taylor
expansion, if we study the bias and the variance of F(c) we find:

E[F(o) — F(002] = e{F'(00) 124[0] + 2 F"(00) T'lo]} + o(e)
E[(F(o) = F(00))"] = ¢ (F'(00))" Tlo] + o(e)
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where oy is the estimated value of random variable o, eA[o] is its bias, i.e. the difference between
0o and E[o], and el'[o] is its variance.

Remark 2.1 The key difference between a deterministic uncertainty and a probabilistic one is
the first relation, the mean of a function evaluated on a random variable is shifted owing to the
non-linearity.

The starting idea of error theory using Dirichlet forms is to assume e very small and to stop
the Taylor expansion at the first order, besides to search a theory with two operators, i.e. a bias
operator A and a variance-covariance one I', with the chain rule given by equation (2.1); this
theory exist and it is the theory of semi-group, the operator A is the generator of the semi-group
and I' is the "carré du champ" associated with the Dirichlet form of the semi-group.

The main definition of the error theory is the error structure:

Definition 2.1 (Error structure) An error structure is a term
(%7, B. 1)
where

1. (Q, j-:, IF’) 15 a probability space;
2. D is a dense sub-vector space of L* ((27 .7::, IF’) ;

3. T is a positive symmetric bilinear application from D x D into L' (ﬁ, .7ﬁ-:7 ]T") satisfying the

functional calculus of class C* N Lip, i.e. if F and G are of class C* and Lipschitzian, u and
v €D, we have F(u) and G(v) € D and

['[F(u), Gv)] = F'(uw)G"(v)T[u, v] Pa.s,;
4. the bilinear form Eu, v] = %IE ([, v]] is closed;
5. The constant function 1 belongs to D, i.e. the error structure is Markovian.

In fact hypotheses 2, 3 and 4 provide that £ is a Dirichlet form, with I" as carré du champ operator.
When the operator I' acts two times on the same argument, we use the simplified custom
I'[u] = I'[u, u]. The couple (I',[P) defines a unique semigroup (F;),-, and its generator A thanks
to Hille-Yosida theorem, see Fukushima [8| for a complete proof. The hypothesis 5 assure that
the semi-group (F;),s, is Markovian.
Therefore we have defined two operators I' and A that verify the chain rule (2.1). We finish
this section with an useful example, i.e. the Ornstein-Uhlenbeck error structure:

Example 2.1 (Orstein-Uhlenbeck structure)
(% F B, 1) = (R, BR), . H' (1), Tu, u] = {u'}’)

where B(R) is the Borel o-field of R, u is a gaussian measure and H' (1) is the first Sobolev space
with respect to the measure u, i.e. uw € H'(u) if u € L*(1u) and v’ in the distribution sense belongs
to L*(u).
The associate generator has the following domain:
3



DA = {ue L*(n): u" —x f in the distribution sense belongs to L*(11)}

and the generator operator is

where I is the identity map on R.

This example gives the basic idea of an error structure on a parameter, moreover is exists a
characterization of all dirichlet forms on R, see Hamza [9)].

3 Perturbed Black Scholes model

To make the paper self-contained, we give a survey on the Perturbed Black Scholes model, for a
complete analysis see Scotti [11].

The PBS model is based on the classical Black Scholes one without drift, see Black and Scholes
[1], the underlying price follows the SDE

(31) dSt = 0y St th

where oy is called the volatility and W; is a Brownian motion.

The BS model present many advantages, in particular the pricing only depends on volatility
and we find closed forms for premium and greeks of vanilla options; unluckily the BS model cannot
reproduce the market price of call options for all strikes at the same volatility, this effect is called
smile.

The basic idea of PBS model is to consider a perturbation of this model by means of an error
structure on volatility, in order to reproduce a volatility smile and a bid-ask spread. We make
three hypotheses:

1. the real market follows a BS model with fixed and non perturbed volatility og;

2. the trader has to estimate the volatility, so its volatility contains intrinsic inaccuracies, we
model this ambiguity by means of an error structure; nonetheless we assume that the stock
price S; is not erroneous. We evaluate the impact of the perturbation, generated by the
trader mishandling, on the profit and loss process used by trader to hedge the vanilla option;

3. the trader knows this perturbation and he wants to modify the option prices to take into
account the bias induced by the perturbation on volatility.

It is clear that all traders use an "official" BS asset model in order to hedge vanilla options;
they use the market price to determine the "fair" values of parameters by inversion of pricing
formula. The traders find an observed volatility process ¢, usually known as implied volatility
and hedge their portfolio according to his volatility.

The profit and loss process of a trader has the key role in PBS model, the value of this at the
maturity is given by:

ToFr
(3.2) P&L = Fls, So, 0) +/ = (s S, 1)dS, — @(S7)
0
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where F'(gp, Sp, 0) is the security premium, the integral term represents the hedging strategy,
®(S7) is the Payoff and S; follows the Black Scholes SDE (3.1). We suppose by simplicity that
the trader volatility ¢ is a time independent random variable ¢ and we define an error structure
for the this volatility, therefore this volatility admits the following expansion, with the language
of Dirichlet forms:

o0 — 00 + eAlo] (o) + \/el[o](00) N

where A is a standard gaussian variable and we assume that this error structure admits a sharp
operator.

We estimate the variance and bias error of E [P&L]. To perform the calculus, we assume that
o = 0p is the right value of the random variable in the sense that ¢, = oo and P&L(0g) = 0
almost surely.

Then we can prove, see Scotti [11], that we have the following bias and variance:

A[E[P&L]] = {Z—Z(JO,:U,O)A[U](UO)—O—%%(ag,x,O)F[a](UO)}
(3.3) ) 2
reper) = {2|5en 0|} riele

The financial interpretation of this result is that the trader knows the presence of errors in his
procedure and wants to neutralize this effect.
We associate:

e the variance of P&L process to the bid-ask spread of options;

e the bias of P& L process to a shift of prices of options asked by the trader to the buyer.

Indeed in the classical theory of financial mathematics we assume that all market securities
have a single price, if we take into account uncertainty on volatility, we have found that the price
of the contingent claim is not unique but we have many possible prices.

Therefore, the trader must modify his prices in order to take into account the two previous
effects, namely the variance and the bias, then he fixes a supportable risk probability o« < 0.5 and
accepts to buy the option at the price

(Bid Premium) = (BS Premium) + ¢ A [E[P&L]] 4+ /€ I' [E[P&L]] N,

where N, is the a-quantile of the reduced normal law. Likewise, the trader accepts to sell the
option at the price

(Ask Premium) = (BS Premium) + ¢ A [E[P&L]| + /e I' [E[P&L]] N1_q
Since N, + Ni_, = 0; the mid-premium is

(3.4) (Mid Premium) = (BS Premium) + € A [E[P& L]

and the bid-ask spread is

(3.5) Bid-Ask spread = 2v/e I'[E[P&L]| N,
Y



Now, we concentrate on vanilla options and we study the relative bias. We consider a call
option with strike K and maturity 7', so the payoff is (Sp — K)*
We can prove, see [11], that the bias of this option is given by:

(3.6) AlC]lgmss = 50%_7: {A [a\/ﬂ |y + 2jolii/QTF [aﬁ} |U:(,O} .

where dljg = lnio% + ooV T.
0

This formula remains true when the volatility is a deterministic function of time ¢ under the
usual convention

ao(T) = ?/0 og(t)dt

therefore @ (7") represent an average volatility between 0 and T.

4 Variance Swaps

In this section, we give a survey on Variance Swap securities, for more details see Neuberger |10]
and Demeterfi et al. [7].

A Variance Swap is a forward contract on variance of a stock, called the underlying. Its payoff
is equal to

(4.1) N {/tToﬁ(..., 5)ds — E [/tTUQ(..., s)dsyftH

where N is a nominal, t is the signature date of the swap, T is the expiration date, while ¢ is the
spot volatility of the underlying estimated at the maturity by the approximation

(4.2) /tT(;?(..., §)ds ~ ivj

where S; is the underlying price at time t, and N is, generally, the number of days between t and

T.

Now we must evaluate the term:

T
E {/ (..., s)ds|.7:t]
t

We assume the following hypothesis true:
Hypothesis 4.1 (continuous path) The underlying evolution is a semi-martingale with con-
tinuous path.

Therefore, the underlying price S; follows a stochastic differential equation
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where W, is a Brownian motion and p( ..., t) and o( ..., t) are adapted functions, that can depend
on the underlying price S; and on the realization w € 2. A consequence of hypothesis 4.1 is that
we assume the stock pays no dividends.

By applying Ito’s lemma at equation 4.3 we can find the following relation, see Derman [6].

1 T T d ;
(4.4) — / 0 (w, 8)ds = 5 —InSr+1InS;
2 t t SS

The first integral can be hedge with a shares position continuously rebalanced to be worth one
currency. The second term is a short position on a log-contract. For hedging reasons we want to
replicate the log-contract with vanilla options, since these are more liquid. The following identity
suggests the decomposition into a combination of out-of-the-money puts and calls and a forward

InS; —InSr = —% forward contract
t
St 1
(4.5) + e (K — Sp)tdK put options
[ee] 1 N .
+ e (St — K)TdK  call options
St

Therefore, we remark

Remark 4.1 (absence of model risk) The price of a Variance Swap between time t and T is
known as we know the prices of each vanilla option, e.g. the knowledge of the call price for all
strike K is enough, since we have an hedging portfolio make up of forward contract and of a static
position on call-put options. In consequence, the prices of Variance Swap have no model risk, i.e.
the volatility micro-structure do not change the price of these securities.

This remark is crucial, first of all, because this fact ensures a necessary condition to be verified
when we search to calibrate all financial model, e.g. the perturbed Black Scholes model. Secondly
the knowledge of this property has permitted the exchange development over these securities, that
has provided an careful pricing, by a real balance between supply and demand, characterized by
a tight bid-ask spread.

5 Calibration

In this section we present a procedure for calibrating the PBS model, in accord with Variance
Swap securities. We start with an evaluation of the implicit bias of the Variance Swap premium.
The procedure of the calibration in based on three steps:

1. estimation of cumulated volatility oo (T") VT

2. estimation of variance of volatility I' [E(T WT ] ;

3. estimation of bias of volatility A [E(T ) \/T]

The method used to estimate the cumulated volatility and its variance is to replicate the

market prices of Variance Swap, instead using the most exchanged vanilla option to fit the bias.
7



5.1 Variance Swap Constraint

In this subsection we evaluate the expected value of a Variance Swap security and its bid-ask
spread according to PBS model.
We have the two following theorems.

Theorem 5.1 (Bias for Variance Swap Premium) Under the PBS model, the bias of the
premium of a Variance Swap security is equal to

(5.1) A UUT o (t) dt] = 250(T) VT A [o(T) VT| +2T [o(T) VT]|

where each operator is evaluate at a(T) = 7o(T)

Proof: Two proofs are possible, the first is a direct application of bias operator rules, see
equation (2.1). The second proof is more financial, we start with the identities (4.4) and (4.5),
the bias is a linear operator and is worth zero if its object is the underlying.

T ) So 1 o0 1
AU o (t)dt] = FA[(K—ST)ﬂ dK + FA[(ST—KH dK
0 0 So

The call-put parity shows that the relation for the bias of a call, i.e. the relation (3.6), is true
for the put too. So we have to compute

A UT o2(t) dt] _ [T S i {A VT + 0% _r[ar) \/T]} dK
0 o K? Vor 260(T)VT
We make the change of variable y = In K, we integrate and we find the result 5.1.
O

Theorem 5.2 (Variance for Variance Swap Premium) Under the PBS model, the variance
of the premium of a Variance Swap security is equal to

(5.2) r UOT o(t) dt] —45(T)TT [E(T) \/ﬂ

where each operator is evaluate at (1) = 7o(T)
Proof: the proof follows the same idea of the previous theorem, the proof using equation (3.4)

requires the employment of sharp operator, see Bouleau [3] or Scotti [11], but the computation
follows the same plan of the previous theorem.

O

Remark 5.1 (Variance Swap premium) Relation (3.4) and theorem 5.1 define the price of
Variance Swap, it is given by

(5.3) E UOT a2(t) dt] — (1) T +2e7,(T) VT A [E(T) \/ﬂ +26T [E(T) \/ﬂ
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Remark 5.2 (Bid-Ask spread of Variance Swap) Relation (3.5) and theorem 5.2 define the
bid-ask spread of Variance Swap, it is given by

(5.4) Bid-Ask spread = 2\/4 eo:(T)TT [E(T) \/T} N,

A fundamental hypothesis of perturbative approach is that the parameter € is small compared
with 1, then a starting estimation of cumulated volatility is the square of mid-premium of Variance
Swap.

Relation (5.4) gives us an estimation of I' [E(T) \/ﬂ

_ (Bid-Ask spread )?
r [ T T} -
I |7(1) VT 1672(T) T (V)2
where the bid-ask spread can be estimate on the market, the cumulated variance is approximated
by the Variance Swap security premium and the only unknown parameter is the quantile «; it is
well-known that if we fix o = 32% (respectively a = 1%) we have N, ~ 1 (respectively N, ~ 3),

therefore we have an estimation of eI’ [E(T) \/ﬂ with a precision of one order of magnitude.

5.2 Bias estimation using ATM volatility

In this subsection we search to estimate the volatility bias of PBS model. In the previous subsec-
tion we have find a rough estimation for volatility parameter o and for its variance e I" [E(T) VT } .

The last parameter in PBS model is the bias of the volatility; we use the At-the-money vanilla
options to estimate it.

Remark 5.3 [t is a market evidence that the most exchanged vanilla options have a strike around
the forward money.

We decide to use these securities for the calibration of PBS model. Equations (3.4) and (3.6)
give us the expected value of a call in PBS model:

PBS Price (o, K, T, 7(T), T [#(T) VT|, A [o(T) VT|) =
(5.5)

BS Price (So, K, T, 7o(T)) + € S ‘}% {A [E(T) \/ﬂ + 2;26\%r [E(T) ﬁ]}

InSy —In K

where d; » = % + 5, VT.
o

We choose a traded call with strike K, around the money; we force the PBS Price to be equal

to the market price, the BS Price is given by the Black-Scholes formula, The bias € A [E(T) \/T]
stays the only unknown parameter and, thanks to the linearity, we have a closed form for the bias

2

_ V27 eslt . . dy dy —
(5.6) cA [O’(T) \/T} =5 (PBS Price — BS Price ) — W el |:O’(T) \/T}



5.3 Calibration Procedure

In this subsection we resume the calibration procedure of PBS model using Variance Swap secu-
rities and we propose some improvements and remarks.
The basic procedure is the following one:

1. for each maturities T, compute, or find on the market, the value of Variance Swap over the
same period, and set the value on cumulated volatility &, (7") VT to be equal to the square
root of Variance Swap premium;

2. fix a supportable risk probability o < 0.5;

3. evaluate the bid-ask spread and use the theorem 5.2 to fix the variance of cumulated volatility

el [E(T) \/ﬂ :

4. choose a really traded vanilla option with a strike around the money and compute the bias
of cumulated volatility € A [E(T) \/ﬂ, thanks to equation (5.6).

Remark 5.4 This procedure is clearly a rough estimate and it is inconsistent, since the PBS
price for Variance Swap securities depends on the bias, see equation (5.2). An other drawback
concerns the choice of the At-The-Money option, the result depends deeply on this selection

In order to avoid the inconsistence of the previous procedure of calibration, we propose to
iterate the previous procedure until the estimated parameters verify the relation (3.4) with a set
accuracy. At the end of a loop we hold the previous value for bias and variance of cumulated
volatility and we define a new estimation of this one thanks to relation (3.4).

In order to strengthen the calibration, we propose to fix a basket of at-the-money vanilla
options and to fit the bias of volatility over this basket rather than to choose a single option.

6 Conclusion

In this paper we propose a calibration procedure for Perturbative Black Scholes model, see Scotti
[11] for a main presentation, based on the prices of Variance Swap securities. The Variance
Swaps are a no-risk-model assets, so their premium represent implicit constraints to be verify by
a calibration.

The article presents an iterative procedure that can be performed quickly thanks to the closed-
forms relations of each step.
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