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Calibration of Perturbative Bla
k S
holes model withVarian
e SwapsSimone S
otti∗E
ole Nationale des Ponts et Chaussées - CERMICSUniversità di Torino and Collegio Carlo AlbertoAbstra
tWe analyze a possible way to 
alibrate the perturbed Bla
k S
holes model using Varian
eSwaps. We assume that the market pri
es of Varian
e Swaps are 
oherent, sin
e these arese
urities very ex
hanged on the market, we show how 
alibrate the varian
e and the biasof volatility parameter using the bid-ask spread on varian
e swaps and the implied volatility
urve.Key Words: Calibration, Varian
e Swap, sto
hasti
 volatility, error, Diri
hlet form,
arré du 
hamp operator, bias.1 Introdu
tionIn this arti
le, we study the 
alibration of perturbed Bla
k S
holes model, using Varian
e Swapsse
urities.A Varian
e Swap is a �nan
ial se
urity whose payo� is equal to the di�eren
e between therealized varian
e over a span of time and a �xed quantity, known as the varian
e strike, 
hosenin order to 
an
el the derivative premium.The Perturbed Bla
k S
holes model (PBS), S
otti [11℄, is a new model based on Bla
k S
holesmodel (see Bla
k and S
holes [1℄), 
hara
terized by an un
ertain volatility parameter, this un
er-tainty is treated thanks an error stru
ture, a pro
edure introdu
ed by Bouleau [2℄. We supposethat the un
ertainty on volatility parameter is small. The PBS is a sto
hasti
 volatility modelwith 
losed forms for option pri
ing, that permits to reprodu
e a smile on implied volatility andgenerate automati
ally a bid-ask spread.The paper is organized as follows:In se
tion 2, we resume, shortly, the elements of Perturbed Bla
k S
holes model. In se
tion 3,we analyze the Varian
e Swap se
urities. In se
tion 4, we explain how to 
alibrate the PBS modelin a

ord with Varian
e Swap options, their bid-ask spreads and at-the-money implied volatility.Finally se
tion 5 resumes and 
on
ludes.
∗I am grateful to Ni
olas Bouleau and Fran
es
o Sangiorgi for their helpful 
omments, support by the InstitutMittag-Le�er, the Royal Swedish A
ademy of S
ien
e, is gratefully a
knowledged.email: simone.s
otti�unito.itaddress: Via Real Collegio 30, 10024 Mon
alieri (TO) Italy1



2 PreliminariesIn this paper, we sear
h to 
alibrate the PBS model, that is based on a re
ent te
hnique developedby Bouleau [2℄. To make the paper self-
ontained, we resume the 
lassi
al notations on probabilityand we make a survey of the key ideas of error theory using Diri
hlet forms.2.1 NotationIn this arti
le we use the following notation:
• (Ω, F , P) is the histori
al probability spa
e, for the sake of brevity denoted with Ω.
• T denotes a �xed positive number.
• {Ft}0≤t≤T a �ltration of the probability spa
e.
• {Bt}0≤t≤T is an asso
iated brownian motion, i.e. a brownian motion adapted to the �ltration
{Ft}0≤t≤T .

•
(
Ω̃, F̃ , P̃

) is another probability spa
e, used to represent the un
ertainty on the volatilityparameter, for the sake of brevity denoted with Ω̃.
• E[ ] and E[ |Ft] denote, respe
tively, the expe
tation and the 
onditional expe
tation underprobability P, while Ẽ[ ] denotes the expe
tation under the probability P̃.
• (Pt)t≥0 denotes a strongly 
ontinuous 
ontra
tion semi-group, A its generator, with domain
DA, and Γ the "
arré du 
hamp" operator asso
iated with the Diri
hlet form of the semi-group, with domain D.2.2 Error Theory using Diri
hlet FormsWe often work with models 
hara
terized by a few parameters, that permit some freedom toreprodu
e the real data. We must estimate these parameters, the 
lassi
al way is to �t these onmarket data thanks to a statisti
s. However, the result of this �t is not a single value, but a meanvalue plus an un
ertainty, a varian
e with probability words.What is the impa
t of this un
ertainty? Generally, we use only the mean value and weforget the varian
e, sin
e it is small 
ompared with the mean, but we apply no-linear fun
tions,i.e. fun
tions that distort the moments of a random variable. What is the bias yields by theforgetfulness of the probabilisti
 nature of an estimated parameter?The answer to this question is not easy, if we 
onsider a no-linear fun
tion F and a randomvariable σ, the expe
ted value of F (σ) is di�erent to the fun
tion F evaluated at the expe
ted valueof σ, but the 
omputation is no very simple, besides the law 
omputation of the random variable

F (σ) is often unmanageable. This is the reason why the probabilisti
 nature of un
ertainty on aparameter estimation, already known by Gauss, is frequently forgotten.But, if the main problem is unassailable, we 
an take advantage from a s
ale e�e
t, i.e. thevarian
e of an estimated parameter is very small 
ompared with its mean, this fa
t justify a Taylorexpansion, if we study the bias and the varian
e of F (σ) we �nd:(2.1) E [F (σ)− F (σ0)] = ǫ
{
F ′(σ0) A[σ] + 1

2
F ′′(σ0) Γ[σ]

}
+ o(ǫ)

E
[
(F (σ)− F (σ0))

2] = ǫ (F ′(σ0))
2 Γ[σ] + o(ǫ)2



where σ0 is the estimated value of random variable σ, ǫA[σ] is its bias, i.e. the di�eren
e between
σ0 and E[σ], and ǫΓ[σ] is its varian
e.Remark 2.1 The key di�eren
e between a deterministi
 un
ertainty and a probabilisti
 one isthe �rst relation, the mean of a fun
tion evaluated on a random variable is shifted owing to thenon-linearity.The starting idea of error theory using Diri
hlet forms is to assume ǫ very small and to stopthe Taylor expansion at the �rst order, besides to sear
h a theory with two operators, i.e. a biasoperator A and a varian
e-
ovarian
e one Γ, with the 
hain rule given by equation (2.1); thistheory exist and it is the theory of semi-group, the operator A is the generator of the semi-groupand Γ is the "
arré du 
hamp" asso
iated with the Diri
hlet form of the semi-group.The main de�nition of the error theory is the error stru
ture:De�nition 2.1 (Error stru
ture) An error stru
ture is a term

(
Ω̃, F̃ , P̃, D, Γ

)where1. (
Ω̃, F̃ , P̃

) is a probability spa
e;2. D is a dense sub-ve
tor spa
e of L2
(
Ω̃, F̃ , P̃

);3. Γ is a positive symmetri
 bilinear appli
ation from D × D into L1
(
Ω̃, F̃ , P̃

) satisfying thefun
tional 
al
ulus of 
lass C1 ∩Lip, i.e. if F and G are of 
lass C1 and Lips
hitzian, u andv ∈ D, we have F(u) and G(v) ∈ D and
Γ [F (u), G(v)] = F ′(u)G′(v)Γ[u, v] P̃ a.s.;4. the bilinear form E [u, v] = 1

2
Ẽ [Γ[u, v]] is 
losed;5. The 
onstant fun
tion 1 belongs to D, i.e. the error stru
ture is Markovian.In fa
t hypotheses 2, 3 and 4 provide that E is a Diri
hlet form, with Γ as 
arré du 
hamp operator.When the operator Γ a
ts two times on the same argument, we use the simpli�ed 
ustom

Γ[u] = Γ[u, u]. The 
ouple (Γ, P̃) de�nes a unique semigroup (Pt)t≥0 and its generator A thanksto Hille-Yosida theorem, see Fukushima [8℄ for a 
omplete proof. The hypothesis 5 assure thatthe semi-group (Pt)t≥0 is Markovian.Therefore we have de�ned two operators Γ and A that verify the 
hain rule (2.1). We �nishthis se
tion with an useful example, i.e. the Ornstein-Uhlenbe
k error stru
ture:Example 2.1 (Orstein-Uhlenbe
k stru
ture)
(
Ω̃, F̃ , P̃, D, Γ

)
=

(
R, B(R), µ, H1(µ), Γ[u, u] = {u′}2

)where B(R) is the Borel σ-�eld of R, µ is a gaussian measure and H1(µ) is the �rst Sobolev spa
ewith respe
t to the measure µ, i.e. u ∈ H1(µ) if u ∈ L2(µ) and u′ in the distribution sense belongsto L2(µ).The asso
iate generator has the following domain:3



DA =
{
u ∈ L2(µ) : u′′ − x f ′ in the distribution sense belongs to L2(µ)

}and the generator operator is
A[u] =

1

2
u′′ − 1

2
I · u′where I is the identity map on R.This example gives the basi
 idea of an error stru
ture on a parameter, moreover is exists a
hara
terization of all diri
hlet forms on R, see Hamza [9℄.3 Perturbed Bla
k S
holes modelTo make the paper self-
ontained, we give a survey on the Perturbed Bla
k S
holes model, for a
omplete analysis see S
otti [11℄.The PBS model is based on the 
lassi
al Bla
k S
holes one without drift, see Bla
k and S
holes[1℄, the underlying pri
e follows the SDE(3.1) dSt = σ0 St dWtwhere σ0 is 
alled the volatility and Wt is a Brownian motion.The BS model present many advantages, in parti
ular the pri
ing only depends on volatilityand we �nd 
losed forms for premium and greeks of vanilla options; unlu
kily the BS model 
annotreprodu
e the market pri
e of 
all options for all strikes at the same volatility, this e�e
t is 
alledsmile.The basi
 idea of PBS model is to 
onsider a perturbation of this model by means of an errorstru
ture on volatility, in order to reprodu
e a volatility smile and a bid-ask spread. We makethree hypotheses:1. the real market follows a BS model with �xed and non perturbed volatility σ0;2. the trader has to estimate the volatility, so its volatility 
ontains intrinsi
 ina

ura
ies, wemodel this ambiguity by means of an error stru
ture; nonetheless we assume that the sto
kpri
e St is not erroneous. We evaluate the impa
t of the perturbation, generated by thetrader mishandling, on the pro�t and loss pro
ess used by trader to hedge the vanilla option;3. the trader knows this perturbation and he wants to modify the option pri
es to take intoa

ount the bias indu
ed by the perturbation on volatility.It is 
lear that all traders use an "o�
ial" BS asset model in order to hedge vanilla options;they use the market pri
e to determine the "fair" values of parameters by inversion of pri
ingformula. The traders �nd an observed volatility pro
ess ςt, usually known as implied volatilityand hedge their portfolio a

ording to his volatility.The pro�t and loss pro
ess of a trader has the key role in PBS model, the value of this at thematurity is given by:(3.2) P&L = F (ς0, S0, 0) +

∫ T

0

∂F

∂x
(ςt, St, t)dSt − Φ(ST )4



where F (ς0, S0, 0) is the se
urity premium, the integral term represents the hedging strategy,
Φ(ST ) is the Payo� and St follows the Bla
k S
holes SDE (3.1). We suppose by simpli
ity thatthe trader volatility ςt is a time independent random variable σ and we de�ne an error stru
turefor the this volatility, therefore this volatility admits the following expansion, with the languageof Diri
hlet forms:

σ0 → σ0 + ǫA[σ](σ0) +
√

ǫΓ[σ](σ0)Ñwhere Ñ is a standard gaussian variable and we assume that this error stru
ture admits a sharpoperator.We estimate the varian
e and bias error of E [P&L]. To perform the 
al
ulus, we assume that
σ = σ0 is the right value of the random variable in the sense that ςt = σ0 and P&L(σ0) = 0almost surely.Then we 
an prove, see S
otti [11℄, that we have the following bias and varian
e:
(3.3) A[E[P&L]] =

{
∂F

∂σ
(σ0, x, 0)A[σ](σ0) +

1

2

∂2F

∂σ2
(σ0, x, 0)Γ[σ](σ0)

}

Γ [E [P&L]] =

{
E

[
∂F

∂σ
(σ0, x, 0)

]}2

Γ[σ](σ0)The �nan
ial interpretation of this result is that the trader knows the presen
e of errors in hispro
edure and wants to neutralize this e�e
t.We asso
iate:
• the varian
e of P&L pro
ess to the bid-ask spread of options;
• the bias of P&L pro
ess to a shift of pri
es of options asked by the trader to the buyer.Indeed in the 
lassi
al theory of �nan
ial mathemati
s we assume that all market se
uritieshave a single pri
e, if we take into a

ount un
ertainty on volatility, we have found that the pri
eof the 
ontingent 
laim is not unique but we have many possible pri
es.Therefore, the trader must modify his pri
es in order to take into a

ount the two previouse�e
ts, namely the varian
e and the bias, then he �xes a supportable risk probability α < 0.5 anda

epts to buy the option at the pri
e

(Bid Premium) = (BS Premium) + ǫ A [E[P&L]] +
√

ǫ Γ [E[P&L]] Nαwhere Nα is the α-quantile of the redu
ed normal law. Likewise, the trader a

epts to sell theoption at the pri
e
(Ask Premium) = (BS Premium) + ǫ A [E[P&L]] +

√
ǫ Γ [E[P&L]] N1−αSin
e Nα +N1−α = 0; the mid-premium is(3.4) (Mid Premium) = (BS Premium) + ǫ A [E[P&L]]and the bid-ask spread is(3.5) Bid-Ask spread = 2

√
ǫ Γ [E[P&L]] Nα5



Now, we 
on
entrate on vanilla options and we study the relative bias. We 
onsider a 
alloption with strike K and maturity T , so the payo� is (ST −K)+We 
an prove, see [11℄, that the bias of this option is given by:(3.6) A[C]|σ=σ0
= S0

e−
1

2
d2

1

√
2π

{
A

[
σ
√

T
]
|σ=σ0

+
d1d2

2σ0

√
T

Γ
[
σ
√

T
]
|σ=σ0

}
.where d1, 2 = lnS0−lnK

σ0

√
T

± σ0

√
T .This formula remains true when the volatility is a deterministi
 fun
tion of time t under theusual 
onvention

σ0(T ) =

√
1

T

∫ T

0

σ2
0(t)dttherefore σ0(T ) represent an average volatility between 0 and T.4 Varian
e SwapsIn this se
tion, we give a survey on Varian
e Swap se
urities, for more details see Neuberger [10℄and Demeter� et al. [7℄.A Varian
e Swap is a forward 
ontra
t on varian
e of a sto
k, 
alled the underlying. Its payo�is equal to(4.1) N

{∫ T

t

σ2( ... , s)ds− E

[∫ T

t

σ2( ... , s)ds|Ft

]}where N is a nominal, t is the signature date of the swap, T is the expiration date, while σ is thespot volatility of the underlying estimated at the maturity by the approximation(4.2) ∫ T

t

σ2( ... , s)ds ≃
N∑

n=1

[
Sn T−t

N

− S(n−1) T−t

N

S(n−1) T−t

N

]2where St is the underlying pri
e at time t, and N is, generally, the number of days between t andT. Now we must evaluate the term:
E

[∫ T

t

σ2( ... , s)ds|Ft

]We assume the following hypothesis true:Hypothesis 4.1 (
ontinuous path) The underlying evolution is a semi-martingale with 
on-tinuous path.Therefore, the underlying pri
e St follows a sto
hasti
 di�erential equation(4.3) dSt = St µ( ... , t) dt + St σ( ... , t) dWt6



where Wt is a Brownian motion and µ( ... , t) and σ( ... , t) are adapted fun
tions, that 
an dependon the underlying pri
e St and on the realization ω ∈ Ω. A 
onsequen
e of hypothesis 4.1 is thatwe assume the sto
k pays no dividends.By applying Ito's lemma at equation 4.3 we 
an �nd the following relation, see Derman [6℄.(4.4) 1

2

∫ T

t

σ2(ω, s) ds =

∫ T

t

dSs

Ss

− ln ST + ln StThe �rst integral 
an be hedge with a shares position 
ontinuously rebalan
ed to be worth one
urren
y. The se
ond term is a short position on a log-
ontra
t. For hedging reasons we want torepli
ate the log-
ontra
t with vanilla options, sin
e these are more liquid. The following identitysuggests the de
omposition into a 
ombination of out-of-the-money puts and 
alls and a forward
(4.5) lnSt − ln ST = −ST − St

St

forward 
ontra
t
+

∫ St

0

1

K2
(K − ST )+ dK put options

+

∫ ∞

St

1

K2
(ST −K)+ dK 
all optionsTherefore, we remarkRemark 4.1 (absen
e of model risk) The pri
e of a Varian
e Swap between time t and T isknown as we know the pri
es of ea
h vanilla option, e.g. the knowledge of the 
all pri
e for allstrike K is enough, sin
e we have an hedging portfolio make up of forward 
ontra
t and of a stati
position on 
all-put options. In 
onsequen
e, the pri
es of Varian
e Swap have no model risk, i.e.the volatility mi
ro-stru
ture do not 
hange the pri
e of these se
urities.This remark is 
ru
ial, �rst of all, be
ause this fa
t ensures a ne
essary 
ondition to be veri�edwhen we sear
h to 
alibrate all �nan
ial model, e.g. the perturbed Bla
k S
holes model. Se
ondlythe knowledge of this property has permitted the ex
hange development over these se
urities, thathas provided an 
areful pri
ing, by a real balan
e between supply and demand, 
hara
terized bya tight bid-ask spread.5 CalibrationIn this se
tion we present a pro
edure for 
alibrating the PBS model, in a

ord with Varian
eSwap se
urities. We start with an evaluation of the impli
it bias of the Varian
e Swap premium.The pro
edure of the 
alibration in based on three steps:1. estimation of 
umulated volatility σ0(T )
√

T ;2. estimation of varian
e of volatility Γ
[
σ(T )

√
T

];3. estimation of bias of volatility A [
σ(T )

√
T

].The method used to estimate the 
umulated volatility and its varian
e is to repli
ate themarket pri
es of Varian
e Swap, instead using the most ex
hanged vanilla option to �t the bias.7



5.1 Varian
e Swap ConstraintIn this subse
tion we evaluate the expe
ted value of a Varian
e Swap se
urity and its bid-askspread a

ording to PBS model.We have the two following theorems.Theorem 5.1 (Bias for Varian
e Swap Premium) Under the PBS model, the bias of thepremium of a Varian
e Swap se
urity is equal to(5.1) A
[∫ T

0

σ2(t) dt

]
= 2 σ0(T )

√
T A

[
σ(T )

√
T

]
+ 2 Γ

[
σ(T )

√
T

]where ea
h operator is evaluate at σ(T ) = σ0(T )Proof: Two proofs are possible, the �rst is a dire
t appli
ation of bias operator rules, seeequation (2.1). The se
ond proof is more �nan
ial, we start with the identities (4.4) and (4.5),the bias is a linear operator and is worth zero if its obje
t is the underlying.
A

[∫ T

0

σ2(t) dt

]
=

∫ S0

0

1

K2
A

[
(K − ST )+

]
dK +

∫ ∞

S0

1

K2
A

[
(ST −K)+

]
dKThe 
all-put parity shows that the relation for the bias of a 
all, i.e. the relation (3.6), is truefor the put too. So we have to 
ompute

A
[∫ T

0

σ2(t) dt

]
=

∫ ∞

0

S0

K2

e−
1

2
d2

1

√
2π

{
A

[
σ(T )

√
T

]
+

d1 d2

2 σ0(T )
√

T
Γ

[
σ(T )

√
T

]}
dKWe make the 
hange of variable y = ln K, we integrate and we �nd the result 5.1.

�Theorem 5.2 (Varian
e for Varian
e Swap Premium) Under the PBS model, the varian
eof the premium of a Varian
e Swap se
urity is equal to(5.2) Γ

[∫ T

0

σ2(t) dt

]
= 4 σ2

0(T ) T Γ
[
σ(T )

√
T

]where ea
h operator is evaluate at σ(T ) = σ0(T )Proof: the proof follows the same idea of the previous theorem, the proof using equation (3.4)requires the employment of sharp operator, see Bouleau [3℄ or S
otti [11℄, but the 
omputationfollows the same plan of the previous theorem.
�Remark 5.1 (Varian
e Swap premium) Relation (3.4) and theorem 5.1 de�ne the pri
e ofVarian
e Swap, it is given by(5.3) E

[∫ T

0

σ2(t) dt

]
= σ2

0(T ) T + 2 ǫ σ0(T )
√

T A
[
σ(T )

√
T

]
+ 2 ǫ Γ

[
σ(T )

√
T

]8



Remark 5.2 (Bid-Ask spread of Varian
e Swap) Relation (3.5) and theorem 5.2 de�ne thebid-ask spread of Varian
e Swap, it is given by(5.4) Bid-Ask spread = 2

√
4 ǫ σ2

0(T ) T Γ
[
σ(T )

√
T

]
NαA fundamental hypothesis of perturbative approa
h is that the parameter ǫ is small 
omparedwith 1, then a starting estimation of 
umulated volatility is the square of mid-premium of Varian
eSwap.Relation (5.4) gives us an estimation of Γ

[
σ(T )

√
T

]:
ǫ Γ

[
σ(T )

√
T

]
=

(Bid-Ask spread )2

16 σ2
0(T ) T (Nα)2where the bid-ask spread 
an be estimate on the market, the 
umulated varian
e is approximatedby the Varian
e Swap se
urity premium and the only unknown parameter is the quantile α; it iswell-known that if we �x α = 32% (respe
tively α = 1%) we have Nα ≃ 1 (respe
tively Nα ≃ 3),therefore we have an estimation of ǫ Γ

[
σ(T )

√
T

] with a pre
ision of one order of magnitude.5.2 Bias estimation using ATM volatilityIn this subse
tion we sear
h to estimate the volatility bias of PBS model. In the previous subse
-tion we have �nd a rough estimation for volatility parameter σ0 and for its varian
e ǫ Γ
[
σ(T )

√
T

].The last parameter in PBS model is the bias of the volatility; we use the At-the-money vanillaoptions to estimate it.Remark 5.3 It is a market eviden
e that the most ex
hanged vanilla options have a strike aroundthe forward money.We de
ide to use these se
urities for the 
alibration of PBS model. Equations (3.4) and (3.6)give us the expe
ted value of a 
all in PBS model:
(5.5) PBS Pri
e (

S0, K, T, σ0(T ), Γ
[
σ(T )

√
T

]
, A

[
σ(T )

√
T

])
=BS Pri
e (S0, K, T, σ0(T )) + ǫ S0

e−
1

2
d2

1

√
2π

{
A

[
σ(T )

√
T

]
+

d1d2

2σ0

√
T

Γ
[
σ(T )

√
T

]}where d1, 2 =
ln S0 − ln K

σ0

√
T

± σ0

√
T .We 
hoose a traded 
all with strike K, around the money; we for
e the PBS Pri
e to be equalto the market pri
e, the BS Pri
e is given by the Bla
k-S
holes formula, The bias ǫA

[
σ(T )

√
T

]stays the only unknown parameter and, thanks to the linearity, we have a 
losed form for the bias(5.6) ǫA
[
σ(T )

√
T

]
=

√
2π e

1

2
d2

1

S0
(PBS Pri
e − BS Pri
e )− d1 d2

2σ0(T )
√

T
ǫ Γ

[
σ(T )

√
T

]

9



5.3 Calibration Pro
edureIn this subse
tion we resume the 
alibration pro
edure of PBS model using Varian
e Swap se
u-rities and we propose some improvements and remarks.The basi
 pro
edure is the following one:1. for ea
h maturities T , 
ompute, or �nd on the market, the value of Varian
e Swap over thesame period, and set the value on 
umulated volatility σ0(T )
√

T to be equal to the squareroot of Varian
e Swap premium;2. �x a supportable risk probability α < 0.5;3. evaluate the bid-ask spread and use the theorem 5.2 to �x the varian
e of 
umulated volatility
ǫ Γ

[
σ(T )

√
T

];4. 
hoose a really traded vanilla option with a strike around the money and 
ompute the biasof 
umulated volatility ǫA
[
σ(T )

√
T

], thanks to equation (5.6).Remark 5.4 This pro
edure is 
learly a rough estimate and it is in
onsistent, sin
e the PBSpri
e for Varian
e Swap se
urities depends on the bias, see equation (5.2). An other drawba
k
on
erns the 
hoi
e of the At-The-Money option, the result depends deeply on this sele
tionIn order to avoid the in
onsisten
e of the previous pro
edure of 
alibration, we propose toiterate the previous pro
edure until the estimated parameters verify the relation (3.4) with a seta

ura
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hoose a single option.6 Con
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es of Varian
e Swap se
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eSwaps are a no-risk-model assets, so their premium represent impli
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