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ON THE DISTRIBUTIONS OF THE SUP AND INF OF THE
CLASSICAL RISK PROCESS WITH EXPONENTIAL CLAIM*

JORGE A. LEON AND JOSE VILLA

ABSTRACT. The purpose of this article is to use the double Laplace transform
of the occupation measure of the classical risk process X with exponential
claim to deduce the distributions of the random variables sup{X, : s < t}
and inf{Xs : s < t}, for every t > 0. As a consequence, we also get the
distributions of the time to ruin in finite time and the first passage of a given
level.

1. INTRODUCTION

In this paper, we deal with the classical risk process with exponential claim
defined on a complete probability space (2, F, P). More precisely, let

Ny
(1.1) Xy=wo+ct—Y» Ry, t>0.

k=1
Here g > 0 is the initial capital, ¢ > 0 is the premium income per unit of time,
N = {N,,t > 0} is an homogeneous Poisson process with rate A and {Rg, k =
1,2,...} is a sequence of i.i.d. random variables independent of N. Henceforth we
suppose that R; has exponential distribution with mean 1/r.

Our goal is to calculate explicit expressions for the distributions of the random
variables sup{ X : s <t} and inf{X; : s < ¢}, t > 0. Toward this end, we apply the
complex inversion theorem of the Laplace transform (or Lerch’s theorem) to the
double Laplace transforms of some occupation measures of X (see Section 2 below).
As a consequence, we are also able to give the distribution of the first passage of
certain level x € R of the process X. It means, the distributions of

Sy =inf{t >0: Xy =2} and T,=inf{t>0:X; <z},
because the right-continuity of the process X yields
{S; <t} ={supXs >z}, z>ux0
s<t

and
{T, <t} = {iréfth <z}, z<xo.
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2 JORGE A. LEON AND JOSE VILLA

The study of the distribution of the time to ruin Ty in finite time (i.e., for the
case x = 0) is extensive in the literature on risk theory due to its applications
in business activities. For instance, numerical procedures have been utilized by
several authors in the analysis of Ty (see, for example, Dickson and Waters [6] or
Seal [12]). This numerical approximations have been improved in several works by
deriving expressions for the mentioned distribution (see Asmussen [1, 2], Dickson
[4], Dickson et al. [5, 7], Drekic and Willmot [9], and Ignatov and Kaishev [11],
among others). In particular, the method used in [5], [7] and [9] is based on the
complex inversion theorem, as we does here.

For x € R, the process Sy have been analyzed by doss Reis [8] and Gerber [10]
via a martingale method.

The paper is organized as follows. In Section 2 we relate the Laplace transforms
of the functions

(1.2) P{sup X; <z} and P{ilisz <z}
s<- s<-

to the double Laplace transform of some occupation measures of X. Then, in

Section 3 we use the complex inversion theorem to calculate the two probabilities
in (1.2).

2. OCCUPATION MEASURES

Now we are interested in the Laplace transforms of the occupation measures

t t
Yx(t):/o 1(m,+oo)(Xs)d8 and Ym(t):/o 1(—oo,m)(Xs)dsa

with z € Rand ¢t > 0. So, we assume that the reader is familiar with the elementary
properties of the Laplace transform as they are presented, for example, in Spiegel
[13].

Throughout, the Laplace transform of a measurable function h : [0,00) — R is
denoted by L£(h). That is,

L(h)(s) = / T esth(nyt,

0

for s € R such that this integral is convergent.
The relation between the occupation measures Y, and Y, and the probabilities
in (1.2) is given by the following result.

Proposition 1. Let X be the classical risk process defined in (1.1) and = € R.
Then for each t > 0,

{(Yo(t) = 0} = {sust < :v} and  {Y®(t) =0} = {g X, > m}

s<t

Proof. We first observe that {Y,(t) = 0} D {sup,<, Xs < x} is trivial. Now we see
the reverse inclusion. Let w € Q be such that

(2.1) /0 Lo o0y (Xa(w))ds = 0.
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If there is some so € (0,t) such that X, (w) > a, then, by the right-continuity
of X, there exists a non-empty open interval I, C (0,t) such that s € I, and
Xs(w) >z, for all s € I,,. Consequently,

t
/0 Loton) (Xs(w))ds > / Lo o) (Xa(@))ds = |1y | > 0,

I

where |I,,| is the length of I,,. But this is a contradiction to (2.1). Therefore
Xs(w) <z for all s < t, which implies that w also belongs to {supsgt X, < x}
We proceed similarly for the remainder of the proof.

In order to express the double Laplace transform of Y* and Y,, we need to
introduce the following notation. Let n be a positive real number. The positive
and negative roots of the quadratic equation

cs? +(re—=X—n)s —nar=0
are denoted by v;f and v, respectively.

Proposition 2. Let s and a be two positive real numbers. Then

1
1 a(z—==) To—2)V_.
o0 Sa il ey g >
/ e—stE |:e—OéYz(t):| di = S+Q+ s T
s uS - - +
0 1 + f+3(%* s )Us+a*a(vs+a*1’s *%) <
s + 1 a\(y— +_a\.(z—zg)vd ’ Zo Z,
sc(vs +;)(1}S+a—vs —?)e TEO)Vs
and
1_%s +
« _
00 L{]_ + %e(wo w)vs+n}, To g x,
P sta v —vg — <&
efstE |:efaY (t)] di = sta Vs
1 asc (1l Ys )UJ,r —oe(va —v_’—ﬂ)
0 _+ stalc s sta s+a s c T >CU
S -4« + —_a)e(z—zg)vy ’ 0= L
sc('uS +;)(1)S+a—'us —?)e £0)Vs

Proof. The proposition is an immediate consequence of Chiu and Yin [3] (Corollary
4.1). O

The following result is a consequence of Proposition 2 and it will be used in
Section 3.

Proposition 3. Let X be the classical risk process given by (1.1). Then, for every
s > 0, we have

0, To >,
(2.2) LP(Yo()=0))(s) =19 | —cont

5T s s To<g,
and

0, xg < x,
(2:3) LPOO=000)={ 1_atewr sy
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Proof. We first deal with equality (2.2).
By the dominated convergence theorem we can write

o0

lim e 'E [ —aY( t)} dt

a— 00 0

= lim e~ st / +/ e~ V=) g pqt
a7 Jo {Yz(t)=0} Y. (t)>0}

o0

:/ e P (Y, (t) = 0) dt+/ —St/ (lim e~ *Y=(®))qdpqt
0 Y (t)>0} “—’OO

_ / e (Y, (t) = 0) dt.
0

Therefore, from Proposition 2 we get

(2.4) /O(X> e *'P (Yy(t) = 0)dt

1;5+ _
L (l;f)e(wo—ﬂﬂ)vﬁa}, o > 1,

_ o
Vsta Vs —¢

st+al\c
— +
SC(U:—+%)(’US+C¥7@:—7%)E(I—Io)vs

ax— 00 1

v —_
Tte (1 TS) sta a(’”s#»a_vj_%)

S

Note that the definition of v, implies that lima—oc (v5yq/a) = 0, which leads us

to
-1
o
~ - +
ahm (a (vs+a —v; — c) ) =—c.

Hence, the fact that v, < 0, for all a > 0, together with (2.4), yields that equality
(2.2) is true for xzy > x.
On the other hand, for zg < =,

4
asc 1 Vg - — + «
sta ( ) Vs4a — & (U8+a — Vs = ?)

I 1 n c s
1m -
- ot
] e Y o e P
n _
1_ %\ Y%+ta _a
. s¢ (c s ) sta ( sta Us c) —(z—m0)v
= lim | — + - e 0)vs
o s¢ (% + 11:> (Us+a ’Uj g)

Thus (2.2) holds.
Finally, in order to see that (2.3) is satisfied, we only need to observe that

1
lim (vi,,/a) == and lim (v;a —v, — E) =vf +r,

a— 00 C a— 00 C

and proceed as in the beginning of this proof. O
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3. THE DISTRIBUTIONS OF THE SUP AND INF OF X WITHIN FINITE TIME

The purpose of this section is to apply Lerch’s theorem to the Laplace transforms
obtained in Proposition 3 to calculate the distributions of the sup and inf of X (see
Proposition 1).

In order to state the main result of this paper, we need to introduce the following
notation.

Note first that

(s+A—rc)®+4ders = (s+A+re)’ —4ire
= (s+A+rc—2Vare)(s+ A+ rc+ 2V Are)
= (s—r)(s—72),
with 71 = 2V Arec — X —rc and ro = =2V Arc — A — re. Hence 75 < 1 <0,

s+A—rc+ /(s —r1)(s —r2)

3.1 + =
(31) o > ,
and
_ s+ A—rc—/(s—11)(s—1r2)
3.2 = ]
(32) v &
For sake of simplicity, let us utilize the conventions a = 57, b = A + rc and
x(z) = arglz — ) +arg(z - TQ), zeC.

2
Theorem 1. Let X be the classical risk process (1.1) and t > 0. Then we have

(3.3) P <sup X, > :c)

s<t

L (- . 1/2 1/2
e <ﬁ+1 / (= sin(aju — 1| '/* fu — o] /%) du)
T/, U

2
for every x € (xzo,xo + ct), and
NG
b+ \/r1m2
1/2

1[ 1 e(t—a)u—ai\u—rl\ lu—ra|1/2 J
+ —Im U s
7T /7“2 u (u+b—ilu—ri|V/2|u — ro|1/2)

(34) P <121; X, < x) — 9)\e—a(r=r0) <

for every x < xg.

Remarks.
i) Note that

P (sust > x) =0forx>x9+ct, and P <sust > x) =1 for x < xg.
s<t s<t
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1) Similarly we have
P(ians<x) =1 forz> zg.
s<t

In the following two subsections, we separate the proofs of (3.3) and (3.4) for
the convenience of the reader because both of them are long and tedious.

3.1. Proof of equality (3.3). Let

e—as—a (s—r1)(s—mr2)

hM(S) = p , S€&E (C\[T'Q,Tl],
with /(s —r1)(s —72) = [(s = 1) (s — 72)|*/? exp(ix(s)). Then, by (2.2), (3.1), the
inverse theorem of the Laplace transform (see for example [13]) and the fact that
hys is an analytic function on C\[rz,71], we have, for o large enough,

1 o+100 ) 1 e—(w—wo)v;r
P =0) = o= [ e - s
. 1 o+ioco tsea(rc—)\—s— (s—r1)(s—72))
27

S

o —100

ea(rc—)\) o+1i00 . N p
1-— s .
57 /‘7 ehy(s)ds

—100

Notice that we can use the inverse theorem because it is not difficult to see that

t— P(X: = z) = 0 is continuous, which follows from the fact that P(X; = z) = 0.
Now observe that 0 is a pole of order one and rq, ro are branch points of hj,.

Therefore, by the residue theorem (see [13]),

o+ioco
(3.5) / e"*hy(s)ds = 2mie” V"1™ — lim lim e har(s)ds.
o—i00 p=00e=0Jc(pe)

Here C(p,e) = C1 U---U Ci3 is the following contour of integration:

Cy | Cy




CLASSICAL RISK PROCESS 7

Note that we only need to analyze the integral in the right-hand side of (3.5) on
each arc Cj, j € {1,...,13}, in order to finish the proof. To do so, now we divide
the proof in several steps.

Step 1. We begin our study on the arcs C1(p) and Ci3(p).
For C;(p) we take the parametrization s = pe??, 6} < 6 < w/2, where p and 60}
are indicated in the following figure:

T2 T1 p cos

In this case, it is easy to see that

0 < arg(pe’® —r) < g and 0 < arg(pe’® —ry) < g,

which give 0 < x(pei?) < 7/2. Since cosf > 0, when 6 € [0,7/2], we have

Re(y/(pe — 1) (pei® — 12)) = pe® — 1 |2|pei® — a2 cos(x(pe®)) > 0.
Using this and the fact that a > 0, we can conclude

(3.6) e~ Re(\/(pe?® —r1)(pei®—r3)) ~ |

Now note that ¢t > a, due to xg + ¢t > x, and that pcosf < o. Thus,

/ etshM(s)
C1(p)

7 eltmape—ay e =) e =rs)
/ pie”do
0

0
! pe

< /E e(tfa)pcos(ffaRc( (pewfrl)(pe'iefrg))de
01

1

/2 6(t—a)od9

o1

_ e(tfa)(f Sin—l (z> < e(tfa)cf <E> z
p p) 2

Hence lim,_ fCl(p) et has(s)ds = 0.

IA
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We can proceed in the same way to see that lim,—cc [¢ ) €**ha(s)ds is also
equal to zero.

Note that an important point in this analysis is the fact that ¢ — a > 0 and
—a < 0. This will be also important in the remaining of this proof.

Step 2. Now we consider the integral over C2(p) and Ci2(p).
Over Cy(p), we consider the parametrization s = pe?, 7/2 < 0 < 63 < m, as it
is ilustrated in the next figure:

Cy

T2 T1 ‘

As in the previous case, the inequality (3.6) is still true. So, taking into account
that sinf > 20/x, for 6 € [0,7/2], we conclude

2

(7
/ etshM(s)ds < / 2 e(t—a)pcos@—aRe( (peie—rl)(pew—m))de
Ca(p) 3
03
< e(tfa)pcos Gde

[NE]

033
_ / e(tfa)pcos(0+%)d0
0
i3 |
_ / e—(t—a)psmGde
0

035—%
< / P apeomgg < T
0 2p(t —a)

From which lim,_ sz(p) etShy(s)ds = 0.
Similarly, lim,_ me(p) et*har(s)ds = 0.

Step 3. Here we will show that

lim e®hy(s)ds =0 and lim e hp(s)ds = 0.
P00 J Cs(p) P9 Cri(p)
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On C3(p), we still use the parametrization s = pe'®, with 5 < 63 <60 < 63 <

C3

T2 1

Since x < xg + ct, then ¢ > 2a. Therefore we can take n > 0 such that

(3.7)

t> (1 +(1 +n)1/4) a.

Moreover take p > 0 such that

(3.8)

Notice that

Hence

np? > Jry — |

0

<arg(pe® —r1) <6 and 0< arg(pew —19) <

N
0ol

us

: 0+ %
ggx(pew) <—2 <.

Since cos is decreasing on [r/4, 7], we have

(3.9)

Re(\/(pem —71)(pet? —ry)) > ‘pew — 7“1|1/2 ’pew — 7"2’1/2 cos .

On the other hand, the fact that r; > pcos implies

(3.10)

‘pew 77"1‘ <p.

And using (3.8), we get

(3.11)

W0 \/|r1 — r2|2 + p2 sin®(0)

< I —ralf 42

<+

IN

joe —

Therefore (3.9), (3.10) and (3.11) yields

(3.12)

Re(\/(pe“’ —r1)(pet? — 1)) > p1/2 (n+ 1)1/4 p1/2 cos @

(n+1)"* pcosé.
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From this and (3.7) we obtain

6
/ e"*hs(s)ds
Cs(p)

3
? e(tfa)pcosefaRe( (Peiefrl)(Peief’r‘z))de

<

S

2
2

93
3 e(t—a)p cos0—a(n+1)/*pcos 9d9

INA
S

2
2

93
? (t—a(1+(n+1)/4)pcos b gp

I
S

2
2
03-% 1/4 ™
e(tfa(1+(n+1) ))pcos(9+§)d9

Il
S

el

2_
2

0

[SE]

e—(t—a(l+(7}+1)1/4))p sinf jp

I
S

2_
2

NE]

05

w3

ef(tfa(l+(77+1)1/4))p2ﬂ_—9d0

INA
s

2_m
2 2
s

20(t —a(l+ (n+1)"")

<

This implies lim, fc3(p) e hys(s)ds = 0.
Proceeding as the beginning of this step, we can conclude that we also have
limpaoo fcll(ﬂ) etsh]\/[ (S)ds =0.

Step 4. Now we deal with the arcs Cy(p, <) and Cio(p, €).
Here we consider the same parametrization of previous steps. That is, s =
pe? m/2 <03 <0< 0] <

|

C |

4 | p
| P
-7 ~a
l 7 - ~ 4\\9
I , \\94 \
l L g3 N D
I N3 \
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Thus, 7/2 < x(pe?®) < § < 7. Moreover since 71,75 > pcosf then
’pew —r1| <p and ‘pew —r2| <p,

and using the monotony of cos on [7/2, 7], we have

Re(y/(pe — ) (pet® —12)) = [pe®® = ra[M2|pet® — raf /2 cos(x(pe™))
> |pew—T1|1/2|p€i9—7“2‘1/2c08(9
> pcosé.

The above estimation is analogous to (3.12). Now the conclusion follows as in Step
3.

Step 5. Here we consider Cs(p,€) and Cy(p, €).
Over Cs(p, ) we take the parametrization s = u+¢ei, —p+n(e) <u <ry:

Cs

Notice that
T

. ™ .
Egarg(u—&—sz—rl)gﬂ and B <arg(u+ei —ry) <,

then 7/2 < x(u + ei) < 7. Since cosine is negative and decreasing on [r/2, 7] we
have, for € < |ry — 72|,

—aRe(\/(u+¢ei — 1) (u+ i — 13))
= alu+ i — ri|Y?u + ei — ro|?(— cos(x(u + £i)))

<22 u—r].

Hence

6(t7a)u7aRc(\/(u+5ifr1)(u+5i77‘2))

(3.13) e has(s)]

IN

|u + i

e(t—a)r2+21/2a|p—rl|

|2
By (3.13) we can apply the dominated convergence theorem and since

arg(u+ei—ry) - m and arglu+ei—rey) —m, ase—0,
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T2 e(tfa)(u+5i)70,\/(u+5i7'r1)(u+5i7r2)

e®hy(s)ds = lim

du

e—0 Cs(pye) £—00 —ptn(e) U+ et

1/2 1/2 i

T2 e(tfa)ufa\ufrl\ lu—ra|
= / du

—p u
1/2 1/2

T2 e(tfa)u+a|u7r1| lu—ra]
= / du.

—p u

On the other hand, on Cy(p,e) we use the parametrization s = —u — e,
u<p—nle):

—p+n(e) T2 1 0

—&

Working

Cy

as in previous case, and noting that

arg(—u—ei —r) —» 7 and arg(—u—ci—ry) —mw, ase—0,

we have

Therefore,

Step 6.
s =u+ et,

lim e has(s)ds

=0y (p,e)

p—n(e) e(tfa)(fufsi)fa\/(7u78i7r1)(7u75i7r2)
lim (—du)

e—0 . —UuU — €1

1/2 1/2 jim

T2 e(tfa)u7a|u7r1| [lu—ra]
= 7/ du

—p u
1/2 1/2

2 e(tfa)u+a\u7r1\ lu—ra|
= —/ du.

—p u

lim (lim e har(s)ds + lim e"*hp(s)ds) = 0.
P=0e=0JCs(pe) =0 JC(pee)

—ry <

Now we deal with Cg(¢). To do this, we take the parametrization

ro <u <7y
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Notice that for e < 1,

e(t—a)(u+ai)—a\/(u—i-ai—rl)(u—i-ai—rg)

ts
h =
e"*hay (s) —
e(tfa)u7a|u+5i7r1 |/2 | ut-ei—ra|/? cos x (utei)
- [u+ il
e(t—a)rl e—a|u+5i—r1 |2 |utei—ra|t/? cos x(utei)
<
B |
e(tfa)rl ea|u+€ifr1\1/2|u+6i7r2|1/2
<
Ir
e—(t—a)ri+a(l+|ri—rs|?)'/?
(3.14) <
||
Since
arg(u+ei—ry) - m and arg(utei—ry) —0, ase—0,
then
Vutei—r)(utei—ry) = |utei—r|"?|u+ei—ro|"?exp (ix(u+ i)

r2|1/2'

— |ufr1|1/2|uf i, as ¢ — 0.

Due to (3.14) we are able to apply the dominated convergence theorem:

1 e(tfa) (u+5i)fa\/(u+5ifr1)(u+sifr2)

lim e®hy(s)ds = lim _ du
=0 Jcg(e) =0 /., u—+ €
1 e(t—a)u—a\u—rl\1/2|u—r2|1/2i
= / du.
T2 u

Step 7. Now we suppose that Cg(g) is defined by s = —u—ei, —1r1 <u < —rg:
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Cs

we can imitate Step 6 to we get

lim ehar(s)ds =
e—0 Cg(E)

/7‘1 e(tfa)qua\ufrl\1/2|u7r2|1/2i
T2 U

du.

Step 8. Finally we deal with C;(). Here, we put s = r; + e~ —7/2 <0 <
/2

Thus
. 3 1
X(€€710 + 1"1) S |:§7T, 2’/T:| U |:O, 57T:| .

Consequently, using the fact that cos# > 0, for § € [, 27] U [0, £7], we obtain

(3.15) Re(\/ae_“’(ae_“’ + 11— 1)) = e'/2|ee™r) —ry | % cos x(ee T +11) > 0.

Also, for 0 < ¢ < —r1/2, we have

Iri+ee”® = \/r% + 2rq1e cos(—0) + £2
(3.16) > |r1+6|:—r1—5>—%.
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The estimations (3.15), (3.16) and ¢t > a yield

/ ehar(s)ds| < 56“’_“)“/2
Cr(e) -

s
2

2ee(t—alms /
|7“1| _

t—a)r
_ 256( ) / e(tfa)sCOS(*@)*(IRE(\/EE_N)(Ee_i8+7”177’2))d9

|71] -

e(t—a)sefw—a\/ee—ie(se—“’+r1—r2)

do

r1 +ee”i?

e(t—a)sef"e—a\/a‘e*“’ (ee= 0 +r;—13)

do

R

9eelt—a)(ri+e)
—_——T.

|71]

Therefore lim._,o fC7(s) et ha(s)ds = 0.

Step 9. To finish the proof, we only need to take into account Steps 1-8, together
with (3.5), and Propositions 1 and 3. O

3.2. Proof of (3.4). Let us define

K(s)=s+b++/(s—1)(s—r2), s&C\[ra,m].
Since
204171 + 19 =0 # —dXrc = rirg — b2,
then
(s+b)2# (s—r1)(s—r2), Vs€C.
This implies that 1/K is analytic over C\[rq, r1]. Moreover, it is not difficult to see
that, for p large enough, we have

2V Are, s€ CoUCLUC5UC?UCyUCrpUCha,

b, se€ iU 013,
(3.17) |K(8)‘ > (p+7”1)1/2(p+7”2)1/281n%, s€ CyUCH,

e + |Re(s) — 7°1|1/2 |Re(s) — 7“2|1/2 sinf, s CgUCs.
As in the proof of (3.3) we have by (3.2)

1 o+ioco )\ef(zfro)v;
PY*t) =0 = 1—— [op——
(Y*(t) ) 211 /g,ioo cs (Us+ —|—T)

—a(A—rc) o+41i00
= 1- )\67/ e hpm(s)ds,

U —100

where
e—as+a\/m
hm(s) = K@) .

Finally, the result follows from Proposition 1, (3.17) and the proof of (3.3).
Observe that a < 0 and ¢ — 2a > 0, together with (3.17), allow us to copy, line by
line, the proof of (3.3) to show that (3.4) is also true. O
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