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ABSOLUTELY CONTINUOUS LAWS OF JUMP-DIFFUSIONS IN
FINITE AND INFINITE DIMENSIONS WITH APPLICATIONS
TO MATHEMATICAL FINANCE

BARBARA FORSTER, EVA LUTKEBOHMERT, JOSEF TEICHMANN

ABSTRACT. In mathematical Finance calculating the Greeks by Malliavin
weights has proved to be a numerically satisfactory procedure for finite-dimen-
sional It6-diffusions. The existence of Malliavin weights relies on absolute
continuity of laws of the projected diffusion process and a sufficiently regular
density. In this article we first prove results on absolute continuity for laws
of projected jump-diffusion processes in finite and infinite dimensions, and a
general result on the existence of Malliavin weights in finite dimension. In both
cases we assume Hormander conditions and hypotheses on the invertibility of
the so-called linkage operators. The message is that for the construction of
numerical procedures for the calculation of the Greeks in fairly general jump-
diffusion cases one can proceed as in a pure diffusion case. We also show
how the given results apply to infinite dimensional questions in mathematical
Finance. There we start with a Vasi¢ek model, and add — by pertaining no
arbitrage — a jump diffusion component. We prove that we can obtain in
this case an interest rate model, where the law of any projection is absolutely
continuous with respect to Lebesgue measure on RM .

1. INTRODUCTION

We shall consider in this article the question whether the law of 1(X7), for a
finite dimensional projection 1 : H — RM  is absolutely continuous with respect
to Lebesgue measure on R where X7 is the solution of the stochastic (partial)
differential equation

d m
(11) dX7 = (AX] + (X[ )dt + > Vi(X7)dB] + > 6;(X7)(dL] — A;dt),
i=1 j=1

(1.2) Xi=xz€H,

and H is a possibly infinite dimensional separable Hilbert space. We refer to the
previous equation loosely speaking as a jump-diffusion on the Hilbert space H point-
ing out that the involved Lévy processes are of finite type. For sake of simplicity

we shall always work with the caglad integrand ¢ — X, even though for the dt
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and dBy integrals this is superfluous. In the infinite dimensional setting we are not
aware of results on absolute continuity of the projected process in the jump diffu-
sion case. Related work has been done in [5] for the construction of first variation
processes. In the diffusion case we refer to the work [3] and the references therein,
and in particular to the recently published inspiring results of Jonathan Mattingly,
see for instance [1].

Very satisfying results in the finite dimensional setting with Lévy processes of
infinite type have been obtained by Thomas Cass in [10] through a generalization
of the Norris Lemma to Lévy processes. This builds upon our results presented in
this work for the finite activity case (see Section 7). Substantial work with respect
to absolute continuity and smoothness of the density has been already published
in the eighthies, where the most prominent ones are [7] and [6]. Therein several
questions of extension of hypo-ellipticity results (and Malliavin Calculus) to jump-
processes are discussed and completely solved, however, the problem of a hypo-
elliptic diffusion together with a finite-activity jump-structure remained open. It
has to be pointed out here that — in contrast to [6] — we do not need any extension
of Malliavin Calculus to jump processes for our results (see also the discussion in
Remark 5). This gap was somehow filled by the announced results of [22], but we
found this work very difficult to understand. Recently — motivated by questions
from financial mathematics, see Section 8 for an outline of the problem — there has
been increasing interest in those results, see the the works [2], [12] and [13] and the
references therein.

From the point of view of existence and uniqueness for jump-diffusions in infinite
dimensions our main reference is [14], and the references therein. Since we consider
jump-diffusions as concetenated diffusions on Hilbert space we mention [11] as the
main reference for existence and uniqueness results, but also [4] and [9] for many
interesting constructions and ideas.

There are two applications added to this work. The first one is the HJM-equation
(as presented in [14]), where we show that the innocent Vasicek model (see for
instance the seminal work of [8]) with a certain jump structure triggered by a
one-dimensional Poisson process yields — under no-arbitrage assumtions — a model,
where not only no finite dimensional realizations do exist, but where every projec-
tion into a finite dimensional subspace admits a density (compare with the notion of
generic interest rate evolutions from [3]. The second application is concerned with
concrete formulas for the calculation of Malliavin weights. There we the message
is that one can think Poisson-trajectory-wise, when applying the results.

When we analyse jump-diffusions with values in Hilbert spaces then loosely
speaking the following facts hold true:

e between two consecutive jumps of the jump-diffusion we are given an ordi-
nary diffusion.

e at a jump we add to the left limit the jump size (which usually depends on
the left limit, too). In [21], Chapter V.10, Hypothesis (H3), this operation
is formalized by the so called linkage operators. We shall apply this notion
here, too.

Hence the following picture arises:

e In order to obtain absolute continuity of the projected diffusion process, we
need the Hormander condition to be in force. Otherwise we cannot expect
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— conditioned on the event of positive probability that no jump occurs —
that there is absolute continuity.

e In order to preserve absolute continuity we need the linkage operators to
be invertible in a proper sense.

Remark 1. Both conditions are ’sine qua non’, since it is easy to imagine coun-
terexamples.

In Section 2 we fix the general setting of this article (see [21], Chapter V.3 for
all necessary details on existence and uniqueness of solutions). We shall deal with
Lévy processes of finite type as drivers of the stochastic differential equations, even
though we believe that one should be able to prove similar results in the case of
many small jumps, too. We also state the main assumptions of this work in Section
2 for later use.

In Section 3 we prove a decomposition theorem, which tells that solving a jump-
diffusion SDE is the same as solving associated diffusion SDEs and concatenating
the solutions by linkage operators. In Section 4 we show that we can also prove
results on first variation processes in the spirit of the decomposition theorem. We
prove that under our analytic requirements there is in fact a sufficiently regular
first variation process.

In Section 5 we show by means of Malliavin calculus for a d-dimensional Brownian
motion that the law of a projected jump-diffusion is absolutely continuous with
respect to Lebesgue measure. In Section 6 we show an example from mathematical
Finance, where we see very directly the phenomenon of absolute continuity arising
from the introduction of jumps and the no-arbitrage condition. In Section 7 we
restrict to the finite dimensional setting to show that the density of the absolutely
continuous law is in fact smooth, which amounts to saying that the inverse of
the covariance matrix has p-th moments for all p > 1. In Section 8 we apply the
invertibility of the covariance matrix to the calculation of Greeks in Bismut’s spirit.
Section 9, an Appendix, proves an additional estimate for a proof of D. Nualart’s
book [20]. Since our observation of the additional estimate, which is implicitly
already visibly, is best explained by redoing the proof, we decided to do so.

2. SETTING AND ASSUMPTIONS

Let (2, F, P, (F1)i>0) be a filtered probability space where the filtration (F;);>0
satisfies the usual conditions. Let (Bt)t>0 be a d-dimensional Brownian motion and
(L})t>0, j = 1,...,m be m independent compound Poisson processes given by

J . J
L =1,
k=1

where th denotes a Poisson process with jump intensity X; >0and Z7 = (Zi)kzl
is an ii.d. sequence of random variables with distribution p; for j = 1,...,m,
such that each p; admits all moments. Furthermore, we want to introduce the
compensated compound Poisson process

Lj - B(L]) = L{ = A\it,
where )\; = E(Z{)B\: is the average jump size times the jump rate.

We assume that all sources of randomness are mutually independent and that
the filtration (F;);>0 is the natural filtration with respect to (B, L}, ..., LT)¢>0.
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Let H be a separable Hilbert space. We fix furthermore a strongly continuous
semi-group S on H with generator A. Let «, V7, ..., Vg, the diffusion vector fields,
and d1,...,60,, the jump vector fields, be C*°-bounded on H, that is, the vec-
tor fields are infinitely often differentiable with bounded partial derivatives of all
proper orders n > 1. We consider the mild cadlag solution (X[):>o of a stochastic
differential equation

d m

(2.1) dX7 = (AX] + (X[ )dt + > Vi(XP)dBj + Y 6;(X7 ) (dL] — Ajdt),
i=1 j=1

(2.2) Xj=xz€H.

See [14] for all necessary details on existence and uniqueness of the previous equa-
tion.

The previous conditions are slightly more than standard for existence and unique-
ness of mild solutions, i.e. in [14] the authors need Lipschitz conditions on the
vector fields, whereas we assume them to be C°°-bounded. In order to speak
about absolute continuity of projections to RM we shall need more assumptions,
in particular for conclusions drawn from the geometry of the given vector fields
a,Vi,..., Vg, 01,...,0, several quite strong analytic requirements are necessary.
We group the assumptions in three groups and indicate in each section, which
assumptions we shall need.

Let 1 : H — RM be a projection, then we want to know whether the law of
1(X7) is absolutely continuous with respect to Lebesgue measure and if — in case —
the density is smooth. Following the short discussion in the introduction we need
the Hormander conditions to be in force and we need to suppose invertibility on
linkage operators.

We apply the following notations for Hilbert spaces dom(A*),

dom(A*) = {heH|he dom(A*~1) and A*1h e dom(A)},
k
Bl aey = 3 IATRIP,
i=0
dom(A*) =[] dom(A"),
k>0

which we need in order to specify the analytic conditions.

Assumption 1. We assume that the generator A of S generates in fact a strongly
continuous group. We assume furthermore that o, Vi, ..., Vy, the diffusion vector
fields, and 4y, . . ., d,,, the jump vector fields, are C°°-bounded on the Hilbert spaces
dom(A¥) for k > 0, that is, the vector fields are infinitely often differentiable with
bounded partial derivatives of all proper orders n > 1 on the Hilbert space dom(Ak)
for k > 0.

Assumption 2. We take Assumption 1 for granted, i.e. we can consider all vector
fields on the space dom(A*) for k = 0,...,00. For a proper statement of the
Hoérmander condition we need the drift to be the 'real’ one. Therefore, we define

‘/real(x) = Vo(l‘) — Z)\](S] (.23)
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Here we apply the notion
1
Vo(z) = Az + a(z) — B ;TVi(m) - Vi(z)

for z € dom(A) and call V; the Stratonovich drift of the diffusion. Recall the
(tangent) directional derivative operator T defined through

d

TV(z) v=—

(@) v=—

Lie brackets can only be calculated on the Fréchet space dom(A*>°) and there we for-

mulate the Hormander condition. We assume that the distribution D(z) generated

by the vector fields

(2.3) V@), Va(@),  [Vila), V(@) (ivj = realL,...d),
Vi), [V (@), Va(@)]] (oo b = real, 1,....d), ...

_OV(x + ev).

is dense in H for one x € dom(A>).

Assumption 3. We assume that the inverse of x — x + 2J;(x) exists and is C*°-
bounded on each dom(A*) for z € supp(p;), j = 1,...,m and k > 0 (recall that p;
was the distribution of the random variable Z;).

Remark 2. As far as Assumption 1 is concerned we do believe that the assertions
of this paper also work for semigroups, but we do not have a proof for this assertion
so far.

Remark 3. The Hormander condition could not be formulated without Assump-
tion 1.

Example 1. In order to show examples of vector fields, which are C**°-bounded
on dom(A¥) consider the following structure. Let H be a separable Hilbert space
and A the generator of a strongly continuous semigroup. We know that dom(A°)
is a Fréchet space and an injective limit of the Hilbert spaces dom(A¥) for k > 0.
Following the analysis as developed in [15] (see also [18] and [17] were the analytic
concepts have been originally developed), we can consider the following vector fields
V:U C H — dom(A>). If V is smooth in the sense explained in [15] and has
the property that its derivatives of proper order n > 1 are bounded on U C H,
then V' is obviously a C°°-bounded vector field and additionally V]qom(ac) is a
Banach-map-vector field in the sense of [15]. Such vector fields constitute a class,
where Assumptions 1-3 can be readily checked.

3. DECOMPOSITION THEOREM FOR JUMP-DIFFUSIONS ON HILBERT SPACES

In order to properly understand how to apply the Malliavin calculus, we state
the following rather obvious structure theorem on jump-diffusions, which simply
takes into account that stochastic integration with respect to the Poisson process
follows the rules of Lebesgue-Stieltjes integration (see for instance [21] for a general
exposition). The observation seems to be new in the infinite dimensional setting.
Here we only need that the vector fields are C*°-bounded on H in order to guarantee
existence and uniqueness of the respective equations.
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Theorem 1. Let (Q,F, P, (F;)t>0) be a filtered probability space and let (By)i>o be
a d-dimensional Brownian motion and (L7 )¢>o be m independent compound Poisson
processes with compensator (Ajt),~, for j =1,...,m, such that the filtration is the
natural filtration with respect to (B_t, Li,..., L;”)tzg, Let S be a strongly continuous
semigroup with generator A on H. Let o, V1, ..., Vy, the diffusion vector fields, and
01,---50m, the jump vector-fields, be C*°-bounded on H and consider the cadlag
solution (X[ )o<i<r of a stochastic differential equation
d m .

(3.1) dX7 = (AX] + (X[ )dt + > Vi(X7)dBj + Y 6;(X7 ) (dL] — A;dt),

i=1 j=1
(3.2) X§=u.

Let ) denote a piecewise constant, cadlag trajectory n: R>o — R™ of the compound
Poisson process L with finitely many jumps on compact intervals and starting at 0.
We consider

m

(33) vy = (A5 (v Z (V) )t + Zv (Y*;")dB]

+ Z 8 (YT ) (¢),
(3.4) Yo =

Then (stt’n)szo can be given explicitly in terms of the jump times T, of n forn >0
and the diffusion process between two consecutive jumps:

Y, = YI’77 for0<t<m

Yzﬁ ,Yy??

1,5t Y“" o +Z L85 (V) A (1) Jorm <t <
»Tq

z 77 — ysn
V= Yo vy mp 07wy Fr Tt SE<T
"Tn—1 "Tn—1

Here we write An(t) :=n(t) —n(t~) for t > 0. We define the process (Yf’L)QO by
inserting the compound Poisson process L for n in (Y;"")¢>o. The resulting process
(V") 150 is then indistinguishable from (XF);>0.

Proof. For the proof we refer to [21], Chapter V.10, Theorem 57, in particular with
respect to the conditioning on the jump part. The proof remains unchanged in
the infinite dimensional setting, see [14] for the existence and uniqueness proof on
separable Hilbert spaces. O

Remark 4. For future use we shall always assume that the first jumping time of
7 is strictly positive 73 > 0 and that each time corresponds to the jump of exactly
one coordinate process L7, which is true for almost all trajectories of the compound
Poisson process L. Notice that the dependence of (Y;"");>0 on the jump times of
7 is continuous, but certainly not smooth.

Remark 5. Notice that one can also interpret the result in the following way:
consider the solution (X§);>¢ of equation (3.1) as an element of L?(Q; x Qa; H),
where 2 carries the Brownian motion part (with natural filtration), (2o carries the
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Poisson part (with natural filtration) and €y x Qg is equipped with the respective
product o-algebras. Then we know by Fubini’s Theorem that

L3(Qy x Q3 H) = L*(Qg; L*(; H)).

The previous theorem only clarifies the jump-diffusion structure of the dependence
on €)5. In other words, between jumps we have ordinary diffusions, and at a jump
we link by linkage operators.

4. FIRST VARIATION PROCESSES

In order to calculate Malliavin derivatives, which is crucial for arguments on
absolute continuity, we need precise statements on first variation processes of jump
diffusions. For later purposes, but also in order to see results on the inverse of the
first variation process easily, we write our equations in the Stratonovich notation.
This is not innocent in infinite dimensions, since mild solutions are in general not
semi-martingales and therefore the Stratonovich notation fails to be applicable in
general. However, by Assumption 1 we are able to determine whether we are given
a semi-martingale or not by analysing the initial value of the process.

In this section we need Assumption 1 and 3 to be in force.

Given the stochastic differential equation (3.1), we can switch to Stratonovich
notation for x € dom(A), and obtain

d m
AX7 = Vo(X7 )dt + Y V(X7 ) odBj + > 0;(X7 ) (dL] — \jdt)

i=1 j=1
with the Stratonovich drift given by

d
Vo(z) := Az + a(z) — %ZTVZ(x) - Vi(z)

i=1
for x € dom(A). Recall the tangent (derivative) operator T

TV(z) v= 4

e V(z + ev).

e=0

We do also consider the stochastic differential equation (3.3) with respect to one
trajectory n and switch to Stratonovich notation, too. The following theorem states
the result on the first variation process along one trajectory n, which yields in the
sequel the same result by inserting the compound Poisson process L for 7. Notice
that the trajectory n is such that the first jumping time is strictly positive and that
at each jumping time 7, for n > 1 only one coordinate jumps.

Theorem 2. Assume Assumption 1 and 3. We fiz k > 0. The first variation
process (Js—t(,1));>, associated with (Y""),5, on dom(A¥) is well defined and
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satisfies the stochastic differential equation

(4.1) dJs_i(z,m)-h= (AJS_%_(x, n)-h+ Toz(Y;ft’?) “Js_i—(z,m) - h
SN TG Ty () - h) dt
j=1
d .
3 (T - Taa () - 1) dB;
=1

N
s

Jj=1

Js~s(xa77) “h=h

(T&(77) - Tuamym) - )i (1),
(4.2)

)

for h,z € dom(A*) andt > s. The Ité equation has a unique global mild solution for

h,x € dom(A¥) and Js_.(x,n) defines a continuous linear operator on dom(A¥),
which is invertible if x € dom(AF1).

The Stratonovich equation on dom(AF) in turn is only well-defined for h,z €
dom(A**Y). We apply the (formal) notation here

d
TVy(z)v = Av+ Ta(x)v — %T(:c — ZTVi(z) - Vi(x))v

i=1

for x € dom(A) and v € dom(A).

dlomslan) b= (TVO(YS) - Ty (aim) - b

=S N TG T () - ) de

<
—

+

-

K2

1

"
NE

1

<.
Il

(Taj(ygj‘ﬂ) T (z,7) - h) i (1),

JS*S(‘I& 77) ~h= h’a

for h,x € dom(A**Y) and t > s. The adjoint of the inverse

th,h = (JSHt(xﬂ?)_l)* : h7
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if it exists, should satisfy the following Stratonovich equation at the point x in
direction h,

azit = — (T 2" - Z)\ oY) 20" ) dt-

- i (Tw(}fj;z)* : Zf;h) o dBi—

*

+ i ( (T 5;(Y )2)* : ((idH + AP () T@(stﬂ)) _1>

ZiM o (9)%),
for h,z € dom(A¥*1) and t > s > 0 (Here we applied the notions of [21]).

Remark 6. The completely analogous theorem holds when we replace n by a
compound Poisson process L. We do not state this theorem again, but we point
out that we even have moment estimates for the respective processes, which is
the only additional relevant information. To be precise, the first variation process
Js—t(x) - h, which equals Js_;(x, L) by construction, has bounded second moments
by [14].

Proof. Under our Assumption 1 the regularity in the initial values is clear by well-
known results from [11] and the chain rule on Hilbert spaces (recall that the linkage
operators are smooth). We are allowed to pass to the Stratonovich decomposi-
tion since we integrate semi-martingales by It6’s formula on Hilbert spaces for
x,h € dom(A**1) due to the arguments of [3]: the core assertion is here that we
can replace H by each dom(A¥) for some k > 0, which means in turn if we start
in dom(A**1) and obtain a mild solution there, it is indeed a strong solution con-
sidered on dom(A¥), for k > 0. It remains to show the invertibility results on the
respective first variation processes.

Left invertibility of the first variation Js_;(y, .) follows by Itd’s formula since we
have cadlag trajectories with finitely many jumps. Calculating the semi-martingale
decomposition of (Z}")" - Jo_¢(x,n) given by equations (4.3) and (4.4) yields the
result

(th,-)*‘]o—»t('r7 77) = Z’ddom(A’V)'
Thus, the solution of equation (4.4) is the left inverse of Js_;.
We prove that the left inverse is also the right inverse by the same reasoning as in
the proof of Proposition 2 in [3]. Therefore, we choose an orthonormal basis (g;)i>1
of dom(A*) which lies in dom(A*¥*1). Then we can compute the semi-martingale
decomposition of
N

Z«Zf’hl) agi>dom(Ak)<gi7 JSHt(x»n)* ' h2>dom(Ak) =

Zhl, ) dom(ar) (Jst(T,1) - Gis h2)dom(ak)s
=1
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for hy,hy € dom(A*+1) and N > 1. Applying the Stratonovich decomposition and
by adjoining we can free the g;/s and pass to the limit, which yields vanishing finite
variation and martingale part. Hence

(Jomst(@m)(Z7") ", B2)dom(ar) =

N
lim <(th7h1) agi>dom(Ak) <gl7 Js—>t(m7 77)* : h2>dom(Ak)

N—o00 4
i=1

= <h17 ha, >dom(Ak)7

which is what a right inverse should satisfy. O

5. ABSOLUTELY CONTINUOUS LAWS IN FINITE AND INFINITE DIMENSIONS

In this section we assume Assumptions 1, 2 and 3. We want to determine by
means of the Malliavin calculus whether the law of 1(Y;*") is absolutely continuous
with respect to Lebesgue measure for ¢ > 0.

For details on Malliavin calculus see [19] and [20], where in particular the deriv-
ative operator and the Skorohod integral for Malliavin Calculus with respect to a
d-dimensional Brownian motion are defined.

Our first task is the calculation of the Malliavin derivative for a fixed cadlag
path 7. In a second step, we consider the composed problem, where we replace
1 by a compound Poisson process L as outlined before. Therefore, we first fix a
piecewise constant, cadlag trajectory 1 : R>o — R™ of the process (L}, ..., LI");>0
with finitely many jumps on compact intervals starting at 0.

Theorem 3. We take Assumptions 1, 2 and 3 for granted, where x € dom(A)
denotes the point where the Hormander condition (2.3) holds true. Let (Y{*),~,
denote the unique cadlag solution of equation (3.8). Then for projections 1: H —
RM the law of 1(Y}®) is absolutely continuous with respect to Lebesgue measure on
RM fort > 0.

Proof. Fix t > 0. We are able to write the Malliavin derivative of Y;* for each
Poissonian trajectory n,

Di(1o Y™™ =10 Jo_t(2)Joms(z) T Vi(Y ") 10,4 (5).

We can calculate the Malliavin covariance matriz vy as

d t
(Yo Y;"M)E,€) = Z/O (Lo Joi (@) Jos(2) T Vi(Y,2T), €) ds.
i=1

Consequently, the covariance matrix (1o ¥;""7) can be calculated in the usual way
via the reduced covariance matrix

d t
&8 =3 [ Cola) VY. s
i=170

with the relation y(1o V;>") = (1o Jy_(x))Ci(1o Jo—s(z))"), where * denotes as
usual the adjoint operator with respect to the Hilbert space structures on H and
RM. We assume n jumps of 1 on [0,¢] and we denote by 0 =79 <71 < ... <7, <t
the sequence of jump times of 7. For convenience, we denote the last point in
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time ¢ by 7,41, even if 7,11 = 7,, which can in principle happen. Hence we can
decompose,

Tk+1

(Cit,€) ZZ/ (o) ViV, € ds = S (CFE, ).
k=01

k=0

Each of the summands determines a symmetric matrix CF and can be interpreted
as a reduced covariance matrix coming from a diffusion between 7, and 71 with
initial value Yf, for k=0,...,n. We do not know whether the Hérmander condi-
k
tion is true everywhere. Therefore, we do not know whether CF is a positive definite
operator for all k > 0. From [3], Theorem 1, we do know, however, that each C} is
a positive definite operator and there exist null sets Ny such that on /V§ the matrix
C? is invertible. Hence the law of (Lo Y,”") is absolutely continuous with respect to
the Lebesgue measure on RM | since Jo_¢(z) is invertible and therefore y(10 Y,*")
has empty kernel (Theorem 2.1.2 in [20], p. 86). O

Remark 7. The same conclusions hold for ¥;": notice that ;" = Y2 if there
is no jump at . Otherwise ¥V;"" = Y,2" + Z] 165 (Yy3 ) A (t), but invertible dif-

feomorphisms transform absolutely continuous laws in absolutely continuous ones.

Now we wish to extend this theorem to the jump-diffusion process (X7)¢>o,
which is easy since — conditioned on one trajectory n we do have an absolutely
continuous law and this property is not perturbed by integration due to Fubini’s
Theorem.

Theorem 4. We take Assumptions 1, 2 and 3 for granted, where € dom(A>°) de-
notes the point where the Hormander condition (2.3) holds true. Let (X{),s, denote
the unique cadlag solution of equation (3.1). Then for projections 1 = (ll, sl
H — RM the law of 1(X¥) is absolutely continuous with respect to Lebesgue measure
on RM for t > 0. Notice that 1(X]) and 1(X") have the same distribution.

Proof. The proof applies the following simple corollary of Fubini’s theorem on RM
with Lebesgue measure A and a probability space (2, F, P): let v be a probability
measure on RM x Q such that there is random density p : RM x Q — R>o with

[ fampante Pdsdn) = [ fmpds,d,

RM xQ RM xQ

then the marginal of v on RM is absolutely continuous with density
@) = [ a0 Plan)

for almost all x € R™. In our case we know that the law of X7 is absolutely con-
tinuous for almost all trajectories 1 of the compound Poisson processes L (precisely
those with 7 > 0, only one coordinate jumps at each jumping time, and finitely
many jumps on compact intervals), the probability measure v corresponds to the
distribution of (X7, L), where we choose € the space of cadlag trajectories on Rxg
with values in R™. Finally we have that the law of X7 is p(x)A(dz). O
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6. APPLICATIONS OF THE INFINITE DIMENSIONAL RESULT TO INTEREST RATE
THEORY

We consider the following HJM-model with jumps

d
dry = (dxrt +amsm(re-) +5(7’t)) dt + o(ry-)dB; + 6(ry- )dN;
70 = 7‘* S H

on some Hilbert space H of forward rate curves as constructed in [3] and [14].
See also the seminal article [8], which influenced these lines of research very much.
(By)i>0 is a standard Brownian motion and (N¢);>o is a standard Poisson process

with intensity A > 0 and jump measure p = & (hence A= A). Define
Z Z2
Ui(z) = mE[e"] = (67) =3 and
Us(z) = InE [eZNl] =In(exp(A(e® —1))) =A(e® = 1).

Then we know from [14], equation (2.4), that

anme) = ~on@ (- [ otway)

x

= o)) / o (r)(y)dy

i (= o)
= —A\(r)(z )exp( 6(r)(y )dy)

For an explicit example we choose

and

B(r)(z)

0

o(r)(z) =0(x) >0 and o(r)(z) = —% In(Br)(z),

where the vector field B will be determined later. Then we have
apsm(r)(z) = U(CU)/ a(y)dy
0

and

r)Ix)= i n(or)(x (BT)(Z’) = %(BT)(-I')

We choose B such that (Br)(x) is positive on an open subset U C H, for z € R
and B(r)(0) = 1 for all » € U. Hence § is well defined. Thus, for such r € U we

have p
Br)(z) = A-—(Br)(z)

and J
5(r)(z) = o In(Br)(z).
A particular choice in the spirit of Remark 1 is given through
B(r)(z) = ¢(z,1(r)),
where the maps y — %1{)(.7]4) and y +— ﬁ from R to dom(A*) C H are

supposed to be C*°-bounded with (0,y) = 1 for all y € R. The map ! denotes
here a non-vanishing linear functional [ : H — R. Hence § and g are well-defined
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C*°-bounded vector fields on the whole Hilbert space and we have global existence
of mild solutions.

We know that the Vasi¢ek-model (the model without jumps) admits a finite
dimensional realizations as for

Vieat()(@) = “Lr(2) + g as (r) ()

dx
we have
dim({Vzcat, o} ra(r)) < 2
with an appropriate o at any point r € dom((%)oo). If we switch on the jump

structure and choose v generic, this two dimensional structure (a regular finite
dimensional realization in the sense of [15]) is destroyed, since then the drift changes
due to no-arbitrage. We obtain a dense Lie algebra if we choose the vector field B
generically.

7. SMOOTH DENSITIES FOR THE LAW X7 ON RM

In the sequel we consider the case dim H = M and 1 = id and we choose a
coordinate representation H = R™. We then want to show that the p-th power of
the inverse of the Malliavin covariance matrix of X;* for ¢ > 0 can be integrated
even with respect to Poisson trajectory n. We therefore need an extension of the
Hormander condition, which is called the uniform Hérmander condition:

Following [20], we define

Yo = {Vi,...,Va}

i=1

d
1
S = {[Vk,V],k =1 d Ve, i [Viea, VI +5 D [VilVi, VILV € 2;_1}

for n > 1. We assume that there exists jo and ¢ > 0 such that
Jo
. 2
2> V@.e ze
J=0Vvex,
uniformly in z € RM,

Theorem 5. Assume that dim H < co. We take Assumptions 2 and 8 for granted,
but assume that the Hiormander condition (2.3) holds true uniformly on RM. Let
(X7 )>o denote the unique cadlag solution of equation (3.1) and fir t > 0. Then
the random variable XF admits a smooth density with respect to Lebesgue measure
on RM. Furthermore, the covariance matriz of X7 is invertible with p-integrable
inverse for allp > 1.

Proof. We write the Malliavin derivative of X},
DX} = Jooi(2)Joms() T V(X2 )10, (5).-

and calculate the reduced covariance matrix

d t
(€68 =3 [ (o) X)) s
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We now apply the result from Theorem 1 and condition on the trajectories of the
compound Poisson process (2)

(71)  sup P({Ci£,8) <)
cesM—1

= sup Z [ P(NF = ny)| P((Cy&,€) < €N} = n; for j=1,...,m).

eSSt A0 k=1

As in the proof of Theorem 3, we can decompose (Ci&, €) into

oo d Tr+1 AL 9
e =3% / (Jos(@) Vi(XE ), €)% ds,
k=

0i=1"TrNL

where 9 = 0 < 71 < ... < 7, < ... denotes the sequence of jump times of
(N¢)o<t<T. Hence, we obtain for n =mni +--- + ny,

sup P((C1€,€) < €e|N} =nj, j=1,...,m) <

éesﬂffl
d Trt1 At
P U W(XE),6) ds < |N] =nj, j=1
sup <0_,s(x) i ( S,),§> s <e€|N/ =mny, j so.om |,
gesSM—1 i—1 Y TEAL

for all 0 < k < n. Observing that maxo<p<n(Tkt+1 — Tk)K(p) > (%)K(p) (after all
we only have n jumps, so the maximal distance between two consecutive jumps is

bigger than %), we finally obtain

P((Cy£,6) < N} =mnj for j=1,...,m) < ¢

for 0 < e < (£)K®¢(p) due to the calculations outlined in the Appendix. Note
that we can apply the calculations from the Appendix, since Jo_(x)~t is well-
defined and bounded due to boundedness of (id + zdd;)~! for z € supp(u;) and
j =1,...,m. Hence integration with respect to the measures p; is possible and
yields finite bounds. Recall also that j; has moments of all orders, hence X} is L
and so is Jy_s(x) ! (see [21] for all details on SDEs).

Let A = infeegm—1 (Ci€,€) be the smallest eigenvalue of the reduced covariance

matrix C;. Following the steps of [20], Lemma 2.3.1, we know that
P(A<€|th =n; for j=1,...,m) < const- €’

for any p > 2 and 0 < € < (%)K(p+2M)eo(p +2M) =: €4z, where the constant
depends on the p-norm of C;. In the sequel we shall denote any constant of this
type by D. We denote by p the law of A conditioned on N} =n; for j =1,...,m.
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Consequently, for j = 1,...,m, we have by Fubini’s Theorem

1 1 ,
E<AP 1 TLJ) :E<IX171.1{A>6"”‘“"} ‘th :n])

1 .
+E <Apl Liagenan) ‘ N = ng‘)

1 Cmaz ]
+ dz
o /o -1Pd7)
1 €max oo
=31 +/ (p —1)/ —dtp(dz)
S / / (dt)dz+
-1) / / p(dt)dz

—|—D/ —zpdz

t
< D(ﬁ)K(pHM)Go(P +2M)+
D
2 K@2Meo(p + 2M)Jp—1

[ n

IN

6ma:c

+

Hence through the decomposition (7.1),

B () < P ] P = )

N1y, >0 k=1

t\ K(p+2M) 1
D- {(n) co(p+2M) + (DK o (p 5 2R < 00

the result follows by n = ny+- - -+n,, and by the following fact for any real number
K,

ATteanm e
E S A _e=him AmTm (g 4 - 4y ) K < 00, O
nile - ng!
N1eeNm >0

8. CALCULATING THE GREEKS IN FINITE DIMENSION

In the sequel we consider the case dim H = M and 1 = id as in the previous sec-
tion. Once we are given an invertible Malliavin covariance matrix with p-integrable
inverse such as in Theorem 5, we can easily calculate derivatives with respect to ini-
tial values and obtain explicit formulas for so-called Malliavin weights (see [16] for
successful applications of this method in mathematical finance). We sum up quickly
the main idea: in mathematical Finance the gradient of the function z — E(f(X}))
has the ratios of sensitivities, which control the hedging portfolios away from jumps.
Hence for any calculation of the price E(f(X7)) of a certain derivative at maturity
t > 0 it is crucial to also know VE(f(X7)) to set up hedging portfolios (for the
diffusion component).

Very often pricing results in a weak-approximation-scheme for the process X.
So in general the only way to obtain the gradient for measurable, non-differentiable
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claims f is to perform a numerical differentiation, which can get cumbersome in
many cases. If we have a Malliavin weight, we can calculate along the same scheme
during the same simulation the Malliavin weight, and therefore obtain finally the
n+1 values E(f(X7))) and VE(f(X[)) after only one simulation. Hence the precise
knowledge on existence and structure of the Malliavin weight might be very useful.
Numerical implementations of this procedure for jump-diffusion will be done in a
different work. In the following section we provide explicit formulas for Malliavin
weights in the case of jump diffusions.

We denote in this sequel the Skorohod integral (resp. the divergence operator)
by § and its domain by dom(d).

Definition 1. Assume that H = RM, fix t > 0 and a direction v € RM. We define
a set of Skorohod-integrable processes

d t
At gy = {a € dom(d) such that Z/ Jos(2) " WVi(XT Yalds = v}
i=170

and call it the set of path-perturbations with target-value v.

Remark 8. In the previous definition such as in the whole section assertions on
Skorohod-integrability are meant Poissonian-trajectory-wise.

Proposition 1. Assume that H = R™. We take Assumption 3 for granted. Fiz
t >0 and a direction v € RM . Assume furthermore uniform ellipticity, i.e. M = d
and there is ¢ > 0 such that

M
inf Vi(z),6)? > c.
§GEDM71’;< K(2),§)" > ¢

Then At 4. # 0 and there exists an integrable, real valued random variable m (which
depends linearly on v) such that for all bounded random variables f we obtain

o B (X)) = B (7)),

Such a random variable 7 is called a Malliavin weight.

Proof. Here the proof is particularly simple, since we can take a matrix o(z) :=
(Vi(x), ..., Va(x)), which is uniformly invertible with bounded inverse. We define

as 1= %J(Xf_fl ~Joss(x) - v

for 0 < s <t and obtain that a € A, ;,. Furthermore — as in [16] and [12] — we

obtain
M ¢
T=Y / aldB!,
i=1"0

since the Skorohod integrable process a is in fact adapted, left-continuous and hence
Ito-integrable. O

Theorem 6. Assume that H = RM. We take Assumptions 2 and 3 for granted,
but assume that the Hérmander condition (2.3) holds true uniformly on RM . Fig
t >0 and a direction v € RM. Then Atz # 0 and there exists an integrable, real
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valued random variable © (which depends linearly on v) such that for all bounded
random variables f we obtain

o B(XT) = BU(XF)m).

We can choose w to be the Skorohod integral of any element a € A 5, # 0 and call
it a Malliavin weight.

Proof. We take f bounded with bounded first derivative, then we obtain
d TTEV xT
&\e:OE(f(Xt ) = B(df (X7)Jo—i(z) - v).

If there is a € A ., we obtain

d t
E(df(X{)Jo—i(z) - v) :E(df(Xf)Z/O Jo—t(2) Jos () T Vi(XE )aids)

i=1

d t
=B / A (XF) o () Tos ()~ V(X2 ) )

d t ) )
=B [ DL alds)
= B8,

Here we cannot assert that the strategy is [to-integrable, since it will be anticipative
in general. In order to see that A; ., # () we construct an element, namely

af = (Joma(2) ' VA(XE ), (C)) o),

where C; denotes the reduced covariance matrix from Theorem 5. Indeed

i < /0 t Joﬂ(x)‘lm(xg)agds7g>

d t
=3 [ o) V), €) (omal0) X ), (C) o) ds
i=170
= (£,C(Cy) M) = (&,v)
for all £ € RM | since C is a symmetric random operator defined via
d t )
€O =Y [ o) X)) as
i=170

for ¢ € RM., O

For any other derivative with respect to parameters €, we consider a modified
set, namely

d t
3 — d x,€
Bt’z’”{bedm@l > / Jos(@) VX T bids = Joa() | mo X }
i=170
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Here we are given a parameter-dependent process X; ¢, where all derivatives with
respect to € can be calculated nicely. Also in this case we can construct — if the
reduced covariance matrix is invertible and regular enough — an element, namely

3 d x,€
0y 1= (o@D, (€ omele) oo X0 )

This is a consequence of the following reasoning,

fj /JH V(X bids, € ) Z/ Jos(@) T VA(XE), )

1 d e
: <JOHS(J:)_1VZ»(X§,), (CO) ™ omi(@) ™ o X7 >ds
d ZT,€ - d xT,€
= (& O™ omt(@) N LlecoXP) = (€ Joms(@) T Tlemo XP),

due to symmetry of Cy.

9. APPENDIX

Theorem 7. Let (0, F, P, (Fi)i>0) be a filtered probability space and let (By)i>o be
a d-dimensional Brownian motion adapted to the filtration (which is not necessarily
generated by the Brownian motion). Let V,Vi,...,Vy, the diffusion vector fields be
C*>-bounded on RM and consider the continuous solution (X¥)o<i<r of a stochas-
tic differential equation (in Stratonovich notation). Vy denotes the Stratonovich
corrected drift term,

d
(9.1) dXT = Vo(X[)dt + > Vi(XF) o dBY,
=1
(9.2) X§ ==

Assume that the uniform Hérmander condition holds true (see the proof for the
precise statement). Then for any p > 1 there exist numbers ey(p) > 0 and an
integer K(p) > 1 such that for each 0 <t <T

sup  P((C1€,8) <) < ¢
gesM—1

holds true for 0 < e < tXPey(p). The result holds uniformly in x.

Remark 9. The time-dependence of the estimate 0 < € < tK(p)eo(p) is new in
comparison to [20] and results from re-doing the proof. It is heavily applied in
Section 7 and the main technical ingredient of the given proof.

Proof. The proof of the theorem is a careful re-reading of the Norris Lemma and
the classical proof of the Hérmander theorem in probability theory (see [19] or [20]).
We shall sketch this path in the sequel (see [20], pp.120-123):

(1) Consider the random quadratic form

d t
(Ci€,6) = Z/O (Joos(@) " Vi(XT), €)° ds
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Following [20], we define

S = {Vi,..., Va)
d
1
221 = {[Vkvv]ak = 17- .. ,d,V € Z],n—l; [VOaV} + 5 Z[W,[%,VH,V € E/n—l}

i=1
for n > 1. We assume that there exists jo and ¢ > 0 such that

Jo
56%9%71 Z Z <V(x),§>2 >c

J=0Ves,

uniformly in z € RM,
(2) We define m(j) := 274 for 0 < j < jo and the sets

B = { 3 /Ot (Jos(@)V(XT),€) ds < em@}.

Ve
We consider the decomposition

Ey = {<Ct€,£> < 6} C (Eo n Ef) U (El ﬁEg) J---u (Ejo—l ﬂE]Cb) U F,
F=EynN---NEj.
and proceed with

aB

P(F)<Ce?,

for € < ¢ and any g > 2 with a constant C' depending on ¢ and the norms of
the derivatives of the vector fields Vj, ..., Vy. Furthermore 0 < 8 < m(jj).
The number ¢; is determined by the following two (!) equations

B
cey

(jo + 1)€§n(j0) <7

ef<t.

Hence €; depends on jg, ¢, t and the choice of 3, via

i [ 43 c EenE
ep<min ({8, ——— .
' 4(jo + 1)

This little observation additional to the proof in [20] is key for our proof.



20

BARBARA FORSTER, EVA LUTKEBOHMERT, JOSEF TEICHMANN

(3) We obtain furthermore that

t
F (Ej“Ef-H):P( > /O (Joms (1) IV (XE), £)%ds < ™),

(5]

[6]

’
Ve

t
/ (Jo—s(2) TV (XT), €)%ds > em<j+1>>
0

vVexi,,

t
<X P(/O (Joms(2) V(X)) ds < €m0,

’
VeX;

b3 / (Joms (@) Vi, VI(XD), ) dst

k=170
t 1 2 emGH)
-1 - - - T
+ / (Joms(@)™ (Vo VI + 3 ;[m,[m,v11)<xs>,s> ds > < )
where n(j) = #X’. Since we can find the bounded variation and the

quadratic variation part of the martingale ({Jo—,(z) 'V (XZ),€))o<s<¢ in
the above expression, we are able to apply Norris Lemma (see [20], Lemma

2.3.2). We observe that 8m(j + 1) < m(j), hence we can apply it with
— _m)
q9= m(j-ji-l)'
(4) We obtain for p > 2 — still by the Norris Lemma — the estimate

P(E; N E°.) <d (em(j+1>>”” p <em(j+1>)_u
A T 0)) ’ n(4)

for € < e5. Furthermore r,v > 0 with 18r 4+ 9v < ¢ — 8, the numbers d;, ds
depend on the vector fields Vj, ..., Vy, and on p, T. The number €3 can be
chosen as ey = e3tF, where €3 does not depend on t anymore.

(5) Putting all together we take the minimum of €; and €3 to obtain the desired
dependence on t. O

REFERENCES

Yuri Bakhtin and J. Mattingly. Malliavin calculus for infinite-dimensional systems with ad-
ditive noise. 2006. arXiv:math/0610754v3.

Vlad Bally, Marie-Pierre Bavouzet, and Marouen Messaoud. Integration by parts formula
for locally smooth laws and applications to sensitivity computations. Ann. Appl. Probab.,
17(1):33-66, 2007.

Fabrice Baudoin and Josef Teichmann. Hypoellipticity in infinite dimensions and an applica-
tion in interest rate theory. Ann. Appl. Probab., 15(3):1765-1777, 2005.

Ya. I. Belopolskaya and Yu. L. Dalecky. Stochastic equations and differential geometry, vol-
ume 30 of Mathematics and its Applications (Soviet Series). Kluwer Academic Publishers
Group, Dordrecht, 1990. Translated from the Russian.

Ya. I. Belopolskaya and Yu. L. Daletsky. Smoothness of transition probabilities of Markov
processes described by stochastic differential equations in Hilbert space. Dopov. Dokl. Akad.
Nauk Ukraini, (9):40-45, 1994.

Klaus Bichteler, Jean-Bernard Gravereaux, and Jean Jacod. Malliavin calculus for processes
with jumps, volume 2 of Stochastics Monographs. Gordon and Breach Science Publishers,
New York, 1987.

Jean-Michel Bismut. Calcul des variations stochastique et processus de sauts. Z. Wahrsch.
Verw. Gebiete, 63(2):147-235, 1983.



ABSOLUTELY CONTINUOUS LAWS IN FINITE AND INFINITE DIMENSIONS 21

[8] Tomas Bjork and Lars Svensson. On the existence of finite-dimensional realizations for non-
linear forward rate models. Math. Finance, 11(2):205-243, 2001.

[9] Rene A. Carmona and Boris Rozovskii, editors. Stochastic partial differential equations: six
perspectives, volume 64 of Mathematical Surveys and Monographs. American Mathematical
Society, Providence, RI, 1999.

[10] Thomas Cass. Smooth densities for stochastic differential equations with jumps. 2007.
arXiv:math/0702364v3, to appear in Stoch. Proc. Appl.

[11] Giuseppe Da Prato and Jerzy Zabczyk. Stochastic equations in infinite dimensions, vol-
ume 44 of Encyclopedia of Mathematics and its Applications. Cambridge University Press,
Cambridge, 1992.

[12] Mark H. A. Davis and Martin P. Johansson. Malliavin Monte Carlo Greeks for jump diffusions.
Stochastic Process. Appl., 116(1):101-129, 2006.

[13] Youssef El-Khatib and Nicolas Privault. Computations of Greeks in a market with jumps via
the Malliavin calculus. Finance Stoch., 8(2):161-179, 2004.

[14] Damir Filipovic and Stefan Tappe. Existence of Lévy term structure models. Forthcoming in
Finance and Stochastics, 2006.

[15] Damir Filipovié and Josef Teichmann. Existence of invariant manifolds for stochastic equa-
tions in infinite dimension. J. Funct. Anal., 197(2):398-432, 2003.

[16] Eric Fournié, Jean-Michel Lasry, Jérome Lebuchoux, Pierre-Louis Lions, and Nizar Touzi. Ap-
plications of Malliavin calculus to Monte Carlo methods in finance. Finance Stoch., 3(4):391—
412, 1999.

[17] Richard S. Hamilton. The inverse function theorem of Nash and Moser. Bull. Amer. Math.
Soc. (N.S.), 7(1):65-222, 1982.

[18] Andreas Kriegl and Peter W. Michor. The convenient setting of global analysis, volume 53
of Mathematical Surveys and Monographs. American Mathematical Society, Providence, RI,
1997.

[19] Paul Malliavin. Stochastic analysis, volume 313 of Grundlehren der Mathematischen Wis-
senschaften [Fundamental Principles of Mathematical Sciences]. Springer-Verlag, Berlin,
1997.

[20] David Nualart. The Malliavin calculus and related topics. Probability and its Applications
(New York). Springer-Verlag, New York, 1995.

[21] Philip Protter. Stochastic integration and differential equations, volume 21 of Applications
of Mathematics (New York). Springer-Verlag, Berlin, 1990. A new approach.

[22] Xian Yin Zhou. On the existence of solutions with smooth density of stochastic differen-
tial equations in plane. Acta Math. Sinica (N.S.), 8(4):432-446, 1992. A Chinese summary
appears in Acta Math. Sinica 36 (1993), no. 5, 720.

UNIVERSITY OF TECHNOLOGY VIENNA, DEPARTMENT OF MATHEMATICAL METHODS IN ECONOM-
1cs, RESEARCH GROUP E105 FINANCIAL AND ACTUARIAL MATHEMATICS, WIEDNER HAUPTSTRASSE
8-10, A-1040 WIEN, AUSTRIA

E-mail address: bforster@fam.tuwien.ac.at, eva@uni-bonn.de,, jteichma@fam.tuwien.ac.at



