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Abstract In this paper we analyze how uncertainty on the starting condition of a stochastic partial differential
equation is transferred to its solution. We model the noise in the starting condition with a recent technique
developed by Bouleau (2003). We prove that the variance and the bias of the solution can be easily estimated
thanks to two linear stochastic partial differential equations depending on the solution of the SPDE itself.

1 Introduction

Stochastic partial differential equations appeared in the mid-1960s to model random phenomena analyzed in
biology, e.g evolution of populations, and in physics, e.g. wave propagation in random media. Nowadays, SPDEs
have taken a crucial role in climatology, after the seminal paper of Hasselmann [13]: this methodology is used
to create the Stochastic Climate Models, a new and prolific branch in climatology.

In all previous studies the stochastic nature is imposed only at the evolution equation whereas the starting
condition is assumed to be deterministic. However the starting condition of the problem is generally not perfectly
known. As a matter of fact, if we consider the case of climate models, it is not so easy to define the situation of
the earth today, even if we limit our study to some macro parameters.

The aim of this paper is not to introduce a new particular stochastic model in physics, biology or climatology,
but to propose a method to take into account the presence of a perturbation in the starting condition.

Using a recent technique of Bouleau [3], we suppose that all perturbations are very small: this fact allows us
to expand the perturbation in a series and to stop it at the two first corrections, i.e. the bias and the variance.
The error theory using the language of Dirichlet forms defines a correct mathematical framework to analyze
how uncertainty passes through a stochastic partial differential equation.

The structure of this article is the following. The second section presents a survey of stochastic partial
differential equations theory. Section 3 aims at describing the error theory using the language of Dirichlet forms.
Section 4 shows how the two mathematical tools, i.e. SPDE and Dirichlet forms, can interact in order to describe
the diffusion of uncertainty through an SPDE. Finally section 5 resumes and concludes.

2 Stochastic Partial Differential Equations

We consider a general parabolic stochastic partial differential equation for all (¢, z) belongs to Rt x R9,
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gu _ Au = alt, z, u(t, z)) C(t, z) + B(t, z, u(t, z))

ot (2.1)
u(0, z) = f(x)

where, A denotes the Laplacian operator in R, C(t, z) is a Gaussian noise, see Dalang et al. [8], with spatial
correlation k(-, -), i.e. ) '
E[C(t, x) C(s, y)] = do(t — 5) k(z, y)
and a, 3 : R x R? x R — R are functions that satisfy the classical properties, see Da Prato and Zabczyk [9],
and Lipschitz in the last variable.
This problem admits a unique mild solution, see Da Prato [10] and Zabczyk [17], which is the following

utea) = [ G- 5o y) [als, v uls 1) Clo. v) + 65, . uls, w)] dsdy
[0, t] xR

(2.2)
+ [ Gt -y f) dy
Rd
where G(t, ) is the Green function of the associated PDE, in this case
=2
G(t,z) = (2mt)~% e~ 30 (2.3)

It is clear that a notion of stochastic integral is needed for the term involving the noise and we decide to
follow the approach of Da Prato and Zabczyk, see [9].

2.1 Gaussian Noise

We fix a measurable space (E, €, u) where p is a o-finite measure.

Definition 2.1 (White Noise)
Let (£2, F, P) be a probability space and let A be the set of the subsets A of E such that p(A) is finite. Then
the white noise associated with p is a function W defined on A with values in {2 with the following properties:

— VA € A, W(A) has a gaussian law N (0, u(A));
— VA, B such that AN B = &, the two random variable W(A) and W (B) are independent and W (AU B) =
W(A) + W(B).

In our particular case we can fix (E, £, ) = (RT x R?, B(RT x R?), dt dz) and we can define the stochastic
integral

Definition 2.2 (Stochastic Integral)
We fix a basis A; of disjoint subsets of E such that u(A4;) < oo and let f(¢, ) a simple function in R x R9,

a Flt2) = 30T, (1, )

Then we define:

/wa £t 2) W(dt, da) = Ze WA,

Thanks to the fact that this integral is an isometry between the simple functions into the L?(2)-space, we
can extend the integral at the closedness of the simple functions space, i.e. the L2(RT x R9) space.

The definition of White Noise can be generalized at a Gaussian Noise if we suppose that it exist a spatial
correlation between two disjoint set in space, however we keep the white noise hypothesis in time, therefore the
time correlation is a delta function, see Dalang et al. [g].

Generally the spatial Gaussian noise is denoted by the covariance function f(x, y) d(t — s), a Gaussian noise
is said homogenous when f(x, y) = f(z — y) and the spectral measure is given by the Fourier transform of f.



2.2 Particular cases

Before the analysis of the general case, given by the SPDE (2.1), we have some interesting particular cases.
The first one is homogenous diffusion where @ = 1 and 8 = 0, in this case the mild solution (2.2) is the strong
solution

W)= [ G sy Cls )+ [ Gl =) 1) dy (2.4

if and only if the stochastic integral is well-defined, i.e. Fourier transform of the Green function G(¢, =) belongs
to L?(f) where f is the spectral measure of the noise, see Dalang in [] page 47.

A second interesting case is when « is a constant but we release the hypothesis on 3, in this case the mild
solution (2.2) becomes

u(t, x) = / G(t—s, x —y)C(ds, dy)
[0, t]xR4 (2 5)
b Gt s o=y v s ) dsdy + [ Gt y) ) dy
[0, £] x R4 Rd

also in this case the stochastic integral is well-defined under the same hypothesis of the homogeneous diffusion,
whereas the solution can be estimated thanks to a Picard iteration scheme:

ot )= [ Gl a ) Clds dy)+ [ Glr =) o) dy

and
(2.6)
Tuta) = [ Gt s a-y)Clds. dy)
[0, t] xRd
+/ G(t—s,x—y)B(s, y, Un-1(s, u)) dsdy +/ G,z —y) f(y)dy
[0, ] x R4 R4
It hold that 1, (¢, x) converges in L? to u(t, =) if p > 0, see Nualart in [8].
2.3 General case
In the general case the solution of the SPDE (2.1) is given by the limit of the following Picard iteration
UO(tv 1?) = Rd G(ta'r - y) f(y) dy
and
(2.7)

up(t, ) = / Gt—s,x—y)o(s, y, un—1(s, y))C(ds, dy)
J[0, t]xR4

+/ Gt —s,x—y)B(s, Y, un—1(s, u)) dsdy +/ G(t,z—y) f(y)dy
[0, {] xRd R

and the solution converges to u(t, ) in L? for any p > 2, see Nualart in [8].
We have a last interesting case, analyzed by Dalang, the linear case, we assume that «(t, x, u) = @(t, z)u

and ((t, x, u) = B(t, x)u, in this case we have a better approximation of u(t, x)

Theorem 2.3 (Dalang)
Let u(t, x) be the solution of the SPDE
ou _ AT =al(t, z)u(t, ) C(t, z) + B(t, z) a(t, x)
ot (2.8)

u(0, x) = f(x)



where C’(t, x) is a Gaussian noise with spectral measure [, suppose that for all t, the Fourier transform of the
Green function of the heat diffusion belongs to L?(u x ds) where ds is the Lebesque measure over the interval
[0, t] and suppose that the product of the Fourier transform of G(t, x) and the Fourier transform of (L, x)
belongs to L. Then the solution u(t, x) is given by

ut, z) =Y In(t, o) (2.9)

where
IO(t’ .I) = G(t,l‘ - y) f(y) dy
(2.10)
L (t, ) = / Gt — 5, 2 — ) In(s, ) [C(ds, dy) + B(s, y) ds dy]
[0, JRA

and the convergence is uniform in L?(2, A, P).

3 Error Theory

We consider a function F, depending on a parameter x and we consider a perturbation of the parameter by
means of a gaussian distribution. We analyze the impact of this uncertainty on F(x); we suppose that F € C?
with respect to the parameter x.

This approach may be performed with elementary limit calculations in a finite dimensional framework:

3.1 One-dimensional Case

Assume that x € R. We model the perturbation on the parameter x by means of the following transformation:

x— X =x+./eyg+e€a

where ¢ is a random variable, following the centered reduced normal law and independent of all the other
random variables present in the model, a is a constant and € is a very small parameter. In other words we
replace the parameter with a random variable with mean x + ea and variance ey. We can interpret the term -
as the re-normalized variance of the variable X, subject to the perturbation; a is the re-normalized bias of the
parameter induced by the perturbation.

We evaluate the bias and the variance of the perturbation of F, i.e. F(z + \/éyg + ea) — F(x).

BIF(X) - Fa)] = B |F'(a) (V&g + ca) + 37" (a) (Vg + <o)’ + o(0)

— B[P @)+ 1 EF @]} + o0 -

E[(F(X) - F(2))*] = E[(F'(@))" (&g + ea)® | + o(e

= E [ (F/(2))*] + o(¢)
Finally we can remark:
Remark 1 The bias and variance have the two following chain rules:

1. the bias of the function F, induced by the parameter uncertainty, depends both on the bias and the variance
of the parameter. Indeed, this bias presents two terms. The first term, given by the bias of the perturbed
parameter, is proportional to the first derivative. The second term is related to the convexity of the function
F and proportional to the variance of the parameter; it has a purely probabilistic origin (see Bouleau [%] and

4]
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Fig. 3.1 Tmpact of uncertainty on a parameter through a non-linear function.

2. the variance of the function F is proportional to the variance of the perturbed parameter and to the first
derivative of the function.

The figure 3.1 resumes the two impacts.

The previous result can be easily extended at a d-dimensional parameter, but it is not so easy to extend
this approach to infinite dimensional parameters. This is compulsory since we are generally concerned with
perturbation of a stochastic process or noises.

Another main problem of the classical approach is to define correctly the limit when e goes to zero in a
probabilistic framework. Which type of convergence involves? Almost surely, in law or in probability? The
answer is not clear, see Azencott [2] for a complete analysis.

One way to avoid the problem of convergence is based on Dirichlet Forms which possess several convenient
features for computing the propagation of perturbations, the closedness of the form assures the wellness of the
limit and this theory can be extended to the infinite dimensional case.

3.2 Dirichlet Forms Approach

Then we present the Dirichlet Forms approach, we start by recalling the essential ingredients of this method,
see Bouleau [3] for an exhaustive analysis.
We introduce the idea of error structure:

Definition 1 (Error Structure) An error structure is a term
(fz, F, P, D, F)
where
— (f), .7?, @) is a probability space;
— DD is a dense sub-vector space of L? ((NZ, .7-', ]I~”> ;

— I is a positive symmetric bilinear application from D x D into L' ((NZ, .7?, IF’) satisfying the functional calculus

of class C* N Lip, i.e. if F and G are of class C* and Lipschitzian, u and v € D, we have F(u) and G(v) € D
and



I'[F(u), G(v)] = F'(u)G (v)I[u, v] Pa.s.;

— the bilinear form Elu, v] = %E [I'[u, v]] is closed;
— The constant function 1 belongs to D, i.e. the error structure is Markovian.

In mathematical literature the form & is called a "local Dirichlet form" that possesses a “carré du champ”
operator I'.

We can associate to the error structure <(~2, f, IE’, D, F) a unique strongly continuous contraction semi-

group (P;)¢>o thanks to the Hille-Yosida theorem (see Albeverio [1] pages: 9-11 and 20-26). This semigroup has

a unique generator (A, DA); it is a self-adjoint operator that satisfies, for F' € C?, u € DA and I'[u] € L?*(P):

A[F(w)] = F'(u) Afu] + %F/'(u)F[u] P a.s.

The functional calculus extends the ideas of classical Gauss error theory, the idea is to consider the per-
turbation as an error. In analogy with the classical approach of error theory we associate the carré du champ
operator I’ to the normalized! variance of the error. Similarly, the generator describes the error biases after
normalization (for more details we refers to the book of Bouleau [3] chapters IIT and V or to [4]).

The operator I is bilinear, therefore the computations become awkward to perform, to solve this problem
we can introduce a new operator called sharp that is, in some sense, a square root of I', i.e. a linear version of
the standard deviation of the error.

Definition 2 (Sharp operator) Let ((NL ]?, ]T”, D, F) an error structure and (fL ]?, ]?”) a copy of the proba-

bility space (f), .7-", ﬁ) Under the Mokobodzki hypothesis, i.e. the space I is separable, there exists an operator
sharp ()# with these three properties:

— VueD, u# € L2(P x P);
—VueD, I'u] = E [(u#)z} ;

OF
~ VYueD" and F € C' N Lip, (F(uy, ..., uy))* = Z (8% ou> ufﬁ.
i=1 v

Therefore we have defined two operators I" and A that verify the chain rule (3.1). We finish this section with
an useful example, i.e. the Ornstein-Uhlenbeck error structure:

Ezample 8.1 (Orstein-Uhlenbeck structure)

(2.7 P.D, 1) = (R, B®R), p. H (1), T, u] = {'}’)
where B(R) is the Borel o-field of R, 1 is a gaussian measure and H'(u) is the first Sobolev space with respect

to the measure ju, i.e. u € H'(u) if u € L?(u1) and o’ in the distribution sense belongs to L?(u).
The associate generator has the following domain:

DA={ue L*(p) : v —z f in the distribution sense belongs to L(u)}

and the generator operator is

where [ is the identity map on R.

This example gives the basic idea of an error structure on a parameter, moreover is exists a characterization
of all dirichlet forms on R, see Hamza [12].

1 the variance divided by the small parameter e.



4 Uncertainties in SPDEs due to the boundary function

In this section we analyze how an uncertainty in the boundary function is transmitted to the solution of the
stochastic partial differential equation.

We consider that the boundary function f(x) is characterized by an uncertainty on the value, we define an
error structure for the space of function LP from R? into R, we follow the approach of Bouleau, see [3] pages
83-85.

We consider a basis ¢, (z) of the function space and we represent the function f(x) thanks to the vector of

coefficients
flz) = Zan o ()

with setting the coefficients a,, to be random with an error structure on each sub-space, then we have an error
structure on the function space, thanks to an infinite product of structures, see Bouleau [3] pages 59-65.

Remark 2 (Correlation) We do not assume any independence between two error structures related with two
different sub-spaces, since we can perform the computation without this hypothesis. However under the hypothesis
of D-independence see Bouleau [6], the numerical evaluations of the variance-covariance and the bias are more
simple.

We assume that this error structure admits a sharp operator, so we have the following representation
[# (@) =Y af pu(x) (4.1)
n
and the related variance-covariance and bias

(4.2)
Alf(@)] =) dn(@)Alan)

To simplify the study we assume that only a finite number of variables a,, are erroneous, this hypothesis
permits to make the proof easier. On the other hand, this assumption is very restrictive and a large part of the
results remains true. A possible way to force a finite number of erroneous variables, without external hypothesis,
is presented in Bouleau [3] page 84.

In the next two subsections we study the variance-covariance and the bias of the solution.

4.1 Variance and Covariance of the Solution

In this subsection, we study the operator I" on the solution u(¢, x) of the SPDE (2.1), we use the sharp operator
and we start with the SPDE verified by the sharp.

Theorem 4.1 (SPDE for Sharp Operator) Under the hypothesis that the functions a(t, x, ) and 5(t, x, u)
belong to C' w.r.t. the variable u and the functions with their derivatives are bounded and Lipschitzian. The
sharp of the solution of the SPDE (2.1) verifies the following SPDE

ou

Oa
-7 #
ot Au ou

(t, z, u(t, z)) u™(t, z) C(t, z) + %(t, z, u(t, x)) u®

du (4.3)
(0, 2) = 7 (x)
and the solution exists and it is unique.

Proof We give the proof following the sequence of particular cases of section 2, that is we compute the sharp of
the solution u(t, x), u(t, x) and u(t, ).
In the homogeneous diffusion case, we can apply the sharp operator directly on the solution (2.4), so we find

ar(t, x) = T — #
(o) = [ Gt =) ) dy



thanks to the properties of sharp operator, see definition 2. In this case the stochastic integral is not perturbed,
therefore the sharp operator has no impact on the stochastic integral and we can use the error theory using
Dirichlet form without any further proof.

Clearly the previous result is the solution of the SPDE (4.3) when v =1 and 8 = 0.

When a non-homogeneous drift exists, i.e. the SPDE (2.5), we can apply the bias operator on the Picard
series (2.6), so we find

Tt ) — /R Glto—y) () dy

and (4.4)

— 0 - -
Tt z) = / Gt —s5,2—9) (s, y, s (s, ) T, (s, y) dsdy + / Gtz —y) f*(y) dy
[0, t] x R4 du R

we have to prove that this series converges to a fix point. We remark that @, (s, y) converges to u(s, y) in LP-
norm, see Nualart in [8], so we can change u,, with w thanks to the Lipschitzian coefficients and the difference
can be controlled.

We use the contraction property, thanks to the bounded parameters, and this limit is the sharp of the solution
u#(t, x) that verifies the equation

ut(t, x) = / Gt —s,z—y) %(87 ys (s, w)a¥ (s, u) dsdy + | Gtz —y) f(y)* dy
[0, t] xR du R4

that is the integral form of the SPDE (4.3). As well in this case the stochastic integral does not produce any
effect, the error theory using Dirichlet forms assure the well-posedness of the SPDE (4.3) and its solution.

Finally we analyze the general case given by the SPDE (2.1). We use the same strategy seen when (§ # 0,
we apply the sharp operator to the Picard scheme (2.7)

wd(t, z) = / Gtz —y) f#(y) dy
JRA

and

# do % (4.5)
wflte) = [ Gl sw =) G v wna(s ) w (s, ) Olds, dy)
[0, t] xR4 U

0
+ / Gt —s, 20— ) L5,y wn1(s, w))ut_ (s, y) dsdy + / Gtz —y) f*(y) dy
[0, ] x R4 ou R

and we use a fix point argument to assure the existence of the solution and to verify the SPDE (4.11).
The difference with respect to the previous case is the presence of a stochastic integral depending on the
sharp of the solution, we must verify that at for any n the integral

0
[ G sia =) G v wna(s ) i (s v) Clds. )
[0, ] x R4 u

is well-posed. We remark that, thanks to the hypothesis, o,(t, , u) is bounded, and G(t, x) belongs to C°,
therefore the Gronwall lemma assure the convergence of the Picard series, see Da Prato [11].

O

The theorem 4.1 presents an interesting similarity with a result of Da Prato, see [10] page 64, about the
derivative of the solution of a SPDE with respect to the initial datum.

The theorem 4.1 has a direct consequence, we have an easy representation of the sharp, we state this property
in the following lemma.



Lemma 4.2 (Series for the sharp of the solution)
Under the hypotheses of theorems 2.3 and 4.1 we have the following series for the sharp of the solution.

=S 15, ) (4.6)
m=0

where

1) = [ Glha =) ) dy

Ir(r?fl) (t’ .CL’) = %0 4 Jra G(t -5 T = y) 17(:#)(87 y) %(87 Y, U(S, y)) C(dsa dy) (47)

+/[o o Jeo G(t—s,z—y) Ir(nu#)(s, Y) g%(s, y, u(s, y)) dsdy

Proof We remark that the SPDE (4.3) verified by the sharp of the solution is linear, the statement of the lemma
is now a direct consequence of the theorem 2.3.

([l
We can rewrite the sharp thanks to the decomposition. (4.1)
Result 1 (sharp of the SPDE) The sharp of the solution of the SPDE 2.1 is given by
It 0) = / Gltw ) duly) dy
R
J(n) G (n) do C
m+l(t {IJ (t -85 T = )J (S y) 87(87 Y, U(S, y)) (ds7 dy)
[0, JRd
(4.8)

/ Glt— s, 0~ ) T (s, ) D s, y, uls, v) dsdy
0, t R4 8u

)=y aff JE(t @)
Proof This result is a direct consequence of the lemma 4.2, the linearity of the sharp operator and the linearity
of the SPDE for the sharp 4.3.
|

Now we can make a remark.

Remark 4.8 (Choice of the basis) The relation (4.8) shows the importance of the choice of the basis ¢, (x). As a

matter of fact, it stands to reason that the computation of JT(,:L) (t, ) for many n becomes numerically expensive.
Therefore the essential thing is that the expansion over the basis ¢, (x) would can be cut off. In this sense, a
good choice can be a wavelets basis, see Scotti [15] for a complete analysis.

Thanks to this result, we have the following characterization for the variance of the solution.

Result 2 (Gamma of the solution) The variance-covariance of the solution is given by

Clu(t, o), uls, )l = Y Tlan, ax] P, 2) JP(s, ) (4.9)

Jyk,n,m

Proof This lemma is a direct consequence of the result 1 and the properties of sharp operator, see definition 2.
O

we conclude our analysis with two remarks.
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Remark 4.4 (Linearity) The equation (4.9) shows that the variance covariance operator admits an easy decom-
position into two terms. The first one I'[a,, ax] is the covariance between the two erroneous coefficients of the
decomposition of the starting function f(x) into the basis ¢, (x). The second term ng)(t, x) J;k)(s, y) catches
the evolution of the solution through the SPDE but it is unrelated with the error on the function f(x).

This decomposition depends crucially on the linearity of the SPDE verified by the sharp (4.3), besides this
characteristic of the sharp is intrinsic, in PDE analysis the sharp is a generalization of the tangent linear problem,
see Choi [7] or Tallagrand et al. [16] for a description of tangent linear problem and Scotti [14] for the study of
the uncertainty diffusion through a PDE.

Remark 4.5 (Independence) If we assume that the error structures on each sub-space, on which the functions
space has been split, are independent, then the relation for the variance-covariance (4.9) becomes more simple.

Tlu(t, ) = 3" Tlan) I8, 2) I (s, y) (4.10)

J,n,m

Therefore, a good choice for the basis ¢,, would be a basis that exploits the information about the uncertainty
on the boundary function.

4.2 Bias of the solution

Given the function of variance-covariance we can study the bias.

Theorem 4.6 (SPDE for Bias Operator) Under the hypothesis that the functions a(t, x, u) and 5(t, x, u)
belong to C? w.r.t. the variable u and the functions with their derivatives are bounded and Lipschitz. The bias

of the solution of the SPDE (2.1) verifies the following SPDE

0 Alu] _da,, . op
ot Adl] = %(t’ z, u(t, z)) Alul(t, z) C(t, ) + %(t, x, u(t, z)) Alul(t, =)
+;g 5 (t, @, u(t, ) I'ul(t, x) C(t, z) + %Tg(t’ z, u(t, z)) T[u)(t, x) (4.11)
Alu](0, z) = A[f](x)

where I'[u](t, x) is given by equation (4.9). Moreover the solution of this SPDE exists and it is unique.

Proof We use the same argument applied in theorem 4.1. We apply the bias operator A on the Picard iteration
(2.7), thanks to the chain rule (3.1) we find

Alwol(t, @) = | Gtz =) Alf(y) dy
and
Al ) = [ Gl s 3) 55,95 ) Altas] Cl, )

1 ol
a t— - a 9 n— ’ r n— ’ dvd
05 o G50 G5 sl 9) Dol ) Ol )

B)
+/ Gt—s,oz— y)ﬁ(s, Y, un—1(8, y)) Alun—1](s, y) dsdy
[0, ] x R4 u

1 9?2

B
Z — — ) == _ Tl
+5 /[Ot]de Gt = s, @ = y) 55 (s 4 un-r(s, 9)) Tun—](s, y) ds dy

+ [ Gtz —y) Alfl(y) dy

R4
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where I'[uy,—1](s, y) is given by the Picard iteration (4.5) and the properties of the sharp operator, see definition
2. But u,, (¢, x) converges in LP-norm to u(t, x), therefore, we can control the error given by the exchange between
un(t, ) and u(t, x) in Picard iteration (4.12), thanks to the Lipschitzian coefficients. Following the same idea
we can exchange I'[u,_1](s, y) with I'[u](s, y), given by the result 2.

Now we have a Picard iteration depending only on the term Afu,_1](s, y). The iteration is linear in
Alup—1](s, y) and all coefficients are bounded. The Gronwall lemma assure the convergence of the Picard
iteration to a unique solution Afu|(¢, x) and this solution verifies the stochastic partial differential equation
(4.11).

O
We make an interesting remark.

Remark 4.7 (Biased solution) The equation (4.11) show that the solution of a stochastic partial differential
equation can be biased even if the starting condition is unbiased. It is sufficient to suppose that the SPDE
(2.1) is non-linear, in the sense that o(t, , u) or 8(t, , u) have a non-zero second derivative with respect to
u. In this case the SPDE (4.11) verified by the bias present an exogenous term proportional to variance of the
solution. Therefore the study of the bias is very important and can modify the behavior of the model.

We can remark that the Picard iteration (4.12) has an interesting structure in particular
Alug]( Z Alan) z) (4.13)

where Jén)(t, x) is given by equation (4.8). this property can be generalized at each term of the Picard iteration
(4.12). We introduce the following notation

Definition 4.8 We define a series of functions " (t, ) thanks to the following relations. If Ala,] # 0 then

7L, 2) = / Glt— s, 0 —y) 2(s, g, uls, y)) I™ (s, y) C(ds, dy)
[0, t]x R4 Ou

n 020— n
+> 6 / Gt —s, 7 —y) 55y uls, ) Joi(s, 9) s (s, ) Clds, dy)
[0, t] xR4 u
. aﬁ . (n)
+ Glt—s,x—y) = (s,y, u(s,y)) J. (s, y) dsdy (4.14)
[0, ] x R4 ou
+Y e Glt—s, o— )aiﬁ(s uls, ) I (s, ) T (s, y) dsd
k 9 y au2 :y7 y y m—1 y y
[0, ] xRe

/ Gtz — 1) du(y) dy

where I |
(TL) — ana ag 4 1

O, Al (4.15)

otherwise, if Ala,] =0, then
(n) (n) %0 (n) (k)
00 =300 [ Gl sia= ) 55w (s ) IS (5 ) T (5, ) Clds. dy)
& [0, t] x R4 du
(4.16)
+Z@(”)/ G(t757x7y)ﬁ§(57 Y, u( )) Jr(:)l( )JT(rL)1(57 y) dey
0, t]xRd ou

where r

g — Llan, ar] (4.17)
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Thanks to this definition we have a characterization for the bias solution of the SPDE (4.11).

Theorem 4.9 The series of functions

Enlt, ) = > {Alan] WL, @) Laga, 10 + P50 (E, @) Laja, 120 | (4.18)

n

converges to Alu] when m goes to infinity in L?-norm.

Proof We remark that the sum over n involves only a finite number of elements, thanks to the hypothesis of a
finite number of erroneous coefficients a,,.

The crucial argument of this proof is to remark that =, (¢, «) is a rewriting of the Picard iteration of the
SPDE (4.11). In particular, we recall that this SPDE is linear in the bias A[u,]. The starting condition admits
a decomposition, see equation (4.2), also the operator I admits the same decomposition, see equation (4.9).
Therefore each term of the SPDE (4.11) can be separated into a sum. Clearly the Picard iteration preserves this

property, and the decomposition gives birth to the functions 4775;") (t, x).
The proof ending using the fact that the Picard iteration converges to the solution of the SPDE 4.11 in
L? — norm.

|
We conclude this analysis with a particular case:

Remark 4.10 (independence) If we assume that the error structures on each sub-space, on which the functions
space has been split, are independent, then the decomposition, given by the functions W,(,?) (t, =), splits the
bias of the solution into independent sub-spaces, in the sense that the two coefficients @l(:) and Hl(cn), defined in
equations (4.15) and (4.17) respectively, become proportional to a Dirac delta d,, 5. In this case the computation
becomes more easy.

5 Conclusion

In this article we have studied how an uncertainty on the starting condition pass on the solution of a stochastic
partial differential equation. We have considered a stochastic partial differential equation of heat diffusion type,
with a colored noise, in order to simplify the proof of the well-posedness of the solutions of the SPDEs.

In order to describe the uncertainty on the starting condition and to compute the uncertainty on the solution,
we have used the error theory using Dirichlet forms, technique introduced by Bouleau. We have assumed that
the uncertainty is very small with respect to the value of the functions, so we have used a hieratic strategy, we
have computed the solution of the SPDE without uncertainty, then the variance-covariance of this solution and
finally the bias induced by the non-linearity.

We have find that the variance can be easy estimated thanks to the sharp, a linear version of the standard
deviation of the uncertainty, that verifies a linear stochastic partial differential equation. We have proved that
the variance admits a decomposition in a series.

The study of the bias has allowed to show the existence of a stochastic partial differential equation verified
by the bias of the solution. Furthermore, we have proved that the bias of the solution can be decomposed into
a sum of terms that lives into the subspaces used to break up the starting condition.

We have also showed that the bias exists even if the starting condition are unbiased, it is enough that the
stochastic partial equation would be non-linear. This result is very interesting, as a matter of fact, the bias
induced only by the variance has a purely probabilistic origin and this fact modify the behavior of the model
below the stochastic partial differential equation.

In physics and climatology the noises play a central role, however also the starting condition has to be
estimated and this estimate is afflicted by an uncertainty, it is possible to evaluate the its variance thanks to
the Fisher information matrix, see Bouleau and Chorro [5] for an analysis of the relation between information
matrix and error theory. The variance and the bias induced by this uncertainty have an important role in the
forecast of a model.

This paper is a first study in the combination of the error theory using Dirichlet forms and stochastic partial
differential equations, many others ways has to be examined, in particular, we work on the uncertainty in the
functional structure of the SPDE, i.e. it is possible to consider an uncertainty on the functions o and (3. Another
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interesting analysis will be the study of the transmission of an uncertainty on the diffusion coefficient, in this
case the error will be propagated through the Green function. Finally a more theoretical study will be the
definition of an error structure on the colored noise itself.

References

1. Albeverio, S. (2003): Theory of Dirichlet forms and application, Springer-Verlag, Berlin.

2. Azencott, R. (1982): Formule de Taylor Stochastique et developpement asymptotique d’integrales de Feynman, Seminaire de

probabilites (Strasbourg), 16, pages 237-285.

Bouleau, N. (2003): Error Calculus for Finance and Physics, De Gruyter, Berlin.

Bouleau, N. (2003): Error Calculus and path sensivity in financial models , Mathematical Finance, 13-1, page 115-134.

Bouleau, N.; Chorro, Ch. (2004): Structures d’erreur et estimation paramétrique , C.R. Accad. Sci. ,1338, page 305-311.

Bouleau, N. (2005): Theoreme de Donsker et formes de Dirichlet, Bulletin des Sc. Mathématiques, 129, pages 369-380

Choi, F. (2005): Structural sensitivity analysis and optimisation, vol 1, Springer.

Dalang, R. C.; Khoshnevisan, D.; Mueller, C.; Nualart, D. and Xiao, Y. (2006): A Minicourse on Stochastic Partial Differential

FEquations, Springer.

Da Prato, G. and Zabczyk, J. (1992): Stochastic Equations in Infinite Dimensions, Cambridge University Press.

10. Da Prato, G. (2004): Kolmogorov Equations for Stochastic PDEs, Birkhauser-Verlag and Centre de Recerca Matematica, Basel
and Barcellona.

11. Da Prato, G. (2006): An Introduction to Infinite Dimensional Analysis, Springer, Berlin.

12. Hamza, M. M. (1975): Détermination des formes de Dirichlet sur R™, PhD thesis, Université d’Orsay, Paris.

13. Hasselmann, K. (1976), Stochastic Climate models: Part T Theory, Tellus, 28, pages 473-485

14. Scotti, S. (2007): Errors Theory using Dirichlet Forms in Saint-Venant PDE: a numerical approach with explicit scheme,
Report 4, 2007/2008, fall, Institut Mittag-Leffler (The Royal Swedish Academy of Sciences), Stockholm.

15. Scotti, S. (2007): Errors Theory using Dirichlet Forms, Linear Partial Differential Equations and Wavelets, Preprint Arxiv
0708.1073.

16. Talagrand, O.; Courtier, P. (1987), Variational Assimilation of Meteorological Observations with the Adjoint Vorticity Equations
Part I Theory, Quart. J. Roy. Meteor. Soc., 113, pages 1311-1328.

17. Zabczyk, J. (2001): Introduction to Stochastic Fquations, in Stochastic Climate Models, Progress Probability 49, Birkhauser

ov kW

o~ 3

el



