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t In this paper we analyze how un
ertainty on the starting 
ondition of a sto
hasti
 partial di�erentialequation is transferred to its solution. We model the noise in the starting 
ondition with a re
ent te
hniquedeveloped by Bouleau (2003). We prove that the varian
e and the bias of the solution 
an be easily estimatedthanks to two linear sto
hasti
 partial di�erential equations depending on the solution of the SPDE itself.1 Introdu
tionSto
hasti
 partial di�erential equations appeared in the mid-1960s to model random phenomena analyzed inbiology, e.g evolution of populations, and in physi
s, e.g. wave propagation in random media. Nowadays, SPDEshave taken a 
ru
ial role in 
limatology, after the seminal paper of Hasselmann [13℄: this methodology is usedto 
reate the Sto
hasti
 Climate Models, a new and proli�
 bran
h in 
limatology.In all previous studies the sto
hasti
 nature is imposed only at the evolution equation whereas the starting
ondition is assumed to be deterministi
. However the starting 
ondition of the problem is generally not perfe
tlyknown. As a matter of fa
t, if we 
onsider the 
ase of 
limate models, it is not so easy to de�ne the situation ofthe earth today, even if we limit our study to some ma
ro parameters.The aim of this paper is not to introdu
e a new parti
ular sto
hasti
 model in physi
s, biology or 
limatology,but to propose a method to take into a

ount the presen
e of a perturbation in the starting 
ondition.Using a re
ent te
hnique of Bouleau [3℄, we suppose that all perturbations are very small: this fa
t allows usto expand the perturbation in a series and to stop it at the two �rst 
orre
tions, i.e. the bias and the varian
e.The error theory using the language of Diri
hlet forms de�nes a 
orre
t mathemati
al framework to analyzehow un
ertainty passes through a sto
hasti
 partial di�erential equation.The stru
ture of this arti
le is the following. The se
ond se
tion presents a survey of sto
hasti
 partialdi�erential equations theory. Se
tion 3 aims at des
ribing the error theory using the language of Diri
hlet forms.Se
tion 4 shows how the two mathemati
al tools, i.e. SPDE and Diri
hlet forms, 
an intera
t in order to des
ribethe di�usion of un
ertainty through an SPDE. Finally se
tion 5 resumes and 
on
ludes.2 Sto
hasti
 Partial Di�erential EquationsWe 
onsider a general paraboli
 sto
hasti
 partial di�erential equation for all (t, x) belongs to R
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2




∂ u

∂ t
−∆u = α(t, x, u(t, x)) Ċ(t, x) + β(t, x, u(t, x))

u(0, x) = f(x)

(2.1)where, ∆ denotes the Lapla
ian operator in R
d, Ċ(t, x) is a Gaussian noise, see Dalang et al. [8℄, with spatial
orrelation k(·, ·), i.e.

E[Ċ(t, x) Ċ(s, y)] = δ0(t− s) k(x, y)and α, β : R
+ × R

d × R → R are fun
tions that satisfy the 
lassi
al properties, see Da Prato and Zab
zyk [9℄,and Lips
hitz in the last variable.This problem admits a unique mild solution, see Da Prato [10℄ and Zab
zyk [17℄, whi
h is the following
u(t, x) =

∫

[0, t]×Rd

G(t− s, x− y)
[
α(s, y, u(s, y)) Ċ(s, y) + β(s, y, u(s, u))

]
ds dy

+

∫

Rd

G(t, x− y) f(y) dy

(2.2)where G(t, x) is the Green fun
tion of the asso
iated PDE, in this 
ase
G(t, x) = (2π t)−

d

2 e−
|x|2

2t (2.3)It is 
lear that a notion of sto
hasti
 integral is needed for the term involving the noise and we de
ide tofollow the approa
h of Da Prato and Zab
zyk, see [9℄.2.1 Gaussian NoiseWe �x a measurable spa
e (E, E , µ) where µ is a σ-�nite measure.De�nition 2.1 (White Noise)Let (Ω, F , P) be a probability spa
e and let A be the set of the subsets A of E su
h that µ(A) is �nite. Thenthe white noise asso
iated with µ is a fun
tion W de�ned on A with values in Ω with the following properties:� ∀A ∈ A, W (A) has a gaussian law N (0, µ(A));� ∀A, B su
h that A ∩ B = ∅, the two random variable W (A) and W (B) are independent and W (A ∪ B) =
W (A) + W (B).In our parti
ular 
ase we 
an �x (E, E , µ) =

(
R

+ × R
d, B(R+ × R

d), dt dx
) and we 
an de�ne the sto
hasti
integralDe�nition 2.2 (Sto
hasti
 Integral)We �x a basis Ai of disjoint subsets of E su
h that µ(Ai) < ∞ and let f(t, x) a simple fun
tion in R

+×R
d,i.e.

f(t, x) =
∑

θi IAi
(t, x)Then we de�ne:

∫

R+×Rd

f(t, x)W (dt, dx) ≡
∑

i

θi W (Ai)Thanks to the fa
t that this integral is an isometry between the simple fun
tions into the L2(Ω)-spa
e, we
an extend the integral at the 
losedness of the simple fun
tions spa
e, i.e. the L2(R+ × R
d) spa
e.The de�nition of White Noise 
an be generalized at a Gaussian Noise if we suppose that it exist a spatial
orrelation between two disjoint set in spa
e, however we keep the white noise hypothesis in time, therefore thetime 
orrelation is a delta fun
tion, see Dalang et al. [8℄.Generally the spatial Gaussian noise is denoted by the 
ovarian
e fun
tion f(x, y) δ(t− s), a Gaussian noiseis said homogenous when f(x, y) = f(x− y) and the spe
tral measure is given by the Fourier transform of f .



32.2 Parti
ular 
asesBefore the analysis of the general 
ase, given by the SPDE (2.1), we have some interesting parti
ular 
ases.The �rst one is homogenous di�usion where α ≡ 1 and β ≡ 0, in this 
ase the mild solution (2.2) is the strongsolution
û(t, x) =

∫

[0, t]×Rd

G(t− s, x− y)C(ds, dy) +

∫

Rd

G(t, x− y) f(y) dy (2.4)if and only if the sto
hasti
 integral is well-de�ned, i.e. Fourier transform of the Green fun
tion G(t, x) belongsto L2(f) where f is the spe
tral measure of the noise, see Dalang in [8℄ page 47.A se
ond interesting 
ase is when α is a 
onstant but we release the hypothesis on β, in this 
ase the mildsolution (2.2) be
omes
ũ(t, x) =

∫

[0, t]×Rd

G(t− s, x− y)C(ds, dy)

+

∫

[0, t]×Rd

G(t− s, x− y)β(s, y, ũ(s, y)) ds dy +

∫

Rd

G(t, x− y) f(y) dy

(2.5)also in this 
ase the sto
hasti
 integral is well-de�ned under the same hypothesis of the homogeneous di�usion,whereas the solution 
an be estimated thanks to a Pi
ard iteration s
heme:
ũ0(t, x) =

∫

[0, t]×Rd

G(t− s, x− y) Ċ(ds, dy) +

∫

Rd

G(t, x− y) f(y) dyand
ũn(t, x) =

∫

[0, t]×Rd

G(t− s, x− y)C(ds, dy)

+

∫

[0, t]×Rd

G(t− s, x− y)β(s, y, ũn−1(s, u)) ds dy +

∫

Rd

G(t, x− y) f(y) dy

(2.6)
It hold that ũn(t, x) 
onverges in Lp to ũ(t, x) if p ≥ 0, see Nualart in [8℄.2.3 General 
aseIn the general 
ase the solution of the SPDE (2.1) is given by the limit of the following Pi
ard iteration

u0(t, x) =

∫

Rd

G(t, x− y) f(y) dyand
un(t, x) =

∫

[0, t]×Rd

G(t− s, x− y)σ(s, y, un−1(s, y))C(ds, dy)

+

∫

[0, t]×Rd

G(t− s, x− y)β(s, y, un−1(s, u)) ds dy +

∫

Rd

G(t, x− y) f(y) dy

(2.7)
and the solution 
onverges to u(t, x) in Lp for any p ≥ 2, see Nualart in [8℄.We have a last interesting 
ase, analyzed by Dalang, the linear 
ase, we assume that α(t, x, u) = α(t, x)uand β(t, x, u) = β(t, x)u, in this 
ase we have a better approximation of u(t, x)Theorem 2.3 (Dalang)Let u(t, x) be the solution of the SPDE





∂ u

∂ t
−∆u = α(t, x)u(t, x) Ċ(t, x) + β(t, x)u(t, x)

u(0, x) = f(x)

(2.8)



4where Ċ(t, x) is a Gaussian noise with spe
tral measure µ, suppose that for all t, the Fourier transform of theGreen fun
tion of the heat di�usion belongs to L2(µ × ds) where ds is the Lebesque measure over the interval
[0, t] and suppose that the produ
t of the Fourier transform of G(t, x) and the Fourier transform of β(t, x)belongs to L1. Then the solution u(t, x) is given by

u(t, x) =

∞∑

m=0

Im(t, x) (2.9)where
I0(t, x) =

∫

Rd

G(t, x− y) f(y) dy

Im+1(t, x) =

∫

[0, t]

∫

Rd

G(t− s, x− y) Im(s, y) [C(ds, dy) + β(s, y) ds dy]

(2.10)and the 
onvergen
e is uniform in L2(Ω, A, P).3 Error TheoryWe 
onsider a fun
tion F, depending on a parameter x and we 
onsider a perturbation of the parameter bymeans of a gaussian distribution. We analyze the impa
t of this un
ertainty on F (x); we suppose that F ∈ C2with respe
t to the parameter x.This approa
h may be performed with elementary limit 
al
ulations in a �nite dimensional framework:3.1 One-dimensional CaseAssume that x ∈ R. We model the perturbation on the parameter x by means of the following transformation:
x → X = x +

√
ǫγg + ǫawhere g is a random variable, following the 
entered redu
ed normal law and independent of all the otherrandom variables present in the model, a is a 
onstant and ǫ is a very small parameter. In other words werepla
e the parameter with a random variable with mean x + ǫa and varian
e ǫγ. We 
an interpret the term γas the re-normalized varian
e of the variable X, subje
t to the perturbation; a is the re-normalized bias of theparameter indu
ed by the perturbation.We evaluate the bias and the varian
e of the perturbation of F, i.e. F (x +

√
ǫγg + ǫa)− F (x).

E [F (X)− F (x)] = E

[
F ′(x) (

√
ǫγg + ǫa) +

1

2
F ′′(x) (

√
ǫγg + ǫa)

2
+ o(ǫ)

]

= ǫ

{
a E [F ′(x)] +

1

2
γ E [F ′′(x)]

}
+ o(ǫ)

E

[
(F (X)− F (x))

2
]

= E

[
(F ′(x))

2
(
√

ǫγg + ǫa)
2
]

+ o(ǫ)

= ǫγE

[
(F ′(x))

2
]

+ o(ǫ)

(3.1)
Finally we 
an remark:Remark 1 The bias and varian
e have the two following 
hain rules:1. the bias of the fun
tion F, indu
ed by the parameter un
ertainty, depends both on the bias and the varian
eof the parameter. Indeed, this bias presents two terms. The �rst term, given by the bias of the perturbedparameter, is proportional to the �rst derivative. The se
ond term is related to the 
onvexity of the fun
tionF and proportional to the varian
e of the parameter; it has a purely probabilisti
 origin (see Bouleau [?℄ and[4℄).
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Fig. 3.1 Impa
t of un
ertainty on a parameter through a non-linear fun
tion.2. the varian
e of the fun
tion F is proportional to the varian
e of the perturbed parameter and to the �rstderivative of the fun
tion.The �gure 3.1 resumes the two impa
ts.The previous result 
an be easily extended at a d-dimensional parameter, but it is not so easy to extendthis approa
h to in�nite dimensional parameters. This is 
ompulsory sin
e we are generally 
on
erned withperturbation of a sto
hasti
 pro
ess or noises.Another main problem of the 
lassi
al approa
h is to de�ne 
orre
tly the limit when ǫ goes to zero in aprobabilisti
 framework. Whi
h type of 
onvergen
e involves? Almost surely, in law or in probability? Theanswer is not 
lear, see Azen
ott [2℄ for a 
omplete analysis.One way to avoid the problem of 
onvergen
e is based on Diri
hlet Forms whi
h possess several 
onvenientfeatures for 
omputing the propagation of perturbations, the 
losedness of the form assures the wellness of thelimit and this theory 
an be extended to the in�nite dimensional 
ase.3.2 Diri
hlet Forms Approa
hThen we present the Diri
hlet Forms approa
h, we start by re
alling the essential ingredients of this method,see Bouleau [3℄ for an exhaustive analysis.We introdu
e the idea of error stru
ture:De�nition 1 (Error Stru
ture) An error stru
ture is a term
(
Ω̃, F̃ , P̃, D, Γ

)where� (
Ω̃, F̃ , P̃

) is a probability spa
e;� D is a dense sub-ve
tor spa
e of L2
(
Ω̃, F̃ , P̃

);� Γ is a positive symmetri
 bilinear appli
ation from D×D into L1
(
Ω̃, F̃ , P̃

) satisfying the fun
tional 
al
ulusof 
lass C1 ∩Lip, i.e. if F and G are of 
lass C1 and Lips
hitzian, u and v ∈ D, we have F(u) and G(v) ∈ Dand
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Γ [F (u), G(v)] = F ′(u)G′(v)Γ [u, v] P̃ a.s.;� the bilinear form E [u, v] = 1

2 Ẽ [Γ [u, v]] is 
losed;� The 
onstant fun
tion 1 belongs to D, i.e. the error stru
ture is Markovian.In mathemati
al literature the form E is 
alled a "lo
al Diri
hlet form" that possesses a �
arré du 
hamp�operator Γ .We 
an asso
iate to the error stru
ture (
Ω̃, F̃ , P̃, D, Γ

) a unique strongly 
ontinuous 
ontra
tion semi-group (Pt)t≥0 thanks to the Hille-Yosida theorem (see Albeverio [1℄ pages: 9-11 and 20-26). This semigroup hasa unique generator (A, DA); it is a self-adjoint operator that satis�es, for F ∈ C2, u ∈ DA and Γ [u] ∈ L2(P̃):
A [F (u)] = F ′(u)A[u] +

1

2
F ′′(u)Γ [u] P̃ a.s.The fun
tional 
al
ulus extends the ideas of 
lassi
al Gauss error theory, the idea is to 
onsider the per-turbation as an error. In analogy with the 
lassi
al approa
h of error theory we asso
iate the 
arré du 
hampoperator Γ to the normalized1 varian
e of the error. Similarly, the generator des
ribes the error biases afternormalization (for more details we refers to the book of Bouleau [3℄ 
hapters III and V or to [4℄).The operator Γ is bilinear, therefore the 
omputations be
ome awkward to perform, to solve this problemwe 
an introdu
e a new operator 
alled sharp that is, in some sense, a square root of Γ , i.e. a linear version ofthe standard deviation of the error.De�nition 2 (Sharp operator) Let (

Ω̃, F̃ , P̃, D, Γ
) an error stru
ture and (

Ω̂, F̂ , P̂

) a 
opy of the proba-bility spa
e (
Ω̃, F̃ , P̃

). Under the Mokobodzki hypothesis, i.e. the spa
e D is separable, there exists an operatorsharp ( )# with these three properties:� ∀u ∈ D, u# ∈ L2(P̃× P̂);� ∀u ∈ D, Γ [u] = Ê

[(
u#

)2
];� ∀u ∈ D

n and F ∈ C1 ∩ Lip, (F (u1, ... , un))
#

=

n∑

i=1

(
∂F

∂xi

◦ u

)
u

#
i .Therefore we have de�ned two operators Γ and A that verify the 
hain rule (3.1). We �nish this se
tion withan useful example, i.e. the Ornstein-Uhlenbe
k error stru
ture:Example 3.1 (Orstein-Uhlenbe
k stru
ture)

(
Ω̃, F̃ , P̃, D, Γ

)
=

(
R, B(R), µ,H1(µ), Γ [u, u] = {u′}2

)where B(R) is the Borel σ-�eld of R, µ is a gaussian measure and H1(µ) is the �rst Sobolev spa
e with respe
tto the measure µ, i.e. u ∈ H1(µ) if u ∈ L2(µ) and u′ in the distribution sense belongs to L2(µ).The asso
iate generator has the following domain:
DA =

{
u ∈ L2(µ) : u′′ − x f ′ in the distribution sense belongs to L2(µ)

}and the generator operator is
A[u] =

1

2
u′′ − 1

2
I · u′where I is the identity map on R.This example gives the basi
 idea of an error stru
ture on a parameter, moreover is exists a 
hara
terizationof all diri
hlet forms on R, see Hamza [12℄.1 the varian
e divided by the small parameter ǫ.



74 Un
ertainties in SPDEs due to the boundary fun
tionIn this se
tion we analyze how an un
ertainty in the boundary fun
tion is transmitted to the solution of thesto
hasti
 partial di�erential equation.We 
onsider that the boundary fun
tion f(x) is 
hara
terized by an un
ertainty on the value, we de�ne anerror stru
ture for the spa
e of fun
tion Lp from R
d into R, we follow the approa
h of Bouleau, see [3℄ pages83-85.We 
onsider a basis φn(x) of the fun
tion spa
e and we represent the fun
tion f(x) thanks to the ve
tor of
oe�
ients

f(x) =
∑

n

an φn(x)with setting the 
oe�
ients an to be random with an error stru
ture on ea
h sub-spa
e, then we have an errorstru
ture on the fun
tion spa
e, thanks to an in�nite produ
t of stru
tures, see Bouleau [3℄ pages 59-65.Remark 2 (Correlation) We do not assume any independen
e between two error stru
tures related with twodi�erent sub-spa
es, sin
e we 
an perform the 
omputation without this hypothesis. However under the hypothesisof D-independen
e see Bouleau [6℄, the numeri
al evaluations of the varian
e-
ovarian
e and the bias are moresimple.We assume that this error stru
ture admits a sharp operator, so we have the following representation
f#(x) =

∑

n

a#
n φn(x) (4.1)and the related varian
e-
ovarian
e and bias

Γ [f(x), f(y)] =
∑

n, m

φn(x)φm(y)Γ [an, am]

A[f(x)] =
∑

n

φn(x)A[an]

(4.2)To simplify the study we assume that only a �nite number of variables an are erroneous, this hypothesispermits to make the proof easier. On the other hand, this assumption is very restri
tive and a large part of theresults remains true. A possible way to for
e a �nite number of erroneous variables, without external hypothesis,is presented in Bouleau [3℄ page 84.In the next two subse
tions we study the varian
e-
ovarian
e and the bias of the solution.4.1 Varian
e and Covarian
e of the SolutionIn this subse
tion, we study the operator Γ on the solution u(t, x) of the SPDE (2.1), we use the sharp operatorand we start with the SPDE veri�ed by the sharp.Theorem 4.1 (SPDE for Sharp Operator) Under the hypothesis that the fun
tions α(t, x, u) and β(t, x, u)belong to C1 w.r.t. the variable u and the fun
tions with their derivatives are bounded and Lips
hitzian. Thesharp of the solution of the SPDE (2.1) veri�es the following SPDE




∂ u#

∂ t
−∆u# =

∂α

∂u
(t, x, u(t, x)) u#(t, x) Ċ(t, x) +

∂β

∂u
(t, x, u(t, x)) u#

u#(0, x) = f#(x)

(4.3)and the solution exists and it is unique.Proof We give the proof following the sequen
e of parti
ular 
ases of se
tion 2, that is we 
ompute the sharp ofthe solution û(t, x), ũ(t, x) and u(t, x).In the homogeneous di�usion 
ase, we 
an apply the sharp operator dire
tly on the solution (2.4), so we �nd
û#(t, x) =

∫

Rd

G(t, x− y) f#(y) dy



8thanks to the properties of sharp operator, see de�nition 2. In this 
ase the sto
hasti
 integral is not perturbed,therefore the sharp operator has no impa
t on the sto
hasti
 integral and we 
an use the error theory usingDiri
hlet form without any further proof.Clearly the previous result is the solution of the SPDE (4.3) when α = 1 and β = 0.When a non-homogeneous drift exists, i.e. the SPDE (2.5), we 
an apply the bias operator on the Pi
ardseries (2.6), so we �nd
ũ

#
0 (t, x) =

∫

Rd

G(t, x− y) f#(y) dyand
ũ#

n (t, x) =

∫

[0, t]×Rd

G(t− s, x− y)
∂β

∂u
(s, y, ũn−1(s, y)) ũ

#
n−1(s, y) ds dy +

∫

Rd

G(t, x− y) f#(y) dy

(4.4)we have to prove that this series 
onverges to a �x point. We remark that ũn(s, y) 
onverges to ũ(s, y) in Lp-norm, see Nualart in [8℄, so we 
an 
hange ũn with ũ thanks to the Lips
hitzian 
oe�
ients and the di�eren
e
an be 
ontrolled.We use the 
ontra
tion property, thanks to the bounded parameters, and this limit is the sharp of the solution
ũ#(t, x) that veri�es the equation

ũ#(t, x) =

∫

[0, t]×Rd

G(t− s, x− y)
∂β

∂u
(s, y, ũ(s, u)) ũ#(s, u) ds dy +

∫

Rd

G(t, x− y) f(y)# dythat is the integral form of the SPDE (4.3). As well in this 
ase the sto
hasti
 integral does not produ
e anye�e
t, the error theory using Diri
hlet forms assure the well-posedness of the SPDE (4.3) and its solution.Finally we analyze the general 
ase given by the SPDE (2.1). We use the same strategy seen when β 6= 0,we apply the sharp operator to the Pi
ard s
heme (2.7)
u

#
0 (t, x) =

∫

Rd

G(t, x− y) f#(y) dyand
u#

n (t, x) =

∫

[0, t]×Rd

G(t− s, x− y)
∂σ

∂u
(s, y, un−1(s, y)) u

#
n−1(s, y) C(ds, dy)

+

∫

[0, t]×Rd

G(t− s, x− y)
∂β

∂u
(s, y, un−1(s, u))u

#
n−1(s, y) ds dy +

∫

Rd

G(t, x− y) f#(y) dy

(4.5)
and we use a �x point argument to assure the existen
e of the solution and to verify the SPDE (4.11).The di�eren
e with respe
t to the previous 
ase is the presen
e of a sto
hasti
 integral depending on thesharp of the solution, we must verify that at for any n the integral

∫

[0, t]×Rd

G(t− s, x− y)
∂σ

∂u
(s, y, un−1(s, y))u

#
n−1(s, y) C(ds, dy)is well-posed. We remark that, thanks to the hypothesis, σu(t, x, u) is bounded, and G(t, x) belongs to C∞,therefore the Gronwall lemma assure the 
onvergen
e of the Pi
ard series, see Da Prato [11℄.

�The theorem 4.1 presents an interesting similarity with a result of Da Prato, see [10℄ page 64, about thederivative of the solution of a SPDE with respe
t to the initial datum.The theorem 4.1 has a dire
t 
onsequen
e, we have an easy representation of the sharp, we state this propertyin the following lemma.



9Lemma 4.2 (Series for the sharp of the solution)Under the hypotheses of theorems 2.3 and 4.1 we have the following series for the sharp of the solution.
u#(t, x) =

∞∑

m=0

I
(u#)
m (t, x) (4.6)where

I
(u#)
0 (t, x) =

∫

Rd

G(t, x− y) f#(y) dy

I
(u#)
m+1 (t, x) =

∫

[0, t]

∫

Rd

G(t− s, x− y) I
(u#)
m (s, y)

∂σ

∂u
(s, y, u(s, y)) C(ds, dy)

+

∫

[0, t]

∫

Rd

G(t− s, x− y) I
(u#)
m (s, y)

∂β

∂u
(s, y, u(s, y)) ds dy

(4.7)
Proof We remark that the SPDE (4.3) veri�ed by the sharp of the solution is linear, the statement of the lemmais now a dire
t 
onsequen
e of the theorem 2.3.

�We 
an rewrite the sharp thanks to the de
omposition. (4.1)Result 1 (sharp of the SPDE) The sharp of the solution of the SPDE 2.1 is given by
J

(n)
0 (t, x) =

∫

Rd

G(t, x− y)φn(y) dy

J
(n)
m+1(t, x) =

∫

[0, t]

∫

Rd

G(t− s, x− y)J (n)
m (s, y)

∂σ

∂u
(s, y, u(s, y)) C(ds, dy)

+

∫

[0, t]

∫

Rd

G(t− s, x− y)J (n)
m (s, y)

∂β

∂u
(s, y, u(s, y)) ds dy

u#(t, x) =
∑

n, m

a#
n J (n)

m (t, x)

(4.8)
Proof This result is a dire
t 
onsequen
e of the lemma 4.2, the linearity of the sharp operator and the linearityof the SPDE for the sharp 4.3.

�Now we 
an make a remark.Remark 4.3 (Choi
e of the basis) The relation (4.8) shows the importan
e of the 
hoi
e of the basis φn(x). As amatter of fa
t, it stands to reason that the 
omputation of J
(n)
m (t, x) for many n be
omes numeri
ally expensive.Therefore the essential thing is that the expansion over the basis φn(x) would 
an be 
ut o�. In this sense, agood 
hoi
e 
an be a wavelets basis, see S
otti [15℄ for a 
omplete analysis.Thanks to this result, we have the following 
hara
terization for the varian
e of the solution.Result 2 (Gamma of the solution) The varian
e-
ovarian
e of the solution is given by

Γ [u(t, x), u(s, y)] =
∑

j, k, n, m

Γ [an, ak] J (n)
m (t, x) J

(k)
j (s, y) (4.9)Proof This lemma is a dire
t 
onsequen
e of the result 1 and the properties of sharp operator, see de�nition 2.

�we 
on
lude our analysis with two remarks.



10Remark 4.4 (Linearity) The equation (4.9) shows that the varian
e 
ovarian
e operator admits an easy de
om-position into two terms. The �rst one Γ [an, ak] is the 
ovarian
e between the two erroneous 
oe�
ients of thede
omposition of the starting fun
tion f(x) into the basis φn(x). The se
ond term J
(n)
m (t, x) J

(k)
j (s, y) 
at
hesthe evolution of the solution through the SPDE but it is unrelated with the error on the fun
tion f(x).This de
omposition depends 
ru
ially on the linearity of the SPDE veri�ed by the sharp (4.3), besides this
hara
teristi
 of the sharp is intrinsi
, in PDE analysis the sharp is a generalization of the tangent linear problem,see Choi [7℄ or Tallagrand et al. [16℄ for a des
ription of tangent linear problem and S
otti [14℄ for the study ofthe un
ertainty di�usion through a PDE.Remark 4.5 (Independen
e) If we assume that the error stru
tures on ea
h sub-spa
e, on whi
h the fun
tionsspa
e has been split, are independent, then the relation for the varian
e-
ovarian
e (4.9) be
omes more simple.

Γ [u(t, x), u(s, y)] =
∑

j, n, m

Γ [an] J (n)
m (t, x) J

(n)
j (s, y) (4.10)Therefore, a good 
hoi
e for the basis φn would be a basis that exploits the information about the un
ertaintyon the boundary fun
tion.4.2 Bias of the solutionGiven the fun
tion of varian
e-
ovarian
e we 
an study the bias.Theorem 4.6 (SPDE for Bias Operator) Under the hypothesis that the fun
tions α(t, x, u) and β(t, x, u)belong to C2 w.r.t. the variable u and the fun
tions with their derivatives are bounded and Lips
hitz. The biasof the solution of the SPDE (2.1) veri�es the following SPDE





∂ A[u]

∂ t
−∆A[u] =

∂α

∂u
(t, x, u(t, x)) A[u](t, x) Ċ(t, x) +

∂β

∂u
(t, x, u(t, x)) A[u](t, x)

+
1

2

∂2α

∂u2
(t, x, u(t, x)) Γ [u](t, x) Ċ(t, x) +

1

2

∂2β

∂u2
(t, x, u(t, x)) Γ [u](t, x)

A[u](0, x) = A[f ](x)

(4.11)where Γ [u](t, x) is given by equation (4.9). Moreover the solution of this SPDE exists and it is unique.Proof We use the same argument applied in theorem 4.1. We apply the bias operator A on the Pi
ard iteration(2.7), thanks to the 
hain rule (3.1) we �nd
A[u0](t, x) =

∫

Rd

G(t, x− y)A[f ](y) dyand
A[un](t, x) =

∫

[0, t]×Rd

G(t− s, x− y)
∂σ

∂u
(s, y, un−1(s, y)) A[un−1] C(ds, dy)

+
1

2

∫

[0, t]×Rd

G(t− s, x− y)
∂2σ

∂u2
(s, y, un−1(s, y)) Γ [un−1](s, y) C(ds, dy)

+

∫

[0, t]×Rd

G(t− s, x− y)
∂β

∂u
(s, y, un−1(s, y)) A[un−1](s, y) ds dy

+
1

2

∫

[0, t]×Rd

G(t− s, x− y)
∂2β

∂u2
(s, y, un−1(s, y)) Γ [un−1](s, y) ds dy

+

∫

Rd

G(t, x− y)A[f ](y) dy

(4.12)



11where Γ [un−1](s, y) is given by the Pi
ard iteration (4.5) and the properties of the sharp operator, see de�nition2. But un(t, x) 
onverges in Lp-norm to u(t, x), therefore, we 
an 
ontrol the error given by the ex
hange between
un(t, x) and u(t, x) in Pi
ard iteration (4.12), thanks to the Lips
hitzian 
oe�
ients. Following the same ideawe 
an ex
hange Γ [un−1](s, y) with Γ [u](s, y), given by the result 2.Now we have a Pi
ard iteration depending only on the term A[un−1](s, y). The iteration is linear in
A[un−1](s, y) and all 
oe�
ients are bounded. The Gronwall lemma assure the 
onvergen
e of the Pi
arditeration to a unique solution A[u](t, x) and this solution veri�es the sto
hasti
 partial di�erential equation(4.11).

�We make an interesting remark.Remark 4.7 (Biased solution) The equation (4.11) show that the solution of a sto
hasti
 partial di�erentialequation 
an be biased even if the starting 
ondition is unbiased. It is su�
ient to suppose that the SPDE(2.1) is non-linear, in the sense that σ(t, x, u) or β(t, x, u) have a non-zero se
ond derivative with respe
t to
u. In this 
ase the SPDE (4.11) veri�ed by the bias present an exogenous term proportional to varian
e of thesolution. Therefore the study of the bias is very important and 
an modify the behavior of the model.We 
an remark that the Pi
ard iteration (4.12) has an interesting stru
ture in parti
ular

A[u0](t, x) =
∑

n

A[an] J
(n)
0 (t, x) (4.13)where J

(n)
0 (t, x) is given by equation (4.8). this property 
an be generalized at ea
h term of the Pi
ard iteration(4.12). We introdu
e the following notationDe�nition 4.8 We de�ne a series of fun
tions Ψ

(n)
m (t, x) thanks to the following relations. If A[an] 6= 0 then

Ψ (n)
m (t, x) =

∫

[0, t]×Rd

G(t− s, x− y)
∂σ

∂u
(s, y, u(s, y)) J

(n)
m−1(s, y) C(ds, dy)

+
∑

k

Θ
(n)
k

∫

[0, t]×Rd

G(t− s, x− y)
∂2σ

∂u2
(s, y, u(s, y)) J

(n)
m−1(s, y)J

(k)
m−1(s, y) C(ds, dy)

+

∫

[0, t]×Rd

G(t− s, x− y)
∂β

∂u
(s, y, u(s, y)) J

(n)
m−1(s, y) ds dy

+
∑

k

Θ
(n)
k

∫

[0, t]×Rd

G(t− s, x− y)
∂2β

∂u2
(s, y, u(s, y))J

(n)
m−1(s, y)J

(k)
m−1(s, y) ds dy

+

∫

Rd

G(t, x− y)φn(y) dy

(4.14)
where

Θ
(n)
k =

Γ [an, ak]

2A[an]
(4.15)otherwise, if A[an] = 0, then

Ψ (n)
m (t, x) =

∑

k

θ
(n)
k

∫

[0, t]×Rd

G(t− s, x− y)
∂2σ

∂u2
(s, y, u(s, y)) J

(n)
m−1(s, y)J

(k)
m−1(s, y) C(ds, dy)

+
∑

k

θ
(n)
k

∫

[0, t]×Rd

G(t− s, x− y)
∂2β

∂u2
(s, y, u(s, y))J

(n)
m−1(s, y)J

(k)
m−1(s, y) ds dy

(4.16)where
θ
(n)
k =

Γ [an, ak]

2
(4.17)



12 Thanks to this de�nition we have a 
hara
terization for the bias solution of the SPDE (4.11).Theorem 4.9 The series of fun
tions
Ξm(t, x) =

∑

n

{
A[an]Ψ (n)

m (t, x) IA[an] 6=0 + Ψ (n)
m (t, x) IA[an]=0

} (4.18)
onverges to A[u] when m goes to in�nity in L2-norm.Proof We remark that the sum over n involves only a �nite number of elements, thanks to the hypothesis of a�nite number of erroneous 
oe�
ients an.The 
ru
ial argument of this proof is to remark that Ξm(t, x) is a rewriting of the Pi
ard iteration of theSPDE (4.11). In parti
ular, we re
all that this SPDE is linear in the bias A[un]. The starting 
ondition admitsa de
omposition, see equation (4.2), also the operator Γ admits the same de
omposition, see equation (4.9).Therefore ea
h term of the SPDE (4.11) 
an be separated into a sum. Clearly the Pi
ard iteration preserves thisproperty, and the de
omposition gives birth to the fun
tions Ψ
(n)
m (t, x).The proof ending using the fa
t that the Pi
ard iteration 
onverges to the solution of the SPDE 4.11 in

L2 − norm.
�We 
on
lude this analysis with a parti
ular 
ase:Remark 4.10 (independen
e) If we assume that the error stru
tures on ea
h sub-spa
e, on whi
h the fun
tionsspa
e has been split, are independent, then the de
omposition, given by the fun
tions Ψ

(n)
m (t, x), splits thebias of the solution into independent sub-spa
es, in the sense that the two 
oe�
ients Θ

(n)
k and θ

(n)
k , de�ned inequations (4.15) and (4.17) respe
tively, be
ome proportional to a Dira
 delta δn, k. In this 
ase the 
omputationbe
omes more easy.5 Con
lusionIn this arti
le we have studied how an un
ertainty on the starting 
ondition pass on the solution of a sto
hasti
partial di�erential equation. We have 
onsidered a sto
hasti
 partial di�erential equation of heat di�usion type,with a 
olored noise, in order to simplify the proof of the well-posedness of the solutions of the SPDEs.In order to des
ribe the un
ertainty on the starting 
ondition and to 
ompute the un
ertainty on the solution,we have used the error theory using Diri
hlet forms, te
hnique introdu
ed by Bouleau. We have assumed thatthe un
ertainty is very small with respe
t to the value of the fun
tions, so we have used a hierati
 strategy, wehave 
omputed the solution of the SPDE without un
ertainty, then the varian
e-
ovarian
e of this solution and�nally the bias indu
ed by the non-linearity.We have �nd that the varian
e 
an be easy estimated thanks to the sharp, a linear version of the standarddeviation of the un
ertainty, that veri�es a linear sto
hasti
 partial di�erential equation. We have proved thatthe varian
e admits a de
omposition in a series.The study of the bias has allowed to show the existen
e of a sto
hasti
 partial di�erential equation veri�edby the bias of the solution. Furthermore, we have proved that the bias of the solution 
an be de
omposed intoa sum of terms that lives into the subspa
es used to break up the starting 
ondition.We have also showed that the bias exists even if the starting 
ondition are unbiased, it is enough that thesto
hasti
 partial equation would be non-linear. This result is very interesting, as a matter of fa
t, the biasindu
ed only by the varian
e has a purely probabilisti
 origin and this fa
t modify the behavior of the modelbelow the sto
hasti
 partial di�erential equation.In physi
s and 
limatology the noises play a 
entral role, however also the starting 
ondition has to beestimated and this estimate is a�i
ted by an un
ertainty, it is possible to evaluate the its varian
e thanks tothe Fisher information matrix, see Bouleau and Chorro [5℄ for an analysis of the relation between informationmatrix and error theory. The varian
e and the bias indu
ed by this un
ertainty have an important role in thefore
ast of a model.This paper is a �rst study in the 
ombination of the error theory using Diri
hlet forms and sto
hasti
 partialdi�erential equations, many others ways has to be examined, in parti
ular, we work on the un
ertainty in thefun
tional stru
ture of the SPDE, i.e. it is possible to 
onsider an un
ertainty on the fun
tions σ and β. Another



13interesting analysis will be the study of the transmission of an un
ertainty on the di�usion 
oe�
ient, in this
ase the error will be propagated through the Green fun
tion. Finally a more theoreti
al study will be thede�nition of an error stru
ture on the 
olored noise itself.Referen
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