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Abstract
We establish the analogues of the integration by parts formula from Malliavin calculus in an
abstract framework and we use it in order to study the regularity of the law of the solution of
stochastic differential equations with jumps. The speci�c point is that the coef�cients of
these equations have a discontinuity and so the Malliavin calculus for jump type processes
developed by Bismut and then by Bichteler, Gravereux and Jacod do not apply in this
framework.
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1 Introduction
In the �rst part of the paper we establish the analogues of the integration by parts

formula which appears in Malliavin calculus in an abstract framework (we follow the ideas
in [B],[B.B.M] and [Ba.M]). More precisely we consider a sequence of random variables
(Vi)i2N and a � algebra G: Our calculus is based on the variables Vi; i 2 N and G represents
the noise which is not involved in the calculus - we work with conditional expectations with
respect to G:We also consider a G measurable random variable J with values in N and we
work with "simple functionals" F = f(V1; :::; VJ) and "simple processes" U = (Ui)i�J ;
with Ui = ui /(V1; :::; VJ): Here f and ui are smooth functions. The example which we have
in mind is the following: we consider a composed Poisson process and Vi is the amplitude
of the i0th jump, G = �(Ti; i 2 Ng where Ti is the time when the i0th jump occurs, and
J = cardfi : Ti � tg: But other examples may be interesting as well.
Our basic hypothesis is that, conditionally to G, the law of the vector (V1; :::; VJ)

is absolutely continuous with respect to the Lebesgue measure and has a density
pJ(!; v1; :::; vJ(!)): Roughly speaking we would like to ask that pJ is smooth and then
to settle a differential calculus based on this property. But this is too restrictive and lives
out interesting examples. So we just assume that pJ is locally smooth: we consider some
smooth functions �i;J = �i;J(v1; :::; vJ) and we assume that vi ! pJ(!; v1; :::; vJ(!)) is
smooth on f�i;J > 0g only. The functions f which appear in the representation of the
simple functionals are also supposed to be only locally smooth in this senses. And for a
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simple functional F = f(V1; :::; VJ) we de�ne the Malliavin derivative to be the gradient
localized on f�i;J > 0g; that is DiF = 1f�i;J>0g@vif(V1; :::; VJ): Then DF = (DiF )i�J
is a simple process. Moreover for two simple processes U; V we de�ne the weighted scalar
product hU; V i� =

PJ
i=1 �i;JUiVi: Then, using the representation with the density pJ and

the usual integration by parts on R; we obtain the duality formula
EG(hDF;Ui�) = EG(F�(U)) (1)

with �(U) = �
PJ

i=1(Di(Ui�i;J) + Ui�i;Jpi) where pi = 1f�i;J>0g@vi ln pJ : Once this
formula is established the standard strategy in the Malliavin calculus permits to prove the
integration by parts formula

EG(@i�(F )G) = EG(�(F )�((G�
�1
F DF )i)) (2)

where �F it the Malliaivn covariance matrix associated to F = (F1; :::; Fd): And moreover,
one may iterate this formula.
If Vi; i 2 N are increments of the Brownian motion and J is constant, then pJ is the

Gaussian density and we �nd out the standard Malliavin calculus for simple functionals. But
the important fact about Malliavin calculus is that it is an in�nite dimensional calculus which
permits to deal with functionals which do not depend on the increments of the Brownian
motion only but on the whole path - as diffusion processes for example. In order to do it one
extends the derivative D in the following way: one approximates (in L2 sense) a functional
F by a sequence of simple functionals Fn; n 2 N and de�nes DF = limnDFn; in L2:
In a similar way one extends the Skorohod integral �: Once we have a differential calculus
for general functionals we use it in order to establish the integration by parts formula (2).
Let us mention that N. Bouleau propose in [Bou] a similar approach in an general abstract
framework, using the theory of Dirichlet forms.
The approach in this paper is different. We consider some functionals F = (F 1; :::; F 2)

and G and we assume that there exists a sequence of simple functionals Fn and Gn; n 2 N;
such that (Fn; Gn) ! (F;G) in law. Our aim is not to develop a differential calculus for
F;G but to establish an integration by parts formula analogues to (2). In order to do it we
use the �nite dimensional calculus in order to obtain E(@i�(Fn)Gn) = E(�(Fn)H

i
n) with

Hn = �(Gn�
�1
Fn
DFn): Suppose now that we are able to prove that supnE(jHnj) < 1:

Then we may �nd H such that (Fn; Gn;Hn) ! (F;G;H) in law and passing to the limit
we obtain E(@i�(F )G) = E(�(F )Hi): As a consequence, the law of F is absolutely
continuous with respect to the Lebesgue measure and has a smooth density. This is the
kind of result that we obtain. Of course we loose a lot of things: since we do not de�ne
differential operators for F and G we are no more able to emphasize the structure of the
weight H: And all the applications of Malliavin calculus to the analysis on the Wiener
space are out of this framework. But the rather weak hypothesis that we need permit to
treat problems which seem to be out of rich if one remains inside the framework of the
strong L2 approximation. In particular we are able to deal with equations with discontinuous
coef�cients - we give in a moment a signi�cant example. Notice that in our example the L2
norm of the divergence operator associated to Fn blow up as n ! 1: So it is clear that in
this case we are not able to de�ne the divergence operator for F in L2 sense.
Let us mention that in our example even the condition supnE(jHnj) <1 is too strong:

one has E(jHnj) � n ! 1: In this case we are no more able to establish an integration
by parts formula for F and we focus on a weaker result: we just prove that the law of F is
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absolutely continuous with respect to the Lebesgue measure and has a smooth density. This
is true if

R
j�jk jbpF (�)j d� <1 for every k 2 N; with bpF (�) the Fourier transform of F: In

order to estimate the above integral we notice that bpFn(�) = ��kE(@kx exp(�i h�; Fni)) and
we write

jbpF (�)j � jbpF (�)� bpFn(�)j+ j�j�k ��E(@kx exp(�i h�; Fni))��
� j�j1 "n + j�j�k jE(exp(�i h�; Fni)Hn)j � j�j1 "n + j�j�k E jHnj

where "n = jE(F )� E(Fn)j. The important point is that the above inequality holds true
for every n 2 N: If we have a good balance between "n # 0 and E jHnj " 1 then we are
able to �nd n = n(�) such that the above quantity is bounded by C j�j�(d+1) and we are
done. This idea is inspired from [F.2].
Let us now present our main example. We consider the equation

Xt = x+

Z 1

0

Z
Rm

Z 1

0

c(z;Xs�)1fu<
(z;Xs�)gdN(s; z; u) +

Z 1

0

g(Xs)ds (3)

where dN is a Poisson point measure with intensity d bN(s; z; u) = ds � h(z)dz �
1(0;1)(u)du:We assume that c; 
; g are smooth and bounded functions and jc(z; x)j � c(z)
with

R
c(z)h(z)dz < 1: So the integral with respect to dN is a Stildger integral. This

equation is discussed in [F.1],[F.G],[F.2] and is motivated by models appearing in physics
(see the above papers for references). N. Fournier gives suf�cient conditions in order that
the law of Xt is absolutely continuous with respect to the Lebesgue measure and in [F.2] he
proves that, if Xt is one dimensional, the density of the law is smooth. His arguments are
comleatly different from the ones in this paper.
Our aim is to use the calculus presented above in order to study the density of the law of

Xt: So the �rst step is to truncate the measure dN in order to obtain a discrete approximation
for Xt: Let BM = fz : jzj � Mg and dNM = 1BM

(z)dN: Since d bNM has �nite mass,
we may represent it by means a compound Poisson process: we consider some independent
random variables Zk; Uk with Zk � cM1BM

(z)h(z)dz and Uk � c0M1[0;CM ](z)du
and we denote by Tk the jump times of a Poisson process JMt of intensity �M (here
cM ; c

0
M ; CM ; �M are some constants). Then we de�ne

XM
t = x+

X
k�JMt

c(Zk; X
M
Tk�)1(Uk;1)(
(Zk; X

M
Tk�)) +

Z 1

0

g(XM
s )ds (4)

and we prove that XM
t ! Xt: Notice that XM

t is a simple functional of Zk; k 2 N . So we
make a calculus based on the amplitudes of the jumps and this is in the line given in [Bi],[L]
and [B.G.J]. But XM

t is not a smooth functional in the sense de�ned in [B.G.J] because the
coef�cients of the equation are discontinuous. So their approach fails in this framework. In
order to avoid this dif�culty we use an alternative representation. We consider the solution
of the equation

X
M

t = x+
X
k�JMt

c(Zk; X
M

Tk�) +

Z 1

0

g(X
M

s )ds (5)

where the law of Zk is given by

P (Zk 2 z j X
M

Tk� = x) = �(x)�a(dz) + cM1BM
(z)
(x; z)h(z)dz
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with a =2 BM :We prove that X
M

t has the same law as XM
t so we look now to the equation

(5) which has smooth coef�cients. But now the basic random variables Zk are no more
independent on one hand and have only locally smooth density on the other hand. So we
transfer the singularity of the coef�cients to the law. And we use the calculus presented in
the beginning for XM

t :
Generally the dif�culty which appears when using Malliavin calculus for some speci�c

functional is to estimate the inverse of the Malliavin covariance matrix - this is the
quantity which may blow up and which we have to control. But in our framework the
divergence operator �(XM

t ) may also blow up as M ! 1: More precisely, we assume
that j
(z; x)j � 
(z) and we prove that E

����(XM

t )
���p � C

R
BM


(z)dz " C
R
Rd 
(z)dz: If

the above integral is �nite there is no blow up and we are able to establish the integration
by parts formula for Xt: But if

R
Rd 
(z)dz = 1 then we have a blow up and we are no

more able to do it - we just use the Fourier transform approach presented bellow in order to
prove that the law of Xt has a smooth density. In interesting examples (see [F.2]) 
 does not
depend on z and so we are in the second situation. Roughly speaking the reason for which
�(X

M

t ) blows up is the following. When one perturbs Zk the whole trajectory after Tk will
be perturbed. And since the law of Zp; p > k depend on XM

Tp�; the density of the law will

be perturbed. So �(XM

t ) contains in some way the memory of the perturbations. In the case
of independent random variables such a phenomenon does not appear.
Acknowledgement: Part of this work has been done during a visit to the Institut

Mittag-Lef�er (Djursholm, Sweden)

2 Malliavin calculus for simple functionals
We consider a probability space (
;F ; P ), a sub ��algebra G � F and a sequence of

random variables Vi; ; i 2 N . The calculus will be based on the variables Vi; i 2 N and
the ��algebra G represent the noise which is not involved in the calculus. We will take
conditional expectations with respect to G so the random variables which are G measurable
behave as constants. We denote by EG the conditional expectation with respect to G that is
EG(�) = E(� j G). We consider a G�measurable random variable J : 
 ! N and we
assume that for every p 2 N we have E(Jp) + E((

PJ
i=1 V

2
i )

p) < 1:We will work with
functions fJ : 
�RN ! R of the form

fJ(!; v) =
1X
i=1

fm(!; v1; :::; vm)1fJ(!)=mg

where fm : 
�Rm ! R are G � B(Rm)�measurable functions. Since we will work with
the conditional expectation with respect to G, J appear as a constant. Put it otherwise, we
may work on each set fJ(!) = mg separately and then put everything together. So the
calculus presented in the sequel is a �nite dimensional calculus.
Consider a random variable C 2 \n2NLn(
;G; P ) and p 2 N:We denote byMC;p the

class of the functions fJ which satisfy jfJ(!; v)j � C(!)(1 + (
PJ(!)

i=1 v2i )
p):Moreover, we

say that an arbitrary family (f
J )
2� belongs toM (and we denote (f
J )
2� 2 M) if there
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exists C 2 \n2NLn(
;G; P ) and p 2 N such that f
J 2 MC;p for every 
 2 � (notice that
we have the same C and p for every 
): In the sequel we use the notation fJ 2 M for a
single fJ as well.
For each i 2 N we consider a function �i;J 2M that is

�i;J(!; v) =
1X
i=1

�i;m(!; v1; :::; vm)1fJ(!)=mg:

Hypothesis 1.0We assume that 0 � �i;m � 1 and each �i;m is of class C1b (Rm; R)
(in�nitely differentiable with bounded derivatives) with respect to (v1; :::; vm): We also
assume that there exists a G�measurable random variableMi(!) such that �i;J(!; v) = 0
for jvij > Mi(!) (this just means that �i;J(!; v) has compact support with respect to vi; but
the support may depend on !):
These functions are the weights that we will use in our calculus. The reason of being

of this wights is that the differential calculus with respect to Vi will be localized on the set
f�i;J > 0g: In concrete examples we ask to the functionals at hand to be locally smooth and
then we choose �i;J in order to localize on the set where they are differentiable.
We de�ne by recurrence the spaces Ck� � M; k 2 N in the following way. C1� is the

space of the functions fJ 2 M such that for each i 2 N; vi ! fJ(!; (v1; :::; vJ(!)))
is one time differentiable on the set f�i;J > 0g: Let us be more precise. For each
! the function �i;J(!; �) is continuos. Then, for each i 2 N and for each �xed
vj ; j 6= i; the set fv : �i;J(!; v1; :::; vi�1; v; vi+1; :::; vJ(!)) > 0g is an open set. And
vi ! fJ(!; (v1; :::; vJ(!))) is one time differentiable on this set. We denote

@�i fJ(!; (v1; :::; vJ(!))) :=
@

@vi
fJ(!; (v1; :::; vJ(!)))1f�i;J (!;v1;:::;vJ )>0g:

Notice that we do not ask that vi ! fJ is differentiable on the whole R but only on the
section i of the set f�i;J > 0g: And we de�ne @�i fJ to be zero outside this set. This
localization procedure is crucial in the sequel, and this is the reason of being of the weights
�i;J :We also assume that (@�i fJ)i2N 2M:
Notice that we have the chain rule: for each � 2 C1(Rd; R) and fJ = (f1J ; :::; fdJ ) 2

(C1�)
d we have

@�i �(fJ) =
dX
k=1

@k�(fJ)@
�
i f

k
J :

Suppose now that Ck� is de�ned. For a multi-index � = (�1; :::; �k) 2 NN we denote
j�j = k and we de�ne recursively @�� = @��k :::@

�
a1 : Then we de�ne C

k+1
� to be the space of

the functions fJ 2 Ck� such that for every multi-index � = (�1; :::; �k) 2 NN we have
@��fJ 2 C1�:We also assume that (@��fJ)j�j�k+1 2M: Finally we de�ne C1� = \k2NCk� :
Our basic hypothesis is that conditionally to G; (V1; :::; VJ) has an absolutely continuous

law and the density is locally smooth. Let us be more precise.
Hypothesis 1.1 We assume that there exists a function pJ 2 M such that for every

bounded fJ 2M one has

EG(fJ(!; V )) = EG(

Z
RJ

fJ � pJ(!; v1; :::; vJ)dv1; :::; vJ):
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Moreover we assume that ln pJ 2 C1� and we denote

pi;J = @�i ln pJ(!; V ) =
@vipJ
pJ

(!; V1; :::; VJ)1f�i;J>0g(V1; :::; VJ):

Simple functionals. A random variable F is called a simple functional if there exists
fJ 2 C1� such that F = fJ(!; V ): We denote by S the space of the simple functionals.
Notice that S is an algebra.
Simple processes. A simple process is sequence of random variables U = (Ui)i2N such

that for each i 2 N; Ui = ui;J(!; V ) with (ui;J)i2N 2 M. We denote by P the space of
the simple processes and we de�ne the scalar product

hU; V i� =
JX
i=1

�i;JUiVi

and we notice that hU; V i� 2 S .
We de�ne now the differential operators which appear in Malliavin's calculus.
� The Malliavin derivative D : S ! P : if F = fJ(!; V ) then

DiF := @�i f(!; V ); DF := (DiF )i2N 2 P:
For F = (F 1; :::; F d) 2 Sd the Malliavin covariance matrix is de�ned by

�i;j(F ) =


DF i; DF j

�
�
=

JX
k=1

�k;JDkF
iDkF

j :

More generally we consider d simple processes �j = (�
i
j)i2N ; j = 1; :::; d and we de�ne

�i;j� (F ) =


DF i; �j

�
�
=

JX
k=1

�k;JDkF
i � �kj :

If we take �kj = DkF
j we obtain the standard Malliavin covariance matrix. We may interpret

�1; :::; �d as directions in which the derivatives are taken. We denote
��(F ) = fdet��(F ) 6= 0g and 
�(F )(!) = ��(F )(!); ! 2 ��(F ):

� The Skorohod integral Let U = (Ui)i2N 2 P with Ui = ui;J(!; V ) 2 S:We de�ne
� : P ! S by

�i(U) : = �(@�i (�i;Jui;J) + �i;Jui;Jpi;J)(!; V );

�(U) =
JX
i=1

�i(U) = �
JX
i=1

(@�i (�i;Jui;J) + �i;Jui;Jpi;J)(!; V ):

In our framework the duality between � and D is given by the following lemma.

Proposition 1 We assume thatHypothesis 1 holds true. Then for every F 2 S and U 2 P
EG(hDF;Ui�) = EG(F�(U)): (6)
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Proof. Using the hypothesis Hypothesis 1.1

EG(DiF � (Ui�i;J)) = EG(

Z
(@vifJ � ui;J � �i;J � pJ)(!; v1; :::; vJ)dv1:::dvJ):

We use integration by parts with respect to vi: Since �i;J has compact support with respect
to vi, there will be no border terms. We obtain

�EG(
Z
�i;J

fJ � (@vi(ui;J�i;J)pJ + (ui;J�i;J)@vipJ)(!; v1; :::; vJ)dv1:::dvJ)

= �EG(
Z
�i;J

fJ � (@vi(ui;J�i;J) + (ui;J�i;J)
@vipJ
pJ

)pJ(!; v1; :::; vJ)dv1:::dvJ)

= EG(F�i(U)):

We sum over i � J and we obtain our formula. �
We have the following strighforward computation rules.

Lemma 2 Let � : Rd ! R be a smooth function and F = (F 1; :::; F d) 2 Sd: Then
�(F ) 2 S and

D�(F ) =
dX
k=1

@k�(F )DF
k: (7)

If F 2 S and U 2 P then
�(FU) = F�(U)� hDF;Ui� : (8)

The proof of the �rst equality is just the chain rule and the proof of the second one is
obtained using the duality formula as in the standard Malliavin calculus.
The main result in this section is the following.

Theorem 3 We assume that Hypothesis 1 holds true. Let F = (F 1; :::; F d) 2 Sd and
G 2 S and � 2 Pd:We suppose that there exists d simple processes �j ; j = 1; :::; d and there
exists a set � 2 G such that for every ! 2 � the matrix ��(F )(!) is invertible. We denote

�(F ) = ��1� (F ). We take � 2 G;� � ��(F ) such that

E(
��det 
�(F )��p 1�) <1 8p 2 N: (9)

Let � : Rd ! R be a smooth function which is bounded and has bounded derivatives. Then,
for every i = 1; :::; d; one has

EG(@i�(F )G)1� = EG(�(F )H
i
�(F;G))1� (10)

with

Hi
�(F;G) =

dX
j=1

�(G
ji� (F )�j) =
dX
j=1

(G
ji� (F )�(�j)�
D
�j ; D(


ji
� (F )G)

E
�
): (11)
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Proof. Using the chain rule

D�(F ); �j

�
�

=
JX
r=1

�r;JDr�(F )� �rj

=
JX
r=1

dX
i=1

@i�(F )�r;JDrF
i�rj =

dX
i=1

@i�(F )�
ij
� (F )

so that @i�(F ) =
Pd

j=1



D�(F ); �j

�
�

ji� (F ): Since F 2 Sd it follows that

�(F ) 2 S: Since F 2 Sd and � 2 Pd it follows that �ij� (F ) 2 S: Moreover, since
det 
�(F )1� 2 \p2NLp it follows that 


ij
� (F )1� 2 S: So G


ji
� (F )�j1� 2 P and we may

use the duality formula:

EG(@i�(F )G)1� =
dX
j=1

EG(
D
D�(F ); G
ji� (F )�j

E
�
)1�

=
dX
j=1

EG(�(F )�(G

ji
� (F )�j))1�:

�

2.1 Iterated integration by parts formula

We will iterate the integration by parts formula from the previous section. We consider a
d�dimensional process � = (�1; :::; �d) with �i = (�

p
i )p2N 2 P and we de�neD�i : S ! S

by

D�iF =
JX
p=1

�p;J�
p
iDpF = h�i; DF i� :

For a multi-index � = (�1; :::; �r) 2 f1; :::; dgr we denote j�j = r and we de�ne
D�
� F := D��r

:::D��1
F: (12)

It is easy to check that

D�
� (F �G) =

X
�[�0=�

D�
� F �D

�0

� G (13)

with � and �0 disjoint. Since the chain rule is in force for D�i , for any function
� 2 Cl(Rm; R) and any F = (F 1; :::; Fm) 2 Sm we have

D�
� �(F ) =

j�jX
r=1

X
j
j=r

X
�1[:::[�r=�

@
�(F )
rY
j=1

D
�j
� F


j (14)

where
P

�1[:::[�r=� is the sum over all the partitions of length r of � and 
 2 f1; :::;mg
r:

We introduce the following norms. For F 2 S we de�ne

jF jl :=
X

0�j�j�l

��D�
� F
�� : (15)

Here we use the convention D�
� F = F if j�j = 0:Moreover, for F = (F 1; :::; Fm) 2 Sm;
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m 2 N we de�ne

jF jl :=
mX
i=1

��F i��
l
: (16)

As a consequence of (13) we have
jF �Gjl � jF jl � jGjl (17)

and, as a consequence of (14), for any function � 2 Cl(Rm+1; R); any F = (F 1; :::; Fm) 2
Sm and any p 2 N we have

j�(Vp; F1; :::; Fm)jl � max
0�j�j�l

j@��(Vp; F1; :::; Fm)j � (1 + jF jll) (18)

with the convention @�� = � if j�j = 0:

Lemma 4 Let F 2 Sd; � 2 Pd and � 2 G,� � ��(F ): For ! 2 ����
ij� (F )���
l
� l!d!(d� 1)! jF j2d�1l+1 (1 _ det 
�(F ))l: (19)

Proof. We write 
i;j� (F ) = (det��(F ))
�1 � b�ij� (F ) where b�ij� (F ) is the algebraic

complement. Notice that
���D�jF

���
l
� jF jl+1 so, using (17) we obtain

jdet��(F )jl � d!
��F i��d

l+1
;
��b��(ijF )��l � (d� 1)! jF jd�1l+1 :

We use now (18) with �(x) = x�1;m = 1 and G = det�(F ): for every k � l we have����(k)(x)��� � l!(1 _ jxj�l) so we obtain��(det��(F ))�1��l � l!(1 _ jdet��(F )j�l) jdet��(F )jl � l!d!(1 _ jdet��(F )j�l) jF jdl+1 :

Since
���
ij� (F )���

l
�
��(det��(F ))�1��l � ���b�ij� (F )���l, (19) is proved. �

Let us introduce some more notation. We de�ne

dl(�) := 1 _
dX
i=1

j�(�i)jl�1 : (20)

In the previous section we have de�ned the random variables Hi
�(F;G); i = 1; :::; d which

come on in the integration by parts formula. In order to iterate the integration by parts
formula we de�ne recursively Hi

1(F;G) = Hi
�(F;G) and

H
(�1;:::;�l+1)
l+1 (F;G) = H

(�1;:::;�l)
l (F;H

�l+1
1 (F;G)): (21)

Lemma 5 Let G 2 S, F 2 Sd; � 2 Pd and � 2 G,� � ��(F ): For ! 2 � we have

i)
��Hi

1(F;G)
��
l�1 � 3� l!(d!)2 jGjl � dl(�)� jF j

2d�1
l+1 (1 _

��det 
�(F )��l); (22)

ii) jH�
l (F;G)j � (3� l!(d!)2)l jGjl+1 � (dl(�))

l � jF jl(2d�1)l+1 (1 _
��det 
�(F )��l):

9



Proof. Recall that

Hi
�(F;G) = G�

dX
j=1

(
ij(F )�(�j)�D�j

ij(F )) +

dX
j=1


i;j(F )D�jG:

Then using (17) and (19) we obtain i): And ii) follows by recurrence. �
Finally for F 2 S we de�ne the norms

kFkG;Lp = (EG jF j
p
)1=p and kFkG;l;Lp = (EG jF j

p
l )
1=p: (23)

Proposition 6 We assume that Hypothesis 1 holds true: Let G 2 S, F 2 Sd; � 2 Pd and
� 2 G,� � ��(F ):We suppose that

E(((det 
�(F )1�)
p + dl(�)

p)) <1 8p 2 N: (24)

Then for every multi-index � = (�1; :::; �l) 2 f1; :::; dgl; and every � 2 Clb(Rd; R)
EG(@

��(F )G)1� = EG(�(F )H
�
l (F;G))1�: (25)

EG(jH�
l (F;G)j)1� � Cl;d1� kGkG;l;L32l � kFk

2ld
G;l+1;L64l2d (26)

�kdl(�)klG;L32l � (1 _


det 
�(F )

2lG;L32l)

with Cl;d = (3� l!(d!)2)l:

Proof. We proceed by recurrence on l: For l = 1 this is just the integration by parts
formula (10). Suppose now that the formula is true for l� 1 and let prove it for l:We denote
� = @�1 :::@�l�1� and we use (10) in order to obtain

EG(@
��(F )G)1� = EG(@

�l�(F )G)1� = EG(�(F )H
�l
�l
(F;G))1�

= EG(@
�1 :::@�l�1�(F )G0)1�

with G0 = H�l
� (F;G): By (22), i) and (??) we have E(jG0j

p
l�1) <1;8p 2 N so G0 2 S:

So we may use the recurrence hypothesis in order to conclude. In order to prove (26) we just
use (22) and Hölder's inequality. �

2.2 A Markov chain model

We consider the following model. We give a sequence of random variables 0 = T0 < T1 <
:::: < Tn < ::: and we denote Jt = cardfk : Tk � tg and G = �(Tk; k 2 Ng: Moreover
we consider two functions c 2 C1(Rm � Rd;Rd) and g 2 C1(Rd;Rd) and we make the
following assumption.
A.2.1. The functions c and g are bounded and, for every L 2 N; their derivatives up

to order L are bonded by a constant CL: There exists a bounded and measurable function
c : Rm ! R such that if f = c or one of its derivatives with respect to z 2 Rm or x 2 Rd
of order less or equal to L; then jf(z; x)j � c(z) � CL:
Moreover we consider a sequence of m�dimensional random variables Zp; p 2 N;

which are independent of Tp; p 2 N; and we de�ne the d�dimensional process Xt as the

10



solution of the equation

Xt = x+

JtX
p=1

c(Zp; XTp�) +

Z t

0

g(Xs)ds: (27)

Let us denote by 	t(x) the solution of the deterministic equation 	t(x) = x +R t
0
g(	s(x))ds: Then Xt is explicitly given by

XTp = 	Tp�Tp�1(XTp�1) + c(Zp;	Tp�Tp�1(XTp�1));

Xt = 	t�Tp(XTp); Tp � t < Tp+1:

Our aim is to use the calculus presented in the previous section for F = Xt which is
considered as a functional of Zp = (Z1p ; :::; Zmp ); p 2 N: So, with the notation from the
previous section the basic random variables are now Vp;i = Zip; p 2 N; i = 1; :::;m: The �
algebra of the noise which do not come on in the calculus is G = �(Tp; p 2 N):We consider
a function � 2 C1b (Rm; R) and we assume that � and its derivatives of order less or equal
to L are bounded by c; and so by CL:We will use the weights

�p;i(!; z1; :::; zJt) := �(zp); (p; i) 2 N � f1; :::;mg:
The Malliavin derivatives of a functional F = f(!;Z1; :::; ZJt) are

Dp;iF = @�zipf(!;Z1; :::; ZJt) = 1f�(Zp)>0g@zipf(!;Z1; :::; ZJt):

We have to precise the law of Zp; p 2 N: In order to do it we give a measurable function
q : Rm �Rd ! R+ and we make the following assumption.
A.2.2. The function x ! ln q(z; x) is of class C1 and for each x; the function

z ! ln q(z; x) is of class C1 on the set fz : �(z) > 0g: And there exists some measurable
function q such that, if f is ln q or one of its derivatives up to order L; then jf(z; x)j � q(z):
Notice that for each k 2 N; (z1; :::; zk�1) ! XTk�1(z1; :::; zk�1) is smooth, so

that (z1; :::; zk) ! ln q(zk;	Tk�Tk�1(XTk�1(z1; :::; zk�1))) is smooth with respect to
(z1; :::; zk�1) on the whole space and is smooth with respect to zk on the set f�(zk) > 0g:
We conclude that it belongs to C1� (see the de�nition in the previous section).
We assume that the law of Zp is given by

E(Zp 2 dz j G _ �(Z1; :::; Zp�1)) = q(z;	Tp�Tp�1(XTp�1))dz:

Then the law of of the vector (Z1; ::::; ZJt) conditionally to G is absolutely continuous with
respect to the Lebesgue measure and has the density

p(z1; :::; zJt) =

JtY
p=1

q(zp;	Tp�Tp�1(XTp�1));

where XTp�1 = XTp�1(z1; :::; zp�1): The logarithmic derivatives of p are given by

pk;i(z1; :::; zJt) : = @zik ln p(z1; :::; zJt) =

JtX
p=k

@zik ln q(zp;	Tp�Tp�1(XTp�1))(28)

= bqk;i(zk; XTk�1) +

JtX
p=k+1

dX
j=1

eqp;j(zp; XTp�1)@zikX
j
Tp�1

11



withbqk;i(z; x) := @zi ln q(z;	Tk�Tk�1(x)); eqp;j(z; x) := @xj ln q(z;	Tp�Tp�1(x)): (29)

Since
��@xj	Tp�Tp�1(x)�� � exp(tCL); we have jeqp;j(z; x)j � d exp(tCL)q(z): And a

similar inequality holds true for the derivatives of eqp;j :
We will employ the directions �i = (Dp;jX

i
t)p�Jt;j=1;:::;m; i = 1; :::; d (as in the

standard Malliavin calculus). Our aim in this section is to estimate jXtjl and j�(�i)jl (see
(15) for the de�nition of j�jl): But we do not discuss the non-degeneracy problem in this
general framework (in the next section we will do it for two speci�c examples). We denote

et(c) : =

JtY
p=1

(1 + dc(Zp)); Nt(c) =

JtX
p=1

c(Zp) and

Q = Qt(c) = edCLtet(c)(1 + t+Nt(c)):

For p1; :::; pk 2 f1; :::; Jtg we denote (p)k = (p1; :::; pk): Notice that pi; i = 1; :::; k
are not distinct, so k0 := cardfp1; :::; pkg � k; and we may have k0 < k: We denote
by p01 < p02 < ::: < p0k0 the distinct values which appear in fp1; :::; pkg: So we have
fp1; :::; pkg = fp01; :::; p0k0g: Finally, for a multi-index � = (�1; :::; �kg 2 f1; :::;mgk we
denote

@�;�(p)k = @�
z
�1
p1
:::@�

z
�k
pk

where @�
zjp
= 1f�p;j>0g@zjp :

Lemma 7 Suppose that A.2.1 holds true. Then for each k 2 N there exists a constant
C which depends on k; d and on Ck such that for every p1; :::; pk 2 f1; :::; Jtg and � =
(�1; :::; �kg 2 f1; :::;mgk���@�;�(p)kXt

��� � CQ(k+1)
2

c(Zp01):::c(Zp0k0 ): (30)

Proof. We proceed by recurrence on k: For k = 1 we write���@�;ip1 Xj
t

��� �
��@zicj(Zp1 ; XTp1�)

��+ JtX
p=p1+1

dX
l=1

���@xlcj(Zp; XTp�)@
�;i
p1 X

l
Tp�

���
+

dX
l=1

Z t

Tp1

��@xlgj(Xs))@
�;i
p1 X

l
s

�� ds:
We denote Ut =

Pd
j=1

���@�;ip1 Xj
t

��� and we use the fact that the derivatives of c are bounded by
c and the derivatives of g are bounded by C1 in order to obtain

Ut � dc(Zp1) + d

JtX
p=p1+1

c(Zp)UTp� + dC1

Z t

Tp1

Usds:

12



Using a slight variant of Gronwall's lemma we obtain

Ut � dc(Zp1)

JtY
p=p1+1

(1 + dc(Zp))e
dC1(t�Tp1 ) � Cc(Zp1)�Q:

Here and in the sequel C is a constant which satis�es the conditions in the statement of our
lemma and may change from a line to another. So our lemma is proved for k = 1: Suppose
now that the inequality holds true up to k � 1 and let us prove it for k: In order to �x the
notation we suppose that p0k0 = pk � pi; i = 1; :::; k and we write

@�;�(p)kXt =

JtX
p=pk

@�;�(p)kc(Zp; XTp�) +

Z t

Tpk

@�;�(p)kg(Xs)ds:

We have to estimate @�;�(p)kc(Zp; XTp�): In order to do it we introduce the following notation.
For � � f1; :::; kg we denote �� = (�i; i 2 �) and p� = (pi; i 2 �): Suppose �rst that
p = pk: Notice that XTpk� does not depend on Zpk : Then @

�;�
(p)k

c(Zpk ; XTpk�) is a sum of
terms of the form

(@�x@


z c)(Zpk ; XTpk�)@

�;��1
p�1

Xi1
Tpk�

� :::� @�;��rp�r Xir
Tpk�

:

Here �1; :::;�r are disjoint sub-sets of f1; :::; kg such that p�i do not contain pk and
[ri=1p�i = fp1; :::; pkg n fpkg = fp01; :::; p0k0�1g: So they concern all the derivatives with
respect to zjp with p 6= pk: We denote kl = card(�l): Since kl < k (because �l do not
contain pk) we may use the recurrence hypothesis and we obtain���@�;��lp�l

Xil
Tpk�

��� � CQ(kl+1)
2

c(Z(p�l )
0
1
)::::c(Z(p�l )

0
kl
):

Notice that if we consider all the distinct values which appear in each p�l ; l = 1; :::; r
then we obtain all the distinct values in fp1; :::; pkg except for pk: But we also have���(@�x@
z c)(Zpk ; XTpk�)

��� � c(Zpk): So we obtain���(@�x@
z c)(Zpk ; XTpk�)@
�;��1
p�1

Xi1
Tpk�

� :::� @�;��rp�r Xir
Tpk�

��� � CQ
Pr

l=1(kl+1)
2

c(p01)::::c(p
0
k):

Since
Pr

l=1 kl � k we have
Pr

l=1(kl + 1)
2 � (k + 1)2 � 1 (for r = 2 this inequality

amounts to 2k1k2 � 2 and for r > 2 one proves the inequality by recurrence). So �nally we
have proved that ���@�;�(p)kc(Zpk ; XTpk�)

��� � CQ(k+1)
2�1c(p01)::::c(p

0
k):

Suppose now that p > pk: Then no derivatives of c with respect to z will appear, so all the
derivatives will concern XTp�: It follows that @

�;�
(p)k

c(Zp; XTp�) is a sum of terms of the
form

(@�x c)(Zp; XTp�)@
�;��1
p�1

Xi1
Tp� � :::� @

�;��r
p�r Xi1

Tp�:

Now �1; :::;�r is a partition of the whole f1; :::; kg:
There are two cases. Suppose �rst that r � 2 so that we are able to use the recurrence

hypothesis. The same argument as above gives���(@�x c)(Zp; XTp�)@
�;��1
p�1

Xi1
Tp� � :::� @

�;��r
p�r Xi1

Tp�

��� � c(Zp)�CQ(k+1)
2�1c(p01)::::c(p

0
k):

The supplementary term c(Zp) appears because
��(@�x c)(Zp; XTp�)

�� � c(Zp) and

13



p =2 fp1; :::; pkg:
Suppose now that r = 1: The corresponding term is upper bounded by

c(Zp)
dX
i=1

���@�;�(p)kXi
Tp�

��� :
So we have proved that for p > pk���@�;�(p)kc(Zp; XTp�)

��� � c(Zp)(CQ
(k+1)2�1c(Zp01)::::c(Zp0k) +

dX
i=1

���@�;�(p)kXi
Tp�

���):
Similar estimates hold for @�;�(p)kg(Xs):We denote Ut =

Pd
i=1

���@�;�(p)kXi
t

��� and we conclude
that

Ut � CQ(k+1)
2�1c(Zp01)::::c(Zp0k)(1 +

JtX
p=pk+1

c(Zp) + (t� Tpk))

+

JtX
p=pk+1

c(Zp)UTp� + C

Z t

Tpk

Usds:

And using Gronwall's lemma we obtain

Ut � CQ(k+1)
2�1c(Zp01)::::c(Zp0k)(1 + t+Nt(c))et(c)e

Ct

� CQ(k+1)
2

c(Zp01)::::c(Zp0k):

�

Corollary 8 Suppose that A.2.1 holds true. Then for each k 2 N there exists a constant
Ck which depends on k; d and on Ck such that for every multi-index � = (�1; :::; �k) 2
f1; :::; dgk and every p 2 N; i; j = 1; :::;m; we have

i)
��D�

�X
i
t

�� � CkQ
2(k+2)2 ; (31)

ii)
��D�

� @
�;i
p Xt

��+ ��D�
� @

�;i
p @�;jp Xt

�� � Ckc(Zp)Q
(k+2)2 :

Proof. Recall that we employ the directions �i = (Dp;jX
i
t)p2N;j=1;:::;m; i = 1; :::; d:

And �p;j and its derivatives are bounded by c: Let � = (�1; :::; �k): A straightforward
computation gives��D�

�X
i
t

�� � C
X

p1;:::;pk�Jt

kX
r=1

X
�1;:::;�r

c(Zp1):::c(Zpk)
r�1Y
j=1

���@�;��jp�j
X

j
t

���� ��@�;��rp�r Xi
t

�� :
Here 
j 2 f1; :::; dg and �j are subsets of f1; :::; kg such that [rj=0�j = f1; :::; kg andPr

j=0 card(�j) � k + 1: The term c(Zp1):::c(Zpk) appears because �p = �(Zp) and � and
their derivatives are upper bounded by c: Using (30) we obtain��D�

�X
i
t

�� � CQ(k+2)
2 X
p1;:::;pk�Jt

c(Zp01)::::c(Zp0k) � CQ(k+2)
2

(1 +Nt(c))
k � CQ2(k+2)

2

:
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In order to prove ii) we use the same argument:��D�
� @

�;i
p Xi

t

�� � C
X

p1;:::;pk�Jt

kX
r=1

X
�0;:::;�r

c(Zp1):::c(Zpk)
r�1Y
j=1

���@�;��jp�j
X

j
t

���� ��@�;��rp�r @�;ip Xi
t

��
� CQ(k+2)

2 X
p1;:::;pk�Jt

c(Zp01)::::c(Zp0k)� c(Zp)

� CQ(k+2)
2

(1 +Nt(c))
k � c(Zp):

In all the above computations we have used the trivial inequality jc(Zp)ji � C � c(Zp): �

Corollary 9 Suppose that A.2.1 and A.2.2 hold true. Then for each l 2 N there exists a
constant Cl which depends on l; d and on Cl such that for every i = 1; :::; d; we have

j�(�i)jl � ClQ
2(l+2)3(1 +Nt(q)): (32)

Proof. Recall that

�(�i) = �
JtX
p=1

mX
j=1

(@�
zjp
(�p;j�

p;j
i )+�p;j�

p;j
i �pp;j) = �

JtX
p=1

mX
j=1

(@�
zjp
(�p;j@

�
zip
Xt)+�p;j@

�
zip
Xt�pp;j)

with

pk;i = bqk;i(zk; XTk�1) +

JtX
p=k+1

dX
j=1

eqp;j(zp; XTp�1)@zikX
j
Tp�1

and bqk;i; eqp;j de�ned in (29). Using (31) ii) it follows that
j�(�i)jl �

JtX
p=1

mX
j=1

���(@�
zjp
(�p;j@

�
zip
Xt)

���
l
+
����p;j@�zipXt

���
l
�
��pp;j��l)

� ClQ
2(l+2)2

JtX
p=1

mX
j=1

(c(Zp) + c(Zp)�
��pp;j��l):

Moreover��pp;j��l � ��bqp;j(Zp; XTp�1)
��
l
+

JtX
p0=p+1

dX
j0=1

���eqp0;j0(Zp0 ; XTp0�1)
���
l

���@zipXj0

Tp0�1

���
l
:

By our hypothesis A.2.2 bqp;p;j(x; z); eqp0;j0(x; z) and their derivatives are upper bounded by
q(z): Then using (18) and (31) we obtain��bqp;j(Zp; XTp�)

��
l
� q(Zp)(1 +

��XTp�
��l
l
) � ClQ

(l+2)3 ; and���eqp0;j0(Zp0 ; XTp0�1)
���
l
� q(Zp0)(1 +

��XTp�
��l
l
) � Clq(Zp0)Q

(l+2)3 :

And we have
���@zipXj0

Tp0�1

���
l
� ClQ

(l+2)2 : This gives

��pp;j��l � ClQ
2(l+2)3(1 +

JtX
p0=p+1

q(Zp0))
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and we conclude that

j�(�i)jl � ClQ
2(l+2)2Nt(c)(1 +

JtX
p0=1

q(Zp0)): (33)

�

2.3 Passage to the limit

In this section we give a framework which permits to obtain an integration by parts formula
in in�nite dimension. The example that we have in mind (and which will be discussed in the
following sections) concerns jump type diffusions with an in�nity of jumps. We consider a
sequence of probability spaces (
n;Fn; Pn); n 2 N and for each n we consider a random
vector V n = (V ni )i2N ; a ��algebra Gn � Fn and a Gn measurable random variable Jn:We
take some weights �ni ; i 2 N which verify the Hypothesis 1.0 and we assume that for each
n 2 N theHypothesis 1.1 hold true for the vector V n: So for each n we have the framework
from the �rst section and the calculus is based on the random variables V ni ; i 2 N . We will
use some directions �n = (�n;1; :::; �n;d) in the integration by parts formula.
Moreover we consider a probability space (
;F ; P ) and two random variables

F = (F1; :::; Fd) and G on this space. We assume that there exists a sequence of random
variables Fn = (Fn;1; :::; Fn;d) and Gn on 
n which are simple functionals of (V ni )i2N and
such that (Fn; Gn) ! (F;G) in law. Our aim is to use the integration by parts formula for
(Fn; Gn) and then to pass to the limit in order to obtain an integration by parts formula for
(F;G):
We will consider two different sets of hypothesis. First of all we give suf�cient

conditions under which the sequence of weights H�
l (Fn; Gn); n 2 N; which appear in

the integration by parts formula at level n; is bounded in any Lp: In this case we are able
to establish an integration by parts formula for F and, as a corollary we obtain that the
law of F is absolutely continuous with respect to the Lebesgue measure and has a smooth
density pF (x). Moreover we are able prove that limx!1 pF (x) = 0 and to give upper
bounds for the queues. In the second subsection we allow H�

l (Fn; Gn) to blow up as
n ! 1 but we assume that there is a good balance between these quantities and the error
"n := E jF � Fnj ! 0: In this case we are no more able to establish the integration by parts
formula for F but we are still able to prove that the law of F is absolutely continuous and
has a smooth density. In order to do it we employ a technique based on the Fourier transform
inspired from [F.2]. But we are no more able to upper bound the queues of pF (x):

2.3.1 Bounded sequence of weights

The main result in this subsequence is the following.

Theorem 10 Let F = (F1; :::; Fd) and G be square integrable random variables on a
probability space (
;F ; P ). We assume that there exists a sequence of random variables
Fn = (Fn;1; :::; Fn;d) and Gn on (
n;Fn; Pn) such that Fn and Gn are simple functionals
of (V ni )i2N and (Fn; Gn) =) (F;G) in law: Let l 2 N be �xed: We assume that for every
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q 2 N there exists a constantKq such that
limn!1En(dl(�n) + jGnjl + jFnjl+1)

q � Kq <1 (34)
and, for every � > 0 we have

limn!1En(
��det(� � I + ��n(Fn))���q)) � Kq <1: (35)

Then we may construct a probability space (e
; eF ; eP ) and some random variables ( eF ; eG)
on this space which have the same law as (F;G) and such that for every multi-index � 2
f1; :::; dgl there exist a random variable H�

l such that

E(@��(F )G) = eE(@��( eF ) eG) = eE(�( eF )H�
l ); 8� 2 Cb(Rd; R): (36)

Moreover eE(jH�jq) � C � (Kq0 + 1)
q00 (37)

where C; q0; q00 are constants which depend on d; l and q.

Proof. We consider a d dimensional standard normal distributed random variable �;
independent of Fn; Gn; and we denote Fn;� = Fn +

p
� ��:We will use the integration

by parts formula for Fn;� and the calculus is based on the variables V n1 ; :::; V nJn and on
the auxiliary random variables V nJn+1 = �1; :::; V

n
Jn+d

= �d: We employ the directions
�p�;n;i = �pn;i if p = 1; :::; Jn and �

p
�;n;i =

p
� � �i;p�Jn if p = Jn + 1; :::; Jn + d: Here

�i;p�Jn is the Kronecker symbol so �i;p�Jn = 1 for i = p � Jn and �i;p�Jn = 0 for
i 6= p� Jn:We take the weights �np;i = 1 for p = Jn + 1; :::; Jn + d: Then the covariance
matrix is

���;n(Fn;�) = � � I + ��n(Fn):
Notice that @�i

F jn;� =
p
� � �i;j and @2�i

F jn;� = 0: Moreover the density pp(y); p =
Jn+1; :::; Jn+d is the standard Gaussian density. So we have @ ln pp(�p�Jn) = ��p�Jn :
Then for p = Jn+1; :::; Jn+d the Skorohod integral is �p(��;n;i) =

p
���p�Jn��i;p�Jn :

It follows that for every p 2 N
En(dl(�n;�))

p) � C(En(dl(�n))
p + �p=2)

where C is an universal constant. We �x now k 2 N and we take �k = 1
k : In view of (34)

and (35) we may �nd nk 2 N;nk � k such that
Enk((dl(�nk;�k) + jGnk jl + jFnk jl+1)

2dlq � C(Kq + 1); (38)

Enk(
���det���k;nk (Fnk;�k)����2dlq) � C(Kq + 1):

We use the integration by parts formula (25) for a multi-index � = (�1; :::; �l) and we
obtain Enk(@��(Fnk;�k)Gnk) = Enk(�(Fnk;�k)H

�
k ) where H�

k = H�
l (Fnk;�k ; Gnk):

Using (26) and (38) we obtain E(jH�
k j
q
) � C(Kq0 + 1)

q00 :
The sequence (Fnk;�k ; Gnk ;H�

k )k2N is bounded in Lq and so it is tight. Passing to a
subsequence we may assume that it converges weakly to some random variable ( eF ; eG;H�)

de�ned on some probability space (e
; eF ; eP ): Passing to the limit we obtain (36). �
As a standard consequence of this Theorem (see [B] for example) we obtain the

following.
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Proposition 11 Under the hypothesis of the previous theorem the law of F is absolutely
continuous with respect to the Lebesgue measure and has a density pF of class C1: More-
over for each mulit-index � and every � � f1; :::; dg we have the following integral repre-
sentation:

@�x pF (x) = E(
Y
i2�
1fFi>xig

Y
i=2�

1fFi<xigH
�
� )

with H�
� 2 \p2NLp. In particular

j@�x pF (x)j � CP (jF j � jxj)1=2:

2.3.2 Unbounded sequence of weights

In this section we make the following assumptions.
A.3.1: (Approximation) We assume that for each f 2 C1b (R

d; R) with Lipschitz
constant Lf one has

jE(f(F ))� En(f(Fn))j � Lf � "n (39)
for some "n > 0:
A.3.2. (Regularity) We assume that for each l; n 2 N

An;l := (1 + (En(jFnj64ll+1))
1=64l)2d(En(jdl(�n)j

32l
))1=32l <1: (40)

Moreover we assume that there exists a constant Cl;A such that An+1;l � Cl;A �An;l:
A.3.3 (Non-degeneracy). We assume that there exists a sequence of sets

�m;n 2 G;m; n 2 N such that ��n(Fn)(!) is invertible for ! 2 �m;n: And

Bn;m;l := (En(
��det��n(Fn)���32l 1�m;n))

1=32l <1: (41)
We denote �m := supn P (�

c
m;n) and we assume that there exists a constant C� such that

�m � C� � �m+1:
Notice that in A.3.2 we do not ask that supnAn;l <1 : this quantity may blow up: And

in A.3.3 we do not ask that ��n(Fn) is invertible on the whole space: we just need local
non-degeneracy. In order to state our result we have to introduce the following quantities.
Let l 2 N:We denote

hl(n) := inf
n0�n

ln "�1n0

lnAn0;l
so that

"n0 � A
�hl(n)
n0;l for n0 � n: (42)

It is clear that hl(n) is non decreasing in n:We de�ne
hl = sup

n
hl(n): (43)

The idea behind this de�nition is the following: An;l may blow up as n ! 1: But we can
not avoid to pass to the limit. And the error is "n: So we have to control the link between
these two quantities. If we have a good balance we are able to handle the blow up.
We de�ne

�l(m) = sup
m0�m

sup
n2N

lnBn;m;l

ln ��1m
(44)

so that
Bn;m0;l � �

��l(m)
m0 for m0 � m;n 2 N: (45)
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The functionm! �l(m) is non-increasing and we denote
�l = inf

m
�l(m): (46)

The idea is the following: we will use the Malliavin calculus localized on the set �m;n: This
is because the covariance matrix ��n(Fn) is not invertible on the whole space. So we live
out �cm;n and �m represents the error which is done in this way. And we will assume that
�m ! 0 asm!1. On the other hand Bn;m;l !1 asm!1: So we need to control the
link between these two quantities.
We denote

ql :=
l(hl � 1)

hl + l(1 + 2hl�l)
: (47)

Given � > 0 and l 2 N we may �nd n�;l andm�;l such that

ql;� :=
l(hl(n�;l)� 1)

hl(n�;l) + l(1 + 2hl(n�;l)�l(m�;l))
� ql � �:

We also denote
q0l;� :=

1 + l(1 + 2�l(m�;l))

hl(n�;l) + l(1 + 2hl(n�;l)�l(m�;l))
so that ql;� = q0l;�hl(n�)� 1: Finally we de�ne

Cl;� := maxf��1=ql;�m�;l
; A

1=q0l;�
n�;l;l

g:

Proposition 12 Let bpF (�) = E(exp(i h�; F i) be the Fourier transform of F:We �x l 2 N:
i) We suppose that limn!1An;l = 1 and limm!1 �m = limn!1 "n = 0: Then for

every p < ql � d we have
R
Rd j�jp bpF (�)dx < 1: In particular, if ql > d the law of F is

absolutely continuous with respect to the Lebesgue measure and the density is [ql � d] times
differentiable (here [p] is the integer part of p):
ii) We suppose that limnAn;l <1 and limm!1 �m = limn!1 "n = 0: Then

R
Rd j�jp bpF (�)dx <

1 for every p < pl := l� (1+2�l)�1 so the law of F has a density which is of class Cpl�d:

The main step in the proof if the following lemma.

Lemma 13 i) Let � > 0 and l 2 N:We suppose that limn!1An;l =1 and limm!1 �m =
limn!1 "n = 0: For every r � Cl;� one may �nd n;m (depending on r) such that

Eln;m(r) := r"n + �m + r
�lAln;lB

2l
n;m;l � (C

hl(n�;l)
l;A + C� + 1)r

�(ql��): (48)

ii) We suppose that limn!1An;l =: Cl < 1 and limm!1 �m = limn!1 "n = 0: For
every r � Cl;� = ��ql;�m�;l

one may �nd n;m (depending on r) such that

Eln;m(r) � (2 + C�)(Cl;A + 1)lr�l(1+2�l)
�1+�: (49)

Proof. i) In order to simplify the notation we put q = ql;�; q
0 = q0l;�; h = hl(n�;l) and

� = �l(m�;l):We recall that Cl;� = maxf��1=qm�
; A

1=q0

n�;l
g:

19



We choose n and m in the following way. For r � Cl;� we have rq
0 � An�;l;l: Since

limnAn;l =1 we may �nd n � n�;l such that An;l � rq
0
< An+1;l: This is the n that we

need. Moreover we may �nd a constant cA 2 [1; Cl;A] such that rq
0
= cA �An;l:

We also have �m�;l
� r�q and limm �m = 0: So we may choose m � m�;l such that

�m+1 < r�q � �m: And we may �nd a constant c� 2 [1; C�] such that �m = c�r
�q: Since

q = q0h� 1 we may write this equality as �m = c� � r � r�q
0h = c�c

�h
A � r �A�hn;l :

We estimate now Eln;m(r): Since m � m�;l and n � n�;l we have "n � A�hn;l and
Bn;m;l � ���m so that

Eln;m(r) � rA�hn;l + �m + r
�lAln;l�

�2�l
m = (1 + c�c

�h
A )rA�hn;l + (c�c

�h
A )�2�lr�l(1+2�)A

l(1+2�h)
n;l

= (1 + c�c
�h
A )chAr

1�hq0 + (c�c
�h
A )�2�lc

�l(1+2�h)
A r�l(1+2�)+q

0l(1+2�h):

We have 1� hq0 = �q and l(1 + 2�)� q0l(1 + 2�h) = q the above quantity is equal to
(chA + c� + c

�2�l
� c�lA )� r

�q � (Chl;A + C� + 1)� r�(ql��)

and the proof of i) is completed.
The proof of ii) is analogues. First of all we choose n such that "n � r�l(1+2�l)

�1+� and
An;l � Cl + 1: Then we takem�;l such that

ql;� :=
l

1 + 2�l(m�;l)
� l

1 + 2�l
� �

and we put Cl;� = ��ql;�m�;l
: For r � Cl;�;l we have �m�;l

� r�ql;� so we may �ndm � m�;l

which that �m � r�ql;� > �m+1: And we take c� 2 [1; C�] such that �m = c�r
�ql;� :We

also have Bn;m;l � ���l(m�;l)
m = rql;��l(m�;l) so that

Eln;m(r) � (Cl+1)l(r"n+�m+r�lB2ln;m;l) � (Cl+1)l(r"n+c�r�ql;�+r�l(1�2ql;��l(m�))):

Since ql;� = l(1� 2ql;��l(m�)) the proof is completed. �
Proof of the Proposition. i) Let � 2 Rd:We suppose (without loss of generality) that

�1 � �i; i = 1; :::; d: Then
jbpF (�)j � jbpFn(�)j+ j�j � "n � jbpFn(�)j+ d j�1j � "n:

We denote e(�; x) = exp(�i h�; xi) so that bpFn(�) = En(e(�; Fn)): We also denote
� = (1; :::; 1) with j�j = l. So @�x is the derivative of order l with respect to x1 and we have
@�x e(�; x) = il�l1e(�; x):We write

jbpFn(�)j =
���En(e(�; Fn)1�cm;n

)
���+ j�1j�l ��En(@�x e(�; Fn)1�m;n

)
��

� P (�cm;n) + C j�1j
�l
Aln;lB

2l
n;m;l

the last inequality being a consequence of the integration by parts formula and of the
estimate (26). We conclude that for every n;m 2 N we have

jbpF (�)j � C(j�1j � "n + �m + j�1j
�l
Aln;lB

2l
n;m;l) = C � Eln;m(j�1j):

Let p < ql � d:We take � > 0 suf�ciently small in order to have p+ d+ � < ql � �: Then
we use the previous lemma in order to produce a constant Cl;� such that, for j�1j � Cl;�

one may �nd n;m such that Eln;m(j�1j) � K�;l j�1j
�(ql��) � K�;l j�1j

�(p+d+�) with
K�;l = C

hl(n�;l)
A + C� + 1: In particular we obtain jbpF (�)j � K�;l j�1j

�(p+d+�) �
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K�;ld
(p+d+�) j�j�(p+d+�) the last inequality being true because j�1j � d�1 j�j : Notice that

fj�j � dCl;�g � [di=1�i with �i = fj�ij � Cl;�g \ fj�ij � maxj
���j��g: On each set �i one

has jbpF (�)j � 3d(p+d+�) j�j�(p+d+�) so thatZ
Rd

j�jp jbpF (�)j d� =

Z
j�j�dCl;�

j�jp jbpF (�)j d� + Z
j�j>dCl;�

j�jp jbpF (�)j d�
� C +

dX
i=1

Z
�i

j�jp jbpF (�)j d� � C + C
dX
i=1

Z
�i

j�j�(d+�) d� <1:

The proof of ii) is analogues. �

3 Stochastic equations with jumps

3.1 Preliminaries

We consider a Poisson point process p with state space (E;B(E)); with E = Rd � R+:
In all generality one may take E = Rm � R+ for an arbitrary m 2 N: But we consider
here the particular case m = d because this drastically simpli�es the analysis of the
non degeneracy problem (of course, the results are signi�cantly less general). We refer
to [I.W] for the notation. We denote by N the counting measure associated to p so
N((0; t] � A) represents the number of points ps 2 A; s � t: The intensity measure
is bN(dt; dz; du) = dt � d�(z) � du where (z; u) 2 E = Rd � R+. We assume that
�(z) = h(z)dz with h 2 C1b (Rd; R+):
We deal with the d dimensional stochastic equation

Xt = x+

Z t

0

Z
E

c(z;Xs�)1fu<
(z;Xs�)gdN(ds; dz; du) +

Z t

0

g(Xs)ds: (50)

This type of equation is interesting because the in�nitesimal operator of the Markov process
Xt is

L (x) = g(x)r (x) +
Z
R

( (x+ c(z; x))�  (x))K(x; dz)

with K(x; dz) = 
(z; x)d�(z); which depends on the variable x 2 Rd: See [F.1] for this
result as well as for the proof of existence and uniqueness for the solution of the above
equation. We work under the following hypothesis.
Hypothesis 3.0. We assume that 
(z; x) = exp �(z; x) and (z; x)! �(z; x) is in�nitely

differentiable. We also assume that there exists a bounded function � : Rm ! R+ such that,
if f designees the function � or its derivatives, then jf(z; x)j � �(z):We denote C = k
k1 :
Hypothesis 3.1. The functions (z; x) ! c(z; x) and x ! g(x) are of class C1b : We

assume that g and their derivatives are bounded by a constant g. We also assume that there
exists a bounded function c : Rd ! R+ with

R
Rd c(z)d�(z) <1 such that, if f designees

the function c or its derivatives then jf(z; x)j � c(z) (g and c are commune to derivatives up
to some order L 2 N but they may depend on L): Under the above hypothesis the integral
with respect to dN is a well de�ned Stildjers integral.
Our aim is to establish an integration by parts formula for Xt and to use it for
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the study of the density of the law of Xt: In order to solve this problem we use a
discretization procedure. We consider a non-negative and smooth function ' : Rd ! R+
such that '(z) = 0 for jzj > 1 and

R
Rd '(z)dz = 1: And for M 2 N we denote

�M (z) = ' � 1BM
: Here BM = fz 2 Rd : jzj < Mg: Then �M 2 C1b and we have

1BM�1 � �M � 1BM+1
:We denote by XM

t the solution of the equation (50) in which c is
replaced by cM (z; x) := c(z; x)�M (z) that is

XM
t = x+

Z t

0

Z
E

cM (z;X
M
s�)1fu<
(z;XM

s�)gdN(ds; dz; du) +

Z t

0

g(XM
s )ds:

Let NM (ds; dz; du) := 1BM+1
(z) � 1[0;C](u)N(ds; dz; du): Since fu < 
(z;XM

s�)g �
fu < Cg and �M (z) = 0 for jzj > M + 1; we may replace dN by dNM in the above
equation:

XM
t = x+

Z t

0

Z
E

cM (z;X
M
s�)1fu<
(z;XM

s�)gdNM (ds; dz; du) +

Z t

0

g(XM
s )ds:

Since the intensity measure bNM has �nite mass we may represent dNM by means of
a compound Poisson process. We put �M = C � �(BM+1) = t�1E(NM (t; E)) and
we denote by JMt a Poisson process of parameter �M : We denote by TMk ; k 2 N the
jump times of JMt : We also consider two sequences of independent random variables
ZMk 2 Rm; Uk 2 R+; k 2 N; which are independent of JM and such that

ZMk � �M (z)d�(z); with �M (z) :=
1

�(BM+1)
1BM+1

(z)

Uk � 1

C
1[0;C](u)du:

Then the above equation may be written as

XM
t = x+

JMtX
k=1

cM (Z
M
k ; XM

TMk �)1(Uk;1)(
(Z
M
k ; XM

TMk �)) +

Z t

0

g(XM
s )ds: (51)

Lemma 14 Suppose that Hypothesis 3.0 and Hypothesis 3.1 hold true: Then

E
��XM

t �Xt

�� � "M := C

Z
Rd

c(z)(1� �M (z))d�(z) (52)

where C is a constant which is independent ofM:

Proof. We write E
��XM

t �Xt

�� � I1M + I2M with

I1M = E

Z t

0

Z
Rd

Z C

0

��c(z;Xs)1fu<
(z;Xs)g � cM (z;XM
s )1fu<
(z;XM

s )g
�� dud�(z)ds

I2M = E

Z t

0

��g(Xs)� g(XM
s )
�� ds:
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Let C = k@x
k1 _ k@xck1 :We have I1M � I1;1M + I1;2M with

I1;1M = E

Z t

0

Z
Rd

Z C

0

��c(z;Xs)� cM (z;XM
s )
�� dud�(z)ds

� t� C
Z
Rd

c(z)(1� �M (z))d�(z) + C
Z
Rd

c(z)d�(z)� E
Z t

0

��Xs �XM
s

�� ds
and

I1;2M = E

Z t

0

Z
Rd

Z C

0

c(z)
��1fu<
(z;Xs)g � 1fu<
(z;XM

s )g
�� dud�(z)ds

= E

Z t

0

Z
Rd

c(z)
��
(z;Xs)� 
(z;XM

s )
�� d�(z)ds � C

Z
Rd

c(z)d�(z)� E
Z t

0

��Xs �XM
s

�� ds:
A similar inequality holds for I2M so we obtain

E
��XM

t �Xt

�� � t� C
Z
Rm

c(z)(1� �M (z))d�(z) + 3C
Z t

0

E
��Xs �XM

s

�� ds:
Using Gronwall's lemma we conclude. �
The above equation is not convenient because the coef�cient cM (z; x)1(u;1)(
(z; x))

is not differentiable. In order to avoid this dif�culty we will use the following alternative
representation. We consider a point zM 2 Rd such that jzM j > M + 3 and we de�ne

qM (z; x) : = '(z � zM )�
(x) +
1

C
�M (z)
(z; x)h(z) with

�
(x) : =

Z
Rd

(1� 1

C

(z; x))�M (z)h(z))dz:

Here ' is the function de�ned before: a non-negative and smooth function with
R
' = 1

and which is null outside the unit ball. By the very de�nition of �
(x) we haveR
qM (x; z)dz = 1: Let us check that

E(f(XM
TMk+1

) j XM
TMk+1�

= x) =

Z
Rd

f(x+ cM (z; x))qM (z; x)dz: (53)

The term in the left hand side is equal to I + J with
I = E(f(XM

TMk+1
)1fUk+1>
(ZMk+1;XM

TM
k+1

�
)g j XM

TMk+1�
= x) and

J = E(f(XM
TMk+1

)1fUk+1�
(ZMk+1;XM

TM
k+1

�
)g j XM

TMk+1�
= x):

We have

I = f(x)P (Uk+1 > 
(ZMk+1; x)) = f(x)�
(x) =

Z
jzj>M+1

f(x+ cM (z; x))qM (z; x)dz

the second equality being a consequence of the fact that cM (z; x) = 0 for jzj > M + 1:
Moreover, as simple computation shows that J =

R
jzj�M+1

f(x + cM (z; x))qM (z; x)dz

and(53) is proved. �
Having this in mind we make the following construction. We consider a sequence of

random variables ZMk ; k 2 N and we denote Gk = �(TMp ; p 2 N) _ �(ZMp ; p � k): Let
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	t(x) be the solution of 	t(x) = x+
R t
0
g(	s(x))ds:We de�ne recursively X

M

0 = x and

X
M

t = 	t�TMk (X
M

TMk
); TMk � t < TMk+1; (54)

X
M

TMk+1
= X

M

TMk+1� + cM (Z
M

k+1; X
M

TMk+1�):

Notice that XM

TMk+1� is a deterministic function of X
M

TMk
so it is Gk measurable. We assume

that the law of ZMk+1 conditionally to Gk is

P (Z
M

k+1 2 dz j Gk) = qM (X
M

TMk+1�; z)dz: (55)

The advantage of this representation is thatXM

t satis�es the following equation with smooth
coef�cients

X
M

t = x+

JMtX
k=1

cM (Z
M

k ; X
M

TMk �) +

Z t

0

g(X
M

s )ds: (56)

We are in the frame of the Markov chain models given in Section 2.2. The point is that XM

t

has the same law as XM
t : But we will need a little bit more. For a locally bounded and

measurable function  : Rm ! R we denote

St( ) =

JMtX
k=1

(�M )(Z
M

k ); St( ) =

JMtX
k=1

(�M )(Z
M
k )1f
(ZMk ;XM (TMk �))�UM

k g:

Lemma 15 (X
M

t ; St( ))t�0 has the same law as (XM
t ; St( ))t�0:

Proof. If we look to the de�nition of St( ) as to an equation then (X
M

t ; St( ))t�0
solves a systeme of equation similar to (56) but in dimension d + 1: So it suf�ce to prove
that (XM

t )t�0 has the same law as (XM
t )t�0: And this readily follows from

E(f(XM
TMk+1

) j XM
TMk+1�

= x) = E(f(X
M

TMk+1
) j XM

TMk+1� = x)

which is a consequence of (53). �

Remark 1 Looking to the in�nitesimal operator L of X it is clear that the natural approx-
imation of Xt is X

M

t and not XM
t : But we use the representation given by XM

t for two
reasons. First of all it is easier to obtain estimates for this process because we have a sto-
chastic equation and so we may use the stochastic calculus associated to a Poisson point
measure. And moreover, having this equation in mind, gives a clear idea about the link with
other approaches by Malliavin calculus to the solution of a stochastic equation with jumps
(we manly think to [B.G.J]).

Our aim is to establish the integration by parts formula for the functional F = X
M

t :
So we come back to Section 2.2 and we use the notation given there. The Markov chain
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model is now XM

t . The basic random variables are Zk = Z
M

k 2 Rm and the random times
are Tk = TMk : The ��algebra with respect to which we take conditional expectation is
G = �(TMp ; p 2 N): And Jt = JMt :

We use the weights �Mp;j = �M (Zp); j = 1; :::;m; p � JMt so the function � from
Section 2.2 is now �M :
The density of the law of (ZM1 ; :::; Z

M

JMt
) is given by

pM (!; z1; :::; zJ) =

JMtY
j=1

qM (zj ;	TMj �TMj�1(X
M

TMj�1
)):

On the set f�M (z) > 0g we have ln qM (z;	TMj �TMj�1(X
M

TMj�1
)) = ln��1M +

ln 
(z;	TMj �TMj�1(X
M

TMj�1
)) + lnh(z) which is of class C1: So the logarithmic derivative

of pM is given by

pM;k;i(z1; :::; zJt) = @�zik
ln pM (z1; :::; zJt) =

JtX
p=k

@�zik
ln qM (zp;	TMp �TMp�1(X

M

TMp�1
))

= bqM;k;i(zk; X
M

TMk�1
)) +

JtX
p=k+1

dX
j=1

eqM;p;j(zp; X
M

TMp�1
))@zikX

M;j

TMp�1

withbqM;k;i(x; z) : = 1f�M (z)>0g@zik ln qM (z;	Tk�Tk�1(x))

= 1f�M (z)>0g(@zik ln 
(	TMk �TMk�1(z;X
M

TMk�1
)) + @�zik

lnh(z))eqM;p;j(x; z) : = 1f�M (z)>0g@xj ln qM (z;	Tp�Tp�1(x)) = 1f�M (z)>0g@xj ln 
(z;	Tp�Tp�1(x)):

And we have��@xj ln 
(z;	Tp�Tp�1(x))�� = ��@xj�(z;	Tp�Tp�1(x))�� � detC
(z):

Remark 2 The reason of being of �Mk;j is the following. Suppose that we take no weights
(that is �Mk;j = 1): Then in the expression of bqM;k;i(x; z)will appear @z ln�(z)�1fjz�zM j<1g:
This function is differentiable on the open set fjz � zM j < 1g so everything seems to be OK.
But �(z) = 0 for z 2 @B1(zM+3) and consequently the derivatives @z ln� blow up on
@B1(zM+3): So we will get in troubles when we want to obtain moment evaluations for such
quantities. This is why we cancel these terms by multiplying with �Mk;j :

As in Section 2.2 we will use the directions �M;(p;j)
i = Dp;jX

M;i

t so the Malliavin
covariance matrix is

�ijM;t =

JMtX
p=1

mX
h=1

�M (Z
M

p )Dp;hX
M;i

t Dp;hX
M;j

t :
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We will use the integration by parts formula given in Section 2.1. We recall the notation

et(dc) =

JMtY
p=1

(1 + dc(Z
M

p )) and Nt(c) =

JMtX
p=1

c(Z
M

p ):

Using the identity of laws we have

et(dc) � e0t(dc) =

JMtY
p=1

(1 + dc(ZMp )1f
(ZMp ;XM (TMp �))�UM
p g) and

Nt(c) � N 0
t(c) =

JMtX
p=1

c(ZMp )1f
(ZMp ;XM (TMp �))�UM
p g:

So we are back in the framework of Poisson point processes. Using Burckolder's inequality
we obtain

E jN 0
t(c)j

p � Cp; 8p 2 N
where Cp is a constant which does not depend on M: Notice that e0t(dc) �QJMt
p=1(1 + dc(Z

M
p )) =: Yt and Yt solves the linear equation

Yt = 1 +

Z t

0

Z C

0

Z
jzj�M+1

dc(z)Ys�dN(s; z; u):

Then a standard argument yields
E je0t(dc)j

p � E jYtjp � Cp; 8p 2 N:
Using (31) (32) we obtain

(E(jdl(�M )j
p
+
���XM

t

���
l+1
)p))1=p � Cl;p(t)(1 + (E(jNt(q1BM

)j2p))1=2p (57)

In the following subsections we discuss the non degeneracy problem under two different
sets of hypothesis. In both cases we assume the following hypothesis.
Hypothesis 3.2 There exists a measurable function bc : Rd ! R+ such thatR

Rd bc(z)dz <1 and

rxc� (I +rxc)�1(z; x)

 � bc(z); 8(z; x) 2 Rd �Rd: (58)
As a consequence of this last hypothesis the tangent �ow is invertible and the inverse has

�nite moments of any order. Let us be more precise. We de�ne YMt ; t � 0 and bYMt ; t � 0
to be the matrix solutions of the equations

YMt = I +

JMtX
k=1

rxcM (Z
M

k ; X
M

TMk �)Y
M
TMk � +

Z t

0

rxg(X
M

s )Y
M
s ds;

bYMt = I �
JMtX
k=1

rxcM (I +rxcM )(Z
M

k ; X
M

TMk �)
bYMTMk � �

Z t

0

rxg(X
M

s )
bYMs ds:

Then bYMt � YMt = I;8t � 0: The important point here is that one may prove that for each
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p 2 N
E(sup

s�t
(



bYMs 


p + 

YMs 

p) � Kp <1 (59)

where Kp is a constant which depends on bc and c but not on M: In order to do it one
employes the identity of laws in order to come back to the framework of Poisson point
processes and then one employes the stochastic calculus there (see [B.G.J]). We do not give
the details of the proof. We denote by YMs;t the solution of

YMs;t = I +

JMtX
k=JMs +1

rxcM (Z
M

k ; X
M

TMk �)Y
M
TMk � +

Z t

s

rxg(X
M

s )Y
M
s ds:

Then YMs;t = bYMs YMt : So YMs;t is invertible and we have

E(sup
s�t
(


YMs;t 

p + 

(YMs;t )�1

p) � Kp <1: (60)

It is also standard that E(sups�t
��XM

s

��p) � Kp <1:
We will now consider two different frames. First of all, if no integrability assumption is

made on � in H.3.0 then the divergence operator of XM
t blows up asM ! 1: This is the

�rst framework. Then we will assume that
R
�(z)h(z)dz < 1 and in this case we have no

more the blow up phenomenon.

3.2 The case with blow up.

We discuss the non degeneracy problem. We assume:
Hypothesis 3.3 There exists a function c : Rd � Rd ! R+ such that for every � 2 Rd

and every (z; x) 2 Rd �Rd
dX
k=1

h@zkc(z; x); �i2 � c(z; x) j�j2 : (61)

Moreover we assume that for every k 2 N there exists a constant pk 2 N and a non
decreasing function �k : R+ ! R+ such that for eachM0 > 0

(

Z
jzj�M0

c�k(z; x)
(z; x)h(z)dz)1=k � (1 + jxj)pk�k(M0): (62)

At the end of the section we give two examples. In the sequel we will use the notation

SM0
(t) :=

X
p�JMt

�M0
(Z

M

p ); SM0
(t) :=

X
p�JMt

�M0
(ZMp )1fUp�
(ZMp ;XM

TMp �
g:

Lemma 16 LetM0 �M � 1 and let �M0
:= fSM0

(t) > 0g: For every q 2 N

(E(
1

jdet�M;tjq
1�M0

))1=q � Cq
�(BM+1)1=2q

�d2dq(M0) (63)

where Cq is a constant which depends on E(sups�t


YMs;t 

�2dq) + E(sups�t ��XM

s

��2dq):
27



Proof. Let

� = inf
j�j=1

h�M;t�; �i = inf
j�j=1

JMtX
p=1

�M (Z
M

p )
dX
k=1

D
Dp;kX

M

t ; �
E2
:

The standard variance of constants method gives

Dp;kX
M;i

t = (YMTMp ;trzc(Z
M

p ; X
M

TMp �))
i;k

so that
dX
k=1

D
Dp;kX

M

t ; �
E2
=

dX
k=1

D
@zkc(Z

M

p ; X
M

TMp �); (Y
M
TMp ;t)

��
E2
� c(Z

M

p ; X
M

TMp �))
���YMTMp ;t�

���2
and consequently

� � inf
s�t



YMs;t 

2 J
M
tX

p=1

�M (Z
M

p )c(Z
M

p ; X
M

TMp �)):

We write now
E((det�M;t)

�q1�M0
) � E(��qd1�M0

)

� Cq(E((

JMtX
p=1

�M (Z
M

p )c(Z
M

p ; X
M

TMp �)))
�2qd1�M0

))1=2:

We recall that �M0
= fSM0

(t) > 0g and SM0
(t) has the same law as SM0

(t) =P
p�JMt

�M0
(ZMp )1fUp�
(ZMp ;XM

TMp �
g: Using the identity of laws the expectation in the last

term is equal to

E((

JMtX
p=1

�M (Z
M
p )c(Z

M
p ; XM

TMp �)1fUp�
(ZMp ;XM
TMp �

g)
�2qd1fSM0

(t)>0g):

We denote p0 = inffp : �M0(Z
M
p )1fUp�
(ZMp ;XM

TMp �
g > 0g: Notice that �M0(Z

M
p ) > 0)
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�M (Z
M
p ) = 1: If SM0

(t) > 0 then p0 � JMt so we may upper bound the above term by

E(

JMtX
k=1

1fp0=kg((c(Z
M
k ; XM

TMk �))
�2dq1BM0

(ZMk )1fUk�
(ZMk ;XM

TM
k

�
)g)

= E(

JMtX
k=1

1fp0=kg
1

C�(BM+1)

Z
jzj�M0

Z 1

0

(c(z;XM
TMk �))

�2dq1fu�
(z;XM

TM
k

�
)gduh(z)dz)

= E(

JMtX
k=1

1fp0=kg
1

C�(BM+1)

Z
jzj�M0


(z;XM
TMk �)h(z)(c(z;X

M
TMk �))

�2dqdz)

� 1

C�(BM+1)
�2qd2dq(M0)E(

JMtX
k=1

1fp0=kg(1 +
���XM

TMk �

���)p2dq )
� 1

C�(BM+1)
�2qd2dq(M0)E((1 + sup

s�t

��XM
s

��)p2dq ) � Cq
�(BM+1)

�2qd2dq(M0):

�
We will now use the results from Section 2.3.1 to give suf�cient conditions in order

that the law of Xt is absolutely continuous with respect to the Lebesgue measure and has
a smooth density. To simplify the notation we assume that c does not depend of x and we
upper bound 
 by C: In the sequel C is a constant which does not depend onM and onM0

and which may change from a line to another. We have Nt(�1BM
) � CJMt so that

(E(jdl(�M )j
p
))1=p � CM:

We identify now the quantities which appear in Section 2.3.1. We have n = M;m = M0

and �n;m = �M0
:Moreover

AM;l = (E(jdl(�M )j
32l
))1=32l(1 + (E(

��XM
t

��64l
l+1
))1=64l) � CM;

BM;M0;l = (E(jdet�M;tj�32l 1�M0
))1=32l � C�d64l(M0):

We also have
"M = E

��Xt �XM
t

�� � C

Z
jzj�M

c(z)h(z)dz:

Hypothesis 3.4We assume that

(z; x) � 
(z) > 0

so that SM0
(t) � Nt(1BM0

� 1[0;
)): It follows that
�M0 = P (�cM0

) = P (SM0(t) = 0) � exp(�t�(M0)) with

�(M0) : =

Z
jzj�M0


(z)h(z)dz:

We compute now

hl(M) := inf
M 0�M

ln "�1M
lnAM;l

� inf
M 0�M

� lnC � ln
R
jzj�M 0 c(z)h(z)dz

lnC + lnM 0
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so that
hl := lim

M
hl(M) = lim

M

1

lnM
ln(

Z
jzj�M

c(z)h(z)dz)�1:

Moreover

�l(M0) = sup
M 0

0�M0

sup
M

lnBM;M0;l

ln ��1M0

� sup
M 0

0�M0

lnC + ln�32l(M
0
0)

t�(M 0
0)

which gives
�l = lim

M0

�l(M0) = lim
M0

1

t�(M 0
0)
ln�32l(M0):

And
ql =

l(hl � 1)
hl + l(1 + 2hl�l)

:

Then Proposition 13 gives:

Proposition 17 We suppose that the hypothesis H.3.0-4. Suppose also that there exists
l 2 N such that ql � d: Then the law of Xt is absolutely continuous with respect to the
Lebesgue measure and the density belongs to Cpl(Rd; R) with pl = [ql � d]:

We discuss now two examples. We suppose that h(z) = 1 and 
 is a strictly positive
constant.
Example 1. (Polynomials). We assume that

c(z) =
a

1 + jzjp ; c(z) =
b

1 + jzjp+1

for some p > d and 0 < b < a: For each � > 0 we have "M =
R
jzj�M c(z)dz �

C�M
�(p�d��) so that

hl � lim
M

(p� d� �) lnM
lnM

= p� d� �:

So hl � p� d:We also have

�k(M0) = C(

Z
jzj�M0

c�k(z)dz)1=k = C(

Z
jzj�M0

(1 + jzj)k(p+1)dz)1=k � CM
p+1+(d�1)=k
0 ;

�(M0) = Md
0 :

It follows that �l = limM0

1
tMd

0
ln�32l(M0) = 0 and

ql =
l(hl � 1)

hl + l(1 + 2hl�l)
=
l(p� d� 1)
p� d+ l ! p� d� 1 as l!1:

Conclusion: If p > 2d+ 1 then we have a density which is of class Cp�2d�1:

Remark 3 Notice that this result is weaker then the corresponding one in [F.2] - there one
obtains a density of class C1 as soon as p > d = 1: Here the regularity of the density
depends on p; so on the decay of c(z) as jzj ! 1: The reason is that using the strategy in
[F.2] do not suppose to approximate Xt by XM

t : he is working directly on the process Xt
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itself. Our technics do not allow to do this. Consequently we have to handle the balance
between the error "M and the divergence operator dl(�M ) which blows up asM !1: This
is why hl appears and this gives our restriction. Roughly speaking, in [F.2] one proves that
as soon as one has some regularity at a random time T0 (in our case the �rst jump which
lies in BM0

� (0; 
), then the �ow given by the stochastic equation transmit "perfectly" this
regularity. In our approach we have to pay dl(�M ) in order to transmit the regularity.

Example 2 (exponential). We assume that c(z) = exp(�c1 jzja) and c(z) =
exp(�c2 jzja) with a 2 (0; 1) and c1; c2 > 0: Then "M � exp(�c01Ma) so that
hl = limM (c

0
1M

a= lnM) = 1: We also have �32l(M0) � CMd
0 exp(c1M

a
0 ) so that

�l = limM0(c1M
a
0 =t
M0): Since a < 1 we have �l = 0: So we obtain

ql =
1

1
l +

1
hl
+ 2�l

= l:

We conclude that the law of Xt has a smooth density.
If a = 1 then �l = limM0(c1M

a
0 =t
M0) = c1=t
 and so

ql =
1

1
l + 2c1=t


!
t


2c1
as l!1:

We conclude that in this case we need to wait that t becomes large in order to have a smooth
density. And if a > 1 then we can do nothing. This is coherent with the results from [F.2].

3.3 The case without blow up

We assume now that
Hypothesis 3.5 Z

Rd

�(z)h(z)dz <1: (64)

As a consequence the divergence operator does no more blow up. We have
E(Nt(�1BM

)p) � E(Nt(�)
p) < 1 so that E(jdl(�M )j

p
) � C < 1 and consequently

AM;l � C;8l;M:We also denote f(z; u) = c(z)1fu�
(z)g and we assume
Hypothesis 3.6.

E(
1

Nt(f)p
) <1; 8p 2 N: (65)

A standard computation (analogues to [B.G.J] section 7.c, pg 97) gives

E(N�p
t (f)) =

2

�(p)

Z 1

0

s2p�1 exp(�t
Z
E

(1� e�s
2f(z;u))h(z)dudz)ds (66)

=
2

�(p)

Z 1

0

s2p�1 exp(� t

C

Z
Rm

(1� e�s
2c(z))
(z)h(z)dz)ds

and this quantity is easier to handle. And it is easy to check that for the coef�cients given in
the previous examples the above quantity is �nite.
We give now the estimate of the covariance matrix under this hypothesis.

Lemma 18 We assume that the hypothesis H.3.i,i=1,...,6 hold true. Then for every � > 0
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and q 2 N
lim
M
E((det(�I + �M;t)

�q) � CE(N�2qd
t (f)): (67)

Proof. We use the notation from Lemma 16. The arguments given there yield

E((det(�I + �M;t)
�q) � CE((� +

JMtX
p=1

�M (Z
M

p )c(Z
M

p )))
�2qd)

= CE((� +

JMtX
p=1

�M (Z
M
p )c(Z

M
p )1fUp�
(ZMp ;XM

TMp
)))

�2qd)

the last equality being a consequence of the identity of laws. Using the fact that 
 � 
 and
passing to the limit we obtain limME((det(�I + �M;t)

�q) � CE((� + Nt(f))
�2qd) �

CE(N�2qd
t (f)): �

Now as an immediate consequence of Theorem 10 we obtain the following result.

Proposition 19 We assume that the hypothesis H.3.i,i=1,...,6 hold true. Then for every
� 2 C1b (Rm; R) and every multi-index � 2 f1; :::; dgl there exists a random variableH� 2
\p2NLp such that

E(@��(Xt)) = E(�(Xt)H�): (68)
As a consequence the law of Xt has a smooth density pt(x; y) (here x is the starting point)
which has the integral representation

pt(x; y) = E(1fXi
t�yigH�)

with � = (1; :::; 1g:

4 References
[B] V. Bally: An elementary introduction to Malliavin calculus. Preprint No 4718,

INRIA February 2003.
[B.B.M] V. Bally, M-P. Bavuzet and M. Messaud: Integration by parts formula for locally

smooth laws and applications to sensitivity computations. Annals of Applied Probability
2007, Vol. 17, No. 1, 33-66.
[Ba.M] M-P. Bavuzet and M. Messaud: Computation of Greeks using Malliavin calculus

in jump type market models. Electronic Journal of Probability, 11/ 276-300, 2006.
[Bi] J.M. Bismut: Calcul des variations stochastiques et processus de sauts. Z. Wahrsch.

Verw. Gebite, No 2, 147-235, 1983.
[B.G.J] K. Bichteler, J.B. Gravereaux and J. Jacod: Malliavin calculus for processes with

jumps. Gordon and Breach, 1987.
[Bou] N. Bouleau: Error calculus for �nance and Pysics, the language of Dirichlet forms.

De Gruyer, 2003.

32



[F.1] N. Fournier: Joumping SDE's: Absolute continuity using monotonicity. SPA, 98
(2), pp 317-330, 2002.
[F.2] N. Fournier: Smoothness of the law of some one-dimensional jumping SDE's with

non constant rate of jump. In preparation.
[F.G] N. Fournier and J.S. Giet: On small particles in coagulation-fragmentation

equations. J. Statist. Phys. 111 (5/6) pp 1299-1329, 2003.
[I.W] N. Ikeda and S. Watanabe: Stochastic Differential Equations and Diffusion

processes. North- Holland, 1989.
[L] R. Léandre: Régularité de processus de sauts dégénérés. Ann. Inst. H. Poincaré,

Proba. Stat., 21, No 2, 125-146, 1985.
[N] D. Nualart: Malliavin calculus and related topics. Springer Verlag, 1995.

Vlad Bally,
Laboratoire Analyse et Mathématiques Appliquées
Université Paris-Est, Marne-La-Vallée
Cité Descartes 5, bd Descartes, Champs sur Marne
77454 MARNE LA VALLEE, CEDEX 2, France
bally@univ-mlv.fr

33


