THE ROYAL I N ST I T U T Auravigen 17, SE-182 60 Djursholm, Sweden
SWEDISH Tel. +46 8 622 05 60 Fax. +46 8 622 05 89
ACAISD(];:IJ:EAIE{JC(Eg : M I TTAG = L E F F L E R info@mittag-leffler.se www.mittag-leffler.se

Integration by parts formula for locally
smooth laws and applications to equations
with jumps I

V. Bally

REPORT No. 14, 2007/2008, fall

ISSN 1103-467X
ISRN IML-R- -14-07/08- -SE+fall



Integration by parts formula for localy smooth laws
and applications to equations with jumps I.

Vlad Bally
26.11.2007

Abstract

We establish the analogues of the integration by parts formula from Malliavin calculus in an
abstract framework and we use it in order to study the regularity of the law of the solution of
stochastic differential equations with jumps. The specific point is that the coefficients of
these equations have a discontinuity and so the Malliavin calculus for jump type processes
developed by Bismut and then by Bichteler, Gravereux and Jacod do not apply in this
framework.
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1 Introduction

In the first part of the paper we establish the analogues of the integration by parts
formula which appears in Malliavin calculus in an abstract framework (we follow the ideas
in [B],[B.B.M] and [Ba.M]). More precisely we consider a sequence of random variables
(Vi)ien and a o algebra G. Our calculus is based on the variables V;, i € N and G represents
the noise which is not involved in the calculus - we work with conditional expectations with
respect to G. We also consider a G measurable random variable J with values in IV and we
work with "simple functionals" F' = f(V4, ..., V) and "simple processes" U = (U;).<,
with U; = u;(V1, ..., V). Here f and u; are smooth functions. The example which we have
in mind is the following: we consider a composed Poisson process and V; is the amplitude
of the ¢'th jump, G = o(T;,% € N} where T; is the time when the 'th jump occurs, and
J = card{i : T; < t}. But other examples may be interesting as well.

Our basic hypothesis is that, conditionally to G, the law of the vector (V1, ..., V)
is absolutely continuous with respect to the Lebesgue measure and has a density
pJ(w,v1, ..., V1)) Roughly speaking we would like to ask that p; is smooth and then
to settle a differential calculus based on this property. But this is too restrictive and lives
out interesting examples. So we just assume that p is locally smooth: we consider some
smooth functions m; ; = m; j(v1,...,v7) and we assume that v; — pj(w,v1, ..., V) 18
smooth on {m; ; > 0} only. The functions f which appear in the representation of the
simple functionals are also supposed to be only locally smooth in this senses. And for a



simple functional F' = f(V4, ..., V) we define the Malliavin derivative to be the gradient
localized on {7; ; > 0}, thatis D;F' = 1y, ;~0y0u, f(V1,..., V). Then DF = (D;F);<;
is a simple process. Moreover for two simple processes U, V we define the weighted scalar
product (U, V) = Zle m;,7U;Vi. Then, using the representation with the density p; and
the usual integration by parts on R, we obtain the duality formula

Eg((DF,U),) = Eg(F5(U)) ()

with 5(U) = — Z;‘Izl (D,’(Uiﬁi7j) + Uiﬂ'i,Jﬁi) where p; = 1{7”7]>0}an In ps. Once this
formula is established the standard strategy in the Malliavin calculus permits to prove the
integration by parts formula

Eg(0:6(F)G) = Eg(¢(F)é((Go ' DF)")) @
where o it the Malliaivn covariance matrix associated to F' = (F7, ..., F;y). And moreover,
one may iterate this formula.

If V;,i € N are increments of the Brownian motion and .J is constant, then p; is the
Gaussian density and we find out the standard Malliavin calculus for simple functionals. But
the important fact about Malliavin calculus is that it is an infinite dimensional calculus which
permits to deal with functionals which do not depend on the increments of the Brownian
motion only but on the whole path - as diffusion processes for example. In order to do it one
extends the derivative D in the following way: one approximates (in L? sense) a functional
F by a sequence of simple functionals F,,,n € N and defines DF = lim,, DF,,, in L?.

In a similar way one extends the Skorohod integral 6. Once we have a differential calculus
for general functionals we use it in order to establish the integration by parts formula (2).
Let us mention that N. Bouleau propose in [Bou] a similar approach in an general abstract
framework, using the theory of Dirichlet forms.

The approach in this paper is different. We consider some functionals F' = (F!, ..., F?)
and G and we assume that there exists a sequence of simple functionals F;, and G,,,n € N,
such that (F},, G,,) — (F, Q) in law. Our aim is not to develop a differential calculus for
F, G but to establish an integration by parts formula analogues to (2). In order to do it we
use the finite dimensional calculus in order to obtain E(9;¢(F,,)G,,) = E(¢(F,)H!) with
H, = 5(Gn0}jDFn). Suppose now that we are able to prove that sup,, E(|H,|) < co.
Then we may find H such that (F),, G, H,) — (F,G, H) in law and passing to the limit
we obtain F(9;¢(F)G) = E(¢(F)H;). As a consequence, the law of F' is absolutely
continuous with respect to the Lebesgue measure and has a smooth density. This is the
kind of result that we obtain. Of course we loose a lot of things: since we do not define
differential operators for ' and G we are no more able to emphasize the structure of the
weight H. And all the applications of Malliavin calculus to the analysis on the Wiener
space are out of this framework. But the rather weak hypothesis that we need permit to
treat problems which seem to be out of rich if one remains inside the framework of the
strong L? approximation. In particular we are able to deal with equations with discontinuous
coefficients - we give in a moment a significant example. Notice that in our example the L?
norm of the divergence operator associated to F;, blow up as n — oo. So it is clear that in
this case we are not able to define the divergence operator for F in L? sense.

Let us mention that in our example even the condition sup,, E(|H,,|) < oo is too strong:
one has F(|H,|) ~ n — oo. In this case we are no more able to establish an integration
by parts formula for ' and we focus on a weaker result: we just prove that the law of F' is



absolutely continuous with respect to the Lebesgue measure and has a smooth density. This
is true if [ €17 |Pr(€)| dé < oo for every k € N, with pp(€) the Fourier transform of F. In
order to estimate the above integral we notice that pr, (€) = £ " E(dF exp(—i (¢, F,))) and
we write

PP < |Pr(©) — Br. () + |17 | E@L exp(—i (€, Fa)))|
< Je en €17 [E(exp(=i € Fa) Ha)| < [E]' en + (67" B |H|
where ¢, = |E(F) — E(F,,)|. The important point is that the above inequality holds true
for every n € N. If we have a good balance between ¢,, | 0 and E |H"| T oo then we are
able to find n = n(€) such that the above quantity is bounded by C' |¢ |_(d+1)
done. This idea is inspired from [F.2].
Let us now present our main example. We consider the equation

thx—l-/ / / c(z,XS,)l{u<W(z’Xsf)}dN(s,z,u)+/ 9(Xs)ds  (3)
0 m Jo 0

where dN is a Poisson point measure with intensity dN (s, z,u) = ds x h(z)dz X
1(0,00) (u)du. We assume that c,, g are smooth and bounded functions and [c(z, z)| < ¢(2)
with [ ¢(z)h(z)dz < co. So the integral with respect to dV is a Stildger integral. This
equation is discussed in [F.1],[F.G],[F.2] and is motivated by models appearing in physics
(see the above papers for references). N. Fournier gives sufficient conditions in order that
the law of X, is absolutely continuous with respect to the Lebesgue measure and in [F.2] he
proves that, if X is one dimensional, the density of the law is smooth. His arguments are
comleatly different from the ones in this paper.

Our aim is to use the calculus presented above in order to study the density of the law of
Xt. So the first step is to truncate the measure dV in order to obtain a discrete approximation
for X;. Let Byy = {2z : |2| < M} and dNpy = 1p,,(2)dN. Since dN); has finite mass,
we may represent it by means a compound Poisson process: we consider some independent
random variables Zy, Uy with Z ~ cplp,, (2)h(2)dz and Uy, ~ ¢y 1p0,0,,1(2)du
and we denote by T} the jump times of a Poisson process JM of intensity \»; (here
e, Chy, Car, Aar are some constants). Then we define

XM = ot 3 e Z XE ) 0000 (1(Z XI_)) + / o(XMyds (@)
kéJ}VI

and we are

and we prove that X} — X;. Notice that X/ is a simple functional of Z;, k € N. So we
make a calculus based on the amplitudes of the jumps and this is in the line given in [Bi],[L]
and [B.G.J]. But X}¥ is not a smooth functional in the sense defined in [B.G.J] because the
coefficients of the equation are discontinuous. So their approach fails in this framework. In
order to avoid this difficulty we use an alternative representation. We consider the solution
of the equation

X =et Y c(Zk,Y%,H/ g(XM)ds (5)
0

where the law of Z}, is given by

P(Zy € 2| Yé\i_ =1x) =0(x)d(dz) + carlp,, (2)v(x, 2)h(z)dz



with a ¢ Bjs. We prove that Yﬁw has the same law as X! so we look now to the equation
(5) which has smooth coefficients. But now the basic random variables Z;, are no more
independent on one hand and have only locally smooth density on the other hand. So we
transfer the singularity of the coefficients to the law. And we use the calculus presented in
the beginning for Yiv !

Generally the difficulty which appears when using Malliavin calculus for some specific
functional is to estimate the inverse of the Malliavin covariance matrix - this is the
quantity which may blow up and which we have to control. But in our framework the

divergence operator § (Y?/[ ) may also blow up as M — oo. More precisely, we assume
—M._|P

that |y(z,z)| < 7(z) and we prove that F ‘J(Xiw)’ <C [, T(2)dz 1 C [pa7(2)dz. If

the above integral is finite there is no blow up and we are able to establish the integration

by parts formula for X;. But if [ pa 7(2)dz = oo then we have a blow up and we are no

more able to do it - we just use the Fourier transform approach presented bellow in order to

prove that the law of X; has a smooth density. In interesting examples (see [F.2]) v does not
depend on z and so we are in the second situation. Roughly speaking the reason for which

) (Yi\ 1) blows up is the following. When one perturbs Z, the whole trajectory after T}, will
be perturbed. And since the law of Z,,, p > k depend on Y%f, the density of the law will

be perturbed. So § (Yf [) contains in some way the memory of the perturbations. In the case
of independent random variables such a phenomenon does not appear.

Acknowledgement: Part of this work has been done during a visit to the Institut
Mittag-Leffler (Djursholm, Sweden)

2 Malliavin calculus for simple functionals

We consider a probability space (€2, F, P), a sub c—algebra G C F and a sequence of
random variables V;,,¢ € N. The calculus will be based on the variables V;,7 € N and
the o —algebra G represent the noise which is not involved in the calculus. We will take
conditional expectations with respect to G so the random variables which are G measurable
behave as constants. We denote by Eg the conditional expectation with respect to G that is
Eg(®) = E(® | G). We consider a G—measurable random variable J :  — N and we
assume that for every p € N we have E(J?) 4+ E((E;’Z1 V2)P) < oo. We will work with
functions f; : Q x RN — R of the form

f‘](wv ’U) = Z fm(w; Ulyeeey Um)]-{J(w):m}
=1

where fp, : Q@ X R™ — R are G x B(R™)—measurable functions. Since we will work with
the conditional expectation with respect to G, J appear as a constant. Put it otherwise, we
may work on each set {J(w) = m} separately and then put everything together. So the
calculus presented in the sequel is a finite dimensional calculus.

Consider a random variable C' € N,en L™ (€2, G, P) and p € N. We denote by M¢ ), the

class of the functions f; which satisfy | £, (w, v)| < C(w)(1 + (37« v?)P). Moreover, we

i=1

say that an arbitrary family (f7)er belongs to M (and we denote (f]),er € M) if there



exists C' € NpenL"™(2, G, P) and p € N such that f] € M, for every v € T (notice that
we have the same C' and p for every 7). In the sequel we use the notation f; € M for a
single f as well.

For each ¢ € N we consider a function 7; ; € M that is

Wi,J(w7 v) = Z 7Tz',m(UJ, ULy -eey Um)l{J(w):m}-
=1

Hypothesis 1.0 We assume that 0 < 7; ,,, < 1 and each 7; ,, is of class C;°(R™, R)
(infinitely differentiable with bounded derivatives) with respect to (vy, ..., vy, ). We also
assume that there exists a G—measurable random variable M, (w) such that 7; j(w,v) =0
for |v;| > M;(w) (this just means that 7; ;(w, v) has compact support with respect to v;, but
the support may depend on w).

These functions are the weights that we will use in our calculus. The reason of being
of this wights is that the differential calculus with respect to V; will be localized on the set
{m;,7 > 0}. In concrete examples we ask to the functionals at hand to be locally smooth and
then we choose 7; 7 in order to localize on the set where they are differentiable.

We define by recurrence the spaces C¥ € M,k € N in the following way. C} is the
space of the functions f; € M such that for each i € N, v; — f;(w, (v1,...,v5)))
is one time differentiable on the set {m; ; > 0}. Let us be more precise. For each
w the function 7; j(w, o) is continuos. Then, for each ¢ € N and for each fixed
v, J # i, the set {v @ m; (W, v1,...,Vi—1,,Viq1, ..., V()) > 0} is an open set. And
v; — fi(w, (v1,...,v(y))) is one time differentiable on this set. We denote

- 0
OF f1(w, (v1,.., V() = %fJ(W, (V155 V1) Vs s (w,01,.0005) >0} -

Notice that we do not ask that v; — f; is differentiable on the whole R but only on the
section ¢ of the set {m; ; > 0}. And we define 97 f; to be zero outside this set. This
localization procedure is crucial in the sequel, and this is the reason of being of the weights
;7. We also assume that (O] fj)ien € M.

Notice that we have the chain rule: for each ¢ € C*(R%, R) and f; = (f1,..., f}) €
(C1)4 we have

d
o o(fr) = 3 (SO 1,
k=1

Suppose now that C¥ is defined. For a multi-index o = (a1, ..., ;) € NV we denote
|a| = k and we define recursively 0% = 97, ...07 . Then we define CE*! to be the space of
the functions f; € CF such that for every multi-index @ = (ay, ..., ) € N we have
a7 fr € CL. We also assume that (9% f.7)|a|<k+1 € M. Finally we define C3° = NienC}.
Our basic hypothesis is that conditionally to G, (V1, ..., V) has an absolutely continuous
law and the density is locally smooth. Let us be more precise.
Hypothesis 1.1 We assume that there exists a function p; € M such that for every
bounded f; € M one has

Eg(fs(w,V)) = Eg(/RJ fr xpj(w,v1,...,v5)dvoy, ..., v5).



Moreover we assume that Inp; € C2° and we denote

T)i,J = 8;7 lnpj(w, V) = %(w, Vi, ..., VJ)l{m“]>O}(V1, ey VJ)

Simple functionals. A random variable F' is called a simple functional if there exists
f7 € C° such that F = f;(w, V). We denote by S the space of the simple functionals.
Notice that S is an algebra.

Simple processes. A simple process is sequence of random variables U = (U;);cn such
that for each ¢ € N, U; = u;, j(w, V) with (u; )ien € M. We denote by P the space of
the simple processes and we define the scalar product

J
(U V), =Y mUiVi
i=1

and we notice that (U,V) € S.
We define now the differential operators which appear in Malliavin’s calculus.
O The Malliavin derivative D : S — P : if F' = f;(w, V) then

D;F =0 f(w,V), DF :=(D;F)ien €P.
For F' = (F1,..., F%) € 8% the Malliavin covariance matrix is defined by
J
o"/(F) = (DF',DF’) = ZﬂkJDkFkaFj.
k=1

More generally we consider d simple processes §; = (53)16 ~N,J =1,...,d and we define

J
agj(F) = (DF',¢;) = ZﬁkJDkFi x &5
k=1

If we take §f = Dy FJ we obtain the standard Malliavin covariance matrix. We may interpret
&1, ..., &4 as directions in which the derivatives are taken. We denote

Ae(F) ={detoe(F) #0} and 7. (F)(w) = 0¢(F)(w),w € Ae(F).
O The Skorohod integral Let U = (U;)ien € P with U; = u; j(w,V) € S. We define

0:P— Shby
6;(U) = =—=(0] (mi,guig) + miguigP; ) (W, V),
J J
SU) = > 6:U) == (0F (miyuis) + i sui sBi 1), V).
i=1 =1

In our framework the duality between § and D is given by the following lemma.

Proposition 1  We assume that Hypothesis 1 holds true. Then for every F' € S and U € P
Eg((DF,U),) = Eg(F5(U)). (6)



Proof. Using the hypothesis Hypothesis 1.1
Eg(D;F x (Uim; g)) = Eg(/(avif.l X Ui g X i 7 X py)(W,v1, ., v)dvr...dvy).

We use integration by parts with respect to v;. Since m; ; has compact support with respect
to v;, there will be no border terms. We obtain

_Eg(/ S X (O, (wi,gms, 7)pg + (Wi g7i,5)00,05) (W, V1, ..., vy )dvy...dv y)
Ni g

O,
—Eg(/ fJ X (61,1 (uiJm,J) + (ui,Jﬁi,J)ﬂ)pJ(w,Ul, ...,’UJ)dUl...dUJ)
Ai g

bJ
—  Eg(Fs,(U)).
We sum over 7 < .J and we obtain our formula. [J
We have the following strighforward computation rules.

Lemma?2 Let ¢ : R? — R be a smooth function and F = (F!,....F%) € S°. Then
¢(F) € Sand

d
DG(F) =Y ow¢(F)DF*. (7)
IfFeSandU € P then =
§(FU) = F§(U) — (DF,U)_. 8)

The proof of the first equality is just the chain rule and the proof of the second one is
obtained using the duality formula as in the standard Malliavin calculus.
The main result in this section is the following.

Theorem 3  We assume that Hypothesis 1 holds true. Let F = (F' .., F%) € S% and
G € Sand ¢ € P We suppose that there exists d simple processes ;.7 =1,...,d and there
exists a set A € G such that for every w € A the matrix o¢(F)(w) is invertible. We denote
Ye(F) = agl(F). We take A € G, A C A¢(F) such that

E(|dety¢(F)|"14) <0 V¥p € N. ©)

Let ¢ : R* — R be a smooth function which is bounded and has bounded derivatives. Then,
foreveryi=1,...,d, one has

Eg(8i¢(F)G)1a = Eg(¢(F)H(F,G))1a (10)
with
d d
H{(F.G) = 3" (G (F)E) = S (G (FI(E,) - (. DGE(FIG)) ).



Proof. Using the chain rule
J

> wraDrd(F) x &
r=1

(DO(F),¢;),,

J d

d
30> E) D = S (Pl (F)

r=11:=1 i=1
so that 9;p(F) = .0, (DG(F),&;)_~L'(F). Since F € 8% it follows that
¢(F) € S. Since F € S% and ¢ € P it follows that o/ (F) € S. Moreover, since

det v (F)1a € NpenL? it follows that v (F)15 € S. So GyL'(F)¢;14 € P and we may
use the duality formula:

™

d
Bg(0:0(F)G)1a = 3 Bg((Do(F), Gri'(F)E;) )i

d
= D BEo(d(F)S(Gy{ (F)¢;)1a.
j=1
O
2.1 Iterated integration by parts formula

We will iterate the integration by parts formula from the previous section. We consider a
d—dimensional process £ = (£, ...,&;) with&; = (£))pen € P and we define D, : S — S
by

J
D¢, F = Zﬂ'p,JngpF = <§i’DF>7T'
For a multi-index o = (a1, ..., ) Pgh’ ...,d}" we denote |&| = r and we define
D¢F = Dg, ..Dg, F. (12)
It is easy to check that
D¢(FxG)= Y DIFxD{G (13)

BUB'=a
with 3 and 3" disjoint. Since the chain rule is in force for Dg,, for any function
¢ € CY(R™ R)andany F = (F',..., F™) € S™ we have
la| T
By 1.
DEs(F)=3 >, >, eO][DIF (14)
r=1|y|=r ;U...UB, =« Jj=1

where 5 g —, is the sum over all the partitions of length 7 of cvand y € {1,...,m}".
We introduce the following norms. For F' € S we define

Fl, = Y |DgF|. (15)
0<]a|<i
Here we use the convention D¢'F' = F if [a| = 0. Moreover, for F' = (F',..,F™) e 8™,



m € N we define

|F|, =Y _|FY,. (16)
i=1
As a consequence of (13) we have
[P x G|, < |F|, x |G|, 7

and, as a consequence of (14), for any function ¢ € C'(R™*! R), any F = (F*,...,F™) €
S™ and any p € N we have

(Vs Fiy vy F)|, < max [0%6(Vp, Fi, ooy Fr)| x (14 |F}) (18)

~ 0<|al<t

with the convention 0%¢ = ¢ if |a| = 0.

Lemmad LetF € S%¢ePland A€ GAC Ae(F). Forwe A

+1

7g(p)‘l < Ddi(d — D!FZT (1V det e (F))' (19)

Proof. We write ’yz’j (F) = (det oe(F))~t x E?(F) where ﬁzj(F) is the algebraic
complement. Notice that ‘ngF’l < |F|;4, so, using (17) we obtain
i|d ~ (ij d—
detoe(F)|, < d!F|.,, . [Ge(PF)|, < (d—D!FPI
We use now (18) with ¢(z) = 271, m = 1 and G = det o(F). for every k < [ we have
‘(;S(k)(x)‘ < U1V |z|™") so we obtain
|(detoe(F)™, < NV |detoe(F)| ") |det o (F)], < Ud!(1 V |[det oe(F)| ") [FIf,, -

Since

fy?(F)‘[ < |(det o (F)) 7Y, % Eéj(F) ; (19) is proved. OJ
Let us introduce some more notation. We define

d
di(§) = 1\/Z|5(§i)|1—1- (20)
i=1

In the previous section we have defined the random variables H, E(F, G),i =1,...,d which
come on in the integration by parts formula. In order to iterate the integration by parts
formula we define recursively H{(F,G) = H, E(F ,G) and

H (7, G) = BV (FH{™ (F, Q). Q1)

Lemma5 LetGeS FeS%¢ePland A€ GAC Ae(F). Forw € A we have

i) |HIF,G),_, < 3xUd)?|G], x di(&) x |F[24T (1 [detve(F)]'), (22)
i) |HP(F,G)| < (3x1(d)?) |Gy x (di(€)! x [FILCT (1V [detye(F)]).



Proof. Recall that
d
H{(F,G) = ze i — De 4 (F))+ Y +"(F)D

Then using (17) and (19) we obtam i). And i1) follows by recurrence. OJ
Finally for F' € S we define the norms

I1Fllg, .o = (Bg |F")V? and  |[Flig 10 = (Eg |FI])Y?. (23)

Proposition 6  We assume that Hypothesis 1 holds true. Let G € S, F € S%,¢ € P% and
A € G A C Ae(F). We suppose that

E(((det v (F)1a)" + di(§)7)) <o Vpe N. (24)

Then for every multi-index o = (a1, ..., ;) € {1, ...,d}!, and every ¢ € CL(R?, R)
Eg(0%¢(F)G)1x = Eg(¢(F)H*(F, G))14. (25)
Eg(|HP(F,G))1a < Crala |Gl psu X IIFI5 4 ponza (26)

X ldi(€)llg o x (1V [|det v ()7 oar)
with Cp.q = (3 x 11(d!)?)".

Proof. We proceed by recurrence on [. For [ = 1 this is just the integration by parts
formula (10). Suppose now that the formula is true for / — 1 and let prove it for /. We denote
¢ = 0%...0%-1¢ and we use (10) in order to obtain

Eg(0“¢(F)G)1x = Eg(0™¢(F)G)1x = Eg(o(F)H{! (F, G))1a
= Eg(aal...aal’l(b(F)G/)lA

with G’ = H¢'(F, G). By (22), i) and (??) we have E(|G’ P )<oo,¥VpeNsoG €8.
So we may use the recurrence hypothesis in order to conclude. In order to prove (26) we just
use (22) and Holder’s inequality. [J

2.2 A Markov chain model

We consider the following model. We give a sequence of random variables 0 = Ty < 11 <
.. < T, < ...and we denote J; = card{k : T, < t} and G = o(T, k € N}. Moreover
we consider two functions ¢ € C®°(R™ x R%; R?) and g € C*°(R%; R?) and we make the

following assumption.

A.2.1. The functions c and g are bounded and, for every L € N, their derivatives up
to order L are bonded by a constant C'1,. There exists a bounded and measurable function
¢: R™ — R such that if f = c or one of its derivatives with respectto z € R™ or z € R?
of order less or equal to L, then |f(z,z)| < ¢(z) < C7.

Moreover we consider a sequence of m—dimensional random variables Z,,,p € N,
which are independent of 7},,p € N, and we define the d—dimensional process X; as the

10



solution of the equation

t
Xi=o+ Z (Zy X, ) + [ gX s @)
0
Let us denote by ¥y (z) the solutlon of the deterministic equation ¥;(z) = = +
fo ))ds. Then X is explicitly given by
XTp = \I]Tp*Tp—l(XTp—J C(va\Iijpr—1(XTp—1))v
Xy = \I/t—Tp (XTp)7 Tp <t< Tp+1.

Our aim is to use the calculus presented in the previous section for F' = X; which is
considered as a functional of Z,, = (Z;7 -, Zy"),p € N. So, with the notation from the
previous section the basic random variables are now V,, ; = ZZN peN,s=1,....,m. The o
algebra of the noise which do not come on in the calculus is G = (T}, p € N). We consider
a function ¢ € Cy°(R™, R) and we assume that ¢ and its derivatives of order less or equal
to L are bounded by ¢, and so by C',. We will use the weights

Tpi(w, 21, .., 27,) == d(2p), (p,i) € N x{1,...,m}.
The Malliavin derivatives of a functional F' = f(w, Z1, ..., Z;,) are
Dp’iF = (Zréf(w, Zh vy ZJt) = 1{¢(Zp)>0}8z;;f(w, Zl, ceey ZJt).

We have to precise the law of Z,,p € N. In order to do it we give a measurable function
q: R™ x R* — R, and we make the following assumption.
A.2.2. The function © — Ingq(z,z) is of class C* and for each z, the function
z — Ing(z,x) is of class C™ on the set {z : ¢(z) > 0}. And there exists some measurable
function g such that, if f is In ¢ or one of its derivatives up to order L, then | f(z, z)| < ().
Notice that for each k € N, (21,...,2-1) — Xr,_,(21,..., 2k—1) is smooth, so
that (z1, ..., 2x) — Ing(zk, Y7, —1,_, (X7, _, (21, .-, 2Z—1))) is smooth with respect to
(21, ..., z—1) on the whole space and is smooth with respect to zj on the set {¢(z5) > 0}.
We conclude that it belongs to C2° (see the definition in the previous section).
We assume that the law of Z,, is given by

E(Z,edz|GVo(Zy,...Zp 1)) =q(2,Y7, -1, (X1, ,))d=.

Then the law of of the vector (71, ...., Z;,) conditionally to G is absolutely continuous with
respect to the Lebesgue measure and has the density
Jt
p(zly ceey ZJt) = H q(zpv \IJTP—Tp,l (XTp71 ))a
p=1

where X7, = X7, (21, ..., 2p—1). The logarithmic derivatives of p are given by

Ji
iz, 20) 0 =0 p(z1, . 2,) = 0 nq(z, U, -1, (X7, ,))(28)
p=k
Je d )
= ak,i(zk’XTk—1)+ Z Z@)J(ZP?XTpfl)az};X%p,l
p=k+1j=1

11



with
ak,i(zax) = 8zi In q(Z, \I/Tk*Tk—l(x))7 Ejp,j(zvx) = a:vj lnq(Z, \I/Tprp_l(x))' (29)

Since [0, ¥, —1,_, (z)| < exp(tCL), we have |G, (2, x)| < dexp(tC)q(z). And a
similar inequality holds true for the derivatives of g, ;.

We will employ the directions &; = (D X})p<J, j=1,..m,% = 1,...,d (as in the
standard Malliavin calculus). Our aim in this section is to estimate | X¢|, and [§(&;)]; (see
(15) for the definition of |,|;). But we do not discuss the non-degeneracy problem in this
general framework (in the next section we will do it for two specific examples). We denote

J Jt

e(0) : =][(+de(Z,)), Ni(e)=) e2,) and
p=1 p=1
Q = Q@) =" e (@) (14t + Ni(c)).

For p1,....,pr € {1,...,Ji} we denote (p)x = (p1, ..., px)- Notice that p;,¢s = 1,....k
are not distinct, so k¥’ := card{pi,...,pr} < k, and we may have k' < k. We denote
by pj < ph < ... < pj}, the distinct values which appear in {p1, ..., pr }. So we have
{p1, s ok} = {P}, .., P} }- Finally, for a multi-index o = (a1, ..., ax } € {1,...,m}* we
denote

azl',& _qm T

== aq e ap
Pk Zpy Zpy,

where 8:% = 1{7rp,j>0}8z%.

Lemma 7  Suppose that A.2.1 holds true. Then for each k € N there exists a constant
C' which depends on k,d and on Cy, such that for every p1,...,pr € {1,...,J¢} and o =
(a1, .yag} € {1,...,m}*

e Xt‘ < CQUVEZy). 22y ). (30)

pk’

Proof. We proceed by recurrence on k. For k = 1 we write

J d
x| < 0ad (2 X )+ YD Y

p=p1+1i=1

d t
+> / |0, 97 (X,))0m XY ds.
=1 TP]

Oy (Zp, Xy, )05, X1

We denote U; = ijl

¢ and the derivatives of g are bounded by C in order to obtain

8;171')({ ’ and we use the fact that the derivatives of c are bounded by

Jt t
Up < de(Zy,) +d Y z(zp)UTp_+d61/ Usds.
p=p1+1 Ty

12



Using a slight variant of Gronwall’s lemma we obtain
Jt
Uy <de(Zy) [] (1+de(2,)e"0 ) < Ce(Z,,) x Q.
p=p1+1
Here and in the sequel C' is a constant which satisfies the conditions in the statement of our
lemma and may change from a line to another. So our lemma is proved for £ = 1. Suppose
now that the inequality holds true up to £ — 1 and let us prove it for k. In order to fix the
notation we suppose that p), = p, > p;,i = 1, ..., k and we write

A .
Ty Xe =D a(za’)kC(Zp,XTr)Jr/T g 9(X)ds.
P=Pk Pk

We have to estimate 86};1 c(Zp, X1,-). In order to do it we introduce the following notation.
ForT' C {1,...,k} we denote ar = (a;,% € T') and pr = (p;,% € I'). Suppose first that
p = pg. Notice that XTl”k _ does not depend on Z, . Then 8(7;’)0; c(Zp,,, XTpk _) is a sum of
terms of the form

(0207¢)(Zpys Xy, —)Opr, " Xgh _ X X O Xy
Here T'y, ..., T, are disjoint sub-sets of {1, ..., k} such that pr, do not contain p; and
Ul_ipr, = {p1, -0k} \ {pr} = {P, -, P}, _1 }- So they concern all the derivatives with
respect to zg with p # pg. We denote k; = card(T;). Since k; < k (because I'; do not
contain py ) we may use the recurrence hypothesis and we obtain

T, 3 s c
@waﬁVWSCQ““)d&mmlmd@wwﬂ'

Notice that if we consider all the distinct values which appear in each pr,,l = 1,...,r
then we obtain all the distinct values in {p1, ..., pr} except for p;. But we also have

‘(aga;c)(zpk X1, ,)’ < %(Z,, ). So we obtain

e 7 T, i ™ 2_ _
|(07026)(Zp, X, )OS X7 % x O Xy | < CQER D (). 2(p}).

Since Y ,_, ki < kwehave Y, (ki + 1)? < (k + 1)2 — 1 (for 7 = 2 this inequality
amounts to 2k1k2 > 2 and for 7 > 2 one proves the inequality by recurrence). So finally we
have proved that

T, 2- el el
Ay c(Zpys X, )| < CQUTD "e(ph)....2(pf,)-

Suppose now that p > pj. Then no derivatives of ¢ with respect to z will appear, so all the
derivatives will concern X, . It follows that 8(7;0’;; c(Zp, X1,-) is a sum of terms of the
form
(07¢)(Zps X1, )i P X7 X X Op T X
Now T'y, ..., T, is a partition of the whole {1, ..., k}.
There are two cases. Suppose first that » > 2 so that we are able to use the recurrence
hypothesis. The same argument as above gives

e i T,QT,. yi _ 29 _
(02e)(Zy, X, )" XiE_ oo x DT XTIP_‘ < UZ,) x CQUEHL IE(p)... 2(wl).

The supplementary term ¢(Z,,) appears because ’(8§c)(Zp,XTp,)} < ¢(Z,) and
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p & {p1, .. i}
Suppose now that » = 1. The corresponding term is upper bounded by

d
AZp) )

=1

871’0&

(P)k p_‘ '

So we have proved that for p > py

a”xgpp_‘).

Pk

d
O e(Zy, X, )| < 2 2,)(CQUT 22, .t(Zyy) + 3
i=1

Similar estimates hold for 8( 1.9(Xs). We denote U, = Zle 6&’)0; X} | and we conclude
that
Ji
U < OQUIVTNE(Zy).2(Zy) 1 Y] wZ,) + (E-T5,))
p=pr+1
+ Z 2Ur,— +C / Usds.

p=pr+1
And using Gronwall’s lemma we obtain

Ug < CQ(’““)Z‘IE(ZPS)""E(Zp;)(l+t+Nt(E))et(E)eCt
< CQWVE(Zy)...e(Zy,).

Corollary 8 Suppose that A.2.1 holds true. Then for each k € N there exists a constant
Cx which depends on k,d and on CY, such that for every multi-index o = (ay, ..., ) €
{1,...,d}" and everyp € N,i,j = 1,...,m, we have

. o i 2
i) DXy < CRXMT (31)
i) |DEOTIX,| + |DEOriOrIX,| < Ope(Z,) QU

Proof. Recall that we employ the directions &; = (Dp j X} )pen,j=1,...m:% = 1, ..., d.
And 7, ; and its derivatives are bounded by ¢. Let @ = (a1, ..., o). A straightforward
computation gives

pxj<c ¥ Y 2 ¢ H

P1ye- P <Jp r=1T7,...,T
Here v; € {1,...,d} and I'; are subsets of {1,....k} such that U7_,I'; = {1,...,k} and
Z;:o card(T'j) < k+ 1. The term ¢(Z,, )...¢(Z),, ) appears because 7, = ¢(Z,) and ¢ and
their derivatives are upper bounded by ¢. Using (30) we obtain
. 2 2 2
DX} < Q" N &2yt Zy) < CQUT (14 Ny(e)k < Q)

Py PR SJt

war

x |omere x|
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In order to prove i) we use the same argument:
r—1

peopix] < ¢ Yy Y. #p)-#(Zp) TT |00, X7 | x |05 9713
P1yeepe<Jy 7=1T9,...,T" j=1
< ot M z(z,,i)....e(zp;)xz(zp)
D1y PR STt
< O (14 Ny(@)* x e(Z,).

In all the above computations we have used the trivial inequality [¢(Z,)|" < C' x &(Z,). O

Corollary 9 Suppose that A.2.1 and A.2.2 hold true. Then for eachl € N there exists a
constant Cy; which depends on 1, d and on C} such that for every i =1, ..., d, we have

16(¢,)], < CIQYHY’ (1 4+ Ny(7)). (32)

Proof. Recall that

ZZ ijf )+ €0 XDp.j) = ZZ ija Xt)—HTpJ@ thppj)

p=1j=1 p=1j=1
with

D= ak,i(zlﬁ XTk—l) + Z Z (Ajpyj (ZP’ XTp*l )az}C X’g},,l
p=k+1j=1
and gy ;, Gp,; defined in (29). Using (31) 4¢) it follows that

10(&)l, < ZZ‘ 5 (5O ) + | mp, 0% Xo| % 15,
p=1j=1
, Ji m
< Y ZZ(é(Zzﬂ +c(Zp) x ’pp,j’z)
p=1j=1
Moreover
’pp,j|z < |ZZ\PJ‘(ZP’ —1 |l Z Z U5 (Zp' ’XT’ 1) %p’ﬂ L
p'=p+1j'=1

By our hypothesis A.2.2 G, ,, ; (2, 2), Gy ;7 (x, ) and their derivatives are upper bounded by
q(z). Then using (18) and (31) we obtain

~ _ l 3
|qP7j(ZI)aXTp—)|l < Q(ZP)(l + |XTp_|l) < ClQ(l+2) s and

’ZJ;,J,(ZP,,XTP,,I) ;S

_ l _
< AWZy)(1+|Xr,—|}) < Cia(Z,)QHH?",

And we have |9,: X3 s QU2 This gives
p p'—
3 Jt
Pl < G+ 3 a(Zy)
p'=p+1
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and we conclude that
Ji
56, < QA N1+ Y a(Zy)). (33)
p'=1
O

2.3 Passage to the limit

In this section we give a framework which permits to obtain an integration by parts formula
in infinite dimension. The example that we have in mind (and which will be discussed in the
following sections) concerns jump type diffusions with an infinity of jumps. We consider a
sequence of probability spaces (2., Fn, Pn),n € N and for each n we consider a random
vector V™ = (V*),en, a o—algebra G,, C F,, and a G,, measurable random variable .J,,. We
take some weights 77,7 € N which verify the Hypothesis 1.0 and we assume that for each
n € N the Hypothesis 1.1 hold true for the vector V™. So for each n we have the framework
from the first section and the calculus is based on the random variables V", i € N. We will
use some directions §,, = (§,, 1, ---,&,, 4) in the integration by parts formula.

Moreover we consider a probability space (€2, F, P) and two random variables
F = (F,...,F;) and G on this space. We assume that there exists a sequence of random
variables F,, = (F, 1, ..., F}, ¢) and G,, on §,, which are simple functionals of (V;*);en and
such that (F,, Gy,) — (F,G) in law. Our aim is to use the integration by parts formula for
(Fy, Gy,) and then to pass to the limit in order to obtain an integration by parts formula for
(F,G).

We will consider two different sets of hypothesis. First of all we give sufficient
conditions under which the sequence of weights Hf*(F,,, Gy,),n € N, which appear in
the integration by parts formula at level n, is bounded in any LP. In this case we are able
to establish an integration by parts formula for F' and, as a corollary we obtain that the
law of F' is absolutely continuous with respect to the Lebesgue measure and has a smooth
density pr(z). Moreover we are able prove that lim, .., pr(z) = 0 and to give upper
bounds for the queues. In the second subsection we allow H{*(F,,, G,,) to blow up as
n — oo but we assume that there is a good balance between these quantities and the error
en := E|F — F,| — 0. In this case we are no more able to establish the integration by parts
formula for F' but we are still able to prove that the law of F’ is absolutely continuous and
has a smooth density. In order to do it we employ a technique based on the Fourier transform
inspired from [F.2]. But we are no more able to upper bound the queues of pp ().

2.3.1 Bounded sequence of weights

The main result in this subsequence is the following.

Theorem 10 Let F' = (Fy,..., Fy) and G be square integrable random variables on a
probability space (Q, F, P). We assume that there exists a sequence of random variables
Fo,=(Fnn,....,Fna) and G, on (Qp, Fp, P,) such that F,, and G,, are simple functionals
of (V")ien and (F,,G,) = (F,G) inlaw. Let | € N be fixed. We assume that for every
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g € N there exists a constant K, such that

lim,, . En(di(&,,) + |Gn|z + |Fn|l+1)q <Ky <o0 (34)
and, for every § > 0 we have
lim,, _,  E,(|det(6 x I+ o¢, (F,))] 1) < K, < 0. (35)

Then we may construct a probability space (ﬁ, F, P) and some random variables (ﬁ , é)
on this space which have the same law as (F,G) and such that for every multi-index o €
{1,...,d} there exist a random variable Hf* such that

E(0°¢(F)G) = E(3°¢(F)G) = E(¢(F)H"), V¢ € Cy(R%, R). (36)
Moreover _
E(H"") < C x (Ky +1)* (37)
where C,q', q"" are constants which depend on d, 1 and q.

Proof. We consider a d dimensional standard normal distributed random variable A,
independent of F,,, G,,, and we denote F,, s = F, + V8 x A. We will use the integration
by parts formula for F), 5 and the calculus is based on the variables V", ..., V' and on
the auxiliary random variables V! |, = Ay, .., V], = Ay. We employ the directions

g,n’i =& ifp=1,..,J, and fgm =V0 X 0;p_y, ifp=J,+1,..,J, +d. Here
0;.p—.J, is the Kronecker symbol so §; ,—j, = 1fori = p — J, and 6; 5, = O for

i #p — Jn. We take the weights ), = 1 forp = J,, + 1, ..., J, + d. Then the covariance
matrix is

O'gém(Fn’g) =0x 1+ o¢, (Fn)

Notice that 8AiFi,6 =0 x d;,; and aiiFi,g = 0. Moreover the density p,(y),p =
Jn+1, ..., Jp +d is the standard Gaussian density. So we have OInp,(A,_;,) = —Ap_7,.
Then forp = J,, +1, ..., J,, +d the Skorohod integral is §,,(&5 ,, ;) = VOX A, g, X8ip 7.

It follows that for every p € N
Eo(di(€,,45))7) < C(En(di(£,))P + 67/%)

where C' is an universal constant. We fix now k£ € N and we take §; = % In view of (34)
and (35) we may find ny € N, ng > k such that

B (di(6y 5,) + G|, + [P l140)*" < C(Kq+1), (38)
—2dlq
E’”k( det Ots, np, (F’nk,6k) ) < C(Kq +1).

We use the integration by parts formula (25) for a multi-index @ = (v, ..., ;) and we
obtain [y, (8a¢(Fnk75k)Gnk) = Ep, (¢(Fnk75k)ng) W}}ere ng = Hla(Fnkvék’Gnk)'
Using (26) and (38) we obtain E(|H{|?) < C(K, +1)7".

The sequence (F,, s, , Gn, . HY )sen is bounded in L7 and so it is tight. Passing to a
subsequence we may assume that it converges weakly to some random variable (ﬁ, G ,H™)

defined on some probability space (2, F, P). Passing to the limit we obtain (36). O
As a standard consequence of this Theorem (see [B] for example) we obtain the
following.
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Proposition 11  Under the hypothesis of the previous theorem the law of F' is absolutely
continuous with respect to the Lebesgue measure and has a density pr of class C*°. More-
over for each mulit-index o and every I' C {1, ..., d} we have the following integral repre-
sentation:
ngp(x) = E(H 1{F1>T1} H 1{F1<T1}HI(’¥)
ier igT
with HY € Npen LP. In particular

00pr(2)| < CP(|F| > |z|)'/2.

2.3.2 Unbounded sequence of weights

In this section we make the following assumptions.
A.3.1. (Approximation) We assume that for each f € C{°(R?, R) with Lipschitz
constant L ¢ one has
|E(f(F)) = Ex(f(Fu))| < Ly X &y (39)
for some ¢,, > 0.
A.3.2. (Regularity) We assume that for each I,n € N

Ay = (L4 (B (|F T )Y (B, (|di(6,) )P < . (40)

Moreover we assume that there exists a constant C; 4 such that A,,1; < Cj a4 X A, .
A.3.3 (Non-degeneracy). We assume that there exists a sequence of sets
Amn € G,m,n € N such that o¢ (F,)(w) is invertible for w € A, . And

—321
By = (En(|det og, (F,)] 1

We denote 0., := sup,, P(A
6m < 05 X 6m+1-

Notice that in A.3.2 we do not ask that sup,, A,,; < oo : this quantity may blow up. And
in A.3.3 we do not ask that o¢, (F;,) is invertible on the whole space: we just need local
non-degeneracy. In order to state our result we have to introduce the following quantities.
Let! € N. We denote

)M < 0. (41)

) and we assume that there exists a constant Cs such that

m,n

c
m,n

-1

. Ine,
hi(n) := nlfnzfn A
so that
e < A;,}fl"(n) for n' >n. (42)
It is clear that h;(n) is non decreasing in n. We define
h; = sup hy(n). (43)

The idea behind this definition is the following: A,, ; may blow up as n — oco. But we can
not avoid to pass to the limit. And the error is €,,. So we have to control the link between
these two quantities. If we have a good balance we are able to handle the blow up.

We define

1 B71 m
Ai(m) = sup sup -t (44)
m’'>mneN In 5m
so that
By < 5;3”(”1) for m/ >m,n € N. (45)
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The function m — A;(m) is non-increasing and we denote
)\l = inf )\l(m) (46)

The idea is the following: we will use the Malliavin calculus localized on the set A, ,,. This
is because the covariance matrix o¢ (F,) is not invertible on the whole space. So we live
out A7, ,, and d,,, represents the error which is done in this way. And we will assume that
0m — 0 as m — oco. On the other hand B,, ,,,; — 00 as m — oco. So we need to control the
link between these two quantities.

We denote

I(hy—1)
he 4+ 11+ 2N\
Givenn > 0 and [ € N we may find n,); and m,,; such that

H(hu(ng) — 1)
ha(rn) UL+ 2B (g )N )) = &

q = (47)

Qi = -1

We also denote
1+ l(l + 2)\l(mn7l))

o
T ug) + 10 2 ) M (g )
so that i, = q; ,hu(ny) — 1. Finally we define

Ciy = max{é;lln{;ﬁ n 1/ql 3y

nnll

Proposition 12 Let pr(§) = E(exp(i (£, F')) be the Fourier transform of F. We fix| € N.

i) We suppose that lim,,_.o, A, = 00 and lim,,_,o 8., = lim,,_,c €, = 0. Then for
every p < q — d we have fRd |€]P pr(€)dz < oo. In particular; if q; > d the law of F is
absolutely continuous with respect to the Lebesgue measure and the density is [q; — d) times
differentiable (here [p| is the integer part of p).

ii) We suppose thatlim,, A,, 1< 00 andlimm_,oo O = lim,, oo €, = 0. Then fRd |§|pﬁF( Ydx <
oo for every p < pp =1 x (14 2),;) "' so the law of F has a density which is of class CP*—.

The main step in the proof if the following lemma.

Lemma 13 i) Letn) > Oandl € N. We suppose that lim,,_, A, ; = oo andlim, o 6, =
lim,,_, o0 €5, = 0. For every v > Cy ,, one may find n, m (depending on ) such that

thm(r) =ren + O + r_lA’lVl,lB’?lel < (Chz(nn 1) +Cs+ 1)r —(qt—n) (48)
ii) We suppose that HWOOAM =: (] < o0 and lim,,,_, o 0,, = lim,, . &, = 0. For

everyr > Cy, = 0,,""" one may find n, m (depending on r) such that

m, 1

EL o (r) < (24 C5)(Cra + 1)lr 1042207 40, (49)

n,m

Proof. i) In order to simplify the notation we put ¢ = ¢, ¢’ = ql’m7 h = hi(n,,;) and
A = N(my,1). We recall that C; ,, = max{égi/q AV e

Nyl
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We choose n and m in the following way. For r > Cj ,, we have rd > Ann,hl' Since
lim,, A,,; = oo we may find n > n,,; such that 4,, ; < rd < Ap+1,. This is the n that we
need. Moreover we may find a constant c4 € [1, C) 4] such that rd =cu x Ap .

We also have d,,, , > r~% and lim,;, d,,, = 0. So we may choose m > m,,; such that
Ons1 <1771 < 0y And we may find a constant ¢5 € [1, Cs] such that 6,,, = cs7~ 2. Since
¢ = ¢'h — 1 we may write this equality as §,,, = ¢5 x 7 x 79" = =csCy 2o x A_

We estimate now EY, , (7). Since m > m,,; and n > n,; we have g, < A" and
Byomi < 6;{\ so that

Eém@‘) < +5m+7‘_l14l O M = (14 csc, )TAnz + (cs CAh)_2/\17"_l(1+2/\)14;(,1z+2)\h)

h ., 1—h oA —U(1+2XR) (142X 1(14-2Xh
= (1+050A Yeyr g’ +(05cA ) Mey Pl 20+ 1(1+22R)

We have 1 — hq' = —gand I(1 + 2)) — ¢'I(1 4+ 2\h) = ¢ the above quantity is equal to
(ch + s + ey eqt) x v79 < (Cly + O + 1) x (@)
and the proof of 1) is completed.

The proof of ii) is analogues. First of all we choose n such that e,, < pl(1+22) 7 40 gnd
Ay, < Cy+ 1. Then we take m,,; such that

l l
>

1+ 2)\[(77’),7,,[) — 1+ QAl
and we put C ,, = 5;‘;’7@”. Forr > Cj ;1 we have §,,, , > 7797 so we may find m > my,;
which that 6,,, > %7 > §,,+1. And we take ¢s € [1,Cs] such that §,,, = csr~ 7. We
also have B, ;1 < 67)"(’”%1) = plta i (ma1) g0 that
EfL m( ) (Cl+1) (T6n+5771+r an ml) = (Cl+1)l(r6n+cériqlm+7"7l(172qlm)\l(7nn)))'
Since ¢q;,, = (1 — 2¢;,,\1(my)) the proof is completed. [J

Proof of the Proposition. i) Let £ € R?. We suppose (without loss of generality) that
& >¢&;,,i=1,...,d. Then

Pr(&)] < Pr, (O] + €] X en < |PF, (O] + d[&1] X n.

We denote e(&,z) = exp(—i (£, x)) so that pr, (&) = E,(e(§, F,)). We also denote
a=(1,...,1) with || = [. So 92 is the derivative of order [ with respect to 21 and we have

d%e(€,x) = i'ee(E, ). We write
En(e(§ Fa)lng, )| + |67 | En(07e(€ Fa)la,,,,)|
P(Acm,n) +C|§1‘_l anml

the last inequality being a consequence of the integration by parts formula and of the
estimate (26). We conclude that for every n, m € N we have

Pr(E)] < CUI& | X e + 8 + &1 AL B2 )= C x EL L (16)).

Let p < q; — d. We take > 0 sufficiently small in order to have p + d + 1 < ¢; — . Then
we use the previous lemma in order to produce a constant C; ,, such that, for [£;] > C;

one may find n, m such that E}, , (1&,]) < Ky &1 (@) < K, 16" with
K, = C’Zl(""”’) + Cs + 1. In particular we obtaln Pr(€)] < Kpulé]™ (p+d+n) <

qi,m = -1

IpE, (6)]

IA
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K, dPtdtm |§|_(p+d+”) the last inequality being true because |¢;] > d~! [£] . Notice that
{I¢] > dCi )} C UL Ty with Ty = {[¢;| > Cip} N {[€;] > max; |¢;]}. On each set T'; one

has |[pp(€)] < 3dPt+d+n) |§\7<p+d+n) so that

/ € 1Br()] de / € B (6)) dé + / € B ()] de
R4 |€]<dCy,y

[§]>dCy,y

N

d d @i
C+ P|p a<Cc+C “ldn g 00.
= ;:1 /F 1§17 [Pr(§)] d€ < ;:1 /F €] £ <

The proof of ii) is analogues. [

3 Stochastic equations with jumps

3.1 Preliminaries

We consider a Poisson point process p with state space (F, B(E)), with E = R? x R,.
In all generality one may take £ = R™ x R for an arbitrary m € N. But we consider
here the particular case m = d because this drastically simplifies the analysis of the
non degeneracy problem (of course, the results are significantly less general). We refer
to [I.W] for the notation. We denote by IV the counting measure associated to p so
N((0,t] x A) represents the number of points ps € A, s < ¢. The intensity measure
is N(dt,dz,du) = dt x du(z) x du where (z,u) € E = R? x R,. We assume that
w(z) = h(z)dz with h € C° (R4, R,).

We deal with the d dimensional stochastic equation

t t
Xi=z+ / / C(ZvXs—)l{u<“/(z,Xsf)}dN(dS7dzvdu) + / g(Xs)dS' (50)
0 JE 0

This type of equation is interesting because the infinitesimal operator of the Markov process
Xt is

Ly(x) = g(z)Vi(z) + / ((z + c(2,2)) — () K(z,dz)

R
with K (x,dz) = v(z,z)du(z), which depends on the variable x € R®. See [F.1] for this
result as well as for the proof of existence and uniqueness for the solution of the above
equation. We work under the following hypothesis.

Hypothesis 3.0. We assume that y(z, z) = exp p(z, ) and (z,z) — p(z, z) is infinitely
differentiable. We also assume that there exists a bounded function p : R™ — R such that,
if f designees the function p or its derivatives, then | f(z, )| < p(z). We denote C' = |||/ -

Hypothesis 3.1. The functions (z,2) — ¢(z,z) and x — g(x) are of class Cy°. We
assume that g and their derivatives are bounded by a constant g. We also assume that there
exists a bounded function ¢ : R? — R with [, ¢(2)du(z) < oo such that, if f designees
the function c or its derivatives then | f(z, )| < ¢(z) (g and ¢ are commune to derivatives up
to some order L € N but they may depend on L). Under the above hypothesis the integral
with respect to dN is a well defined Stildjers integral.

Our aim is to establish an integration by parts formula for X, and to use it for
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the study of the density of the law of X;. In order to solve this problem we use a
discretization procedure. We consider a non-negative and smooth function ¢ : R¢ — R,
such that ¢(z) = 0 for |z| > 1 and [, ¢(z)dz = 1. And for M € N we denote

@y (2) = @ * 1p,,. Here Byy = {2 € R? : |2| < M}. Then ®); € C¢° and we have
1By, < @y < 1p,,.,,. We denote by XtM the solution of the equation (50) in which c is
replaced by cpr(z, x) := ¢(z,2)Ppr(2) that is

t t
XtM:a:—i—/O /EcM(z,Xsl‘f)l{u<,y(z_yxé\9}d]\f(ds,dz,du)—|—/O g(XM)ds.

Let Ny (ds, dz, du) := 1p,,,,(2) X 1 5 (w)N(ds, dz, du). Since {u < v(z, XM)} C
{u < C} and ®/(z) = 0O for |z| > M + 1, we may replace dN by dNj; in the above
equation:

t t
xM :x+/ /cM(z,Xﬁ)l{u<7(z7XM)}dNM(ds,dz,du)+/ g(XM)ds.
o JE o 0

Since the intensity measure N M has finite mass we may represent d/Vy; by means of
a compound Poisson process. We put \yy = C x u(Bpry1) = t ' E(Ny(t, E)) and
we denote by JM a Poisson process of parameter A\y;. We denote by Tk € N the
jump times of JM. We also consider two sequences of independent random variables
ZM € R™ Uy, € Ry, k € N, which are independent of J™ and such that

1

Zlév[ ~ QSM(Z)d:u“(Z)v with ¢M(Z) = 7IBJVI+1(Z)
w(Bary1)
1
U ~ 61[0@ (u)du.
Then the above equation may be written as
T t
XM =a+ Y en( B X )L, 00) (W22, X3 ) + / g(XNds. (51
k=1 0

Lemma 14  Suppose that Hypothesis 3.0 and Hypothesis 3.1 hold true. Then
EIXM X <ey:=C | &2)(1—®p(2))du(2) (52)
Ra
where C'is a constant which is independent of M.

Proof. We write E | XM — X,| < IT, + I3, with

t C
111\4 E/O /Rd/o ’C(zva)l{u<'y(z,Xs)} 7CM(Z7X£4)1{u<'y(z,XSM)}|dUd/L(Z)dS

t
Iy = E/ l9(Xs) — g(XM)] ds.
0
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Let C = |0,y V 10:¢] ., - We have I}, < I}/' + I} with

t C
Ly = E// / ez, Xs) — enr (2, X2)| dudp(2)ds
0 JRa

< txC | e(2)1 —®p(2))du(z +C/ 2)dp(z xE/ | X, — XM ds
R4
and
Lo t C
Ly = EA ‘/Rd/o ¢(z) ‘1{u<,y(27Xs)} — 1{u<7(zyxéu)}|dudu(z)ds

_ E/Ot/Rdc(z)h(z,Xs) (2 XM dpa(2) ds<C’/ (z)du(z)xE/Ot’Xs—XyMs.

A similar inequality holds for I3, so we obtain

t
EIXM - X <txC | e2)(1—Pu(2))dp(z) + 30/ E|X,— XM|ds.
R™ 0
Using Gronwall’s lemma we conclude. [J

The above equation is not convenient because the coefficient cps (2, 2)1(y,00) (V(2, 7))
is not differentiable. In order to avoid this difficulty we will use the following alternative
representation. We consider a point z); € R? such that |zy/| > M + 3 and we define

i(50) = (e = 200 (o) + Zou (= () with

0@ ¢ = [ (1= Zreu@hE)

Here ¢ is the function defined before: a non-negative and smooth function with [ ¢ = 1
and which is null outside the unit ball. By the very definition of 6, (x) we have
J am(x, z)dz = 1. Let us check that

BUCH) | X =0 = [ et 6

The term in the left hand side is equal to I + J with

M
I = E(f(XT;}L)1{Uk+1>7(2,ﬁ1,xgai | Xp _=2) and
_ M _
J = E(f(XT]ﬁl)1{Uk+1§7(z,ﬁl,x The - N ‘XTxﬁl =1).
We have
I= f@)PUin > 121, 2)) = f(2)0(x) = /| o S et e )
z|>M-+1

the second equality being a consequence of the fact that cps(z, ) = 0 for |2| > M + 1.
Moreover, as simple computation shows that J = fIzISMH flz+em(z,2)am(z,z)dz
and(53) is proved. [

Having this in mind we make the following construction. We consider a sequence of

random variables 7kM, k € N and we denote G, = o(TM,p € N) v a(?f,p < k). Let
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U, (z) be the solution of ¥,(z) = x + fo (x))ds. We define recursively X, o =xand

Yi\/[ = \Ift_Tju (XT]M) Tk < t < Tk-‘rl’ (54)
—M
XT)ﬁl = XT;fu +CM(Zk+17XT,j‘frl )-

. =M . o . = .
Notice that X M, - 15 deterministic function of X T}éu so it is Gy measurable. We assume
=M . .
that the law of Z; | | conditionally to Gy, is

=M —M
P(Zyy1 €dz | Gy) = QM(XT,ﬁl_wZ)dZ- (55)

. L M . . . .
The advantage of this representation is that X, satisfies the following equation with smooth
coefficients

t t
X ot Y en (@M X0 ) + / (XM )ds. (56)
— 0

We are in the frame of the Markov chain models given in Section 2.2. The point is that Yﬁw
has the same law as X/. But we will need a little bit more. For a locally bounded and
measurable function ¢y : R™ — R we denote

JM JM
Si(¥) = Z(@M¢)(7£4)a Si(1) = Z(‘I’M@(Ziy)l{w(z,y,th(Tk{vf—))zU;Yf}-
k=1 k=1

Lemma 15 (7?/[7§t(¢))t20 has the same law as (XM, S;(¥))i>0-

Proof. If we look to the definition of S;(¢)) as to an equation then (Yﬁw, Si(1))e>0
solves a systeme of equation similar to (56) but in dimension d + 1. So it suffice to prove

that (Yiw )¢>0 has the same law as (XM );>0. And this readily follows from
M =M
B((XM ) | XMy =) = B (Xphe ) | Ko, = )

which is a consequence of (53). [

Remark 1 Looking to the infinitesimal operator L of X it is clear that the natural approx-

imation of Xy is Y? ! and not XM . But we use the representation given by XM for two
reasons. First of all it is easier to obtain estimates for this process because we have a sto-
chastic equation and so we may use the stochastic calculus associated to a Poisson point
measure. And moreover, having this equation in mind, gives a clear idea about the link with
other approaches by Malliavin calculus to the solution of a stochastic equation with jumps
(we manly think to [B.G.J]).

o . . . . !
Our aim is to establish the integration by parts formula for the functional F' = X,
So we come back to Section 2.2 and we use the notation given there. The Markov chain
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model is now Y,ﬁw . The basic random variables are Z;, = 7kM € R™ and the random times
are Tj, = T{M. The o—algebra with respect to which we take conditional expectation is
G=o(T)',peN).And J, = JM.

We use the weights wg’[j =0\ (Zy), 5 =1,...m,p < JM so the function ¢ from
Section 2.2 is now ® ;.

The density of the law of (7;”, - 7%»1) is given by

JM
—M
par(w, 21, 20) = [ [ ane (25, Wopar _par (Xpa ).
j=1

—M _
On the set {®ps(z) > 0} we have IHQM(Zv‘I’TJM—T}EI(XT}EI)) = In)\y! +

Iny(z, Opm_par (Y%Vil )) + In h(z) which is of class C*°. So the logarithmic derivative
of pys is given by '
Ji

_ —M
pM’W(zh v 2g,) = 8:?; lnpr(z1,...y20,) = ZB:;-C In gar(2p, \IITJ‘LT;‘L(XT}L))
p=k

Ji d
N —M ~ —M —M,j
i (21 X D)+ D D @t (7 Xyt )0 Xt

p=k+1j=1
with
Amki(2,2) 0 = Ly (2)>00. mau (2, Y7, -1, _, (7))
7M -
= Naou(>03(0xp my(Yrp_gpar (2, Xppe ) + 0% Inh(z))
Qrpj(T,2) 1 = U (250100 Man (2, Y7, -7, (%) = 1(@,,(2)>0} O Iy (2, ¥, _1,_, (2)).

And we have
’awj ln'Y(Zv qupiTpfl(x))‘ = }a;cjp(zv qupiTpfl(x))‘ < detcﬁ('z)-

Remark 2 The reason of being of w%j is the following. Suppose that we take no weights
(that is W%j = 1). Then in the expression of qur ki (x, z) will appear 0. In ¢(2) X 1{|.—z,,|<1}-
This function is differentiable on the open set {|z — zpr| < 1} so everything seems to be OK.
But ¢(z) = 0 for z € OB1(znm+3) and consequently the derivatives 0, 1n ¢ blow up on
OB1(2n+3). So we will get in troubles when we want to obtain moment evaluations for such
quantities. This is why we cancel these terms by multiplying with 77%.

. . . I M,(p,j —M,i o
As in Section 2.2 we will use the directions ¢, (Pd) - D, ; X, = so the Malliavin
covariance matrix is
JIM m

ij —M —M,i —M,j
UAJ/[,t = Z Z q)M(Zp )Dpn Xy " Dpp Xy 7.

p=1h=1
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We will use the integration by parts formula given in Section 2.1. We recall the notation

JM JM
ci(de) = [[(1+de(Z,)) and N(e) = eZ,).

Using the identity of laws we have
JM
et(dE) ~ eé(dﬁ) = H(l JFdE(ZIng)l{fy(Z{,W,XM(Tzf‘l—))ZUéW}) and
p=1
JM
Ni(e) ~ NtI(E) = ZE(Z;\/I)l{,y(zéw7XM(TI£VI_))ZUIJ)\4}.
p=1
So we are back in the framework of Poisson point processes. Using Burckolder’s inequality
we obtain
EIN/(e)F <C,, VpeN
where C), is a constant which does not depend on M. Notice that e}(dc) <

M
H;;l(l + ﬁ(ZIJ,V[)) =:Y; and Y; solves the linear equation

g R

Then a standard argument yields
Elej(de)f’ < B, <Cp, WpeN,
Using (31) (32) we obtain
M , , _
(E(ldi(Ean)l” + ‘Xt l+1)p))1/p < Cup()(1+ (B(Ny(@lp, )I")V* (57

In the following subsections we discuss the non degeneracy problem under two different
sets of hypothesis. In both cases we assume the following hypothesis.

Hypothesis 3.2 There exists a measurable function ¢ : R? — R such that
Jpa €(z)dz < 0o and

[Vee x (I+ Vo)™ (z,3)|| <C(z), V(z,2) € R* x R (58)

As a consequence of this last hypothesis the tangent flow is invertible and the inverse has
finite moments of any order. Let us be more precise. We define YM t > 0 and Y >0
to be the matrix solutions of the equations

JM

YM = 1+ Veen(Z)  Xgm ) Y / Vg (XY Mds,
k=1
JM

I Voen(I+Voerr)(Zy , Xgn )Y, VM / Vog(X )T Mds.
k=1
Then }A/tM x Y M = I ¥t > 0. The important point here is that one may prove that for each

-~

KM
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peN
E(sup( |V
s<t

|+ vy < 15, < o0 (59)

where K, is a constant which depends on ¢ and € but not on M. In order to do it one
employes the identity of laws in order to come back to the framework of Poisson point
processes and then one employes the stochastic calculus there (see [B.G.J]). We do not give
the details of the proof. We denote by YS{VtI the solution of

M
Jt

=M =M K M
YM =1+ Y V.en(Z, X )Y +/ V.g(X, ) YMds.
k=JM+1 s
Then Y;‘f = YMYM So Y M '+ 1s invertible and we have
B(sup( Y2+ D7) < K, < 0. (60)

It is also standard that E(sup,, | XM |") < K, < cc.

We will now consider two different frames. First of all, if no integrability assumption is
made on 5 in H.3.0 then the divergence operator of X blows up as M — oo. This is the
first framework. Then we will assume that [ p(z)h(z)dz < oo and in this case we have no
more the blow up phenomenon.

3.2 The case with blow up.

We discuss the non degeneracy problem. We assume:
Hypothesis 3.3 There exists a function ¢ : R¢ x R? — R, such that for every € R?
and every (z,7) € R? x R4
d
Z<azk0(27$)777>2 ZQ(va) |77|2 (61)
k=1
Moreover we assume that for every k € N there exists a constant p;, € N and a non
decreasing function © : Ry — R, such that for each My > 0

([ cHeanmah@)d " < 1+ fal) eu(Mo). (©)
|z|< Mo
At the end of the section we give two examples. In the sequel we will use the notation
S]\/IO Z (I)Mo 7 SMo Z (I)Mo 1{U1)<fy(ZM XfM }-
pSJAI pSJ]VI

Lemma 16 Let My < M — 1 and let Ay, := { S, (t) > 0}. For every g € N

1 Cy

B 1y, N — 1 63
( (|det0'M |q AMO)) = (BM+ )1/2q®2dq( ) ( )
2dq 2dq

where C is a constant which depends on E(sup,<, HYSJ\;I H ) 4 E(sup,«, ’XM|
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Proof. Let

JM d
—M —M 2
— inf (o — inf S 0y (Z <DX,>.
P =1 { Mt ) WZI}; M ( p); pkAt 5T

The standard variance of constants method gives
—M,i —M —M .
Dy Xy (YTM tVZC(Zp aXTy—))l’k

so that
d

d
—M —M . \2 —M —M 2

S (DX ) = S {00e(@) X ). (Vi )0 2 ) K ) [¥i

k=1 k=1

and consequently

JJVI

p =t ||Y, M2 Z@M (Z,)e(Z,  Xgpi )

We write now
E((detoas) "1ay,) < E(p 94,,)
JM
a —M, =M —M _
E((Y. @u(Zy)e(Z) K )10, )) V2

IN

We recall that Ay, = {Sa(t) > 0} and Sy, () has the same law as Sy, (1) =
Zp< g Py (ZIIJV[ )1 (U, <v(ZM XM} Using the identity of laws the expectation in the last
="t pP—= p Tp _

term is equal to
JIW
Z(I)M c(z)! XTM )1{Upg7(zy,ngMf})72qd1{sMo(t)>0})'

We denote py = inf{p : @MO(ZéW)l{U <y(zM XM,y > 0}. Notice that ®y,(Z,") > 0 =
P> p T
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®ar(2)") = 1.1f Sazy (t) > 0 then pg < JM so we may upper bound the above term by

]ZM

Zl{PO k} Zk ’XTM )) qulBM (Zk )1{Uk<’Y(ZM XMM )})

= 1 2dqy duh(z)dz
Z {ro=k} = C/l BM+1 /|<MO/ T]\/I ) {uS’y(z,X;éMi)} ( ) )
JIW
— v(z, XM, )h XM, )7y
D el IRICE BUCICEES I
JIVI
1 2qd
< —— el 1 1+’X Pas
— Cu(By+1) qu °) 2 {po=t} m )
1 2qd M C 2qd
< = O MNE((1 +sup | X P2} < — 9 Q29% pf.).
> OILL(BM+1) 2dq( 0) (( sglt)| s |) ) —= M(BM+1) 2dq( 0)
O

We will now use the results from Section 2.3.1 to give sufficient conditions in order
that the law of X, is absolutely continuous with respect to the Lebesgue measure and has
a smooth density. To simplify the notation we assume that ¢ does not depend of = and we
upper bound «y by C. In the sequel C is a constant which does not depend on M and on M
and which may change from a line to another. We have N;(plg,,) < CJM so that

(E(|di(&0)P)MP < CM.

We identify now the quantities which appear in Section 2.3.1. We have n = M, m = M,
and A, = Apg,. Moreover

R 641
Avg = (B(di&) )P+ (B(XM]))) < e,
Buyrvgy = (E(|d€tUM,t|732l1AMO))1/32lSC@gu( Mo).

We also have
e = E|X; — XtM| < C/ ¢(2)h(2)dz.
|z|>M
Hypothesis 3.4 We assume that
V(z,w) 2 7(2) >0
so that Sz, (1) = Ni(1B,,, X 1j,))- It follows that

dmy, = P(AYy,) = P(Sa,(t) = 0) < exp(—th(My)) with
oMy) = / Y ()h(2)d=.
|z]<Mo
We compute now
h(M) = in lnng > in —InC- 1nf|z|2]V[’ ¢(2)h(z)d=
! o M>MInApyy T MI>M InC + In M’
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so that

1
=i M) =i 1 4 -1
h; hr/lnhl( ) im i n(/ZZM ¢(2)h(z)dz)

Moreover

InB In C + In O39; (M}
Ai(My) = sup sup%ﬂ%’l < s netm ?25( 0)
My>My M Indy, M}>M, to(My)
which gives
. . 1
)\l = 1]1\/[1? )\Z(MO) = l]lvgl 7159(M6) In @321(M0).
_ -1
- hy +1(1+ th)\l).

And

qi

Then Proposition 13 gives:

Proposition 17 We suppose that the hypothesis H.3.0-4. Suppose also that there exists
l € N such that ¢ > d. Then the law of X, is absolutely continuous with respect to the
Lebesgue measure and the density belongs to CP' (R, R) with p; = [q; — d).

We discuss now two examples. We suppose that ~(z) = 1 and v is a strictly positive
constant.
Example 1. (Polynomials). We assume that

_ a b
o(z) = W7 c(z) = W

for some p > dand 0 < b < a. For each > 0 we have ey = f‘szé(z)dz <
C’,]M_(”_d_”) so that

. (p—d—m)lnM
>lim——m—— =p—d—mn.
fu 2 1}\1411 In M p=d=mn
So h; > p — d. We also have
@k(MO) _ 6(/ gfk(z)dz)l/k :6(/ (1+ |Z|)k(p+1)dz)1/k < CMg+1+(d_1)/k,
|2|<Mo |2|<Mo
0(My) = Mg.
It follows that \; = limy, ﬁ In ©32,(Mp) = 0 and
I(hy—1 I(p—d—1
q (P ) :(p )prdfl as | — oo.

T+l +2hy)  p—d+l

Conclusion: If p > 2d + 1 then we have a density which is of class CP =241,

Remark 3  Notice that this result is weaker then the corresponding one in [F.2] - there one
obtains a density of class C*° as soon as p > d = 1. Here the regularity of the density
depends on p, so on the decay of ¢(z) as |z| — oo. The reason is that using the strategy in
[F.2] do not suppose to approximate X; by XM : he is working directly on the process X;
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itself. Our technics do not allow to do this. Consequently we have to handle the balance
between the error ¢ p; and the divergence operator d; (& M ) which blows up as M — oo. This
is why h; appears and this gives our restriction. Roughly speaking, in [F.2] one proves that
as soon as one has some regularity at a random time Ty (in our case the first jump which
lies in By, % (0,7), then the flow given by the stochastic equation transmit "perfectly" this

regularity. In our approach we have to pay d; (fM ) in order to transmit the regularity.

Example 2 (exponential). We assume that ¢(z) = exp(—ci |2]”) and ¢(2) =
exp(—ca |2|") with a € (0,1) and ¢1,c2 > 0. Then ey < exp(—cj}M?) so that
hy = limps (¢} M®/In M) = oo. We also have O39;(My) < CM{ exp(ci M) so that
A = limpy, (1 M§ /tyMy). Since a < 1 we have \; = 0. So we obtain
L l
U=T 1T o9y — b
7 + f, + 2)\l
We conclude that the law of X; has a smooth density.
Ifa = 1then \; = limjuo (ClMél/tho) = C1/tl and so
1 ty
= 71 —_— —
7 —+ 261 /tl 261
We conclude that in this case we need to wait that ¢ becomes large in order to have a smooth
density. And if @ > 1 then we can do nothing. This is coherent with the results from [F.2].

q as | — oo.

3.3  The case without blow up

We assume now that
Hypothesis 3.5

/ p(z)h(z)dz < 0. (64)
Rd
As a consequence the divergence operator does no more blow up. We have
E(N(plp,,)P) < E(Ni(p)?) < oo so that E(|d;(£,,)[") < C < oo and consequently
Apry < GV, M. We also denote f(z,u) = c(2)1{y,<~(z)} and we assume

Hypothesis 3.6. a

1
E(———) <00, VpeN. 65
| W) <o W | (65)
A standard computation (analogues to [B.G.J] section 7.c, pg 97) gives
(oo}
E(NP(f) = l/ st_lexp(—t/(1—e_szf(z’“))h(z)dudz)ds (66)
L(p) Jo E
= 2 /OO g2t exp(—i/ (1 767529(2))7(z)h(z)dz)ds
I'(p) Jo C Jgm -

and this quantity is easier to handle. And it is easy to check that for the coefficients given in
the previous examples the above quantity is finite.
We give now the estimate of the covariance matrix under this hypothesis.

Lemma 18 We assume that the hypothesis H.3.i,i=1,...,6 hold true. Then for every § > 0
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andqe N
T E((det (81 + oar.e) %) < CE(N;*"(f)). (67)

Proof. We use the notation from Lemma 16. The arguments given there yield
JM

E((det(0T +00)™) < CE((6+ > 0u(Zh)e(Zh')) =2

JM
= CE((6+ Z (I)M(Z[])W)Q(Z]J)w)1{Up§'y(ZéVI,X;JM)))72qd)
p=1 v
the last equality being a consequence of the identity of laws. Using the fact that v > ~ and
passing to the limit we obtain lim s E((det(0 + opr4) ") < CE((0 + Ny(f))~294) <
CE(N;*"(f)).0
Now as an immediate consequence of Theorem 10 we obtain the following result.

Proposition 19 We assume that the hypothesis H.3.i,i=1,...,6 hold true. Then for every
¢ € Cg°(R™, R) and every multi-index o € {1, ..., d}" there exists a random variable H,, €
Npen LP such that

E(0ad(X2)) = E(6(X,)Ha). (68)
As a consequence the law of X has a smooth density p:(xz,y) (here x is the starting point)
which has the integral representation

pe(z,y) = E(lxi>yi1 Ha)
with o = (1, ..., 1}.

4 References

[B] V. Bally: An elementary introduction to Malliavin calculus. Preprint No 4718,
INRIA February 2003.

[B.B.M] V. Bally, M-P. Bavuzet and M. Messaud: Integration by parts formula for locally
smooth laws and applications to sensitivity computations. Annals of Applied Probability
2007, Vol. 17, No. 1, 33-66.

[Ba.M] M-P. Bavuzet and M. Messaud: Computation of Greeks using Malliavin calculus
in jump type market models. Electronic Journal of Probability, 11/276-300, 2006.

[Bi] J.M. Bismut: Calcul des variations stochastiques et processus de sauts. Z. Wahrsch.
Verw. Gebite, No 2, 147-235, 1983.

[B.G.J] K. Bichteler, J.B. Gravereaux and J. Jacod: Malliavin calculus for processes with
jumps. Gordon and Breach, 1987.

[Bou] N. Bouleau: Error calculus for finance and Pysics, the language of Dirichlet forms.
De Gruyer, 2003.

32



[F.1] N. Fournier: Joumping SDE’s: Absolute continuity using monotonicity. SPA, 98
(2), pp 317-330, 2002.

[F.2] N. Fournier: Smoothness of the law of some one-dimensional jumping SDE’s with
non constant rate of jump. In preparation.

[F.G] N. Fournier and J.S. Giet: On small particles in coagulation-fragmentation
equations. J. Statist. Phys. 111 (5/6) pp 1299-1329, 2003.

[LW] N. Ikeda and S. Watanabe: Stochastic Differential Equations and Diffusion
processes. North- Holland, 1989.

[L] R. Léandre: Régularité de processus de sauts dégénérés. Ann. Inst. H. Poincaré,
Proba. Stat., 21, No 2, 125-146, 1985.

[N] D. Nualart: Malliavin calculus and related topics. Springer Verlag, 1995.

Vlad Bally,

Laboratoire Analyse et Mathématiques Appliquées
Université Paris-Est, Marne-La-Vallée

Cité Descartes 5, bd Descartes, Champs sur Marne
77454 MARNE LA VALLEE, CEDEX 2, France
bally@univ-mlv.fr

33



