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Abstract
We consider the stochastic equation dXt = g(t;Xt)dt+ c(t; a;Xt�)dN(t; a) where N is a
poisson point measure on an abstract measurable space. We settel a differential calculus
based on the jump times in order to give suf�cient conditions in order that the law of Xt is
absolutely continuous and has a smooth density.
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1 Introduction
We consider the one dimesional equation

Xt = x+

Z t

0

c(u; a;Xu�)dN(u; a) +

Z t

0

g(u;Xu)du (1)

where N is a Posson point measure of intensity measure � on some abstract measurable
space E:We assume that c and g are in�nitely differentiable with respect to t and x, have
bounded derivatives of any order and have linear growth with respect to x: Moroever we
assume that the derivatives of c are bounded by a function c such that

R
cd� < 1: Under

these hypothesis the equation has a unique solution - and the stochastic integral
R
cdN is a

Stildjers integral.
Our aim is to give suf�cient conditions in order that the law of Xt is absolutely

continuous with respect to the Lebesgue measure and has a smooth density. If E = Rm

and �(da) = h(a)da with a smooth density h then one may developp a Malliaivn calculus
based on the amplitudes of the jumps in order to solve this problem. This has been done
�rst in [Bis] and then in [B.G.J]. But if � is a singular measure this approach fails and one
has to use the noise given by the jump times of the Poisson point measure in order to settle
an analogues of the Malliaivn calculus. This is a much more delicate problem and several
approches have been proposed. A �rst step is to prove that the law of Xt is absolutely
continuous with respect to the Lebesgue measure, without bothering about the regularity.
A �rst result in this sense was obtained by Carlen and Pardoux in [C.P] and was followed
by number of other papers (see [D],[E.T],[K1],[N.S]). The second step is to obtain the
regularity of the density. Recently two reults of this type has been obtained by Ishikawa and
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Kunita in [I.K] and by Kulik in [K.2]. In both cases one deals with an equation of the form
dXt = g(t;Xt)dt+ f(u;Xu�)dUt (2)

where U is a Lévy process. The above equation is multi-dimensional (let us mention that the
method presented in our paper may be used in the multi-dimensional case as well, but then
some technical problemes realated to the control of the Malliaivn covarience matrix have to
be solved - and for simplcity we prefered to live out this qaind of dif�culties in this paper).
Ishikawa and Kunita in [I.K] used the �nite difference approach given by J. Picard in [P] in
order to obtain suf�cient conditions for the regularity of the density of the solution of an
equation of type (1) (in a somehow more particular form, closed to linear equations). The
result in that paper produces a large class of examples in which we get a smooth desnity even
for an intensity measure which is singular with respect to the Lebesgue measure. The second
approach is due to Kulik [K]. He settled a Malliaivn type calculus based on perturbations of
the time structure in order to give suf�cient conditions for the smoothness of the density. In
his paper the coef�cient f is equal to one so the non degenracy comes form the drift term
g only. As befor, he obtains the regularity of the density even if the intensity measure � is
singular. He also proves that under some appropriate conditions, the density is not smooth
for a small t so that one has to wait befor the regularization effect of the noise produces a
regular density.
The result proved in our paper is the following. We consider the function

�(u; a; x) = g(x)� g(x+ c(u; a; x)) + (g@xc+ @uc)(u; a; x):
Except the regularity and boundedness conditions on g and c we consider the
following non degeneracy assupmtion. There exists a measurable function � such that
j�(u; a; x)j � �(a) > 0 for every (u; a; x) 2 R+ � E �R and, given q 2 N; there exists a
sequence of subsets En " E such that �(En) <1 and

limn!1
1

�(En)
ln(

Z
En

1

�q(a)
d�(a)) = �q

for some �q <1: Then, for t > (2q + 4)�8(2q+4)2 the law of Xt is absolutely continuous
and has a density of class Cqb : In particular, if �q = 0 then the density is of class C

q
b for every

t > 0:
In the paper of Kulik one takes c(u; a; x) = u so �(u; a; x) = g(x)� g(x+ c(u; a; x)):

Then the non degeneracy condition concerns just the drift coef�cinet g: And in the paper of
Ishikawa and Kunita the baisic example (which corresponds to the geometric Lévy process)
is c(u; a; x) = xa(ea � 1) and g constant. So �(u; a; x) = a(ea � 1) � a2 as a ! 0: The
drift coef�cient does not contribute to the non degeneracy condition (which is analogues to
the uniform ellipticity condition).
The main ingredient in our approch is the following well known property of the jump

times Tnk ; k 2 N of a Poisson process Jnt ; t > 0 (the reason of being of n 2 N will apear
in a moment): Conditionaly to Jnt = m; the law of (Tn1 ; :::; Tnm) is uniform on (0; T ): In
particular, for each p = 1; :::;m; the law of Tnp conditionaly to Gp := �(Jnt = m,Tnq ; q 6= pg
is uniform on (Tnp�1; Tnp+1): It follows that for every � 2 C1

EGp(�
0(Tnp )) =

�(Tnp+1+)� �(Tnp+1�)
Tnp+1 � Tnp�1

� 1

Tnp+1 � Tnp�1

Z Tnp+1

Tnp�1

�(u)du: (3)
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And our problem is to put to work this elementary integration by parts formula. This is a
non trivial matter because we will work with "small jumps" so that Tnp+1 � Tnp�1 becomes
an in�nitesimal quatity. In order to do it we settel a �nite dimensional Malliavin calculus
analogues to the one given in [B] (a varient of this calculus has already been used in [B.BM]
for numerical applicatons). Then we approximate Xt with some XN

t which solves the
equation (1) in which the dN is replaced with dNN = 1ENdN: Since �(EN ) < 1; the
number of jumps befor t is �nite, and soXN

t is a function of a �nite number of TNk ; k � JNt :
For this �nite dimensional functional we use a �nite dimensionl differential calculus. This
calculus is not based on all the random variables TNk ; k � JNt but only on part of them,
namely on Tnk ; k � Jnt with n � N to be choosen in an apropiate way. This is a varient
of the calculus developed in [B] but the signi�cant difference is that in the integration by
parts formula (3) the border terms �(Tnp+1+) and �(Tnp+1�) appear. In [B] we use some
weights �p which have the property �p(Tnp+1+) = �p(T

n
p+1�) = 0 in order to cancel the

border terms. But in the framework here this does not seem to be possible (see the remark in
the proof of Theorem 7). So our baisic duality formula (see Proposition 1) contains border
terms. And this lids to some speci�c dif�culties. As a consequence, the restriction to a �nite
variation integral with respect to dN (and not a compensated stochastic integral) is crucial
because we need some very strong upper bounds in order to handel the border terms.
Once we are able to use the differential calculus forXN

t we obtain an integration by parts
formula of the type E(�0(XN

t )) = E(�(XN
t )HN;n) for some integrable random variable

HN;n: And this gives
��E(�0(XN

t ))
�� � k�k1E(jHN;nj): If supN;nE(jHN;nj) � C <1;

then
��E(�0(XN

t ))
�� � C k�k1 and a classical argument based on the Fourier transform

guarantees that the law of Xt is absolutely continuous and has a smooth density. But in our
case supN;nE(jHN;nj) = 1: Nevertheless we are able to use an argument based on the
Fourier transform inspaiered from [F]. Such an argument has been used in [B] also.
The paper is organized as follows. In Section 2 we establish the �nite dimensional

differential calculus, we obtain the baisic integration by parts formula and its iterations and
we give some upper bounds for the quantities which are involved in this formula. In section
3 we apply this calculus to the solution of the equation (1). And in the appendix we give
some ellementary facts about the derivatives of the solution of the equation (1) with respect
to the jump times.
Acknowledgement: Part of this work has been done during a visit to the Institut

Mittag-Lef�er (Djursholm, Sweden)

2 Malliavin calculus for simple functionals
We consider a probability space (
;F ; P ), a sub ��algebra G � F and a sequence of

random variables Vi; ; i = 1; :::;m wherem 2 N is �xed. We denote V = (V1; :::; Vm) andbVi = (V1; :::Vi�1; Vi+1; :::; Vm):We also put Gi = G _ �(Vj ; j 6= i): Our calculus is based
on the variables Vi; i = 1; :::;m and G reperents the � algebra which contains the noise
which is not involved in the calculus. We assume that Vi 2 \pLp:
We also consider some functions �i : 
�Rm ! R+ which are G �B(Rm) measurable

and which will be the weights that we use in our calculus.
The fonctionals which we consider will not be differentiable on the whole space
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but only on some intervals that we de�ne now. For each i we consider two functions
ai; bi : 
�Rm�1 ! R+ [ f�1;1g which are G �B(Rm�1) meausrable and such that

�i(!; v)1fbi(!;bvi)�ai(!;bvi)g = 0; �i(!; v)1fvi�ai(!;bvi)g[fbi(!;bvi)�vig = 0:
So �i is zero outside (ai; bi) and bi > ai if �i 6= 0: Notice that in [B] we assume that
�i(!; bvi; bi�) = �i(!; bvi; ai+) = 0: And this is necessary in order to cancel the border
terms in the integration by parts formula. But here we do not ask this and so we keep the
border terms.
We denote by C1a;b the space of G � B(Rm) meausrable functions f : 
 � Rm ! R

such that, for every i = 1; :::;m, every bvi 2 Rm�1 and every ! 2 
; the function
vi ! f(!; bvi; vi) is of class C1 on (ai(!; bvi); bi(!; bvi)): Moreover we assume that this
function and its derivatives have �nite right hand side (respectively left hand side) limits in
ai (respectively in bi) and we denote

R+i f(!; bvi) := lim
vi"bi(!;bvi) f(!; bvi; vi); R�i f(!; bvi) := lim

vi#ai(!;bvi) f(!; bvi; vi):
We also assume that f and all its derivatives have polynomial growth: there exists some
constants C and p such that jf(!; v)j � C(1 + jvjp):
Our basic hypothesis is that the conditional law of Vi with respect to Gi is absolutely

continuous with respect to the Lebesgue measure and the density blongs to C1a;b: So we
assume:
H1. For each i = 1; :::;m there exists pi 2 C1a;b such that for every G � B(Rm)

measurable function f one has

EGi(f(!; V )) =

Z
R

f(!; bVi; v)pi(!; bVi; v)dv
where EGi designis the conditional expectation. We denote

pi = pi(!; V ) = 1(ai(!;bVi);bi(!;bVi))(Vi)@vi ln pi(!; V ):
We introduce now the objects which come on in the Malliavin calculus.
Simple functionals. A random variable F is called a simple functional if F = f(!; V )

with f 2 C1a;b:We denote by S the space of the simple functionals. It is an algebra.
Simple processes. A simple process of length m is sequence of random variables

U = (Ui)i�n such that Ui(!) = ui(!; V ); ui 2 C1a;b: We denote by P the space of the
simple processes. And we consider the scalar product

hU;W i� =
mX
i=1

�iUiWi:

We de�ne now the differential operators which appear in Malliavin's calculus.
� The Malliavin derivative D : S ! P : if F = f(!; V1; :::; Vm) then

DiF : = 1(ai(!;V );bi(!;V ))(Vi)@vif(!; V (!));

DF = (DiF )i�m 2 P:
For F = (F 1; :::; F d) 2 Sd the Malliavin covarience matrix is de�ned by

�i;j(F ) =


DF i; DF j

�
�
=

mX
k=1

�kDkF
iDkF

j :
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More generally we consider d simple processes �j = (�
i
j)i=1;m 2 P; j = 1; :::; d and we

de�ne

�i;j� (F ) =


DF i; �j

�
�
=

mX
k=1

�kDkF
i � �kj :

If we take �kj = DkF
j we obtain the standard Malliavin covarience matrix We may interpret

�1; :::; �d as directions in which the derivative is taken.
� The Skorohod integral Let U = (Ui)i�m 2 P with Ui = ui(!; V ): We de�ne

� : P ! S by

�i(U) : = �(Di(�iui) + �iuipi)(!; V );

�(U) =
mX
i=1

�i(U) = �
mX
i=1

(Di(�iui) + �iuipi)(!; V ):

We recall taht pi = 1(ai;bi)(Vi)@vi ln pi(!; V ):
� The border terms. For F = f(!; V ) 2 S and U = (ui(!; V ))i=1;:::;m 2 P we

de�ne

[F;U ]� =
mX
i=1

(R+i (FUi�ipi)�R
�
i (FUi�ipi))

=
mX
i=1

((f � ui)(!; V1; :::; Vi�1; bi�; Vi+1; :::; Vm)(�ipi)(!; bi�)

�(f � ui)(!; V1; :::; Vi�1; ai+; Vi+1; :::; Vm)(�ipi)(!; ai+)):
In our framework the duality between � and D is given by the following lemma.

Proposition 1 We assume that H.1 holds true. Then for every F 2 S and U 2 P
EG(hDF;Ui�) = EG(F�(U)) + EG([F;U ]�): (4)

Proof. Using the hypothesis H1 and the fact that vi ! �i(!; v) is null outside (ai; bi)
we obain

EG(DiF � (Ui�i)) = EG(EGi(DiF � (Ui�i)))

= EG(

Z bi

ai

(@vif � �iui)(!; bVi; v)pi(!; bVi; v)dv):
Using the integration by parts formula the above integral is equal to

R+i (f�iuipi)(!;
bVi)�R�i (f�iuipi)(!; bVi)� Z bi

ai

f � (@vi(�iui)pi + piui@vipi)(!; bVi; vi)dvi
= R+i (f�iuipi)(!;

bVi)�R�i (f�iuipi)(!; bVi)� Z bi

ai

f � (@vi(�iui)pi + �iuipi)pi(!; bVi; vi)dvi
= R+i (f�iuipi)(!;

bVi)�R�i (f�iuipi)(!; bVi)� EGi(f � (@vi(�iui)pi + �iuipi)(!; V )):
5



We come beack and we obtain
mX
i=1

EG(DiF � (Ui�i)) =
mX
i=1

EG(R
+
i (f�iuipi)(!;

bVi)�R�i (f�iuipi)(!; bVi))
�EG(f �

mX
i=1

(@vi(�iui)pi + �iuipi)(!; V )):

�
We have the following strighforward computation rules.

Lemma 2 Let � : Rd ! R be a C1 function with polynomal growth and let F =
(F 1; :::; F d) 2 S: Then �(F ) 2 S and

D�(F ) =
dX
k=1

@k�(F )DF
k: (5)

If F 2 S and U 2 P then
�(FU) = F�(U)� hDF;Ui� : (6)

The proof of the �rst equality is trivial and the proof of the second one is obtained using
the duality formula and the chain rule.
The main result in this section is the following.

Theorem 3 We assume that H.1 holds true. Let F = (F 1; :::; F d) 2 Sd and G 2 S: We
suppose that there exist d simple processes �j ; j = 1; :::; d such that the matrix ��(F )(!) is
invertible and we denote 
�(F ) = ��1� (F ). We assume that

E(
��det 
�(F )��p) <1 8p 2 N: (7)

Let � : Rd ! R be a C1 function with polynomal growth. Then, for every i = 1; :::; d; one
has

EG(@i�(F )G) = EG(�(F )H
i
�(F;G)) +

dX
j=1

EG(
h
�(F ); G
ji� (F )�j

i
�
) (8)

with

Hi
�(F;G) =

dX
j=1

�(G
ji� (F )�j) =
dX
j=1

(G
ji� (F )�(�j)�
D
�j ; D(


ji
� (F )G)

E
�
): (9)

Proof. Using the chain rule

D�(F ); �j

�
�

=
mX
r=1

�rDr�(F )� �rj

=
dX
i=1

@i�(F )
mX
r=1

�rDrF
i�rj =

dX
i=1

@i�(F )�
ij
� (F )
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so that @i�(F ) =
Pd

j=1



D�(F ); �j

�
�

ji� (F ): Since F 2 S it follows that �(F ) 2 S and

since � 2 P it follows that �ij� (F ) 2 S: Moreover, since det 
� 2 \p2NLp it follows that

ij� (F ) 2 S: So G


ji
� (F )�j 2 P and we may use the duality formula:

EG(@i�(F )G) =
dX
j=1

EG(
D
D�(F ); G
ji� (F )�j

E
�
)

= EG(�(F )�(G

ji
� (F )�j)) +

dX
j=1

EG(
h
�(F ); G
ji� (F )�j

i
�
)

and the proof is completed. �

2.1 Itterated integration by parts formula

We will itterate the integration by parts formula from the previous section. Our idea is to
use different directions for each integration by parts. We �x L 2 N and we have in mind
that we want to itterate the integration by parts formula L times. We consider a sequence of
directions �l = (�l;1; :::; �l;d); l = 1; :::; L with �l;i = (�

p
l;i)p=1;m 2 P which will be �xed

thougout this section. We de�ne D�l;i : S ! S by

D�l;iF =
mX
p=1

�p�
p
l;iDpF =



�l;i; DF

�
�
:

The fact that D�l;iF 2 S allows us to take a new derivative on this functional. So the reason
of being of the directional derivatives is to avoid to de�ne higher order derivatives.
For 1 � l � L we denote by Ql the set of the multi-indexes A = (A1; :::; Ar); 1 � r � l

with Ak = (lk; ik); with 1 � l1 < ::: < lr � l and ik 2 f1; :::; dg; k = 1; :::; r:We denote
jAj = r: And for A 2 Ql we de�ne

DA
� F := D�Ar

:::D�A1
F: (10)

Notice that since �k; �pl;i 2 S the above de�nition makes sense. It is easy to check that

DA
� (F �G) =

X
B[B0=A

DB
� F �DB0

� G (11)

with B and B0 disjoint. Moreover, for any function � 2 Cl(Rd; R); F = (F 1; :::; F d) 2 Sd
and A 2 Ql we have

DA
� �(F ) =

jAjX
r=1

X
j�j=r

X
B1[:::[Br=A

@��(F )
rY
j=1

D
Bj

� F�j (12)

wher
P

B1[:::[Br=A
is the sum over all the partitions of length r of A:

We introduce the following norms. For F = f(!; V ) we de�ne

jF jmax = max
i=1;m

supf
���f(!; bVi; vi)��� : ai(!; bVi) < vi < bi(!; bVi)g

and
jF jl := jF jmax +

X
A2Ql

��DA
� F
��
max

(13)
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As a consequence of (11) and(12) we have
jF �Gjl � jF jl � jGjl and (14)

j�(F )jl � max
0�j�j�l

j@��(F )jmax � jF j
l
l : (15)

For a functional F = (F1; :::; Fd) 2 Sd we denote �l(F ) = ��l(F ) and

Cl(F ) = jF jl +
X
1�k�l

dX
i;j=1

����ijk (F )���
k
: (16)

Lemma 4 Suppose that �l(F ) is invertible and let 
l(F ) := ��1l (F ): Then���
ijl (F )���
l
� l!(1 + Cl(F ))

d(l+1)(1 + jdet 
l(F )jmax)
l: (17)

Proof. We write 
i;jl (F ) = (det�l(F ))
�1 � b�ijl (F ) where b�ijl (F ) is the algebraic

complement. Using (14) we obtain
���
ijl (F )���

l
�
��(det�l(F ))�1��l � Cl(F )

d�1: Using (15)
with �(x) = x�1 we obtain��(det�l(F ))�1��l � jdet 
l(F )jmax + max

1�r�l

����(r)(det�l(F ))���
max

� (1 + jdet�l(F )jl)
l

� l!(1 + jdet 
l(F )j
l
max)� (1 + Cl(F ))

dl

and (17) is proved. �
We de�ne now

dl(�) =
X
1�k�l

dX
i=1

���(�k;i)��k�1 : (18)

In the previous section we have de�ned the random variablesHi
�(F;G); i = 1; :::; d. In order

to itterate the integration by parts formula we de�ne recursively Hi
1(F;G) = Hi

�1
(F;G)

and
H
(�1;:::;�l+1)
l+1 (F;G) = H

(�1;:::;�l)
l (F;H

�l+1
�l+1

(F;G)): (19)

Lemma 5 There exists some constants C (deppending on l and d) such that

i)
���Hi

�l
(F;G)

���
l�1

� C jGjl (1 + dl�1(�))(1 + Cl(F ))
d(l+1)(1 + jdet 
l(F )j

l
max);(20)

ii) jH�
l (F;G)j � C jGjl (1 + dl(�))

l(1 + Cl(F ))
dl2(1 +

lX
l0=1

jdet 
l0(F )jmax)
l2 :

Remark 1 In the previous inequalities we put 1 + dl(�) in order to precise that we use
max(1; dl(�)): So, if dl(�) is very small,

���Hi
�l
(F;G)

���
l�1
is not obliged to be small. The same
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for Cl(F ) and for jdet 
l(F )j : At the contray, we use jGjl and so if this quantity is small
then

���Hi
�l
(F;G)

���
l�1

is also small. This will be important in the sequel.

Proof. Recall that

Hi
�l
(F;G) = G�

dX
j=1

(
ijl (F )�(�l;j)�D�l;j

ij
l (F )) +

dX
j=1


i;jl (F )D�l;jG:

Then using (14) and (17) we obtain i): And ii) follows by reccurence. �
We will need the following supplementary hypothesis. We consider some non-negative

random variables C�; CF ; CG; �p; p = 1; :::;m and F which are G measurable. This means
that they do not depend on Vi; i = 1; :::;m; and in this sense they may be considered as
consatnts:We also assume that

E((C� + CF + CG)
p) <1 8p 2 N: (21)

We assume that for every p = 1; :::;m; l = 1; :::; L; i = 1; :::; d
AL(�) i) dL(�) � C�; (22)

ii)
����pl;i�ppp���

l�1
� �p and

mX
p=1

�p � C�:

Moroever we assume that there exists some disjoint sets Il � f1; :::;mg; l = 1; :::; L such
that

iii) �pl;i = 0 if p =2 Il: (23)
This means that the derivatives in the directions �l;i; i = 1; :::; d involve the variables
Vp; p 2 Il only. Consequently the integration by parts formula with �l is based on this set of
variables. Since Il are disjoint sets we use different sets of variables for each integration by
parts. Notice that in this case jF jl involves only derivatives of order one with respect to each
Vp (because Il1 ; :::; Ilr are disjoint). But

����ijk (F )���
k
involves derivatives of second order with

respect to the variables Vp; p 2 Ik (because we have �ijk (F ) = D�k;jF
i and then we apply

one more derivative in the directions �k;h; h = 1; ::; d):
On F we assume that

AL(F ) i) CL(F ) � CF ; (24)
ii) jdet 
k(F )jmax � CF ; k = 1; :::; L:

iii) jF j � F ;

and on G we assume that
AL(G) jGjL � CG: (25)

Proposition 6 We assume that H.1 holds true. Let F = (F 1; :::; F d) 2 Sd and G 2 S:
We suppose that for every l = 1; :::; L; �l(F ) is invertible and we assume that the hypothesis
AL(�); AL(F ) and AL(G) hold true. We consider a function � 2 C1(Rd; R) such that
j�(x)j �  (jxj) where  is a non decreasing function. Then there exists some universal
constants C and q such that for every multi-index � = (�1; :::; �l) 2 f1; :::; dgl; l � L one
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has ��EG(l+1)(@��(F )G)�� � C (F )CGC
l
�C

(d+1)l2

F : (26)
where G(l) := G _ �(Vp; p 2 [Ll0=lIl0).

Proof. We proced by reccurence. Suppose �rst that l = 1 so that � = fig; i 2 f1; :::; dg.
We use the integration by parts formula (8) with the direction �1: Since �

p
1 = 0 for p =2 I1

we employ derivatives with respect to the variables Vp; p 2 I1 only. So G(2) may be
considered as the � algebra of the noise which is not involved in the calculus and we may
use the integration by parts formula (8) using the conditional expectation EG(2) instead of
EG :We obtain

EG(2)(@i�(F )G) = EG(2)(�(F )H
i
�1
(F;G)) +

dX
j=1

X
p2I1

EG(2)(R
+
p (�(F )G


ji
�1
(F )�p1;j�ppp)

�
dX
j=1

X
p2I1

EG(2)(R
�
p (�(F )G


ji
�1
(F )�p1;j�ppp)):

Using (20), i) and our hypothesis we obtain���Hi
�1
(F;G)

��� � C jGj1 (1 + d1(�))(1 + C1(F ))
d(1 + jdet 
1(F )jmax)

� C � CGC�Cd+1F

for some universal constant C. We also have j�(F )j �  (jF j) �  (F ) so we obtain���EG(2)(�(F )Hi
�1
(F;G))

��� � C (F )CGC�C
d+1
F :

We �x now p 2 I1 and we estimate���R+p (�(F )G
ji�1(F )�p1;j�ppp)��� = ���(R+p F )��� ��R+p G��� ���R+p 
ji�1(F )���� ��R+p (�p1;j�ppp)�� :
We have

���(R+p F )�� �  (
��R+p F ��) �  (

��R+p F ��) =  (F ): The last equality is due to the fact
that F does not depend on Vp: Since G � CG we obtain

��R+p G�� � ��R+p CG�� = CG and in
the same way

���R+p 
ji�1(F )��� � C � CdF and
��R+p �p1;j�ppp�� � �p: SoX

p2I1

���R+p (�(F )G
ji�1(F )�p1;j�ppp)��� � C (F )CGC
d
F

mX
p=1

�p � C (F )CGC
d
FC�:

The same inequality holds for R�p and we obtain (26).
We suppose now that the ineqaulity holds true for � = (�1; :::; �l) and we prove it for

�0 = (�1; :::; �l; �l+1):We employ the integration by parts formula (8) with the direction

10



�l+1 and we obtain
EG(l+2)(@

�l+1@��(F )G) = EG(l+2)(@
��(F )H

�l+1
�l+1

(F;G)))

+
dX
j=1

X
p2Il+1

EG(l+2)((R
+
p (@

��(F )G

j;�l+1
�l+1

(F )�pl+1;j�ppp)

�
dX
j=1

X
p2Il+1

EG(l+2)(R
�
p (@

��(F )G

j;�l+1
�l+1

(F )�pl+1;j�ppp))):

We evalaute the �rst term. We check thatG0 := H
�l+1
�l+1

(F;G) veri�es the hypothesisAL(G0)

with CG0 = C � CGC�C
(d+1)l
F : And this follows from (20) and AL(G); AL(F ); AL(�): So

we may use the reccurence hypothesis and we obtain���EG(l+1)(@��(F )H�l+1
�l+1

(F;G))
��� � C (F )CGC

l+1
� C

(d+1)(l2+l)
F � C (F )CGC

l+1
� C

(d+1)(l+1)2

F :

Since G(l+2) � G(l+1) we may replace EG(l+1) by EG(l+2) : So this term veri�es (26).
We �x now p 2 Il+1 and we denote

hp = hp(V1; :::; Vm) = @��(F )G

j;�l+1
�l+1

(F )�pl+1;j�ppp:

We look to
EG(l+2)(R

+
p (@

��(F )G

j;�l+1
�l+1

(F )�pl+1;j�ppp) = EG(l+2)(EG(l+1)(R
+
p (hp))):

Since @�� is bounded, we have jhpj � C � CG�p(1 + C� + CF )
q; which does not depend

on Vp and which is integrable. So we may use Lebesgue's theorem and we obtain

EG(l+1)(R
+
p (hp)) = EG(l+1)( lim

vp"bp
hp(bVp; vp)) = lim

vp"bp
EG(l+1)(hp(

bVp; vp)):
Now we have to evaluate EG(l+1)(hp(bVp; vp)) = EG(l+1)(@

��(Fvp)G
0
vp)) with

Fvp := f(!; (bVp; vp) and G0vp := (G

j;�l+1
�l+1

(F )�pl+1;j�pp
�1
p jVp=vp : For every

vp 2 (ap; bp) we have���G0vp���
l
�
��Gvp��l � ���(
j;�l+1�l+1

(F ))vp

���
l
�
���(�pl+1;j�ppp)vp���

l
� CG(1+CF )

d(l+1)�p =: CG0
vp
:

Notice that here comes on the fact that we work with the norms j�jmax : And this is the
reason of being of these norms. Using the reccurence hypothesis we obtain��EG(l+1)(hp(V1; :::; Vm))�� =

���EG(l+1)(@��(Fvp)G0vp)��� � C (F )CG0
vp
Cl�C

dl2

Fvp

� C (F )CGC
l
�C

d(l+1)2

F �p:

Passing to the limit with vp " bp we get
��EG(l+1)(R+p (hp))�� � C (F )CGC

l
�C

d(l+1)2

F �p and
�nally

mX
p=1

��EG(l+1)(R+p (hp))�� � C (F )CGC
l
�C

d(l+1)2

F

mX
p=1

�p � C (F )CGC
l+1
� C

d(l+1)2

F :

We replace now EG(l+1) by EG(l+2) and the proof is completed. �
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Remark 2 In the last inequality comes on
Pm

p=1 �p: This is why we need to have jGjl and
not 1 + jGjl in (20). If not we would have

Pm
p=1(1 + �p) � m and this is not convinient for

us because in concrete applicationsm " 1 (notice thatm does not appear in the right hand
side of (26)).

3 Stochastic eqations
We consider a Poission point process p with measurable state space (E;B(E)): We

reffer to [I.W] for notation. We denote by N the counting measure associated to p so
Nt(A) := N((0; t] � A) represents the number of points ps 2 A; s < t: The intensity
measure is dt � �(da) where � is a sigma-�nite measure on (E;B(E)): We consider
a sequence En " E such that �(En) < 1 and �(En+1) � �(En) + c;8n 2 N for
some constant c > 0: This sequence is choosen in the begining and the non-degeneracy
assumption bellow depends on it.
We consider the one dimensional stochastic equation

Xt = x+

Z t

0

Z
E

c(u; a;Xu�)dN(du; da) +

Z t

0

g(u;Xu)du: (27)

Our aim is to give suf�cient conditions on the coef�cients c and g in order that the law ofXt

is absolutely continuous with respect to the Lebesgue measure and has a smooth density.
H 3.1We assume that the functions (s; x)! c(s; a; x); a 2 E; and (s; x)! g(s; x) are

in�nitely differentiable and there exists some bounded functions cL : E ! R;L 2 N and
some constants gL; L 2 N such that

jc(u; a; x)j � c1(a)(1 + jxj);
LX
k=1

��@kxc(u; a; x)�� � cL(a);

jg(u; x)j � g1(1 + jxj);
LX
k=1

��@kxg(u; x)�� � gL:

Under the above hypothesis the above equation admits a unique solution andR t
0

R
E
c(s; a; Su�)dN(ds; da) is a Stildjer integral.

This is the regularity assumption. We introduce now the non degeneracy condition. First
of all we give a suf�cient condition under which the tangent �ow is invertible.
H. 3.2 We assume that there exists a measurable function bc : E ! R+ such thatR

E
bc(a)d�(a) <1 and

@xc� (I + @xc)�1(u; a; x)

 � bc(a); 8(u; a; x) 2 R+ � E �Rd: (28)

For notational convinience we take bc = cL (it suf�ce to take themax for example):
We give now the non-degeneracy condition iself. We consider the function

�(s; a; x) = g(s; x)� g(s; x+ c(s; a; x)) + (g@xc+ @tc)(s; a; x): (29)
H. 3.3 We assume that there exists a measurable functions � : E ! R+ such that
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j�(s; a; x)j � �(a) and for every q 2 N one has

limn
1

�(En)
ln(

Z
En

1

�(a)q
�(da)) = �q <1: (30)

For notational convenience we assume that � � 1:

Theorem 7 We assume that H.3.1, H.3.2 and H.3.3 hold true. Let q 2 N: For t > (2q +
4)�8(2q+4)2 the law ofXt is absolutely continuous with respect to the Lebesgue measure and
the density is of class Cqb . In particular, if �q = 0 for every q 2 N then the law of Xt is
absolutely continuous with respect to the Lebesgue measure and the density is of class C1b
for every t > 0:

In order to prove this result we will use the integration by parts formula from the previous
section. We consider a discrete version of the above equation:

XN
t = x+

Z t

0

Z
EN

c(u; a;XN
u�)dN(du; da) +

Z t

0

g(u;XN
u )du:

We �x n < N: We denote by Tnk ; k 2 N (resepcrively by TN;nk ) the jump times of the
Poisson process Jnt = N((0; t]; En) (respectively JN;nt = N((0; t]; EN n En)) and we put
�nk = pTnk and �

N;n
k = pTN;nk

: Then the above equation reads

XN
t = x+

JntX
k=1

c(Tnk ;�
n
k ; X

n
Tnk �) +

JN;ntX
k=1

c(TN;nk ;�N;nk ; XN
TN;nk �) +

Z t

0

g(u;XN
u )du:

We �x L 2 N and we have in mind that we will use L integration by parts. Then we denote
tk = tk=L and we �x some integrs 0 = m0 < m1 < ::: < mL:We will work on the set
fJnt1 = m1; :::; J

n
tL = mLg and the random variables on which the calculus is based are

Tn1 ; :::; T
n
m with m = mL: The ��algebra which contains the noise which is not involved

in the calculus is G = �(fJnt1 = m1; :::; J
n
tL = mLg;�nk ; T

N;n
k ;�N;nk ; k 2 N) and we will

take conditional expectations with respect to Gp = �(Tni ; i 6= p; i � m) _ G. The law of
(Tnmk

; :::; Tnmk+1�1) conditionaly to J
n
tk
= mk and Jntk+1 = mk+1 is uniform on (tk; tk+1)

so that the law of Tnp conditionaly to Gp is pp(!; v)dv with

pp(!; v) =
1

Tp+1 � Tp�1
1(Tp�1;Tp+1)(v):

Here and in the sequel we denote
Tp = Tnp for mk � p < mk+1;

Tmk�1 = tk; and Tmk+1
= tk+1:

We denote
hn;k =

tk+1 � tk
2(mk+1 �mk)

and we will work with the weights

�p(!; Tmk
; :::; Tp+1) =

p�1Y
i=mk

1(0;hn;k](Ti+1 � Ti�1)� 1(hn;k;1)(Tp+1 � Tp�1):

13



The reason of being of hn;k is the folowing. There are mk+1 �mk times in the interval
(tk; tk+1) so that at list for one p one has Tp+1�Tp�1 > hn;k: So we conclude that exactely
one of �p is non nul (and in this case it is equal to one). We denote pk the index for which
�pk = 1:
Moreover we put ap = Tp�1 and bp = Tp�2 + hn;k: Let us notice that �p1fbp<apg = 0:

Indeed, if bp < ap then hn;k < Tp�1 � Tp�2 < Tp � Tp�2 so that �p = 0: Notice that if
Tp�1 = ap < Tp < bp = Tp�2 + hn;k then

�p(!; Tmk
; :::; Tp+1) =

p�2Y
i=mk

1(0;hn;k](Ti+1 � Ti�1)� 1(hn;k;1)(Tp+1 � Tp�1):

which does not depend on Tp: So Tp ! �p is differentiable on (ap; bp) and @Tp�p = 0:
Moreover if �p > 0 then bp = Tp�2 + hn;k < Tp+1 (if not Tp+1 � Tp�1 <

Tp+1 � Tp�2 < hn;k so �p = 0): So for Tp�1 = ap < v < bp < Tp+1 we have

pp(!; v) =
1

Tp+1 � Tp�1
� 1

hn;k
and p(!; v) = @v ln pp(!; v) = 0:

We already know that Tp ! XN
t (T1; :::; Tm) is L times differentiable (see the appendix) so

that we are in the framework given in Section 3.

Remark 3 Notice that Tp ! �p is discontinuous in Tp�1 and Tp+1: It is tempting to try to
employ the strategy given in [B] and to multiply by a dunction which is null in Tp�1 and Tp+1:
Then the border terms in the integration by parts formula cancel and the calculus simpli�es
drasticaly. But this is not possible. If we try to do it we have to construct a function � : R!
R+ such that �(0+) = �(1�) = 0 and to de�ne �p = �((Tp � Tp�1)=(Tp+1 � Tp�1)): We
will see in a moment that @Tp�p is invloved in �(�) and 1=�p is involved in the inverse of the
Malliaivin covarience matrix. So we will need that E

��@Tp�p��2 <1 and E j�pj�2 : And this
amounts to

R 1
0

���0(x)��2 dx < 1 and
R 1
0
j�(x)j�2 dx < 1: Since j�(x)j �

R x
0

���0(x)�� dx �
x1=2(

R x
0

���0(x)��2 dx)1=2 � Cx1=2 we will not have
R 1
0
j�(x)j�2 dx < 1: In [B] we succed

to get around this dif�culty using a localization argument which allows to get rid ofE j�pj�2 :
But this argument does not work here.

We come back to our proof. We will work with the direction
�pk = 1fmk�p<mk+1gDpX

N
t

and the coresponding Malliaivn covarience matrix is

�k := ��k(X
N
t ) =

mX
p=1

�p�
p
kDpX

N
t =

��DpkX
N
t

��2 :
We alos have

�(�k) = �
X
p=1

(Dp(�p�
p
k) + �p�

p
kpp = DpkDpkX

N
t :

We will now estimate the norms which used in the integration by parts formula. We
denote Nt(cL) =

R t
0

R
E
cL(a)N(du; da) and et(cL) is the solution of the linear equation
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et(cL) = 1 +
R t
0

R
E
cL(a)eu�(cL)N(du; da): Here cL is the function which appear in our

regularity hypothesis. We also denote
� = Nt(cL)et(cL)e

tgL :

One has Nt(1EN cL) � Nt(cL) and et(1EN cL) � et(cL) So using (37) we obtain���@Tq1 :::@Tql@TqXN
t

���+ ���@Tq1 :::@Tql@2TqXN
t

��� � C�l+1

for every q1 < ::: < ql < q: This gives (see the (16) and (18) for the notation)
dL(�) + CL(X

N
t ) � C�L+1:

We also have j�pl �pppjl�1 � �L+1 � h�1n;k � �p;pk =: �p where �p;pk is the Kronecker
symbol. We conclude that the constant in the hypothesis AL(�) in Section 3 is

C� = �
L+1h�1n;k:

In order to compute the constant CXN
t
in AL(XN

t ) we have to estimate �
�1
k : By (34)

DpX
N
t = �(Tnp ;�

n
p ; X

N
Tp�) +

Z t

Tp

Z
EN

@xc(u; a;X
N
u�)DpX

N
u�dN(du; da)

+

Z t

Tp

@xg(u;X
N
u )DpX

N
u�du

so the standard varience of constants method gives
DpX

N
t = Y Nt ZNTp�(T

n
p ;�

N
p ; X

N
Tp�)

with Y Nt and ZNt the solutions of the equations

Y Nt = 1 +

Z t

0

Z
EN

@xc(u; a;X
N
u�)Y

N
u�dN(du; da) +

Z t

0

@xg(u;X
N
u )Y

N
u�du;

ZNt = 1�
Z t

0

Z
EN

@xc

1 + @xc
(u; a;XN

u�)Z
N
u�dN(du; da)�

Z t

0

@xg(u;X
N
u )Z

N
u�du:

We have Y Nt � ZNt = 1 and it is easy to check that under the hypothesis H3.3 (recall thatbc = cL) one has (Y Nt ZNTp)
�1 � �2: So, using H.3.2 we obtain

��1k =
��DpkX

N
t

���2 = (Y Nt ZNTnpk
)�2��2(Tnpk ;�

n
pk
; XN

Tpk�
) � �4

�2(�npk)
:

We conclude that we may take
CXN

t
= �4_(L+1) � max

k=1;L
��2(�npk):

We consider now a function � 2 C1(R) and we use Proposition 6 (with  = k�k1) and
we obtain ���EG(�(L)(XN

t ))
��� � C k�k1�

(L+1)4 � max
k=1;L

(
1

hLn;k
��4L

2

(�npk))

on the set fJnt1 = m1; :::; J
n
tL = mLg (here C is an universal constants): This is true

for all 1 � m1 < :::: < mL with mi = Jnti so the above equality holds true on the set
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�n := fJnti � J
n
ti�1 � 1; i = 1; :::; Lg: It follows that���E(�(L)(XN

t ))1�n

��� � C k�k1E(�(L+1)
4

� max
k=1;L

(
1

hLn;k
��4L

2

(�npk)1�n):

We have

E(��8L
2

(�npk)1�n) = E(

Jntk+1
�1X

p=Jntk+1

��8L
2

(�np )�p1�n)

=
1

�(En)

Z
En

1

��8L2(a)
�(da)E(1�n

Jntk+1
�1X

p=Jntk+1

�p)

=
1

�(En)

Z
En

1

��8L2(a)
�(da)P (�n):

We also have h�1n;k = 2(Jntk+1 � Jntk)=Lt so (E(h
�4L
n;k ))

1=4 � C�(En)
L: And

E(�q) <1,8q 2 N: So we obtain���E(�(L)(XN
t )1�n)

��� � C k�k1 �An;L with

An;L : = �L�1(En)

Z
En

1

��8L2(a)
�(da):

Passing to the limit with N !1 we get���E(�(L)(Xt)1�n)
��� � C k�k1 �An;L:

We are now ready for the proof of the Theorem. We denote e(�; x) = exp(�i�x) and
we consider the Fourier transforms bp(�) = E(e(�;Xt)): Since @Lx e(�; x) = (i�)Le(�; x) we
employ the above inequality and we obtain

jbp(�)j � P (�cn) + j�j
�L ��E(@Lx e(�;Xt))

�� � Le��(En)t=L + C j�j�LAn;L:
We use now the hypothesis H.3.3: for each � > 0 we may �nd n� such that for nay n � n�
one has

e�(En)(�8L2+�)+(L�1) ln�(En) � An;L = �L�1(En)

Z
En

1

��8L2(a)
�(da):

So if tL > �8L2 we may �nd nL;t such that for n � nL;t one has

"n := e��(En)t=L � An;L

and consequently
jbp(�)j � L"n + C j�j�L "�1n 8n � nL;t: (31)

Suppose that j�jL=2 � "�1nL;t : Isunce "
�1
n "n 1 we may �nd some n(�) � nL;t such that

"�1n(�) � j�j
L=2 � "�1n(�)+1;L � C � "�1n(�):

The last inequality holds true because we ask that �(En+1) � �(En) + c for some
constant c: Since the inequality (31) holds true for any n we obtain jbp(�)j � C j�j�L=2 if
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j�jL=2 � "�1nL;t :We take now q 2 N and we writeZ
R

j�jq jbp(�)j d� =

Z
j�jL=2<"�1nL;y

j�jq jbp(�)j d� + Z
j�jL=2�"�1nL;t

j�jq jbp(�)j d�
� "�(q+1)nL;t + C

Z
j�jL=2�"�1nL;t

j�jq�
L
2 d�:

And if we choose L = 2q+ 4 the above quantity is �nite. And a classical result says that the
law of Xt is absolutely continuous and has a density of class Cqb : In order to be allowed to
choose L = 2q + 4 and to run the above argument we need that tL > �8L2 and this amounts
to t > (2q + 4)�8(2q+4)2 : And this is our hypothesis. �
Example 1. We take E = R+ and ��(da) =

P1
n=1

1
n�
�1=n(da) with 0 < � < 1:

Moreover we take c(t; a; x) = a (so that
R t
0

R
E
c(s; a;Xt)dN(s; a) =

R t
0

R
E
adN(s; a)

is the Lévy process with intensity measure �) and a smoth function g(t; x) = g(x)
such that jg0(x)j � g > 0: Then j�(t; a; x)j = jg(x)� g(x+ a)j � g � a: We also
take En = ( 1n ; 1) so that ��(En) = c�n

1�� for some c� > 0: It is easy to check that
��(En+1) � ��(En) + c for some c > 0: So we are in the framework of the previous
theorem. We have

R
En
a�q��(da) = cq+�n

1�(q+�): It follows that

1

��(En)
ln(

Z
En

a�q��(da)) =
1� (q + �) + ln cq+�

c�
� lnn

n1��
! 0:

We conclude that for everi t > 0 the law of Xt has a density of class C1b :
We take now � = 1: Then ��(En) = c0 lnn and for q � 1

1

��(En)
ln(

Z
En

a�q��(da)) =
1� q + ln cq

c0
=: �q > 0:

So we will have to take a suf�ciently large t in order to obtain a regular density. This is
not just a technical matter: in [K] Theorem 1.4 the author porves that under apropriate
conditions, for small t; the denisty is not continous.
Example 2. We take the same intensity measure �� as in the previous example but now

we take the coef�cients g = 1 and c(u; a; x) such that j@xc(u; a; x)j � ca for some c > 0
(for example c(u; a; x) = ax): So we obtain j�(u; a; x)j = j@xc(u; a; x)j � ca: The same
discussion as above shows that for 0 < � < 1 one has a smooth density and for � = 1 one
has to wait in order to obtain smoothness. Let us compare this with the result of Ichikawa
and Kunita [I.K] in the case c(u; a; x) = ax: The important point there is that they assume
the so called "order condition":

limu!0

1

uh

Z
jaj�u

a2�(da) > 0

for some h 2 (0; 2): In our case
R
jaj�u a

2�(da) = c�u
1+� and so, if � < 1 the order

condition holds true. At the contray, if � = 1 the order condition fails and their reult does no
more apply. But in our approch also, we do not obtain a smooth density for small times.
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4 Appendix. The deterministic equation
We �x some deterministic times 0 = u0 < u1 < ::: < um < T and we denote

u = (u1; :::; um) and Jt = Jt(u) = k if uk � t < uk+1: They represent the jump times.
We also consider an abstract set E and we denote a = (a1; :::; am) 2 Em; which will
represent the amplitudes of the jumps. We consider some functions c : R+ � E � R ! R
and g : R+ � R ! R which are in�nitely differentiable with respect to (t; x) 2 R+ � R
and we associate to them the deterministic one-dimensional equation

Xt = x+

JtX
p=1

c(up; ap; Xup�) +

Z t

0

g(r;Xr)dr; 0 � t � T: (32)

We denote by Xt(u; a) or simply by Xt the solution of this equation. In order to solve this
equation we introduce the �ow � = �u(t; x); 0 � u � t; x 2 R solution of the ordinary
integral equation �u(t; x) = x +

R t
u
g(r;�u(r; x))dr; t � u: The solution X of the

equation (32) is given by X0 = x and
Xt = �ui(t;Xui) for ui � t < ui+1

Xui+1 = Xui+1� + c(ui+1; ai+1; Xui+1�)

= �ui(ui+1; Xui) + c(ui+1; ai+1;�ui(ui+1; Xui)):

Since c and g are smooth, the function (u1; :::; um) ! Xt(u1; :::; um) is of class C1 on
the set fui 6= t; i = 1; :::;mg: Our aim is to compute the derivatives of Xt with respect to
uj ; j = 1; :::;m:
We introduce �rst some notation. Since g is differentiable, the application x! �u(t; x)

is differentiable and @x�u(t; x) =: eu;t(x) verify the equation

eu;t(x) = 1 +

Z t

u

@xg(r;�u(r; x))eu;r(x)dr:

We also have

@u�u(t; x) = �g(u; x) +
Z t

u

@xg(r;�u(r; x))@u�u(r; x)dr

so that @u�u(t; x) = ��(u; x)� eu;t(x):Moreover we denote
�(u; a; x) = g(u; x)� g(u; x+ c(u; a; x)) + (g � @xc+ @tc)(u; a; x); (33)
�(u; a; x) = (@u�)(u; a; x) + (@x�)(u; a; x)g(u; x):

Finally we denote
Vp(t) := @upXt�(u; a); Wp(t) := @2upXt�(u; a):

Lemma 8 The funcitons Vp(t; ); t > up andWp(t; ); t > up solve the equations

Vp(t) = �(up; ap; Xup�) +

Jt�X
k=p+1

@xc(uk; ak; Xuk�)Vp(uk) +

Z t

up

@xg(u;Xu)Vp(u)du;

(34)
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and

Wp(t) = �(up; ap; Xup�) +

Jt�X
k=p+1

@2xc(uk; ak; Xuk�)V
2
p (uk) +

Z t

up

@2xg(u;Xu)V
2
p (u)du(35)

+

Jt�X
k=p+1

@xc(uk; ak; Xuk�)Wp(uk) +

Z t

up

@xg(u;Xu)Wp(u)du:

with the convedntion
Pp

k=p+1 = 0.

Remark 4 Notice thate Vp(up) = g(up; Xup�) 6= �(up; ap; Xup�) and Vp(t) = 0 for
0 � t < up:

Remark 5 Since t ! Vp(t) is left continuous (and not right continuous) it is natural that
we put in the sum Vp(uk) and not Vp(uk�): For example if t = uq then J(uq�) = q � 1 so
that the last term in the sum is Vp(uq�1)which is known at time uq:

Proof. We write Xup� = �up�1(up; Xup�1) and we notice that Xup�1 does not depend
on up:We have @t�up�1(t; x) = g(t;�up�1(t; x)) so that
Vp(up) = @upXup� = @up�up�1(up; Xup�1) = g(up;�up�1(up; Xup�1)) = g(up; Xup�):

Moreover
@upXup = @up(Xup� + c(up; ap; Xup�))

= @tc(up; ap; Xup�) + (1 + @xc(up; ap; Xup�))@upXup�

= @tc(up; ap; Xup�) + (1 + @xc(up; ap; Xup�))g(up; Xup�):

Consider now up < t � up+1:We have Xt� = �up(t;Xup) so that
@upXt� = @up�up(t;Xup) + @x�up(t;Xup)@upXup

= (�g(up; Xup) + @tc(up; ap; Xup�) + (1 + @xc)� g(up; Zup�))eup;t(Zup)
= �(up; ap; Xup�)eup;t(Xup):

In particular this gives

Vp(t) = �(up; ap; Xup�) +

Z t

up

@xg(u;Xu)Vp(u)du; up < t � up+1:

We compute now
@upXup+1 = @upXup+1�+@upc(up+1; ap+1; Xup+1�) = @upXup+1�(1+@xc)(up+1; ap+1; Xup+1�):

For up+1 < t � up+2 we have
Vp(t) = @upXt� = @up�up+1(t;Xup+1) = @upXup+1 � @x�up+1(t;Xup+1)

= @upXup+1 � eup+1;t(Xup+1) = Vp(up+1)(1 + @xc)(up+1; ap+1; Xup+1�)� eup+1;t(Xup+1):
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This means that

Vp(t) = Vp(up+1) + @xc(up+1; ap+1; Xup+1�)Vp(up+1) +

Z t

up+1

@xg(u;Xu)Vp(u)du:

Notioce that Jt� = p + 1 for up+1 < t � up+2:We continue like this and we obtain the
equation (34). And since �(up; ap; Xup�) = @up(�(up; ap; Xup�)) we take derivatives in
(34) and we obtain (35). �
We assume that there exists some bounded functions cL : E ! R;L 2 N and some

constants constant gL; L 2 N such that

jc(u; a; x)j � c1(a)(1 + jxj);
LX
k=1

��@kxc(u; a; x)�� � cL(a);

jg(u; x)j � g1(1 + jxj);
LX
k=1

��@kxg(u; x)�� � gL:

We denote

et(cL) =

JtY
i=1

(1 + cL(ai)); Nt(cL) =

JtX
i=1

cL(ai):

Lemma 9 For every L 2 N there exists an universal constant C (depending on kcLk1 ; gL
and kxk) such that for every p1 < p2 < ::: < pL�1 < p with up � t we have���@up1 :::@upL�1Vp���+ ���@up1 :::@upL�1Wp

��� � C(Nt(cL)et(c1)e
tgL)L+1: (36)

In particular, since et(CL) and Nt(CL) does not depend on u this gives

sup
up1<:::<upL�1<up<t

(
���@up1 :::@upL�1Vp���+ ���@up1 :::@upL�1Wp

���) (37)

� C(Nt(cL)et(cL)e
tgL)L+1:

Proof. Using a slight varient of Gronwall's lemma we obtain jXtj � jxj et(c1)etg1 :
Notice that j�(u; a; x)j � (2g1 + 1)c1(a)(1 + jxj): Then, using once again Gronwall's
lemma we have jVp(t)j � Cet(c1)e

tg1 :We proced now by reccurence. In order to shorten
the notation we take g = 0:We take now p1 < p and we take derivatives in the equation (34)
in order to obtain

@up1Vp(t) = @up1�(up; ap; Xup�) +

Jt�X
k=p+1

@2xc(uk; ak; Xuk�)Vp1(uk)Vp(uk)

+

Jt�X
k=p+1

@xc(uk; ak; Xuk�)@up1Vp(uk):

We have ��@up1�(up; ap; Xup�)
�� = ��@x�(up; ap; Xup�)

�� ��@up1Xup�
�� � Ce2t (cL):
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And using the reccurence hypothesis��@2xc(uk; ak; Xuk�)Vp1(uk)Vp(uk)
�� � Cc2(ak)(Nt(c1)et(c1))

2

so that ��@up1Vp(t)�� � Ce2t (cL)e
2tg1 + CNt(c2)(Nt(c1)et(c1))

2

+

Jt�X
k=p+1

c1(ak)
��@up1Vp(uk)�� :

And so
��@up1Vp(t)�� � CN3

t (c2)e
3
t (c1): The proof is the same for higher order derivatives

and forWp: �
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