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Abstract

We consider the stochastic equation dX; = g(t, X;)dt + ¢(t,a, X;—)dN(t,a) where N is a
poisson point measure on an abstract measurable space. We settel a differential calculus
based on the jump times in order to give sufficient conditions in order that the law of X, is
absolutely continuous and has a smooth density.
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1 Introduction

We consider the one dimesional equation

¢ ¢
Xy ==z +/ c(u,a, Xy, )dN(u, a) +/ g(u, X,,)du (1)
0 0

where IV is a Posson point measure of intensity measure 4 on some abstract measurable
space E/. We assume that ¢ and g are infinitely differentiable with respect to ¢ and x, have
bounded derivatives of any order and have linear growth with respect to . Moroever we
assume that the derivatives of ¢ are bounded by a function ¢ such that [ ¢du < oo. Under
these hypothesis the equation has a unique solution - and the stochastic integral [ c¢dN is a
Stildjers integral.

Our aim is to give sufficient conditions in order that the law of X} is absolutely
continuous with respect to the Lebesgue measure and has a smooth density. If E = R™
and p(da) = h(a)da with a smooth density i then one may developp a Malliaivn calculus
based on the amplitudes of the jumps in order to solve this problem. This has been done
first in [Bis] and then in [B.G.J]. But if 4 is a singular measure this approach fails and one
has to use the noise given by the jump times of the Poisson point measure in order to settle
an analogues of the Malliaivn calculus. This is a much more delicate problem and several
approches have been proposed. A first step is to prove that the law of X is absolutely
continuous with respect to the Lebesgue measure, without bothering about the regularity.
A first result in this sense was obtained by Carlen and Pardoux in [C.P] and was followed
by number of other papers (see [D],[E.T],[K1],[N.S]). The second step is to obtain the
regularity of the density. Recently two reults of this type has been obtained by Ishikawa and



Kunita in [I.K] and by Kulik in [K.2]. In both cases one deals with an equation of the form
dX; :g(taXt)dt—’—f(uaXu*)dUt (2)

where U is a Lévy process. The above equation is multi-dimensional (let us mention that the
method presented in our paper may be used in the multi-dimensional case as well, but then
some technical problemes realated to the control of the Malliaivn covarience matrix have to
be solved - and for simplcity we prefered to live out this qaind of difficulties in this paper).
Ishikawa and Kunita in [I.K] used the finite difference approach given by J. Picard in [P] in
order to obtain sufficient conditions for the regularity of the density of the solution of an
equation of type (1) (in a somehow more particular form, closed to linear equations). The
result in that paper produces a large class of examples in which we get a smooth desnity even
for an intensity measure which is singular with respect to the Lebesgue measure. The second
approach is due to Kulik [K]. He settled a Malliaivn type calculus based on perturbations of
the time structure in order to give sufficient conditions for the smoothness of the density. In
his paper the coefficient f is equal to one so the non degenracy comes form the drift term
g only. As befor, he obtains the regularity of the density even if the intensity measure ( is
singular. He also proves that under some appropriate conditions, the density is not smooth
for a small ¢ so that one has to wait befor the regularization effect of the noise produces a
regular density.

The result proved in our paper is the following. We consider the function

a(u,a,2) = g(x) — g(z + c(u,a,z)) + (g0zc + Ouc)(u, a, ).
Except the regularity and boundedness conditions on ¢ and ¢ we consider the
following non degeneracy assupmtion. There exists a measurable function « such that
|e(u, a, z)] > a(a) > 0 for every (u,a,z) € Ry x E X R and, given ¢ € N, there exists a
sequence of subsets £,, T E such that y(E,) < co and

, 1 1 B
tim, s (| iy ) =y

for some 6, < oo. Then, for ¢ > (2¢ + 4)Og(24+4)> the law of X; is absolutely continuous
and has a density of class C. In particular, if 6, = 0 then the density is of class C}/ for every
t>0.

In the paper of Kulik one takes ¢(u, a, ) = u so a(u, a,x) = g(x) — g(x + ¢(u, a, x)).
Then the non degeneracy condition concerns just the drift coefficinet g. And in the paper of
Ishikawa and Kunita the baisic example (which corresponds to the geometric Lévy process)
is ¢(u,a,r) = xa(e® — 1) and g constant. So a(u,a,z) = a(e* — 1) ~ a? as a — 0. The
drift coefficient does not contribute to the non degeneracy condition (which is analogues to
the uniform ellipticity condition).

The main ingredient in our approch is the following well known property of the jump
times 7', k € N of a Poisson process J;*, ¢ > 0 (the reason of being of n € N will apear
in a moment). Conditionaly to JJ* = m, the law of (17, ..., 7;") is uniform on (0,T). In
particular, for each p = 1, ..., m, the law of T}}' conditionaly to G, := o(J}* = m, 1", q # p}
is uniform on (7, , T, ;). It follows that for every ¢ € C*

/ ¢(Tn+1+) - ¢(Tn+1_) 1 o1
E ™)) = P P _ du. 3
% %)) pr1 — It pr1 — 1y /T;1 Plu)du @



And our problem is to put to work this elementary integration by parts formula. This is a
non trivial matter because we will work with "small jumps" so that 777, ; — 77" ; becomes
an infinitesimal quatity. In order to do it we settel a finite dimensional Malliavin calculus
analogues to the one given in [B] (a varient of this calculus has already been used in [B.BM]
for numerical applicatons). Then we approximate X; with some X}¥ which solves the
equation (1) in which the dN is replaced with dNy = 1, dN. Since pu(Ey) < oo, the
number of jumps befor ¢ is finite, and so X}V is a function of a finite number of T}V, k < JJN.
For this finite dimensional functional we use a finite dimensionl differential calculus. This
calculus is not based on all the random variables 7}¥, k < J{¥ but only on part of them,
namely on 77}, k < J{* with n < N to be choosen in an apropiate way. This is a varient
of the calculus developed in [B] but the significant difference is that in the integration by
parts formula (3) the border terms gb(T;‘H +) and ¢(T7}, ;—) appear. In [B] we use some

P
weights 7, which have the property 7, (7}, ,4+) = 7,(1}".;—) = 0 in order to cancel the

border terms. But in the framework here tﬁis does not seezr)n to be possible (see the remark in
the proof of Theorem 7). So our baisic duality formula (see Proposition 1) contains border
terms. And this lids to some specific difficulties. As a consequence, the restriction to a finite
variation integral with respect to d/V (and not a compensated stochastic integral) is crucial
because we need some very strong upper bounds in order to handel the border terms.

Once we are able to use the differential calculus for X}V we obtain an integration by parts
formula of the type E(¢'(X})) = E(¢(XN)Hny ) for some integrable random variable
Hp . And this gives |E(¢'(X{Y))| < (9]l E(|Hn,n)- If supy ,, E(|Hy,n|) < C < oo,
then | E(¢'(X}Y))| < C | ¢l and a classical argument based on the Fourier transform
guarantees that the law of X; is absolutely continuous and has a smooth density. But in our
case supy ,, E(|Hn,n|) = co. Nevertheless we are able to use an argument based on the
Fourier transform inspaiered from [F]. Such an argument has been used in [B] also.

The paper is organized as follows. In Section 2 we establish the finite dimensional
differential calculus, we obtain the baisic integration by parts formula and its iterations and
we give some upper bounds for the quantities which are involved in this formula. In section
3 we apply this calculus to the solution of the equation (1). And in the appendix we give
some ellementary facts about the derivatives of the solution of the equation (1) with respect
to the jump times.

Acknowledgement: Part of this work has been done during a visit to the Institut
Mittag-Leffler (Djursholm, Sweden)

2 Malliavin calculus for simple functionals

We consider a probability space (2, F, P), a sub c—algebra G C F and a sequence of
random variables V;,,i = 1,...,m where m € N is fixed. We denote V' = (V4, ..., V;,,) and
‘71‘ =(V1,..Vic1,Viga, .., Vin). We also put G; = G V o(V;, j # i). Our calculus is based
on the variables V;,7 = 1,...,m and G reperents the o algebra which contains the noise
which is not involved in the calculus. We assume that V; € N, LP.

We also consider some functions 7; : 1 X R™ — R, which are G x B(R"") measurable
and which will be the weights that we use in our calculus.

The fonctionals which we consider will not be differentiable on the whole space



but only on some intervals that we define now. For each i we consider two functions
ai,b; 1 Qx R™~1 — R, U{—00, 00} which are G x B(R™~!) meausrable and such that

Ti(w, V)b, (w50 <ai(w)} = 05 Tiw, V) 1o, <a;(w,8:) 10k (w,8:) <v:} = 0-
So ; is zero outside (a;, b;) and b; > a; if w; # 0. Notice that in [B] we assume that
mi(w, Vs, b;—) = mi(w, Vs, a;+) = 0. And this is necessary in order to cancel the border
terms in the integration by parts formula. But here we do not ask this and so we keep the
border terms.

We denote by C'2, the space of G x B(R™) meausrable functions f : O x R™ — R
such that, for every i = 1,...,m, every v; € R™ ! and every w € (, the function
v; — f(w,v;,v;) is of class C* on (a;(w, v;), bi(w, v;)). Moreover we assume that this
function and its derivatives have finite right hand side (respectively left hand side) limits in
a; (respectively in b;) and we denote

Rif(w,5) = lim _ f(w,;,v:), R;f(w,0):= lim _ f(w,v;,v;).
v; 1b; (w,5) vilai(w,v;)
We also assume that f and all its derivatives have polynomial growth: there exists some
constants C' and p such that | f(w,v)| < C(1 + |v|”).

Our basic hypothesis is that the conditional law of V; with respect to G; is absolutely
continuous with respect to the Lebesgue measure and the density blongs to C75,. So we
assume:

H1. For each i = 1,...,m there exists p; € C5, such that for every G x B(R™)
measurable function f one has

B, (£w.V) = [ 1, Tiolpi, T v)do
R
where Eg, designis the conditional expectation. We denote

P =Di(w,V) = 1(ai(w,\2),bi(w,‘7¢))(%)avi Inp;(w, V).
We introduce now the objects which come on in the Malliavin calculus.
Simple functionals. A random variable F' is called a simple functional if F' = f(w, V)
with f € CF%,. We denote by S the space of the simple functionals. It is an algebra.
Simple processes. A simple process of length m is sequence of random variables
U = (Ui)i<n such that U;(w) = u;(w, V), u; € C55,. We denote by P the space of the
simple processes. And we consider the scalar product

m

(U,W),. = Zﬂ'iUiWi-
i=1

We define now the differential operators which appear in Malliavin’s calculus.
(0 The Malliavin derivative D : S — P :if F = f(w, V4, ..., V;;,) then

D, FF : = 1(ai(w7v)7bi(w,v))(‘/:i)avif(w7 V(w)),
DF = (DiF)i<m € P.
For F = (F!,..., F) € 8% the Malliavin covarience matrix is defined by

oW (F) = (DF',DF7) =" m Dy F' Dy, .
k=1



More generally we consider d simple processes &; = (£})i—1,m € P,j = 1,...,d and we
define

o¢?(F) = (DF',¢;) = mpDpF' x &
k=1
If we take & f = D, F7 we obtain the standard Malliavin covarience matrix We may interpret
&1, ..., €4 as directions in which the derivative is taken.
O The Skorohod integral Let U = (U;);<nm € P with U; = u;(w, V). We define

0:P — Shby
5i(U) = = —(Di(muy) + miuip;)(w, V),
SU) = D 6i(U)==> (Di(mu;) + mu;p;) (w, V).
i=1 i=1

We recall taht p; = 1(4, 5,)(Vi) Oy, Inp;(w, V).
O The border terms. For F = f(w,V) € Sand U = (u;(w,V))i=1,..m € P we
define

[F,U], = (RS (FU;mip;) — Ry (FU;m;p;))

s

|

Il
-

((f xwi)(w, Vi, Vi, bi—, Viga, oo, Vi) (mipi) (w, b —)

_(f X ul)(w? V17 eeey ‘/ifla a/i+7 ‘/i+17 seny Vm)(ﬂ-lpl)(wa ai+))'
In our framework the duality between § and D is given by the following lemma.

Proposition 1  We assume that H.1 holds true. Then for every F' € S and U € P
Eg((DF,U).) = Eg(Fo(U)) + Eg([F,U]r). (4)

Proof. Using the hypothesis H1 and the fact that v; — m;(w, v) is null outside (a;, b;)
we obain

Eg(D;iF x (Uim;)) = Eg(Eg,(DiF x (Uim;)))
bi R R
= EG(/ (Ou, | x mau;) (w, Vi, v)pi(w, Vi, v)dv).

i

Using the integration by parts formula the above integral is equal to

~ . b; R
R (friuipi)(w, Vi) — Ry (frowipi)(w, Vi) — [ x (O, (miui)pi + piti Oy, pi) (w, Vi, vi)dv;
= R+ (fmi uzpz)( ‘71) (fﬂzuzpz / f X 7Tzu2)pz + miup;)pi(w ‘71} v;)dv;

= R (froupi)(w, Vi) — Ry (frouipi)(w, Vi) — Eg,(f x (9, (miws)p; + miui)(w, V).



We come beack and we obtain
m

> Bg(DiF x (Usm)) = 3 Bg(R} (friuipi)(w, Vi) = By (Friuipi)(w, Vi)

—Eg(f x Y (0, (miui)pi + miwiB;) (w, V).
i=1
[l
We have the following strighforward computation rules.

Lemma2 Let ¢ : RY — R be a C™ function with polynomal growth and let F =
(F,...,F%) € S. Then ¢(F) € S and

d
F)=> 0n¢(F)DF*. 5)

IfF € SandU € P then
d(FU)=Fo6U)—(DF,U).. (6)

The proof of the first equality is trivial and the proof of the second one is obtained using
the duality formula and the chain rule.
The main result in this section is the following.

Theorem 3 We assume that H.1 holds true. Let F = (F',...,F?) € S and G € S. We
suppose that there exist d simple processes £;,j = 1, ..., d such that the matrix o¢(F)(w) is

invertible and we denote ¢ (F') = 05_1 (F). We assume that
E(|dety¢(F)|") <00 Vp € N. (7)

Let ¢ : R* — R be a C™ function with polynomal growth. Then, for every i = 1, ..., d, one
has

d
Bg(9:0(F)C) = Eg(o(F)H(F.G)) + Y Bg([o(F).GA{'(F)g;] ) @)
with "
‘ d d
HUR,G) = Y 0(GE(F)E) = Y (G )= (6 DOLIE)) ). ©)

Proof. Using the chain rule

(Do(F), &) = Zerr(ﬁ(F)xg;

Za@ ZmD 3 —Zéw



so that 9;¢(F) = 25:1 (Do(F),&;) 'yé‘(F) Since F' € § it follows that ¢(F) € S and
since £ € P it follows that 0’? (F) € S. Moreover, since det vy, € Nyen LP it follows that
'y?(F) €S. So Gvéi(F)fj € P and we may use the duality formula:

d
>~ Eg((Dé(F), G (F)g;) )
j=1

Eg(0;¢(F)G)

d
= Eo(o(F)3(G (F)¢) + Y Eo([o(F). G2 (F)g; | )
j=1
and the proof is completed. [
2.1 Itterated integration by parts formula

We will itterate the integration by parts formula from the previous section. Our idea is to
use different directions for each integration by parts. We fix L € N and we have in mind
that we want to itterate the integration by parts formula L times. We consider a sequence of
directions & = (§;1, -, &,a), 0 = 1., LWith &, ; = (€] ;)p=1,m € P which will be fixed
thougout this section. We define D¢, : § — S by

Dﬁz,iF = Z ﬂ-pgf,iDpF = <€l,i7 DF>7T
p=1
The fact that D¢, . F' € S allows us to take a new derivative on this functional. So the reason
of being of the directional derivatives is to avoid to define higher order derivatives.
For 1 <1 < L we denote by Q; the set of the multi-indexes A = (A, ..., A4,),1 <r <1
with Ay = (I, i), with 1 < I; < ... <l <landi, € {1,...,d}, k = 1,...,r. We denote
|A| = r. And for A € @Q; we define

D{F := Dg, ...Dg, F. (10)
Notice that since 7y, € S the above definition makes sense. It is easy to check that
D5 (FxG)= Y DEFxDEG (11)
BUB'=A

with B and B’ disjoint. Moreover, for any function ¢ € C'(R%, R), F = (F', ..., F%) € 8¢
and A € Q; we have
|A|

Diop(F)=>">" > 0%(F HD7F“J (12)

r=1|a|=r B1U...UB,=A

wher > 5\, p —4 is the sum over all the partitions of length r of A.
We introduce the following norms. For F' = f(w, V') we define

|F|max = rillaX bup{'.f uvz az( V) < < b (w V)}
and
|F|, = Flpax + Y, [DEF| . (13)
A€EQ



As a consequence of (11) and(12) we have

|IFxG|, < |F|,x|G|, and (14)
()], < ma [0°9(F) |y % |- (15)

For a functional F = (F, ..., F;) € S¢ we denote crl(F) = 0¢,(F) and

aF) =IF,+ 3 Z ()| - (16)

1<k<l,j=1

Lemma 4 Suppose that o;(F) is invertible and let 7, (F) := o} ' (F). Then
2P| < 000+ G (14 ety () ) (7)

Proof. We write 7,7 (F) = (det oy(F))~" x /7 (F) where 6}’ (F) is the algebraic

complement. Using (14) we obtain "yl (F) ‘l |(det oy (F))~! |l x Cy(F)4=1. Using (15)

with ¢(z) = 2~ we obtain

|(det oy ()7, < |dety, (F)

l + max ’¢< )(detal(F))‘ x (1 + |det oy (F)],)"

max 1<’l" max
<UL+ [det 7, (F)|pa) X (14 Co(E)”

and (17) is proved. O
We define now

max)

d
= > > 6l (18)

1<k<li=1
In the previous section we have defined the random variables H é (F,G),i=1,...,d. Inorder
to itterate the integration by parts formula we define recursively Hi(F,G) = H 21 (F,QG)
and

Hl(ﬁi7 ,az+1)(F G) Hl(ozl,...,ozz)(F’ ng:ll (F, G)) (19)

Lemma 5 There exists some constants C' (deppending on [ and d) such that
i 1
HL(F,G)| < CIGL 1+ dia )1+ CUE)ID (1 + fdet (), 420)
1
i) |HMF,G)| < CIG| (1 +di(€) (1 + CEN™ (14 Y |det vy (F)] ) -

I'=1

Remark 1 In the previous inequalities we put 1 + d;(§) in order to precise that we use
max(1,d;(£)). So, if di(§) is very small, il (F, G)’ is not obliged to be small. The same
' -1




Jor Ci(F) and for |det ,(F)|. At the contray, we use |G|, and so if this quantity is small
then ‘Hgl (F, Q) ‘l ) is also small. This will be important in the sequel.

Proof. Recall that
d

d

H{ (F,G) =G x Y (v (F)8(&;) = De, 7/ (F) + Y, (F)Dg, G-
j=1 Jj=1

Then using (14) and (17) we obtain 7). And 4:) follows by reccurence. [

We will need the following supplementary hypothesis. We consider some non-negative
random variables C¢, Cr, Cg, 1, p = 1, ...,m and F which are G measurable. This means
that they do not depend on V;,i = 1,...,m, and in this sense they may be considered as
consatnts. We also assume that

E((CngCFJrC(;)p) <oo VpeN. (21)
We assume that forevery p=1,....m,l=1,....L,i=1,....d
AL(§) i) dr(§) Ce, (22)
i1) ’Eiiﬂppp‘ < n, and an < Ce.

-1
p=1

IN

Moroever we assume that there exists some disjoint sets I; C {1,...,m},l = 1,..., L such
that

141) ﬁi:O if pél. (23)
This means that the derivatives in the directions £, ;,4 = 1,...,d involve the variables
Vp,p € I; only. Consequently the integration by parts formula with &; is based on this set of
variables. Since I; are disjoint sets we use different sets of variables for each integration by
parts. Notice that in this case | F'|, involves only derivatives of order one with respect to each

V, (because I, , ..., I;, are disjoint). But ‘a? (F) ‘k involves derivatives of second order with
respect to the variables V), p € I, (because we have ozj (F) =D, , F* and then we apply

one more derivative in the directions &, ,,,h = 1,..,d).
On F' we assume that

AL(F) 1) CL(F) < CF, (24)
it) |detyp(F)lpax < Cr, k=1,..,L
iii) |F| < F,
and on G we assume that
AL(G) |G|, < Cg. (25)

Proposition 6 We assume that H.1 holds true. Let F = (F' ... F%) € 8% and G € S.
We suppose that for every | = 1, ..., L, oy (F) is invertible and we assume that the hypothesis
Ap(€),AL(F) and AL(G) hold true. We consider a function ¢ € C°°(R?, R) such that
|o(x)| < ¥(|x|) where ¢ is a non decreasing function. Then there exists some universal
constants C and q such that for every multi-index o = (o, ..., aq) € {1,...,d}",1 < L one



has
|Eg,,..,(096(F)G)| < Cy(F)CeCLoy ™" (26)
where Gy := GV o(Vp,p € Ub_, ).

Proof. We proced by reccurence. Suppose first that [ = 1 so that o« = {i},7 € {1, ..., d}.
We use the integration by parts formula (8) with the direction ;. Since &} = 0 forp ¢ I
we employ derivatives with respect to the variables V,,,p € I only. So G(,) may be
considered as the o algebra of the noise which is not involved in the calculus and we may
use the integration by parts formula (8) using the conditional expectation Eg,, instead of
Eg. We obtain

d
Eg,, (0:8(F)G) = Egu (8(F)HL (F.G)+ > > Ego, (R (9(F)GE (F)EY jmypp)

j=lpel

d
=YD Egu (R, (9(F)GYL (F)EL jmppp))-
Jj=lpel
Using (20), 1) and our hypothesis we obtain

’Hél(FvG)‘ < CIG|, (1+di(€)(1+ CL(F)U(1 + |det v, (F)]
< O x CgCeO%t?

for some universal constant C. We also have |¢(F)| < ¥ (|F|) < 1(F) so we obtain

|Egs, (9(F)HE, (F, G))| < Cu(F)CaCeCi.
We fix now p € I; and we estimate
RE(G(F)GYL (F)EE momy)| = [0(RE F)| x | RS G [REA2 (F)| x| Ry (€8 mpmy)|.
We have |¢(R} F)| < ¢(|R}F|) < ¢(|RF|) = ¢(F). The last equality is due to the fact
that I’ does not depend on V,,. Since G < C we obtain |Rz‘f G| < |Rz‘f CG| = Cg and in

the same way ‘R;fyg (F)‘ < C x Cf and |RF&Y jmppp| < 1. So

max)

> ]R;(¢(F)Gv§j (F) i’,jwppp)\ < CY(F)CaCh > m, < CY(F)CaCiiCe.
pEly p=1
The same inequality holds for R, and we obtain (26).
We suppose now that the ineqaulity holds true for « = (a4, ..., oy) and we prove it for

o = (aq, ..., a1, a541). We employ the integration by parts formula (8) with the direction

10



&1 and we obtain
BG40y (0MT10%O(F)G) - = Eg<z+2> (0%¢(F)H T (F,G)))

+Z Z Eg( L+2) aa(b( )G é:ljl(F)girl,jﬂ'ppp)

Jj=1p€liy

d
Y B (By (07 6(F)GHE ()L, ).

j=1p€lit1
We evalaute the first term. We check that G’ := a“’l . (F, G) verifies the hypothesis Az (G")

with Cgr = C x CaCeC ™' And this follows from (20) and AL (G), AL (F), AL (£). So
we may use the reccurence hypothesis and we obtain

Bg) (0"6(F)HE' | (F,G))| < Cu(F)CeCL OV < cu(F)Coc op e,

Since G142y C g(l+1) we may replace g, by Eg, ., . So this term verifies (26).
We fix now p € I;1; and we denote

hp = hy(Vi, .o, Vi) = 0%¢(F)Gy A (R )fﬁl,jwppp'

§l+1

We look to
Eg(l+2) (R;(6a¢(F)G'Y]7aH1 (F) f—o—l,jﬁppp) = Eg(z+2) (Eg(l+1) (R;(h’p)))

§141

Since ¢ is bounded, we have |h,| < C x Cgn,(1 + C¢ + Cr)?, which does not depend
on V, and which is integrable. So we may use Lebesgue’s theorem and we obtain

EQ(1+1) (R:;r(hp)) = Eg(H»l) (vlpi?blp hp(vpv U;U)) = vlf,i%rblp Eg(z+1) (hp(vpv Up))

Now we have to evaluate Eg(l+1)(hp(‘79,vp)) = Eg,, (0%¢(F,,)G;, ) with
= flw,( pavp) and Gi;,, = (G’Ygil:l(F)fﬁ-Ljﬂpp;l |v,=v, - For every
Up € (ap, bp) we have
7,
‘G;p 1 = |GUP‘ ‘(’yful:l (F))UP ! X

Notice that here comes on the fact that we work with the norms |°| . And this is the

reason of being of these norms. Using the reccurence hypothesis we obtain
— 2
|EQ(Z+1) (hp(V1, ceey VM))| = ‘EQ(HU (aa(b(va)Gl ) < C'@[}(F)CG;Z] CéC}i?ip

< CP(F)CaCLe 1%

‘(ff’ﬂ’jwppp)vp (14 Cp) 0y = Ca, -

-
Passing to the limit with v,, T b, we get |Eg(l+1) (R;r(hp)ﬂ < CyY(F)CgC! C’d(l+1)277p and
finally

m

> | EBoy ) (B ()] < C4(F)CaClOm Y’ Z 1, < CY(F)CeCop™
-

We replace now Eg,,,, by Eg,, ., and the proof is completed. g
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Remark 2 [In the last inequality comes on Z;":l n,- This is why we need to have |G|, and
not 1+ |G|, in (20). If not we would have Z;nzl (1+m,) > m and this is not convinient for
us because in concrete applications m T oo (notice that m does not appear in the right hand
side of (26)).

3 Stochastic eqations

We consider a Poission point process p with measurable state space (£, B(E)). We
reffer to [[.W] for notation. We denote by N the counting measure associated to p so
N¢(A) := N((0,t] x A) represents the number of points p; € A, s < t. The intensity
measure is dt X p(da) where p is a sigma-finite measure on (E, B(E)). We consider
a sequence E,, T E such that u(E,) < oo and pu(Ep41) < p(Ey) + ¢,Vn € N for
some constant ¢ > 0. This sequence is choosen in the begining and the non-degeneracy
assumption bellow depends on it.

We consider the one dimensional stochastic equation

t t
X;=z+ / / c(u, a, Xy )dN (du, da) + / g(u, X,,)du. 27
0o JE 0

Our aim is to give sufficient conditions on the coefficients ¢ and ¢ in order that the law of X}
is absolutely continuous with respect to the Lebesgue measure and has a smooth density.

H 3.1 We assume that the functions (s,x) — ¢(s,a,z),a € E, and (s,z) — g(s,x) are
infinitely differentiable and there exists some bounded functions ¢y, : E — R, L € N and
some constants gr,, L € N such that

&~

e(w,a,2)] < al@+lal), Y |Ohe(,a0,2)| < crlo)

k=1

IN

lg(u, )] g1(1+ |z)), ZI pg(u, )| < gr.

Under the above hypothesis the above equatlon admits a unique solution and
I3 [4c(s,a,Su—)dN (ds, da) is a Stildjer integral.
This is the regularity assumption. We introduce now the non degeneracy condition. First
of all we give a sufficient condition under which the tangent flow is invertible.
H 3 2 We assume that there exists a measurable function ¢ : £ — R, such that
Sz ) < oo and
H@mc X (I+0.¢) " (u,a,2)|| <¢a), VY(u,a,z) € Ry x E x R (28)
For notational convinience we take ¢ = ¢, (it suffice to take the max for example).
We give now the non-degeneracy condition iself. We consider the function
a(s,a,x) =g(s,x) — g(s,z + c(s,a,)) + (90.c + Oc) (s, a, ). (29)

H. 3.3 We assume that there exists a measurable functions o : £ — R, such that

12



|a(s,a,x)| > a(a) and for every ¢ € N one has

: 1 1
hmnm ln(/En g(a)qu(da)) =04 < o0. (30)

For notational convenience we assume that o < 1.

Theorem 7 We assume that H.3.1, H.3.2 and H.3.3 hold true. Let ¢ € N. Fort > (2q +
4)03(2q-+4)> the law of X is absolutely continuous with respect to the Lebesgue measure and
the density is of class Cj. In particular, if 0, = 0 for every ¢ € N then the law of X, is
absolutely continuous with respect to the Lebesgue measure and the density is of class Cy°
foreveryt > 0.

In order to prove this result we will use the integration by parts formula from the previous
section. We consider a discrete version of the above equation:

¢ ¢
XN =z + / / c(u,a, XY )dN(du,da) + / g(u, XNdu.
0 JEx 0

We fix n < N. We denote by 17",k € N (resepcrively by T,ﬁv ") the jump times of the
Poisson process J* = N((0,t], E,) (respectively J" = N((0,t], Ex \ E,)) and we put
A} =prp and Afcv ™ = py~.n. Then the above equation reads

k

N,n
Jt

Jr t
Xf:x+§:dw,Zj%u%%z)ﬂfﬂAﬁﬂX%%)+/gWJfMu
k 0
k=1 k=1

We fix L € N and we have in mind that we will use L integration by parts. Then we denote
tr = tk/L and we fix some integrs 0 = mg < my < ... < my. We will work on the set
{J{: = ma,...,J}. = mr} and the random variables on which the calculus is based are
17, ..., T} with m = my. The o—algebra which contains the noise which is not involved
in the calculus is G = o({J}" = my,..., J;* =mr}, AQ,T,?[’", AkN’”, k € N) and we will
take conditional expectations with respect to G, = o(T7*,7 # p,i < m) V G. The law of

(T%,+ - Thn, ., —1) conditionaly to J;; = my, and Jj} = my1 is uniform on (¢4, tx41)
so that the law of 7} conditionaly to Gy, is py(w, v)dv with

1
Pp(w,v) = m————— L1, 1. 1,1) (V)
Tp+1*Tp—1 P L p+

Here and in the sequel we denote

T, = T; for mp<p<mgsr,
ka,1 = tx, and kaJrl = {pt1.
We denote
tea1 — g
hn,k =

. . 4 21 —mi)
and we will work with the weights

p—1
Tp(W, Ty ooy Tpt1) = H L0, 4] (Tit1 = Ti1) X L, 4 00) (D1 — Tp—1)-

i=my

13



The reason of being of h,, i, is the folowing. There are my; — my, times in the interval
(tk,tr+1) so that at list for one p one has 7)1 — T,—1 > hy, ;. So we conclude that exactely
one of 7, is non nul (and in this case it is equal to one). We denote p;, the index for which
Tp, = L.

Moreover we put a, = T),—1 and b, = T),_o + hy, k. Let us notice that w1 4,3 = 0.
Indeed, if b, < a, then hy, , < Ty — T < 1}, — Tj_2 so that m, = 0. Notice that if
Tpo1=ap, <Tp <by,=Tp_2+ hnk then

Tp(wW, Ty oy Tpt1) H L0,k ) (Tit1 = Tim1) X Ly, 4 s00) (Tp1 — Tp—1)-
i=my
which does not depend on 7},. So T}, — m,, is differentiable on (a,, b,) and O, 7, = 0.
Moreover if m, > 0then b, = T,_2 + hp ;. < Tpyq (ifnot Ty — T <
Tpi1—Tp_o < hpgsom, =0).SoforT,_1 =a, <v<b, <Tpt1 wehave
1 1
w,v) = < and p(w,v) =0, Inp,(w,v)=0.
pp( ) Tp-l,-l _ Tp_l hn7k p( ) pp( )

We already know that T}, — XN(Ty,...,Ty,) is L times differentiable (see the appendix) so
that we are in the framework given in Section 3.

Remark 3 Notice that T,, — my, is discontinuous in T,_1 and Ty, 1. It is tempting to try to
employ the strategy given in [B] and to multiply by a dunction which is null in T}, and T}, .
Then the border terms in the integration by parts formula cancel and the calculus simplifies
drasticaly. But this is not possible. If we try to do it we have to construct a function ¢ : R —
R such that $(0+) = ¢(1—) = 0 and to define wp, = ¢((T — Tp—1)/(Tp+1 — Tp—1)). We
will see in a moment that Or, , is invloved in 0(§) and 1/, is involved in the inverse of the
Malliaivin covarience matrix. So we will need that E |8T Wpfg <ooand E \Wprz And this
amounts to fol ‘d)'(ax)’de < oo and fol |p(2)| 7 dz < oo. Since |p(x)| < Iy |0/ (@)] dz <
aV2( [ |¢>/(x)|2 dx)'/? < Ca'/? we will not have fo |¢(2)| " da < oo. In [B] we succed
to get around this difficulty using a localization argument which allows to get rid of E || -2
But this argument does not work here.

We come back to our proof. We will work with the direction

fp 1{mk<p<mk+1}D X
and the coresponding Malliaivn covarience matrix is

2
o) = o¢, (X prpr XN =D, x|
p=1
We alos have
8(&) = — Z(Dp(ﬂpgz) + ngipp = DkakatN'

p=1
We will now estimate the norms which used in the integration by parts formula. We
denote Ny(cr) fo J cr(a)N(du, da) and e;(cy,) is the solution of the linear equation
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er(cr) =1+ fot [ cr(a)eu—(cL)N(du, da). Here cy, is the function which appear in our
regularity hypothesis. We also denote

O = Ni(cp)es(cp)e'9x.
One has N;(1g,cr) < Ni(ep) and e;(1gycr) < er(er) So using (37) we obtain
0,, 0, 01, X1| + |0, . 0m, 03, X| < co
for every g1 < ... < ¢; < q. This gives (see the (16) and (18) for the notation)
dp(€) + Cr(X") < COML

We also have [ mpppl, , < ©FF x b} x 6,,, =: 1, where 6, ,, is the Kronecker
symbol. We conclude that the constant in the hypothesis Ay, (£) in Section 3 is

Ce=0"""n, .

In order to compute the constant C'x v in Af, (XN) we have to estimate a,jl. By (34)

t
Dy XY = ol A, X7, ) + /;P : dpc(u,a, XN YD, XN dN(du,da)
2 N

t
+ / Dvg(u, XNVD, XN du
TP
so the standard varience of constants method gives
DX = YN 23, oI A, Xy )

with Y}V and Z}" the solutions of the equations

¢
vy = 1-1—/ dpc(u, a, XN VYN AN (du, da) + /8$guXN)YNdu

zN = 1—// Xév_)ZfLV_dN(du,da)—/ Dug(u, XNV ZN du.
0 JEx 1+5 0

We have Y,V x ZN = 1 and it is easy to check that under the hypothesis H3.3 (recall that
¢=cg)onehas (Y Z7 )~ < ©2. So, using H.3.2 we obtain

|DkaN} YNZT”) a7 3(Tr A"

Pk’ TPk’

@4
XN )< .
Ty, a? ( Aﬁk )
We conclude that we may take
— @4Vv(L+1 -2/ AN
CXtN — @IVI+) krg?,)ig (Am).
We consider now a function ¢ € C°°(R) and we use Proposition 6 (with 1) = ||¢|| ) and
we obtain

Eg(e™(XM)| < C ¢l 5V x max (-——

—4L? n
A
P ka ( Pk))
m,

on the set {J* = my,...,J{, = mp} (here C is an universal constants). This is true

foralll < my < .... < mp withm,; = {, SO the above equality holds true on the set
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Ap:={J —J  >1,i=1,.., L} Itfollows that

4 1 —4L% /A n
B (X Na, | € Clldlloo O x max (-0 (A7)14,)
We have
P
- ) k+1 _8L2
B ™ (A2)1,) = BE( Y. a®(AD)mla,)
P=JIt
1 1 :I§+171
_ da)E(1
wW(E,) /En Q—SLz(a)U( a)E(1p, p_; 7p)
Ttk

1 1
M(En) /En Q—8L2(a)'u’(da)P(A")'
We also have h, } = 2(Jp

, n = I Lt so (E(h, )Y < Cu(E,)". And
E(0%) < 0o0,Yq € N. So we obtain

6™ (x)1a,)

< C6llag % Any with
1
A, co=plt En/ —_—
:L M ( ) B a_8L2(a)

Passing to the limit with N — oo we get
B (X0)1a,)

We are now ready for the proof of the Theorem. We denote e(&, z) = exp(—ifx) and
we consider the Fourier transforms p(¢) = E(e(&, X;)). Since 0% e(¢, z) = (i€)¥e(€, x) we
employ the above inequality and we obtain

P(E)] < P(AL) + 6] | E@re(é. X)) < Le #EME 4 O™ Ay .

We use now the hypothesis H.3.3: for each 7 > 0 we may find n,, such that for nay n > n,,
one has

p(da).

< C|dllo X An,L-

(B OapatmH (LD (B 5 4 | = L1 ) / 1
- B, a %% (a)

So if% > Ogr» we may find ny + such that for n > nr, ; one has

En = eiﬂ(En)t/L > An,L

p(da).

and consequently
P < Len +Cle[ "yt Wn > npy. 31
Suppose that [¢|%/? > e, Isunce e, 1), 0o we may find some n(£) > np,; such that

-1 L/2 -1 -1
Enie) S 17T S gL SO X e

The last inequality holds true because we ask that u(F,11) < u(E,) +

¢ for some
constant c. Since the inequality (31) holds true for any n we obtain |p(§)| < C |§|7L/ Zif
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= e, . We take now ¢ € N and we write

[rermerae = [ letm@lder [ ol
R |§|L/2<5n[iyy |E‘L/225n[1“t
e () 4 €975 de.

neL,t
le|E/2>ent

IN

And if we choose L = 2¢q + 4 the above quantity is finite. And a classical result says that the
law of X, is absolutely continuous and has a density of class C}'. In order to be allowed to
choose L = 2q + 4 and to run the above argument we need that % > g2 and this amounts
tot > (2q + 4)0g(24+4)>- And this is our hypothesis. [J

Example 1. We take £ = R, and p(da) = Y071 561/,(da) with 0 < A < 1.
Moreover we take c(t, a,x) = a (so that fg S c(s,a,Xy)dN(s,a) = fg [z adN(s,a)
is the Lévy process with intensity measure 1) and a smoth function g(¢,z) = g(x)
such that |¢'(z)| > ¢g > 0. Then |a(t, a,z)| = |g(z) — g(x + a)| > g x a. We also
take E,, = (1,1) so that p,(E,) = cxn*~* for some ¢ > 0. It is casy to check that
ty(Ent1) < pun(Ey) + ¢ for some ¢ > 0. So we are in the framework of the previous
theorem. We have [, a™9p,(da) = Cqan* (@) Tt follows that

; y In / 0~y (da)) = L @T N FIncyey  Inn
n E

0.
pi (B - 2 i

We conclude that for everi ¢ > 0 the law of X, has a density of class C}°.

We take now A\ = 1. Then p, (E,) = ¢plnn and for ¢ > 1

1 g 1—g+Inc,
e = 2=
So we will have to take a sufficiently large ¢ in order to obtain a regular density. This is
not just a technical matter: in [K] Theorem 1.4 the author porves that under apropriate
conditions, for small ¢, the denisty is not continous.

Example 2. We take the same intensity measure ;. as in the previous example but now
we take the coefficients g = 1 and ¢(u, a, x) such that |0,.¢c(u, a,x)| > ca for some ¢ > 0
(for example c¢(u, a, ) = ax). So we obtain |a(u, a,z)| = |0.c(u, a,x)| > ca. The same
discussion as above shows that for 0 < A < 1 one has a smooth density and for A = 1 one
has to wait in order to obtain smoothness. Let us compare this with the result of Ichikawa
and Kunita [LK] in the case c¢(u, a, z) = ax. The important point there is that they assume
the so called "order condition":

=:04,>0.

. 1
hmuHquTh /a|<u a’u(da) >0

for some A € (0,2). In our case [, a*u(da) = cxurt and so, if A < 1 the order
condition holds true. At the contray, if A = 1 the order condition fails and their reult does no
more apply. But in our approch also, we do not obtain a smooth density for small times.
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4 Appendix. The deterministic equation

We fix some deterministic times 0 = ug < w1 < ... < u,, < T and we denote
w = (ug, ..., ) and J; = Jy(u) = k if up, < ¢ < ugy1. They represent the jump times.
We also consider an abstract set F and we denote a = (ay, ..., a,,) € E™, which will
represent the amplitudes of the jumps. We consider some functions ¢ : Ry X E X R — R
and g : Ry x R — R which are infinitely differentiable with respect to (¢,2) € Ry X R
and we associate to them the deterministic one-dimensional equation
Jt t
Xe=z+Y  cluy ap, Xu,-) +/ g(r, X, )dr, 0<t<T. (32)
p=1 0
We denote by X;(u,a) or simply by X the solution of this equation. In order to solve this
equation we introduce the flow ® = ®,,(¢,2), 0 < u < t, x € R solution of the ordinary
integral equation ®,,(¢,x) = = + fj g(r, @, (r,z))dr, t > u. The solution X of the
equation (32) is given by Xy = x and
Xt =0, (t, Xy,) for w; <t <ujyr
Xui+1 = Xui+1_ + c(ui-i-l? Qi+1, Xui+1—)
= Dy, (it1, Xu,) + c(Uig1, Gig1, Pu, (w1, Xu,))-
Since ¢ and g are smooth, the function (uy, ..., 4y ) — Xi(uq, ..., uy,) is of class C*° on
the set {u; # t,4 = 1,...,m}. Our aim is to compute the derivatives of X; with respect to
u;,j=1,...,m.
We introduce first some notation. Since g is differentiable, the application z — ®,,(¢, x)
is differentiable and 0, ®,,(t, ) =: e, ¢(x) verify the equation

t
Cunlz) =1+ / Bag(r, o (r, ) e ()dr.
We also have

¢
0Py (t, ) = —g(u, ) —|—/ 029 (r, ©y(r, )0y Py (1, x)dr

so that 0, @, (t,z) = —p(u, x) X ey ¢(x). Moreover we denote
alu,a,x) = glu,z) — glu,x + c(u,a,2)) + (g X dzc+ ¢c)(u,a,x), (33)
ﬂ(uvaax) = (aua)(uvaa :U) + (8Ea)(uaa,$)g(ua :U)

Finally we denote
Vp(t) = 0u, X¢—(u,a), Wy(t):= (r“)szt,(u,a).

Lemma 8 The funcitons Vi (t,),t > u, and Wy(t,),t > u, solve the equations
T ¢
Vu(t) = aluy, ap, Xo, ) + Z Opc(up, ag, Xuy—)Vp(uk) —|—/ 0z9(u, X)) Vp(u)du,
k Up

=p+1
(34)
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Joo ¢
Wp(t) = B(U’p)apa Z 8 c ulmaka Uk — pQ(uk) +/ aig(u,Xu)V;?(i(ﬁdS)
k=p+1 Up
Jio .
+ Z 8zc(uk,ak,Xuk,)Wp(uk)+/ 0z9(u, X)Wy (u)du.
k=p+1 “

with the convedntion Zzzp 1 =0

Remark 4  Notice thate Vy,(up) = g(up, Xu,—) # aup,ap, Xy,—) and V,(t) = 0 for
0<t<up.

Remark 5 Since t — V) (t) is left continuous (and not right continuous) it is natural that
we put in the sum V,(uy) and not V,(ux—). For example if t = u, then J(uqs—) = g — 1 s0
that the last term in the sum is V,(uq—1)which is known at time u,.

Proof. We write X, _ = ®,,_, (u,, Xy,_,) and we notice that X, _, does not depend
on u,. We have 0;®,,,_, (t,x) = g(t, @y, , (t, 7)) so that

V;?(UP) = aupXup_ = 8up(I)up—1 (u;l?7 Xup—l) = g(upv (I)up_l (u;D? Xup—l)) = g(upa Xup—)'
Moreover

Oup Xy = Ou, (Xu,— + c(up,ap,X =)
= Oc(uy ap, o)+ (L Opc(up, ap, Xu,—))0u, Xu, -
= Orc(up, ap, X ) (1 + Oxc(up, ap, Xupf))g(uvaupf)
Consider now u,, <t < upt1. We have Xy = ®y,(t, Xy,) so that
8up)(t— = au,,(pup (t7Xup) + 8m(1)up (tvxup)aupxup

(_g(uanup) + (9tc(up,ap, Xupf) + (1 + 0xc) x g(upa Zupf))eup,t(Zup)
= Uy, ap, Xy, )eu, t(Xu,)

In particular this gives

Vp(t) = a(up, ap, X / 0ng(u, X)) Vp(uw)du, up <t <upyr.

We compute now
Oupy Xuppr = Ouy Xupyy—+0u, c(tpr1,apy1, Xuyy—) = 0wy Xy — (14026) (Upg1, appr, Xy — )
For upq1 <t < upqo we have
Vp(t) = 0u, Xt = 0w, Puyyy (8, Xuy 1) = 0wy Xuyyy X 0Py (8, Xy )
= Oupy Xupir X Cuppr t(Xupyy) = Vp(tpr1) (14 026) (Upr1, @pr1, Xupyy—) X Cupyy,t(Xuyi)-
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This means that
t

Vp(t) = Vp(up+1) + aﬁrc(up+17 ap+1, Xup+1*)vp(up+1) + / arg(uv XU)VP(u)du
Up+1
Notioce that J;— = p + 1 for up1 < t < upi0. We continue like this and we obtain the
equation (34). And since 3(uy, ap, Xu, ) = Ou, ((up, ap, Xy, )) we take derivatives in
(34) and we obtain (35). O
We assume that there exists some bounded functions ¢, : E — R, L € N and some
constants constant gy, . € N such that
L
c(wa,0) < al@+lal), 3 [0k(ua,m)] < crla),

k=1

IA

g1(1+ |z)), Z 0% g(u,z)| < gr.
k=1

lg(u, )|

We denote
Ji

ei(er) = H(l +cr(a;)), Niler) ZCL a;).

i=1

Lemma 9 Forevery L € N there exists an universal constant C (depending on ||cr|| . , 91
and ||x||) such that for every p1 < pa < ... < pr—1 < p with u, <t we have
Dy, -0 Vp| + |0y, -0 (Ny(cp)eg(cr)et9e) Lt (36)

Upy " XUpp,_1 " P Upp, 1

+

In particular, since e;(Cr,) and Ny(C',) does not depend on u this gives

Oy, .-.0 V Oy, ...0

Upy " ZUpp,_1 P Upy " Upp,

sup ( + W,!) 37)

Upy <...<Up; ; <up<t

< C(Nt(cL)et(cL)etgL)LH.

Proof. Using a slight varient of Gronwall’s lemma we obtain | X;| < |x|e;(c1)e"9".
Notice that |a(u, a,z)| < (291 + 1)e1(a)(1 + |z|). Then, using once again Gronwall’s
lemma we have |V,,(t)] < Ce(c1)e'9. We proced now by reccurence. In order to shorten
the notation we take ¢ = 0. We take now p; < p and we take derivatives in the equation (34)
in order to obtain

Jo
QUPIV() = (‘3uploz(up,ap, Z H? (g, @y Xy — ) Vi, (w) Vi (ug)
k=p+1
Ji
+ Z Oz c(ur, ar, Xuy—)Ou, Vp(u).
k=p+1
We have
|8up1 a(up, ap, Xo, | = |8 a(up, ap, Xo, - ‘ | uplXup,| < Cef(cL).
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And using the reccurence hypothesis
|02 (e, ary Xy )V, (u) Vi (un) | < Ceaan)(Ne(er)er(cr))?
so that
0

Upy

Vp(t)| < C’ef(cL)e%g1 + CNt(CQ)(Nt(Cl)et(Cl))z
Jio
+ > ealar) [0, Vilur)] -
k=p+1
And so |8up1 Vp(t)| < CN(c2)ed(cr). The proof is the same for higher order derivatives
and for W),. [J
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