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Abstract

The existence of solutions describing the turbulent flow in rivers is proven.
The existence of an associated invariant measure describing the statistical
properties of this one dimensional turbulence is established. The turbulent
solutions are not smooth butdttler continuous with exponent/8. The
scaling of the solutions’ second structure (or width) function gives rise to
Hack’s law [16]; stating that the length of the main river, in mature river
basins, scales with the area of the basin A", h = 0.568 being Hack’s
exponent.

1 Introduction

The flow of water in streams and rivers is a fascinating problem with many appli-
cation that has intrigued scientists and laymen for many centuries, see Levi [21].
Surprisingly it is still not completely understood even in one or two-dimensional
approximation of the full three-dimensional flow. Erosion by water seems to de-
termine the features of the surface of the earth, up to very large scales where the
influence of earthquakes and tectonics is felt, see [33, 34, 32, 6, 4, 36]. Thus wa-
ter flow and the subsequent erosion gives rise to the various scaling laws know for
river networks and river basins, see [12, 8, 9, 10, 11].

One of the best known scaling laws of river basins is Hack’s law [16] that
states that the area of the basin scales with the length of the main river to an expo-
nent that is called Hack’s exponent. Careful studies of Hack’s exponent, see [11]
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show that it actually has three ranges, depending on the age and size of the basin,
apart from very small and very large scales where itis close to one. The first range
corresponds to a spatial roughness coefficient of one half for small channelizing
(very young) landsurfaces. This has been explained, see [4] and [13], as Brow-
nian motion of water and sediment over the channelizing surface. The second
range with a roughness coefficient of 2/3 corresponds to the evolution of a young
surface forming a convex (geomorphically concave) surface, with young rivers,
that evolve by shock formation in the water flow. These shocks are called bores
(in front) and hydraulic jumps (in rear), see Welsh, Birnir and Bertozzi [36]. Be-
tween them sediment is deposited. Finally there is a third range with a roughness
coefficient 3/4. This range that is the largest by far and is associated with what
is called the mature landscape, or simply the landscape because it persists for a
long time, is what this paper is about. This range is associated with turbulent flow
in rivers and we will develop the statistical theory of turbulent flow in rivers that
leads to Hack’s exponent.

Starting with the three basic assumption on river networks: that the their struc-
ture is self-similar, that the individual streams are self-affine and the drainage
density is uniform, see [8], river networks possess several scalings laws that are
well documented, see [31]. These are self-affinity of single channels, which we
will call the meandering law, Hack’s law, Horton’s laws [17] and their refinement
Tokunaga'’s law, the law for the scaling of the probability of exceedance for basin
areas and stream lengths and Langbein’s law. The first two laws are expressed
in terms of the meandering exponent or fractal dimension of a river, and the
Hack’s exponenh. Horton’s laws are expressed in terms of Horton’s ratio’s of
link numbers and link lengths in a Strahler ordered river network, Tokunaga’s
law is expressed in term of the Tokunaga'’s ratio’s, the probability of exceedance
is expressed by decay exponents and Langbein’s law is given by the Langbein’s
exponents, [8].

In a series of paper’s Dodds and Rothman [12, 8, 9, 10, 11] showed that all
the above ratios and exponents are determinechlayndh, the meandering and
Hack’s exponents, see [16], [12]. The origin of the meandering exponerstill
a mystery, but in this paper we show how Hack’s exponent is determined by the
scaling exponent of turbulent one-dimensional flow. Specifically, it is determined
by the scaling exponent of the second structure function, see [14], in the statistical
theory of the turbulent flow.

Two dimensionless numbers the Reynolds number and the Froude number are
used to characterize turbulent flow in rivers and streams. If we model the river as
an open channel witk parameterizing the downstream directigithe horizontal
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dept andJ is the mean velocity in the downstream direction, then the Reynolds
number

R— fturbulent _ w

fyiscous \Y
is the ratio of the turbulent and viscous forces whereas the Froude number

= fturbulent _ U
fgravitational (gy)l/ 2

is the ratio of the turbulent and gravitational forcess the viscosity angj is the
gravitational acceleration. Other forces such as surface tension, the centrifugal
force and the Coriolis force are insignificant in streams and rivers.

The Reynolds number indicates whether the flow is laminar or turbulent with
the transition to turbulence starting Rt= 500 and the flow usually being fully
turbulent aR = 2000. The Froude number measures whether gravity waves, with
speedc = (gy)l/2 in shallow water, caused by some disturbance in the flow, can
overcome the flow velocity and travel upstream. Such flows are called tranquil
flows, ¢c > U, in distinction to rapid or shooting flows,< U, where this cannot
happen; they correspond to the Froude numbers

1. F <1, subcriticalc > U
2. F =1, critical,c=U
3. F > 1, supercriticalc < U

Now for streams and rivers the Reynolds number is typically |@gel10° —
10°, whereas the Froude numbers is small typic@ly= 101 — 1072, see [19].

Thus the flows are highly turbulent and ought to be tranquil but this is not the
whole story as we will now explain.

In practice streams and rivers have varied boundaries which are topologically
equivalent to a half-pipe. These boundaries are rough and resist the flow and this
had lead to formulas involving channel resistance. The most popular of these are
Chézy’s law

V = uCr¥/2sy/?, uc = 0.552m/s

and Manning’s law
1
V = umﬁrz/?’s%/z, Um = 1.0m/s



wheres, is the slope of the channel amds the hydraulic radiusC is called
Chézy’s constant and measures inverse channel resistarc®Manning’s rough-

ness coefficient, see [19]. We get new effective Reynolds and Froude numbers
with these new averaged velocitiés

g g 1/2
R=-—>_R F'=(—2—| F
i * = (aem)

It turns out that in real rivers the effective Froude number is approximately one
and the effective Reynolds number is also one, WRen500 for typical channel
roughnes€ = 73.3. Thus the transition to turbulence typically occurs in rivers
when the effective turbulent forces are equal to the viscous forces.

In this paper we will ignore the boundaries of the river. The point is that
in a straight segment of a reasonably deep and wide river the boundaries do not
influence the details of the river current in the center, except as a source of flow
disturbances. We will simply assume that these disturbances exist, in the flow
in the center of the river and not be concerned with how they got there. For
theoretical purposes we will conduct a thought experiment where we start with an
unstable uniform flow and then put the disturbances in as small white noise. Then
the mathematical problem is to determine the statistical theory of the resulting
turbulent flow.

The details of the flow close to the boundary are obviously important and
give rise to the Prantl-von Karman universal velocity distribution law for smooth
boundaries and the @ay’s and Manning’s roughness coefficients for rough bound-
aries. However, these properties of the flow at the boundaries are a separate prob-
lem that will not be addressed in this paper.

The outline of the paper is as follow. In Section 2 we pose the problem. Itturns
out to be a stochastic initial value problem. In Section 3 we derive a priori esti-
mates necessary for the existence theory and pose the one-dimensional problem
solved in this paper. The existence of unique solutions that akégr continuous
stochastic processes, wittolder exponent 3/4, is proven in Section 4. The global
existence is based on a useful estimate of these solutions is derived in Subsec-
tion 4.1. The existence of a unique invariant measure on the $g4té), where
the solutions reside, is proven in Section 5, following McKean [23] and Da Prato
and Zabczyk [30]. The scaling of the second structure function (3/2) is found in
Section 6 and the derivation of Hack’s law recalled from [6] and [4].



2 The Initial Value Problem
Consider the Navier-Stokes equation

(1) w+w-Ow = vAw+[p
w(x,0) = Wp

wherev is the kinematic viscosity, with the incompressibility conditions
O-w=0 (2)
Eliminating the pressurp using (2) gives the equation
W +w- Ow = vAw+ O{A~ L[trace(Ow)?]} (3)

We want to consider turbulent flow in the center of a wide and deep river and to do
that we consider the flow to be in a box and impose periodic boundary conditions
on the box. Since we are mostly interested in what happens in the direction along
the river we take oux axis to be in that direction.
We will assume that the river flows fast and pick an initial condition of the
form
w(0) = Uoer (4)

whereU, is a large constant angl is a unit vector in thex direction. Clearly

this initial condition is not sufficient because the fast flow will be unstable and
the white noise ubiquitous in nature will grow into small velocity and pressure
oscillations, see for example [1]. But we perform a thought experiment where
white noise is introduced into the fast flowtat 0. This experiment may be hard

to perform in nature but it is easily done numerically. It means that we should
look for a solution of the form

W(X,t) = Ugey + u(x,t) (5)

whereu(x,t) is smaller thatJ, but not necessarily small. However, in a small
initial interval [0,t,] uis small and satisfies the equation (3) linearized about the
fast flowUq

(6) w+Uou = vAu+ f
ux,0) = 0



driven by the noise
f— ; h/%dBkey
KZ0

Theg = ¥ X gre (three-dimensional) Fourier components and each comes with
its own independent Brownian motid. None of the coefficients of the vectors
h&/ 2= (hi/ 2 hé/ 2 hé/ ?) vanish because the instabilities are seeded by truly white
noise (white both is space and in timd)is not white in space because the coef-
ficientshli/2 must have some decay kso that the noise term in (6) makes sense.
However to determine the decay of thgzs will now be part of the problem.

The form of the noise expresses the fact that in turbulent flow there is a contin-
uous sources of small white noise that grows and saturates into turbulent noise

that drives the fluid flow. The decay of the coefficiehié2 expresses the spatial
coloring of this larger noise in turbulent flow.

The justification for considering the initial value problem (6) is that for a short
time interval|0,t,] we can ignore the nonlinear terms

—u-Ou+ O{A trace(Ou)?]}

in the equation (3). But this is only true for a short titgeafter this time we have
to start with the solution of (6)

t .
o(x ) = 12 [ g U 2ot g (x) ™)
KZ0 0
as the first iterate in the integral equation

t

u(x,t) = Up(X,t) + t K(t—8) % [—u-Ou+0OA~(trace(Ou)?)|ds  (8)

whereK is the (oscillatory heat) kernal in (7). In other words to get the turbulent
solution we must take the solution of the linear equation (6) and use it as the first
term in (8). It will also be the first guess in Picard iteration. The solution of (6)
can be written in the form

Wit =5 h “Afex(x)

where the .
Al /0 e—(4n2vk2+2niuok)(t—s)dBI§ ©)
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are independent Orstein-Uhlenbeck processes with mean zero, see for example
[30].

Now it is easy to see that the solution of the integral equation((8}) satis-
fies the driven Navier-Stokes equation

d k
Uu+UgOu = vAu—u-Ou+0A™1L trace(Du ;hl/z Bt

(10)
u(x,0) = uw(x),

and the above argument is the justification for studying the initial value problem
(10). We will do so from here on. The solutiorof (10) still satisfies the periodic
boundary conditions and the incompressibility condition

O-u=0 (11)

The mean of the solution, of the linear equation (6) is zero by the formula (7)
and this implies that the solutianof (10) also has mean zero

0(t) = /Tg u(x,t)dx=0, (12)

c

if the initial data also has mean zem®= 0.

If we take the initial data equal to zero in (10) then the undritea 0 linear
problem (6) is stable and one may have to wait a while until the driving in (10)
destabilizes the initial condition = 0, corresponding to the uniform flow solu-
tion (6) of the Navier-Stokes Equation (3). However, in turbulent flow the uniform
flow is immediately destabilized due to large fluctuations, see [2] for a discussion
of this mechanism.

3 A Priori Estimates

In this section we will explain the probabilistic setting and prove the a priori esti-
mates necessary for the existence proof. The problem to be solved will be also be
posed.

We let (Q, F,P), Q is a set (of events) angd a o algebra onQ, denote a
probability space witli® the probability measure of Brownian motion afda fil-
tration generated by all the Brownian motiddfson [t, ). We denote byl/[0, T]
the space having the following properties, see Oksendal [27].
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Definition 3.1 /][0, T] is the space of functions satisfying the conditions:

1. f(w,t): QxRT — R is measurable with respect t6 x B whereB is the
o-algebra of the Borel sets df,«), we Q,

2. f(w,t) is adapted to the filtratior,
3.
T
E(/ £2(c,t)dt) < oo
0

We denote byi[0, T] the space of functions, who#é™P) Sobolev norm|u|| (mp) (@, 1)
liesine 7[0,T] and we IetL(2 p denote the space of functions\M(mp) whose

Sobolev norm lies i.?(Q,P). The norm in the space(

By

In particular forp = 2, we get the norm

JulZ, , = E(1(L-82™2u)

mp)

Here E denotes the expectation rf(Q,P) and| - |, denotes thé.?(T®) norm.
We will proved the existence of solutions in the subspace of continuous functions
C([0,T]; L ) in W[0,T].

Let (-, > denote the inner product ir?(T2) The following a priori estimates
provide the foundation of the probabilistic version of Leray’s theory.

Lemma 3.1 The L2 norms|u|2(w,t) and|dulz(w,t) satisfy the identity

djul? + 2v|0uf2 dt_2§ u,h 2 dBl + ; hedt (13)
k#0

and the bounds

_ t 1/2
14) Ut < uBOe M 12y [ e u i a)dp
KZ0
1 e 2vAqt

s

0/o< Y %) dpt-+ szhk

t
(15) [ |nuB(e9ds< o [u30)+
0 2v KZ0

Kz
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whereA; is the smallest eigenvalue efA with vanishing boundary conditions on
the box[0,1]% and hx = |hi/2|2. The expectations of these norms are also bounded

a2t
(16) E(UB)®) < E(uB0)e @M +2=C T 5 p,
M &y

t 2 1 2 t
17 E /0 U9 < ZEMEO)+ 5 S

Proof. The identity (13) follows from Leray’s theory and Ito’s Lemma. We apply
lto’s Lemma to thd_2 norm ofu squared,

ou 1/2 K
d/ u2dx:2/ O udxdtr 2 /u-h dxdBk -+ h/ dxdt (18
'I[‘3| | T3 Ot k;) T3 - edxapy k;) k T3 (18)

wherek € 73 andh,i/2 e R3. Now by use of the Navier-Stokes equation (3)

dju? = Z/SVAU- u+ (—u-Ou+ OA~Y(trace(Ou)?) - udx
T

23 [ u-h e+ 5 hut
k70’ T KF0

:—2V|Du|§dt+2§/ u-h&/zqudﬁl‘jt ; hidt
kZo” T° KZ0

since the divergent-free vectois orthogonal both to the gradiein—(trace(u)?)
andu- u by the divergence theorem. The first term in the last expression is ob-
tained by integration by parts. This is the identity (13). The inequality (14) is
obtained by applying Poincas inequality

Ajul3 < |0uf3 (19)

whereA1 is the smallest eigenvalue efA with vanishing boundary conditions on
the cub€0, 1]°. By Poincaé’s inequality

d|ul3 -+ 2vA1|ul3dt < d|u|3 + 2v|Ou3dt

=2y (uh/%e)dpi+ T hd
KZ0 KZ0



Solving the inequality gives (14). (15) is obtained by integrating (13)

3t +2v/ Du(s)ds= [ul3(0 +2;/ (u,hy%e)dBE+t 3 b
K70

and droppingul3(t) >0

Finally we take the expectations of (14) and (15) to obtain respectively (16)
and (17), using that the functio(rm,hﬁ/za()(w,t) is adapted to the filtratiorf;.
QED

3.1 The Model of River Flow

In a deep and wide river it is reasonable to think that the directions transverse to
the main flowy the direction across the river, amdhe horizontal direction, play

a secondary role in the generation of turbulence. As a first approximation to the
flow in the center of a deep and wide, fast-flowing river we will now drop these
directions. Of coursg andz play a role in the motion of the large eddies in the
river but their motion is relatively slow compared to the smaller scale turbulence.
Thus our initial value problem (10) becomes

k
W +Uguy = uux+a —b+ ; h”zd[3t

(20)
u(x,0) = ul(x)

where the constant L
b= |3, X((1)?)dx (21)
0

keeps the mean af equal to zero. The problem we pose it to find a Sobolev

space determining the decay of the (turbulent) noise coeffidiéﬁztso that there
exists a unique solution of (20) in this space. This solution will necessarily be a
stochastic process and we want to determine the statistical theory associated with
this stochastic process.

We still have periodic boundary condition on the unit interval but the incom-
pressibility condition can be dropped. Recall from Equation (12) that the mean
u is still zero. This equation now describes the turbulent flow in the center of a
relatively straight section of a fast river. The full three-dimensional pressure term
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is modeled by the pressure variations in the downstream directions only. This is a
model
Op =0, ((ug?) —b
of the pressure gradient in the river flow. The full three-dimensional flow will be
treated in a subsequent publication [3].
The one-dimensional version of Lemma 3.1 is

Corollary 3.1 In one dimension the?dnorms of u and wsatisfy
@) B < EOE N 423 [ e 29

l—e 2vAgt

L
YV AL

(23)/|uX]2wsds<—|u|2 4= ;/ (u,h2e) st+—;hk

where); is the smallest eigenvalue efd2 with vanishing boundary conditions
on the interval0, 1]. The expectations of these norms are also bounded

l1—e 2VA1t

(24) E(u)(D) < E(uB(0)e M + =

h
kgo ‘

@) E([ wBsey < %Eﬂu@(on%kgohk

4 Existence of Turbulent Solutions

In this section we prove the existence of the turbulent solutions of the initial value
problem (20). The following theorem states the existence of turbulent solutions
in one dimension. First we write the initial value problem (20) as an integral
equation

t 1

U(xt) = Uo(x,t) + K (t) *u0+/ K(t=9)+ [-5()x+ 3 H(u)?) —blds (26)

0

HereK is the oscillatory heat kernal (7) in one dimension and

Uo(X,1) = ; he/2Ake(x)
KZ0
the Aks being the Orstein-Uhlenbeck processes from Equation (9).
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4.1 An Estimate of the Turbulent Solution

The mechanism of the turbulence production are fast oscillations driving large
turbulent noise, that was initially seeded by small white noise. These fast oscilla-
tions are generated by the fast constant fligrand their velocity increases with

Uo. The biggelJ, is the more efficient this mechanism becomes. The following
lemma plays a key role in the proof of the useful estimate of the turbulent solution.
It is a version of the Riemann-Lebesgue Lemma which captures the averaging ef-
fect (mixing) of the oscillations.

Lemma 4.1 Let the Fourier transform in time be
T .
W= / w(s)e 2kUoSg
0

where w andw are vectors with three components, periodic with periog=T
k—&), ne Z, then

W = dw (27)

where

and ow satisfies the estimate

|ow] <

ow
4|ka|eSS SUB,s+m]|E| (28)

Proof: The proof is similar to the proof of the Riemann-Lebesgue lemma for the
Fourier transform in time

T .
W(k) = / w(s)e 2UeSq s
0

- —/T w(s)e 2kVo(s~ a) s
0

T 1 .
—211kUoS
= — w(s e °>ds
/o SR,

Taking the average of the first and the last expression we get
o 1T 1\ 2nikUesqe_ ac
W= E/o (W(s) —w(s+ m))e ds= 0w
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Now

owi = Slw(s) - <s+%>>|

/ Uo OW
2
ow

ess -
4“(U0| UB’%2\k{Jo\} ’ aS ‘

IN

IN

QED

The lemma allows us to estimate the Fourier transfornt)iof w in terms of
the time derivative ofv, with a gain of(kU,) 1. The next lemma gives a similar
estimate withw multiplied by the oscillatory exponential.

Lemma 4.2

a(we 21ikUo (T — r)>

—21ikUo (T —5)
|/ we dt| < 2kUg ’/ ess SUR.ss;., UO}| o |ds
(29)

Proof: We take the complex conjugate of the equality (27) in Lemma 4.1 and
multiplying by e=2KYeT g get the equality

—2rukU0T s —kaUO(T S)
/ we 2/ /3+ al’ ds

2kU

This is equivalent to the equality

T s .
/ (W+Tlika/ . a—Wdr)e‘ZT“"Uo(T—S)dS:
0

Stade or
}/T/S awe—ZT“kU"(T_r)ezru'kuo(T—r)dr g 2kUo(T—9) 45
2 St o or
Now
. aW . . A 1
W Jre—2mikUo(T—s) _ —211kUo (T —5) S )e 2T acg)
/%ﬁ 5 dre w(s)e WS S0
—27ikUo (T —
— 2w(s)e 2kUo(T—s) | P Gune T r)dr
s+ﬁ or
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Substituting into the formula above we obtain the identity

T )
(1 + 2mikUo) / we2ikUo(T-9)g
0

2 or

T s - 2rikUo(T—1) .
_ 1 / / owe (27ikUo + €2 ™Uo(s-1))dr dis
0 Jstu

Then taking the absolute value and applying the triangle inequality we get

T .
(L + 4rHUZ)R| [ we TSy
0

(14 211kUs))

a(We—ZTu'ka(T—r))

;
< - e
S T AU, /o S8 SUR s+ )| or

Dividing the last inequality by1 -+ 412k2U2) and using the inequalitja+ b)2 <

2(a® +b?) gives the result.
We will also need the following technical lemma.
Lemma 4.3 The integral
/ t (2rik|) pe—(4n2vk2+2rnkuo)(t—s) ds
0
is bounded by
t —4TPVK? (t— 1-9
(2n)p/ K|Pe 4R (-9 gs < ¢ -5
0

for 0 < p < 2, where C is a constant. In particular,

/t (21-[|k|)pe_(4n2"k2+2mku°)(t_s)ds§ C 61_%
t—0

and .
/ (2-;-[| k|)pe_(4n2Vk2+2T[ikU°)(t_s)dS§ C 61_%
0

Proof: We estimate the integral
t t
/‘k|pe_4T[2Vk2(t_s)dS=/ ’k’pe—4T[2Vk2rdr
0 0

P .p o[t _p 1P
< 2¢ p/r 2dr=Ct* 2,
—(8n2v) 0

14
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(32)



where

_1/p

~2m\ 2vr
is the value ofk where the integrand achieves its maximum. The second esti-
mate (32) is obtained by first integrating and then computing the maximum of
‘ k| pe—4Tl2vk25' QED

If % is a rational number Ie%+ denote any real number> %.

Theorem 4.1 If the velocity |§ of the uniform flow is sufficiently large and the
initial function w(x,t) and the initial condition fi(x) in the integral equation (26)
satisfy

E(HU0H§+) + E(HK*U(’H;)

1 o (1+(2mk)&2) 02
(33) =z he + E(|K*u
24y (2|2 (i)
1 1
< I

then solution of the integral equation (26) is uniformely bounded:(?gy 2"
4

Namely,
€SS SUR. 0. E(Jull3+) (1) < ClUol. (34)

where C is a constant and K is the oscillating heat kernal from (7).

Corollary 4.1 Onsager’s ConjectureThe solutions of the integral equation (26)
are Holder continuous with expone8f4.

Remark 4.1 The hypothesis (33) is the answer to the question we posed in Sec-
tion 2 and Subsection 3.1, namely how fast the coefficie[}/t% had to decay
in Fourier space. They have to decay sufficiently fast for the expectation of the

+ +
Hi — W( -2 Sobolev norm of the initial functiom,, to be finite. In other

words the£2 , 2 norm of the initial functioru, has to be finite.
4

)

We now prove the theorem with the help of one more lemma in addition to those
above.
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Proof. We write the integral equation (26) in the form

o —

1t _ _
uxt) = 3 [RA [ eI 20 102 - 08) (k. Sjdge()
K70

whereg, = €™ are the Fourier components and feare the Ornstein-Uhlenbeck
processes (9). We have used that the condtamt(26) keeps thdé« = 0 Fourier
coefficient ofu equal to zero and omit the initial conditions to begin with. It will
be added in the last step of the estimates.

By the orthogonality of thes theL? norm ofu is

—

1 ot , —
= 3 InA 5] | e 29 (20,312 - 0,02) (k. 5)ds )
k#0

We split thet integral into the integral from 0 to— d, whered is a small
number, and the integral from+ dtot. This is done to first avoid the singularities
of the spatial derivatives of the heat kernalsat t and then to deal with these
singularities in the latter integral. First we estimate the integral frend to t.
TheL? norm of this integral is

/\

_’ 4T[2Vk2+2T|]kUO)(t S)(Zax (UX)Z_@)(k,S)dqz
K0 t— 6

and it is estimated by
< 3%ess Sup_5y Z 4|6x K) -+ ; 0Tk [5(K)

< ® ess sup_57t](4\ax (u)? —bJ5 + |uu3)
< C¥ ess sup_57t](|ux|ﬁ+ |ul|uxl3)
(35) < C¥ ess SUR_5 (luxlg+ |uxl3)
by Plancherel’s identity and since by the Gagliardo-Nirenberg inequalities
e < CHUH; < Cluyl2,

in the spacé.2 with mean zero, wher&is independent dfl, andC is a constant.
The integral from O td — o

—

; _’/ e~ (4rPVIe42rikUo) (t=5) (291 (14, )2 — 3,12) (k, 5)d 52
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is estimated by use of Lemmas 4.1, 4.2 and 4.3. First consider

; / o (4TPVk?4-2mikUs) (t — s)axuz(k s)ds?
_ ; ’/ o (4TPVke+-21ikUo) (t— s)21'uku*ud512

We write

e (2MkUo)(T=9)g, f — g (2kUo)(T—s) ; a(k—1)a()
I£k,0

_ ; g~ (2i(k—hUo)(T=8) Gk _ | )= (2MUo) T—9)gj(|)
1#K,0

211kU) (T —s) 21kUo) (T —9)

— Ge( % e (

Then Fourier transforming the Navier-Stokes equation and multiplying it with an
exponential gives
a(e—(2T|ika)(T—s)0)
0s
(36) _%a/x\uze—(ZT[ika)(T—S) + a;/l(\ux)ze—(ZTﬂ'ka)(T—S)

— _41RvKR(e(21ikUo)(T—9)

We are now ready to apply the main estimate (29) in Lemma 4.2. By use of
Lemma 4.2 we get that

(37) fct)—5Tu'ke—(4n2vk2+2ru'ka)(t—s)0 +Gds

d(e 4T12vk2+2rukuo)(t S) (ix
] 3 |ds

|kU\f T[|k]ess SURst 1 |

Now
a(e—(4n2vk2+2Tlika)(t—5) ax0)

— A12vK2e (4TPVK-21ikUo) (t—9)
0s

G0

ame—ZTlika)(t—s))
0s

42— (4TPVK?) (t—

) (e 2mkUo)(t-9))
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By using the Fourier transform of the Navier-Stokes equation (36) we get that
0 8 ke (4TBVKk2+21ikUo) (t—9) (j « (id s
< L 5 Cess sug%ﬁ}(vk2|e*(4“2Vk2+2Tﬂka)(t*S)0*O|
4 2le (4TPVR)(t-9) (g 2kUo) (t-9) ) 6(0e*2”;‘§°><‘*5>) )ds
T ot-d 2| a— (4TPVK?+211kUo) (t—9) (3 « [}
<G Jo “ess sug%ﬁ](mﬁvk le 0 Qf
_|_2|ef(4n2vk2)(tfs)a* (_4T[2szaef(2mkuo)(Tfs)

~J0,ue (IRUI(T-S) 15, ()26~ (2TRU(T-9)  ds

Now we square the last expression above and sutimen using the Plancherel
identity we get that

Zk¢o|f 8 1k (4TPvk2-+21ikUo) (t— S)u*udqz

t—0 e
SZk;ﬁO‘l%Jnsvf ATPVKA (t— 5\u2|( k)ds

ﬁft—eslk‘efﬁrzvkz(t—s |u3|(k)ds
0,8 e S (w2 () dsP?
0o "
= §ress supy_g (Ul +ulZ Juld+uiZ ud)
= Sess sup_g(1+ u2)(|ulf+ u)

where we have used Lemma 4.3 to estimate the integrals and puilethe sup
norm, out of the (last two).2 norms in the last step. This finally produces the
inequality
t-3
| Tike™ (41°2VK2+-21kU,) (t—

C
90+ 0dg” < 5ess sup_g((1+|ul%) (Juld+|ul3))

(38)
Secondly consider the term

; / & (TP 21K Uo) (1-9) 29T (1, 12 i )lsi?

_ o (4TI 2rikUo) (t- s) Ox Ux
;|/ Tik ds®
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We write

e (2mkUo)(T-9)g (G, — g (2mkUo)(T—9) ; Ox(k— 1) 0x(1)
14K,0

_ Z ef(ZTli(kfl)Uo)(TfS) Ox(k— | )ef(ZTu'IUO)(TfS) OX(| )
1o

_ (e (2rikUo)(T—s)

« (oo (ZkUo) (T

Fourier transforming th& derivative of the Navier-Stokes equation and multiply-
ing it with an exponential gives

a(e(mk;")(Ts) Oy) _ —4TPVKA Gy (ZTKUo) (T—9)
s

(39) 1K Re (2MkU) (T—$) | orile a;/l<\ux)zef(2nikuo)(Tfs)

Then we apply the main estimate (29) in Lemma 4.2. By use of Lemma 4.2
we get that

(40) fct)fé o (41PVk?+-21kUs) (t —s) Gl ax*ax ds

1 -3 1 (e (4Tl2\}k +2Tuka)(t SIS
20; Jo  e®SS SURs, 1| %

IN

UX*UX |d

Now
a(e—(4T[2vk2+2T|ijo)(t—s)
0s
| 0g (4TPVK?) (t—9) (G 2kUo)(t-9))

O Ox) _ Aryk2e (AT 2mikUo) (t-9)

Oy Uy
amxeonika(tfs))

0s
By using the Fourier transform of the Navier-Stokes equation (39) we get that

ft—é g (4TPVKk?+4-2rikUo) (t—9) M ds
< 2rb é 5%2ess SUR, 1 (4T[2Vk2|e 4Tl2vk2+2rukuo)(t )0y Uy
12l (4TPVK? )(t=9) (g e72ﬂ]ka)(tfs)) “ wbds
< »i Jo Cess SURs, 1 (4Tl2v|e (424 2rikUo) (18] . G |
2] (4revie) (t— S)u + (—4TRV(ye (27kUo)(T—5)

—21P(Re (2rikUo) (T—5) _ 4TF 11 ) 2= (21kUo) (T=5)) )i
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Now we square the last expression above and suktimen using the Plancherel
identity we get that

B 2 4 o —s) Gy Uy

Zk#o’fé 8 o (4TPVK?+211KUo ) (t—9) U;(_[ill(,l dqz
- 2 5

< Sieol BT fo et ()2 (K)dis

+T"O é’ée*”'nz"k (t=s) |uxu2|(k)ds
t—8 . 4TRVKR(t—S) (A—11  A—17
+ 8 5P a9 a5 u, a5 Y (ue)2] | (k) d?
= %ess SUR,_g)(|Uxl3 + [ul& (|ulZluxl 3 + [uxl3))
C
= Uz®SS Sup—g (1 + UlZ) (|ulZ + [ux) uxl3
where we have used Lemma 4.3 to estimate the integrals, puiteithe sup norm
out of the (last two).2 norms in the last step and integrated by parts to get

0 udy H(U)?] = 05 [u(U)?]

This finally produces the inequality

2 Oy * U C
/ (TSm0 S s < ress suy g (1 |ul) (ul -+ [ud3) udd)
Tk Ué
(41)
Combining the estimates (38) and (41) give tBeestimate
C
UB <9y hdAf?+ [Ug2°SS SUB og(1+ HUH ][
kZ0 4
(42) +8°Cess sup- o, [|ull3+
a
by use of Sobolev’s inequality
s < Clulls- (43)

and the Gagliardo-Nirenberg inequalities.
N
We now act on the integral equation with the oper@@r‘l) , to estimate the
derlvatlvea( /"y

o u(xt) = 3 l(2rik) (5/4)" /2 Ak

—_—

+ ; / (ka)(5/4) — (4mvk2+-21ikUo) (t—9) (Zax l(ux)z i 6/X\uz)(k, S)dqu(X)
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whereg, = €€ are the Fourier components and feare the Ornstein-Uhlenbeck
processes (9).
By the orthogonality of theys theL.? norm ofu is

.
5 U = §[<2n|k|><5/2>*hk|Ar|2
k=0

—

t . —
@)+ g [ (i e 28 20 (02— 0,02) (k 9]

First we estimate the integral from- & tot. TheL? norm of this integral is
t

1
i
k;o 4" Ji-s

(ka) (5/4)*ef(4T[2Vk2+2T[ikU0)(th) (Zaﬂaz _ a/X\UZ) (k, S)dgz

and it is estimated by

—

< 339" ess sup_5( ; Hox M (u)23(K) + 5 |atk3(k))
kZ0 k70

(45) < C3¥Y" ess sup_ g (Juxlz+|ux[3)

by Plancherel’s identity, the Gagliardo-Nirenberg inequalities and Lemma 4.3.
The integral from O ta — o

t-3 : — —
; 4}1’/0 (Zr[ik)(5/4)+e—(4n2vk2+2ruka)(t—s)(Za;l(ux)z —o,u2)(k, s)dqz
KZ0

C
(46) < 5555 Sup_g(Iuxl3 + U2 (U + o)l
(0]

is estimated by similar computations as above. We need to work a little harder than
above to get rid of th&? terms stemming from the Laplacian in the Navier-Stokes
equation. Combining the two estimates (45) and (46) we get

5/4)* &
7 Uz <9 > (2rk) 2" A+ 5755 SR oy (L-+ ullE) ullg:
KZO © ! )
(47) +8%4" Cess sup. o |ull2+
’ !

by Sobolev’s inequality (43) and the Gagliardo-Nirenberg inequalities.
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Now we combine the inequalities (42) and (47) to get

||U|| <9§ (1+ (2rdk) &2 ) AP + = eSSSUE&[oq(H||U||5+)||U||

C
|Uol?
(48) +313/4" Cess sup. oy [|ull3 e

and finally adding the term with the the initial conditiohto the integral equation
(26) we get the estimate

+
U2 < 165 (L+(2mK) &/ a2+ 16]K %)
KZ0

49  + eSSSU&[m](HHUH )\!U|!%++5(3/4)_CessSUE&[o,ﬂH“H%

C
Uol?
Thus by Lemma 4.4,

Uo

E(ess supy ulF.) < 2 (50)
if

(1+( 2T[|k] )5/ )y 0 2yuo|
by makingd arbitrarily small. We se% equal to a new consta@tand conclude
that (33) imples (34). QED

Lemma 4.4 Consider the inequality
X(t) = (bX(t) + (1)) <a+d,  x(0) =X,
where Ed) = 0and b> 0, ¢c > 0 are deterministic. If

2 c?
E(a) < §(1+_

9
where ¥pax = ib(,/ +1—1) and E(X(0)) < Xmax then EX(t)) < Xmax-

Proof: f(x) = x— bx3 — cx? obtains its maximum atmay, thus ifE(a) = E(a+
d) < %(1+ %)Xmax— g—cb = f(Xmax), E(X(t)) must stay below the valug,ax Where
f (x) obtains its maximum, assuming tHagx(0)) < Xmax- QED
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Remark 4.2 Corollary 4.1 is the resolution of a famous question in turbuleige:
turbulence always caused by the blow-up of the velocityfb@answer according

to Theorem 4.2 is0; the solutions are not singular. However, they are not smooth
either, contrary to the belief, stemming from Leray’s theory [20], that if solutions
are not singular then they are smooth. By Corollary 4.1 the solutions @deH
continuous with exponent/B in three dimensions. This confirms a conjecture
made by Onsager [28] in 1945. In particular the gradégntis not continuous in
general.

We can now prove that ess suj.)|/u(t) 12, is bounded with probability one.
4

Lemma 4.5 For all € > 0there exists an R such that,

P(ess SUR. g [[U(D)]|5: <R)>1-¢ (51)
i

Proof: By Chebychev’s inequality and the estimate (34) we get that

Clu
P(ess SUR o u(t)|5+ > R) < % < ¢
i

for R sufficiently large. QED

4.2 Existence of Global Turbulent Solutions

In this section we prove the existence of the turbulent solutions of the initial value
problem (20). The following theorem states the existence of turbulent solutions in
one dimension.

Theorem 4.2 If

E(lwll-) + E(K+.)

1 < (1+ (2mk])®/27) 0,2
(52) =3 he + E(|Kx*u
2 (2rtk|)2 ( H?ﬁ)
1 1
< — - —
< 542Gl i

where the uniform flow yJis sufficiently large so that the a priori bound (34)
holds, then the integral equation (26) has unique global solutipgty in the
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space [0, x); L §+ 2)), u is adapted to the filtration generated by the stochastic
process t
%mw=gm%ﬁq
K70
and

/ Hu||5+ds < C|Uq| t (53)

Proof: We letw =u—v anda = u+v whereu andv are two solutions of the
integral equation. We start by writing

—

(Xt ;{/ 4VT[2k2+2Tl]kU0)(t s)(W GX+G Wy — Z%Vt()(kas)dﬁﬁ(x)

whereg, = €% Then by Lemma 4.3

— (4vTPk24-211KU,) (t—S) _ OlxWi 2
wzgv (W0 + 6 — 1) (K 9

< C t* ess sup (|3 a3 + ot w3 + a2/ ws2)

<Ct?esssupy \|GH%+ !|W|’%+
Similarly

o] wh < ?/MW e (TR 2T () (G + G ) (. 5)

-
<Cts esssupylalls- |[wls-
4 4
by Lemma 4.3. Combining those two estimates we get that
-
ess sup[[w' 2. <Cts esssupya”|:-esssupy Wl (54)
4 1 4

for the iteration based on the integral equation (26), tasiall. Now the expec-
tation of |a"||%. [|w"||2, can be taken to bounded by a constant, independemt of
s 5

2
This implies that thdg!ox””‘g+ HW”H%+ norms are bounded with probability one, by
an argument similar to tﬁat in Lémma 4.5. Thus

E(ess supy, w2, <cC t6 E(ess SUR (WAt (55)
i i
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with probability one, but a consta@tthat depends on functions in the set

("4 w2 <K

in L(25+ ~ By an application of the contraction mapping principle we get that

4 >

there exists a random variabtetaking its values almost surely in the interval
,t], with t small, such that the integral equation efines a contraction on

0,t tht I h that th t I t 26) def tract

C([O,T];L&z§+ 2)). This proves the local existence of unique solutions to (26). The

global exiéténce uses the bound (34) in Theorem 4.1, that does not depend on the
above set inLZ§+ . Namely, since the norm afin L2§+ ) is bounded a priori

2 . 4 .
for all t, the interval of local existence can be extended to the whole posixis
R*. QED

Next we prove an estimate analogous to a Gronwall estimate that will be used
in later sections and also gives an alternative method to prove the uniqueness of
the solutions.

Lemma 4.6 Let u, and p be two solutions of (26) with initial functiong (x,t) =
Y kzo(ht) Y 2Afecand B(x,t) = .o(h2)Y2Afe, and initial conditions §(x) and
u9(x), then with probability one,

11— [1-aceh ol

2C(t1z +1)

(6)  E(lu-tels (1) <

where
Iwollg+ = E(IIU&’—USII;)
+
1+ (2mk|)3 1
) v [; o (Y ()22
k£0

Proof: We letu andv be two different solutions of the Navier-Stokes equation
w = u—V anda = u+ v with distinct initial functionu, andv, and write the
integral equations fow

t | .
wixt) =wW0(x)— | / g (VTP 21kU0) (09 (G 4 6 W — %) (K, 5)dS e (X)
& /0 211K
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The same estimates as in the proof of Theorem 4.2 give the estimate
-
ess su[a’t]va”*lH? < [[wol|s+ +C (12 +t) ess supy Wz (58)
a4

with probability one. An iteration of this inequality gives the bound (56ED

5 The Existence of the Invariant Measure

In this section we will consider the stochastic Navier-Stokes equation

dw = (Wi — Wi + 95 L (wy )2 — b)dlt + ; h/%dBke (59)
k=£0

with initial data
w(x,0) = Uy 4 u0(x)

whereu € L%(T?), the dot indicating that the mean is equal to zero kgl the
constant (21) keeping the mean equal to zero. We will use that the solutions
u(x,t), wherew(x,t) = Up+u(X,t), exist inL(§+ 2 by Theorem 4.2, and that the

4
mean flowU, is constant. Since, by Theorem 4.2 , we can even take the initial
datau®(x) € L?(T?), the equation (59) defines a flow @A(T?). The reasoning is

that if u%(x) € L2(T1), thenK +u® € W(E > 2(T1), fort > 0. This is the physical
situation we are interested in, namely fully developed turbulence with nontrivial
mean flow, and it applies to most rivers and streams see [24, 25].

More concretely, we can consider the initial value probleni. &T?),

du= (Ve — Uoly — Utk + 05 H(uy)2 — b)dt + ; h/2dBke,
k#£0
(60) u(x0 = u(x)
where

12 « (1+(2mk))®/2") 24 o2« 3
_ =f he+ —E(||K =
YocZ, @mgy MFeRlKeiE gt

0 being arbitrarily small and is the constant in Theorem 4.1. This stochastic
initial value problem is equivalent to the integral equation (26). Then by Theorem
4.2 the initial value problem (60) defines a flow bH{(T?).

26



If @is a bounded function oh?(T?) then the invariant measumu for the
SPDE (60) is given by the limit

im E(o(u(@) = [, @uduu) (61

L2(T?)

In this section we proof that this limit exists and is unique. We prove below that

. + .
the limit exist in thav/(3 - 2)(T*) norm but since these dominate t&T!) norm
the conclusions will follow folL?(T?).

Theorem 5.1 The integral equation (26) possesses a unique invariant measure.

Corollary 5.1 The invariant measure dp is ergodic and strongly mixing.

The corollary follows immediately from Doob’s Theorem on invariant measures,
see for example [30].
We prove the theorem in three lemmas. First we define a transition probability

RW,M) = £u))(r), IcE,

whereL is the law ofu(t), w is the initial condition ancE is the naturab algebra
of L?(T?). Then

1 T
Rr(W0,) = —/ RO, )t
T Jo
is a probability measure dr?(’]l“l). By the Krylov-Bogoliubov theorem, see [30],

if the sequence of measurBs is tight then the invariant measudgtis the weak
limit

1 /7 0
dp() = Jim = | R, )dt
Namely,
Ridv(l) = Rr (2, M)dv(uP)
L2(TL)
and
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Lemma 5.1 The sequence of measures

T 9

Proof: By the inequality (34)
1 /T 2
= [ Edluiz ) mdt <o,
0 4

-5+t . 5+ . . . . .
The spaceH? (T1) =W -2 is relatively compact il.2(T?1) so it suffices to
- 5+
show thatu(t) lies in a bounded set ikl 4 (T1) almost surely, or for alt > 0
there exists aR such that,

1 T
—/ P(u)|2. <R)dt>1—¢
T Jo 2

for T > 1. But this follows from Chebychev’s inequality, similarly as in Lemma
4.5, namely,

1/T]P(Hu(t)|| > R)dt < 2CUs < €
T Jo %+_ “R °

for R sufficiently large. By Theorem 4.2 we can take the initial datﬁ%(ﬂl‘l).
This proves that the sequence of measures is tight. QED

Next we prove the strong Feller property, see [30].

Lemma 5.2 The Markovian semigroup Benerated by the integral equation (26)
is strongly Feller.

Proof: We compare the operators
v

and
A = —Za;luXax

onL?(T1), theL? space of functions with mean zero. The operatirShounded,
see Kato [18],
|AV]| < al|v]| 4 b[| S|

28



. . . o o 4
with the coefficientea= 0 andb = s |Ux| 2,

_ 16 v 16
|AVI[Z = 4|05 Muxvi|® < 4luy|3] w5 < Vz—M|ux\%|§a§v|% = VZ—M\uA%Hs»nZ

by Poincaé’s inequality, sincey, = 0 has mean zero, wheke = 4. Taking the
expectation we get that

16
E(||Av|?) = \}2—)\1E(|le|§)||5\4|2

sinceSis deterministic. Nows generates a contraction semi-group and &igtS
bounded implies the+ A also generates a contraction semi-group, see Theorem
2.4, page 499 in Kato [18]. Moreover, it will be shown by a direct computation
below that the operator

\Y)

also generates a contraction semi-group and thus by Theorem 2.7, page 501 in
Kato [18], the operator
T=B+S+A

generates a contraction semi-group that we will denote

This semi-group satisfies the estimate, Kato [18],
V)l <1 (62)

and the first spatial derivative dfis also bounded by a constavit
We will now solve the equation

Vi — Bv
whereB is the operator above. The initial value problem

Wt = Wi — (Uo + U)Wy — WU
w(0) = &(x)
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for the functional derivativev(xt) = 3388 can be solved by a combination of

Feynmann-Kac and Cameron-Martin, see McKean [23]. Namely, after a reversal
of timet —s— s, w can be written as

W(X = X, 1) = efo(Uotu(sxe))-dx—3 Jo Vo ulsxs) Fdsye i ¢y,

whereK(x;t) is the periodic heat kernel in one dimension. Thus following McK-
ean [23],

@)~ @)= [, [ BM [ g (u-v)s0wx=x Oy

where,h = v+ (u—v)r and@(u) = E(@(u(t)). BM denotes the Brownian mean
over the individual motions. Thus by Lemma 5.3 and Schwarz inequality

X |

|@(W) — @ (V)] < 2(lim ==+ [Uo| + Ules)[| @] oo | — V2,

wherex € T1, since
BM(e[é(UoJru(s,xs))-dxsf% It |Uo+u(s,xs)|2d5) _ E(efé(uo+u(s,xs))-dxsf% b \U0+u(s,xs)|2d3) 1
or

@) —aW)] = C(Uo|+[ulls+)[@le| (U—V)[2
(63) < C(Wol + lulls ) @les [ (U= W)l 5+

by the Gagliardo-Nirenberg inequalities. This implies that the Markovian semi-
. . +
groupP is strongly Feller, both in.? and inW@ -2, since||u|| s+ is bounded,
a

with probability one, by Lemma 4.5.
Now repeating this argument with the operator

T = V02 + 205 Luxdy — (Uo + U)dy — Uy

instead oB we get the inequality

@(u) —@(w) = /Ol/olTM/OID(p(h) (u=w)(y,t)v(x,t)drdxdy

whereT M denotes the mean over the densities of the semi-gvdtipgenerated
by T. We do not know these densities explicitly as those above but we can still
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estimate them and their derivatives with respect tsing the estimates (62) on
V(t) above. By similar estimates above and integration by parts combined with
[td's Lemma we get the estimate

|@(U) — @ (W)| < Cl@le|u—w]

either inL2 orW(3 - 2). This proves the strong Feller property. QED
Lemma 5.3
(64) - Oe(h) - (U= Vv)(y,t)w(x = %, t)dx=

[ GVt uttx)peth) - (u=v) (e wlx =, t)dx
Proof: Extendingu andw to all of R by use of periodicity we can write

- Og(h) - (u—v)(y,t)w(X = X, t)dx=

N

/Dcp (U—v)(y,t )efo Uotu(sXs))-dx—3 Jo [Uo+u(sXs)|ds e_ml\xzxtdx
(2rvt) 2
X
= [ Yot ut )@ u-v)(x)
x2
o elUousxe) e} I Us uls Pds_€ 2T e dx
(2nvt)

= LG o+ ultx))o(h) - (=) ()w(x = . t)dx

by integration by parts and Ito’s formula, and folding bacKrfoagain by use of
periodicity. QED

Finally we prove irreducibility, see [30], d®. The proof of this lemma is an
application of stochastic control theory.

Lemma 5.4 The Markovian semigroup Benerated by the integral equation (26)
is irreducible.
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Proof. We first consider the linear deterministic equation

z +Uozy = VZy +W(X, 1)
(65) Z(x,0) =0, z(x,T) = b(x)

and the deterministic equation

¥t -+ UoYx = Vysx— Y¥x + 05 L(¥x)? — b+ Qh(x,t)
(66) y(x,0) =0, y(x,T) =Db(x)

whereQ: H-1 —W(3 -2, where both spaces have mean zérkeeps the mean
equal zero as in (21) and kern@lis empty. We will define the operat® by
coefficients in the suny ..o h&/zAt"eK, where theAf are the Ornstein-Uhlenbeck
processes from (9). Then it is easy to check th@ff= ¥, .o hi/z fkex = 0, then
f=0 sincehﬁ/2 #0forallk #0.

We can pick a function e C([O,T];W(%+7Z)) such thaiz(x,T) = b(x) and a
corresponding functioh € L2([0, T|;H~1(T?)). Namely,Qh = zz — 05 1(z)? +
w, since the kernal of) is empty; theny = z is a solution of the deterministic
Navier-Stokes equation (66) above. This means that (66) is exactly controllable,
see Curtain and Zwartz [7].

Now we comparg and the solutiom of the integral eqution (26). By the same
estimate as in Lemma 4.6 we get the inequality

1
E(lu=yls+) < E(lluo(x,t) = Yo% )l| s )t2

as long asvp = Up(X,t) — Yo(X,1) is sufficiently small. Herg satisfies the integral
equation

t
y= yo"‘/o K x (_YYX‘Fa;l(YX)Z —b)ds

whereK is the oscillatory heat kernal in (7) aggl= fé Kxwds Now the inequal-
ity (56) implies thatfot <T andd < 1

(67)
€0

E(lu—yls+) < E(luo(x.) —yo(x,t)||%+)ﬁ <

since we can pick such that
€d

E(uo(xt) —Yo(x,)]ls+) < T
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fort < T. We are using here that the support of the lawugfis the same in

W 2(T1) as inL2(TY), since the former space is smoothly embedded in the
latter, see [29]; and that the closure of the imag@®gi theC° (supin t) norm, is
dense in the support of the law of, compare Theorems 7.4.1 and 7.4.2 in [30].
This implies that the probability

and y(T)=b(T)|3+ <) 21-8>0
2

by (67) and Chebychev’s inequality, since (66) is exactly controllable. QED

6 Hack’'s Law

We now use the invariant measure in Section 5 to derive the scaling of the second
structure function of the turbulent flow that solves Equation (26).

Lemma 6.1 The second structure function of the turbulent flow that solves the
integral equation (26) scales as

200 = [, luty+) —u(y) Papu) <
L2(TH)

Proof: By Corollary 4.1 the solutions of (26) aredktler continuous with expo-
nent 3/4. Thus

3+
u(y+x) —u(y)| < Cllul| s+ 5 [x]*
(7 2
Moreover, by Theorem 4.2y satisfies the bound

E(Ilullf%+ ) < C|Uo|

72)
by Equation (34). Substituting these bounds into the integral and using that

E(uly- ) = [ Ul dn

gives the estimate. QED
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The scaling of the structure functions depends on the dimensions, see [14], in
three dimensions(x) ~ X3 corresponding to Kolmogorov’s scaling.

Hack’s law describes how the lengtlof a main river in a river basin scales
with the aredA of the basin, see Hack [16],

| — c A0568

wherec is a constant that varies from basin to basin, see Gray [15]. Hack’s law
describes the fact that most river basins have an oval shape; that is they are longer
along the direction of the main river than perpendicular to it. As discussed in
the introduction there are several ranges in Hack’s law depending on the size of
the river basin, but we restrict our discussion here to basins which are large, say
> 200kn? but not too large, say. 25,000kn?, see Mueller [26].

Now Hack’s law is proven in the following manner. In [4] the equations de-
scribing the sediment flow are linearized about convex (concave in the terminol-
ogy of geomorphology) surface profiles describing mature surfaces. Then the col-
ored noise generated by the turbulent flow drives the linearized equations and the
solutions obtain the same color (scaling), see Theorem 5.3 in [4]. The resulting
variogram (second structure function) of the surfaces scales with the roughness
exponenty = %, see Theorem 5.4 in [4]. This determines the roughness coeffi-
cientx of mature landsurfaces. This roughness applies to the transport limited
landsurfaces studied in [4] and are in excellent agreement with numerical simula-
tions [6] and empirical results from Digital Elevation Models [35], of areas where
the transport limited assumption applies.

Hack’s law is a universal statistical law and applies to detachment limited
landsurfaces as well as transport limited ones. In the former case we have to
wait for the rock to weather before it can be eroded whereas in the latter case
all the sediment can be eroded if sufficient water is available. There are good
reasons to believe that the theory developed in [4] will apply to the detachment
limited situation as well but this remains to be shown. However, a question still
remained, namely how the spatial roughness 3/4 of a channel or a riverbed,
caused by the turbulent flow eroding the bed, is transported to the whole surface?
This question in answered in the paper [5] which studies the meanderings of an
experimental stream on a acrylic plate. It is show in [5] that the meanderings of
this experimental stream are caused by noise in the water flow that gives rise to
turbulence and the meandering coefficient of the experimental stream is exactly
the roughness coefficient of the turbulent flowyor= 3/4. Since the meanders
of the experimental stream are expected to reflect exactly the roughness of the
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flow this constitutes the first direct verification of the theory presented in this
paper. Moreover, the question posed above is answered: The roughness of the
meanderings implies that the scaling of the area covered by them is in accordance
with Hack’s law, see the argument below. This indicates that the river meanderings
cover the whole river basin over time, thus endowing the surface of the whole
basin with the same spatial roughness as the river channel.

The final step is the following derivation of Hack’s law is copied from [6].

6.1 The Origin of Hack’s Law

The preceding results allow us to derive some of the fundamental scaling results
that are known to characterize fluvial landsurfaces. In particular, the avalanche
dimension computed in [6] and derived in [4], given the roughness coeffigjent
allows us to derive Hack’s Law relating the length of a rivdp the areaA of
the basin that it drains. This is the area of the river network that is given by the
avalanche dimensions

A~|P (68)

and the avalanche dimensiondds= 1+ x. This relation says that if the length
of the main river id then the width of the basin in the direction, perpendicular to
the main river, idX. Notice that ifL| ~ L is the diameter of the basin along the
main river andL; ~ LX is the with of the basis, perpendicular to this direction,
then the relation above simply says that the area of the basin is proportional to
their product

A~ Lyl =LMX

However, this does not take into account the sinuosity of the river
| ~ Lﬁ‘

whereq is the meandering exponent or sinuosity (fractal dimension) of real rivers.
Taking sinuosity into account gives

D 1+
a

A~La =La

by substitution into Hack’s law (68). It turns out that for real rivars: 1.1 [22]
is small so it does not make much difference whetharL is used in Hack’s law.
The origin of the statistical law for sinuosity

I~ Ly
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of real rivers is still a mystery. Itis is clear from [5] that turbulent flow in the river
contributes but it does not provide the complete explanation for the meandering
exponenty, as it does for the roughness exponeind Hack’s law (68).

Stable scalings for the surface emerge together with the emergence of the sep-
arable solutions describing the mature surfaces, see [6] and [4]. We note that in
this case( = % as shown in Lemma 6.1 above, hence we obtain

(69) | ~ ATX
~ A0.57l

a number that is in excellent agreement with observed values of the exponent of
Hack’s law of 0568, see [15].
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