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RATE OF WEAK CONVERGENCE OF THE FINITE ELEMENT
METHOD FOR THE STOCHASTIC HEAT EQUATION WITH
ADDITIVE NOISE

MATTHIAS GEISSERT, MIHALY KOVACS!, AND STIG LARSSON!

ABSTRACT. The stochastic heat equation driven by additive noise is discretized
in the spatial variables by a standard finite element method. The weak con-
vergence of the approximate solution is investigated and the rate of weak con-
vergence is found to be twice that of strong convergence.

1. INTRODUCTION AND MAIN RESULT
We consider the stochastic heat equation driven by additive noise,
dX — AX dt =dW, in D x RT,
(1.1) X =0, on 0D x R,
X(-,0) = X, in D.

Here D C R? is a convex polygonal domain and A = EZ:1 0?/0€2 is the Laplace
operator. Let H = Lo(D) with the usual norm || - || and scalar product (-, ). Define
A = —A with D(A) = H?*(D) N H}(D) and write (1.1) as

(1.2) dX + AXdt =dW, t>0; X(0) = X,.

Let (Q,F,P,{F:}+>0) be a filtered probability space, let @Q : H — H be a self-
adjoint, positive semidefinite bounded linear operator, let W be a Q)-Wiener process
in H adapted to the filtration, and assume that X, is an Fp-measurable H-valued
random variable. Then (1.2) has a unique mild solution given by

(1.3) X(t):E(t)Xo+/0 E(t — s)dW (s),

where E(t) = e~*4 is the analytic semigroup generated by —A and the stochastic
convolution is well defined, see [1]. Note that A and @ need not commute.

We approximate (1.2) by a standard finite element method. Let thus D be a
polygonal domain such that sufficient regularity estimates hold (see (2.7) below)
and let {Sy}r>0 be a family of function spaces consisting of continuous piecewise
polynomials of degree < r — 1 with respect to a quasi-uniform family of triangu-
lations of D and such that S;, C H}(D). The parameter h is the maximal mesh
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2 M. GEISSERT, M. KOVACS, AND S. LARSSON

size of the triangulation and r may be referred to as the order of the finite element
method.
The finite element approximation of (1.2) is, see [6],

(1.4) AX), + Ap X, dt = P dW, t>0;  X(0) = P, X,

where P}, : H — Sp, denotes the orthogonal projection and Ay : S, — Sy, is the
”discrete Laplacian” defined by

<Ah17[}a X> = <v¢7 vX)? V¢, X € Sh'
It can be verified that P,W is a Qp-Wiener process in Sy, with Qp, = P,QP;, and
the solution of (1.4) is given by

(1.5) Xh(t) = Eh(t)PhXO + /Ot Ey(t—s)Py dW(S),

where EJ,(t) = e~ 4 is the analytic semigroup generated by —Aj,.
In order to describe the spatial regularity of functions we introduce the following
spaces and norms. Let

HY =D(A%), |fllg: =A% f], v€ER.
It is clear that H* = H, H' = H}(D), H> = H?*(D) N H{(D) with equivalent
norms. We also need the Hilbert-Schmidt norm for bounded linear operators,
(1.6) 1K |fs = Y 1K gx* = Te(K*K),
k=1

where {¢x}72, is an arbitrary ON-basis in H, and we define Lo ({2, HP) by

1 a0,y = B = ([ 176, aP@) .

In [6] the following strong convergence result was proved:
Let r > 2 and 0 < 8 < 1 and assume that ||A_¥Q%||HS < oo and X, €
Ly(2, HP). Then there is C such that, for ¢ > 0,

_1-8 1
W7 X0 = X Ol < OB (IXKoll o + 1477 Q4 s )

In this work we prove weak convergence, that is, convergence of Eg(X}(t)) for all
g in a suitable class of functions. We denote by CZ(H,R) the set of all real-valued
functions on H with continuous and bounded derivatives of order < 2.

Our main result is the following.

Theorem 1.1. Let X and X, be given by (1.3) and (1.5), respectively. Assume
that g € CZ(H,R) and, in addition,

(1.8) sup [lg"(f)llgo < .
FemHs
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Let v > 3, 0 < B < 1, and assume that W is a Q-Wiener process in H with
||A’1%5Q%||Hs < 00 and Xg € Ly(Q, HP). Then there are C > 0, ho > 0, indepen-
dent of g, T, and h, such that for h < hg, T >0,

[E(g(X0(T) = g(X(T)))] < Ch*|log(h)|
_1-8 1 _1-8 1
% (1Xoll o + 1475 Q2 llus + 147" Q¥ 135

x sup (Ilg/(Nllgs + lg" ()

FeHs

Note that the assumption on @, HA*%[’Q%HHS < 00, is the same as for the
strong convergence estimate (1.7). The rate of weak convergence is thus twice the
rate of strong convergence, except for the logarithmic factor.

Two special cases can be highlighted:

o If @ is of trace class, then § = 1, because ||Q%||%{S = Tr(Q) < co. Thus,
the rate of convergence is O(h?|log(h)|).

e If Q = I, which is space-time white noise, then we assume HA*¥ 12s =
Tr(A=(0=A)) < oco. Since the eigenvalues of A behave like A\, ~ k?/¢ as
k — oo, this is possible if and only if d = 1 and 8 < % Then the rate of
convergence is almost O(h).

The theorem has two unnatural restrictions which are due only to our proof,
namely r > 3 and the extra assumption (1.8) on ¢’. Indeed, after this work was
completed we learned that in [4] the same rate of convergence (without logarithm)
was proved without these assumptions. However, the estimate in [4] blows up as
T — 0, while ours is uniform in 7' (cf. (3.3) and (3.4) below). The proof is also

more complicated than ours and the condition ||A_¥Q% |lms < oo is replaced by
a different, but essentially equivalent, one. Time stepping by the theta method is
also included in [4].

While the literature on strong convergence of numerical approximations of par-
abolic stochastic partial differential equations is abundant, there is very little on
weak convergence. Apart from [4] we are only aware of [5], which proves a similar
result but under a much stronger restriction on the test function g, and [3] which
is concerned with the Schrodinger equation.

2. PRELIMINARIES

In this section we collect some facts and make some preparations for the proof
of Theorem 1.1.

Let S,T be bounded linear operators on the Hilbert space H and assume that
T is of trace class. Then,

(2.1) Tr(ST) = Te(TS), Te(T*) = Te(T).
If, instead, T is Hilbert-Schmidt, then by (1.6) and (2.1),
(2.2) 1T lms = 1T [as,  [1TSllas = [1S"T" [[us,  [[STllas < [STIT |Iss-

Under the assumptions on the finite elements that we made in Section 1 we have
the following inequalities. We state them only for the ranges of parameters that we
need. First we have the inverse inequality,

(2.3) |AJunl| < Ch™||lup ||, un € Sk, v € [0,1].
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We also have the following equivalence of norms in Sj:

(2.4) [A7un|| < Cll A unll,  un € Sh,y €0, 3],
and

(2.5) [ A unll < CllAYupll,  un € Sn, v €0, 3]-
Moreover, for 0 < § < %, 6 < p <1, we have

(2.6) |A%(P, — I)A™P| < Ch?*=2°,

This is a well-known approximation property for Pj. Finally, the standard error
estimate for the linear elliptic finite element problem can be formulated as
5—2

(2.7) (A7 — A P fI| < CRE|ATT fIl, s €(2,3).

(This requires some assumptions on the polygonal domain D.) The above inequal-
ities are well-known in the special cases when the parameters v, 6, p, s are at the
endpoints of the parameter intervals. For intermediate parameter values we use an
interpolation procedure. The error estimate (2.7) is the only place where we need
r > 3.

It is also well known that there are positive numbers C, « such that

(28)  [AE(f)] < OO0 A%, £50,0<5<y <1,
and that

T T

(9) [ latE@uPdat< o, [ 1A EuOPolPd < b
0 0

We also recall 1t6’s isometry, which takes the form

(2.10) E(H/OtF(t—s)dW(s)‘r) :/Ot|F(t_s)Qé|§ISds,

when the integrand is a deterministic operator as in (1.3) and (1.5).
Let

(2.11) Z(t,7,€) = B(t — 7)€ + /tE(t —5)dW(s), 0<r<t<T.

If ¢ is Fr-measurable, then Y (t) = Z(t,7,€) is the unique mild solution to
dY(t) + AY(t)dt =dW(t), t >7; Y(1)=¢.

In particular, the solution of (1.2) is X(t) = Z(¢,0,Xy). The following lemma
describes the spatial regularity of Z.

Lemma 2.1. Let 3 € [0,1]. If HA*#Q%HHS < oo and & € Ly(Q, HP), then
Z(T,t,&) € Lo(Q2, HP) for all0 <t <T.

Proof. This is proved in [6, Theorem 3.1]; see also [1, Section 5.4] and Lemma 2.2
below. 0

We have the same regularity for Xp,:

Lemma 2.2. Let § € [0,1], assume that ||A_1%HQ%||HS < o0, X € L2(Q, HP),
and let Xy, be given by (1.5). Then

_1-8 1
100 @iy < C (1Kol Lygeaiomy + 1477 QF s ).
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Proof. By taking norms in (1.5) and using (2.4) we have
2
1X0 (O, 0,110y < CE(I147 Xn(®)]1?)

< CE(||A§Eh(t)PhX0H2) + CE(H /Ot AZE(t - 5)Py dW(s)HQ)

=C(L+Ip).
By It6’s isometry (2.10), (2.2), and selfadjointness, we obtain
L= [ 1AF B - P s as = [ 1QY (4] Bro)m) s s

:3/nQiﬁEM@Hmmd&
0

Using (2.2) and (2.9) we calculate

HQAzmm/MEmmmS

IN

I,

< 1IQ¥A, T Pillhs = HIQFAT T AT 4,77 Pufs.
Hence, using (2.4) and (2.2), we obtain
I < HQFATF B AT A, T PP < ClAT T Q s,
Finally, by (2.5),

g B
L < E(A; PuXol?) < CE(I1AF X0)12) = ClIXol12, g 1oy

The proof is complete. O
For g € CZ(H,R) and with Z as in (2.11) we define
(2.12) u(z, t) = E(g(Z(T,t,x))), veH 0<t<T

If € is an F;-measurable random variable, then by [1, Theorem 9.8],
u(€t) = E(g(2(T,1,9)| 7).

Therefore, by the law of double expectation,

213)  B(u¢.) = B(B(9(2(T,1.)| 7)) = E(9(2(T.1,€)))

For a function f € C?(H,R), by the Riesz representation theorem, we may
identify the bounded linear functional f’(z) with an element in H and the bounded
bilinear functional f”(z) with a symmetric bounded linear operator on H. Hence,
using the explicit formula for Z in (2.11), we have

(Oru(a,1).y) = B((g (Z(T,t,2)). E(T ~1)y)), ye€H,

(Ol )y, v2) = B((g" (Z(T,t,2) BT =y, BT = )a)), yr.ye € H,
so that
(2.14) du(z,t) = E(E(T - t)g’(Z(T,t,x))),

(2.15) O2u(w,t) = E(E(T — )¢ (Z(T,t,2))E(T — t)).
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The function u satisfies Kolmogorov’s equation (see [1, Chapter 9] for details),

(2.16) dou(z,t) — (Az, d1u(z,t)) + 2 Tr (Ofu(z,t)Q) =0, z € D(A), t € (0,T),
. u(va):g('r)7 Tz e H.
3. PROOF OF THEOREM 1.1

Let u(x,t) be defined by (2.12) and apply (2.13) with £ = X (0),

B(u(X(0),0)) = B(B(4(Z(T,0, XO))|%))
= E(g(Z(T,O,X(O))) = E(g(X(T)))v

and with & = X, (T),

E(u(Xa(T). T)) = E(E(g(Z(T.T, X,(1))|Fr) ) = E(g(Xa(T))).

Hence,

E(9(Xa(T)) — g(X(T)) ) = E(u(Xa(T),T) — u(X(0),0))
- E(u(Xh(O), 0) — u(X(0), o))

+ E(u(Xh(T), T) — u(X5(0), 0)).

Using It6’s formula (see, for example, [1]) for u(Xy(¢),t), where X}, satisfies (1.4)
with covariance operator Qn = P,Qp P, and using the Kolmogorov equation (2.16)
to replace the term Jsu, we have at least formally

(3.1)
E(u(X4(T), T) - u(X4(0),0))

T

— E/o (5‘2u(Xh(t),t) — (AR Xn(t), Oru(Xp(t), 1)) + %Tf(a%U(Xh(t),t)Qh)) d+
T

=E /O ( — (X (1), (An — A)Dru(Xp(t),1)) + 5 Tr (Fu(Xn(t),t)(Qn — Q))) dt.

We note here that the use of It6’s formula requires a function v : H x Rt — R
with uniformly continuous partial derivatives on bounded subsets of H x [0, T]. The
above calculation can be made rigorous as follows. Define u,, in the same way as
u in (2.12) but with A replaced by the Yosida approximant A, = nA(nl — A)~L.
Then w,, has continuous partial derivatives ([1, Theorem 9.16]) and, since X(t) €
Sy, we may consider u, as a function S;, x Rt — R. Then the derivatives are
uniformly continuous on bounded subsets of Sy, x [0, T]. Writing It6’s formula and
Kolmogorov’s equation for u, we get (3.1) for u,. Passing to the limit in (3.1)
using standard arguments (see, for example [1, Chapter 9] and [2, Chapter 7]) we
obtain (3.1) for u.
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We therefore have

B(9(X(T)) - 9(X(1))) = B(u(X,(0),0) - u(X(0).0))

T
_E / (ApPh — PaA)dyu(Xn(t), 1), Xn(t)) dt
(3.2) 0

T
LB / Tr (B2u(X (1), £)(Qn — Q) dt
0
=1+ 1+ Is.

We estimate the three terms separately. For the first term we have, by the chain
rule and recalling X, (0) = P, X, X(0) = X,

1
I = E{ / (Oru(Xo + s(PuXo — Xo),0), Py Xo — Xo) ds}
0

=B /01<(Ph — D)oru(Xo + s(PaXo — X0),0), (Py — )Xo} ds |,
so that, by (2.6) with p = /2, § = 0, and since Xj € HP almost surely,
| <E /1 ChP||01u(Xo + s(PaXo — X0),0)| 76 - ChP|| Xol| g ds}
< Ch*? sup [|0yu(z, 0)ll g7 ||X0||L2(Q HB)"

z€HB
Here, by (2.14) and (2.8) with v = § = 3/2,

101u(z, 0) o = E{E(T ) (Z(T,0,2)} sz
)g'(

<E{|E(T)g'(Z(T,0,))| 75 }
< C sup [|g'()llgs,
feHB

since it follows from Lemma 2.1 that Z(T,0,z) € H? almost surely. Hence,
(33) 1] < CH2 sup (g (7)o 1 Xoll 10
Fers
We remark that by using, instead, (2.8) with v = /2, § = 0, in the last step, we
would get

(3.4) L] < CR?PT=F sup ||g' () 11Xl 1,0, 0):
FeHs

where the assumption (1.8) is not needed.
For the second term, we use the identity

AP, — PLA = Ahph(A71 — Aglph)A,

to get
T

-E ((ApPr, — PrA)O1u(Xp(t), 1), Xp(t)) dt

H

T

B
2Ph AT — ATIP) A u( X (1), 1), A2 X (1)) dt.

e«
EA AhPh A;lPh)Aalu(Xh(t),t),Xh(t)>dt
A
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Therefore,

T 8
[I2| < E/O |4, 2 Pu(A™" = AL Pr) Advu(Xn (t), )| | Xa(8)]] o dt

T 5
< / sup ||A;;§P;«L(A*1 — Ay ' Py) Advu(z,t)| dt
0 zeHs
X sup HXh(t)HLZ(Q7Hﬁ)~
t€[0,T]

Using (2.14) we have here

_B
|A) "2 Py(A™" — A1 Py) Adyu(z, b))
_B
= || A, T Pu(AT" — A PP AE{E(T — t)g'(Z(T, t,2))} |
_B
<B{||A; TP(AT — A P AT E(T — ) AT (Z(T ot )|}

1-£ _ _ _B
<A, EPu(AT = A P AR E(T = 1) sup g ()l e
fers
Therefore,
Toa-z —1 1 1-8
Bl < [ 1A P AT - A7 PAY 2B
(3.5) 0 /
< sup g/ (Nlas sup 1 Xn (Ol 00
t€[0,T]

fems

The latter two factors are bounded according to (1.8) and Lemma 2.2. It remains
to estimate the first factor. In view of (2.3) we have

T s
/0 |A) 2Py (A" — A P,)A 2 E(t)|| dt
T B
< Ch—w/ [(A™Y — A 1Py AY 2 B(1))| dt.
0

Using (2.7) with s = 2 and s = 2 + (3 (this is the only place where we need r > 3)
and (2.8), we obtain

T
/ (A" = A P A 4 B at
0
h2 5
- / I(A~Y = A1 Py) A5 E(1)| dt
0

T
[ AT = 47 P AR AR d
h2

h T

< ChQ/ 145 dt+0h2+ﬁ/ tle=t 4y
0 h?

< %hw + Ch* | log(h)| < Ch**P|log(n)),
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for h < hg (C and hy depend on ). Inserting this together with (1.8) and
Lemma 2.2 into (3.5) shows

_1-6 1
(3:6) L] < CR**|1og()[ (1 Xoll i) + 147 = Q*lus ) sup [lg'(f)]l jzs-
(Q,HF) :
feHs

For the third term in (3.2) we use the identity
Qn—Q=PQP —Q=PQP, — QP, + QP — Q = (P, — 1)QP, + Q(Py — I).

Therefore,
T
2 = E /O Tr (afu(xh(t),t)(Qh - Q)) dt
:EA<n@@mumwﬂﬂ—nQﬂ+QG%—nﬂw-

Note that, since E(t) is trace class for t > 0, it follows from (2.15) that d2u(Xp(t),t)
is trace class as well, so that by (2.1) the above integrands are well defined. More-
over, it follows from (2.1) and selfadjointness that

Tr (O3u(Xn(8), ) (P, = 1) (QP3) ) = Tr ((QP)" (P = )" 03u(Xn(1),8)")
= Tr ({PAQ(P — DHORu(Xn(1),1)})
= Tr (Fu(Xn(t), ) PAQ(Ps — 1) ).

Therefore,
T
2 — B / T (92u(Xa(0), (P + DQ(P: — 1)) it
0
We bound the integrand. By (2.15) we have

v (30,00 + QP - )|

< su}g)ﬁ’Tr( Tu(z,t)( Ph-i-[)Q(Ph—I))‘
- S“}I’B ( g"(Z(T,t,2))E(T — t)} (P, + 1)Q(Py, — I))\
< E{ sup | (E(T — 1)g"(Z(Tt,2))E(T — t)(Py + DQ(Py — I)) ‘}
< suwp | Tr (B(T - )" (BT — (P, + DQPy — D)) .

feHs

so that

37) 2| < E/OT sup ‘”ﬁ( t)g "(f)E(t)(Ph+1)Q(Ph_1))(dt.

feH?B
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Let € € (0,3/2). Since E(t) is of trace class for ¢t > 0, we may use (2.1) to obtain
Te (E()g" () E@) (P + DQ(P, — 1))
_ (A—%+EE(15/2)
x ASSE(t/2)g" (F)E®)(Py + DQ(Py ~ 1))
=T (A <B(t/2)g" (/) EW) (P, + DQ(Py — T)

X A*§+5E(t/2))

N

=Tr (A3 E(t/2)" (N E®) (P, + DQ
x Q} (P — A5+ E(1/2)),
so that, in view of Tr(AB) < || A|lusl||Bllus,
|Tr ()" (HE®) (P + DRy - 1) )|

< | A2 2E(t/2)g" (/) E(t)(Ph + DQ* |lus Q% (Ph — T) A~ 2+ E(t/2)||us
= J1 X J2.

For the first factor we use (2.2) to get
8_. 1
Ji = [{A>Et/2)Hg" (N E®)(Py + 1)Q? }Hus
1 8 .
= [{Q>(Pn + DE®)g" (f)HA> “E(t/2)}Ins
1 8_.
< Q2 (Py+ DE®)|us lg” (NI IIAZ = E(t/2)]].
Using also (2.6) with § = p = %, we have here
|Q* (B + DE(®)s
1, 1-8 1-8 18 1-8
=||Q:A""z A= (P, +1)A" = A= E(t)||lus
L, 18 1-p _1-8 1-8
SQFA™ 7 us A= (Po+ DA™ 2 ||[[[A2 EQ@)
1-p 1 1-8
< OllA™ Q3 lns | A= E(1).
Therefore,
_1-8 1 1-p 8_¢
J1 < ClA™ =2 Q7 |lus " (DI A= E@)|| [ AZ = E(t/2)].
For the other factor we have, by (2.2),
118 18 _1B4 . 1
T2 =||QP AT ATE (B, — DA™ E Y ARE(t/2)|lns
L, 18 1-8 148, 1
<NQzAT= |lus [A7= (P — DA™= T°||[| A2 E(¢/2)].
Then, by (2.6) with § = 152 < p= 18 — ¢,

Jo < Ch20=2 | A="3° Q% |lus | A E(t/2)]).
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Inserting this into (3.7) and using (2.8), we obtain

|I3] < Ch®P =% || A= 57 Q¥ ||4g sup [|g”(f)]
ferns

T 1-8 B8 1
x /0 A= E@)| |A2~E@/2)| [|A2 E(t/2)] dt

< R 24T Qg sup (19" (f)] / plregdat gy
EH[’

By estimating the integral we conclude

|I3] < Ce™th2=2 || A2 Q% |3 sup |lg" (/).
fems

Finally, we set € = 1/|log(h)| < 8/2 (for h < hg with ho small enough) to get

E—thﬁ—Qe — hQﬁe—Qelog(h)E—l — e—2h2ﬁ| 10g(h)|
Thus, there are C' = C(8), ho = ho(8) independent of g, T and h such that

_1-8 1
|Is| < Ch*’log(R)| |A~ 7 Q7 |lfis sup [lg”(f)lI;
feH?s

for h < hg, t € [0,T]. Together with (3.3) and (3.6) this completes the proof.
It is important to note that the strong assumptions (2.7), where r > 3, and (1.8)
are only needed in the estimate of the second term I». For I3 we only use (2.6) and

sup " ()] < oe.
feHP

For I; we only use (2.6) and

sup [lg'(f)|| < oo
FeH®s

in order to get (3.4), while (2.6) and (1.8) are needed for (3.3).
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