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1 Introduction

This article deals with a stochastic Poisson equation on a bounded domain D C R¥,
with an arbitrary dimension & > 1 and driven by a fractional Brownian field B?,
with H = (Hy,..., Hy) € [3,1[F. We prove a theorem on existence and uniqueness of
solution, we study the properties of its sample paths and finally, we give a numerical
scheme based on lattice approximations and prove its convergence on a functional
space with some explicit rate.

The equation is described as follows:

Au(w) = f(u(x)) = g(x)+ B"(2), for v € D, (1)
u(r) =0, for z € dD,

We assume that f has a decomposition f = f; + fo, with fi, fo : R — R satisfying
(f1) f; is continuous, non-decreasing and sup,cg | f1(z)| < M,
(f2) fo is Lipschitz with small Lipschitz constant L.

The function g : D — R is measurable and satisfy some integrability conditions.
The stochastic character of the equation comes from B (z), which denotes the
formal derivative of a fractional Brownian field.

We give a rigorous meaning to (1) by means of a mild formulation, as it is pretty
usual in the SPDEs literature. For this, we recall that if £ > 2, the Green function
of the deterministic Poisson equation on a bounded domain is given by

Ghl(z,y) = G*(z,y) — Eo(G*(B,y)), (2)
with
lOg’.T—y’, k=2
|CC - y|27ka k Z 3
where Cy = %, Ci = m for k > 3, and B, is the random variable obtained by

stopping a k-dimensional Brownian motion starting at x at its first exit time of D
(see for instance [8] and also [6]). wy denotes the volume of the unit ball in R*. For
k=1, G'x,y) = Ci|z — y| (see for instance [15], pg. 16). The particular form of
G (z,y) depends of the domain D. If D =]0, 1] then Gh(x,y) = 2 Ay — 2y (see [6]
pg. 258).

By a solution to (1) we mean a stochastic process u = {u(z),x € D} satisfying

u@) = [ Gh.yfu)dy+ [ Chlamgway+ [ Ghiey)aB ). )

For a similar SPDE in dimensions k& = 1,2,3, but driven by a standard Wiener
field W, different problems have been studied so far. For instance, existence and



uniqueness of solution has been proved in [3] using the classical theory of equations
defined by monotone operators (see [23]); the Markov field property has been inves-
tigated in [4] and [5] and numerical approximations have been given in [10]. Let us
remark that for & < 3 the stochastic convolution [, G% (z,y)dW (y) is well defined
as a Wiener integral, because G% (z, ) is square integrable. But k = 3 is a threshold
value for this issue.

For k > 4, a SPDE of the same type than (3) driven by a Gaussian stationary
process F' with an absolutely continuous covariance measure, but possibly having
singularities, has been studied in [17], extending the results of [10] to higher di-
mensions. For this the authors combine conditions on deterministic functions and
covariance densities derived from Young’s type inequalities and provide a definition
of an integral with respect to the random field F', and thereby a suitable meaning of
the stochastic convolution [, G% (z,y)dF (y). As regards the approximation scheme,
the approach for k < 3 using a Fourier series expansion of G% (x, ) is not possible;
instead, a more sophisticated procedure involving a smoothing of the Green function
combined with its Fourier series expansion has been considered.

With the increasing attention devoted to fractional Brownian motion in the last
years, the study of different type of problems on SPDEs driven by fractional noise
is being more present in the mathematical literature. We refer the reader to [22]
for an extensive list of references on the subject, including some motivating aspects
from other disciplines. At the best of our knowledge, developments on this topic
refer so far mainly to parabolic and hyperbolic SPDEs, the elliptic case being less
explored.

A particular version of Equation (3) with null functions f and g appear in [13] (for
H; €]5,1[F) and in [14] (for H; €]0,1[%). In both references, the authors apply white
noise analysis to give a meaning to the solution u(z) = [, G%(x,y)dB(y) in the
sense of distributions. Conditions on H; ensuring the existence of an L?(D)-valued
solution are given. In comparison with these references, our analysis of (3) allows a
monotone nonlinearity f(u) and a free term given by ¢, as in [10] and [17].

The content of the paper is as follows. In Section 2 we give some preliminaries on
the fractional Brownian field B, when H = (Hy,...,Hy) € [3,1[*. We combine
ideas from [13] and [14] (see also [7]) with some results from [20] and [19] to give
a moving average representation of B in terms of an standard Wiener field. We
then identify a suitable LP-space with mixed norm of deterministic functions which
can be integrated against B. These spaces are related with the reproducing kernel
Hilbert space of B by means of Hardy-Sobolev’s inequality. Section 3 is devoted
to the study of the stochastic convolution of the Poisson kernel (2). We give a
sufficient condition on the Hurst parameter H ensuring the integrability of the
Poisson kernel with respect to B, according to the result proved in Section 1.
We also give some probabilistic properties of the stochastic convolution and prove
the Holder continuity of its sample paths (see Proposition 3.3 and Theorem 3.4).
These ingredients though of own interest are meant to provide a rigorous meaning
to Equation (3) in any dimension k > 1.

In Section 4 we give a theorem on existence and uniqueness of solution of Equation



(3) on the space of continuous functions vanishing at the boundary 0D; we also
prove Holder continuity of the sample paths of the solution. Finally, Section 5 is
devoted to numerical approximations of (3). We consider the domain D =]0, 1[¥ and
use the approach of [10] for £ < 3 and that of [17] when k > 4. With an appropriate
choice of the functional spaces we give the rate of convergence. For k < 3 we find
the same as for the Brownian case, while in dimensions & > 4 it depends on the
regularity of the noise and the rate of convergence, as may be expected.
Throughout the paper we shall denote by cy any positive constant depending on
the Hurst parameter H = (Hy, ... Hy), k > 1, independently of its particular value
and by C any positive, finite constant.

2 Preliminaries

Let H = (Hy,..., Hy) €]0,1[%; a fractional Brownian field (fBf) on R* with Hurst
parameter H is a Gaussian stochastic processes B = {BH (z), z € R¥}, with zero
mean and covariance function given by

Rig(z.y) = E (B (2)B" () = [T Rar (1. 90). (4)

where ,
Ry, (i, yi) = ok (|yz|2H1 + |$Z|2Hz — |z — yi|2Hi> .

Such a process has been introduced and considered in relation with different prob-
lems in [11], [12], [13], [14].

As has been mentioned in the introduction, in this article we restrict ourselves to
values of the Hurst parameter H = (Hy,..., Hy) € [3,1[F. Our goal is to define a
stochastic convolution for the Poisson kernel with respect to B. For this, we shall
identify a suitable class of deterministic functions f : R¥ — R for which

T(f) = [ f()B"(dr)

is a well defined random variable. As in the one parameter case, it will be useful to
have a moving average type representation of the process B¥ in terms of a standard
Brownian field on R*. We shall prove such a representation owing ideas from [14]
but considering the framework of [20] and [19] (see also Lemma 1.20.10 in [18]).

We start by introducing some notation. On R* we consider the usual partial order
defined coordinatewise and denote by = = (x1,...,2;) a generic element in this
space. For z,y € R satisfying « < y, we set N ,(n) = I15; L, (). We shall
denote by £ the set of elementary functions on R¥, that is functions of the form

lo
o(n) = el (n),
=1



with ¢; € R, and disjoint rectangles [z!, 4], [ = 1,...,ly. For ¢ € £, we define

— > @B (=, 41).

=1

where BH ([ml, le denotes the increment of B on the rectangle [z!, 3] in the sense
of k—dimensional distribution functions.
For any = € R we set o (n) = Hle o,z,1(n;) where by definition

17 if i € [Oa xz]
Lo (mi) = —1, if m; € [2;,0]
0, otherwise

Then, on £ we introduce an inner product (-,-)yu derived from the covariance
structure of B as follows:

<:[l[0,:p}a ]l[O,y]>'HH = RH(xv y) (5)
By HH we shall denote the closure of £ with respect to the norm || - ||
For each ¢ = 1,...,k we define the linear operator acting on functions ¢ € &€ as
follows:
e(n), if H =3

(Kie) (n) = .
CH, fR90<7717---;Wiflauia---anw(ui_771‘)+1 *du;, if H; G]%al[

where ¢y, are constants depending only on H; (see (2.9) in [14] for its explicit value).
For its further use, we introduce the sets C*) = {i = 1,...,k : H; > %}, c= =
{i=1,...,k: H; = %} With ¢), ¢ we denote the cardinals of C*) and C*)
respectively. We notice that

(Kine) () = [ ol omirus )il (du), (6)

where

H;,—3
e, (ui —n:)y 2duy, ifi€ O,
i (du;) = i
S, (duy), ifi e CO),

and 6, denotes the Dirac measure at 7;.
By iteration, for £ > 2 we define

(K5"e) = (K50, (K- (Kine) ) Y

Notice that for a function ¢ = ®@%_ ¢;,

(KH k)SO) ﬁ (KH §01> ;) (8)

=1
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Consider the one-dimensional case (k = 1). In [21] pg. 320 it is proved that if
H> 1

B (2) = [ Kula,y)W(dy).
where

Ku(z,y) =cn {(ﬂc - (—y)f%} , (9)

and W is a standard Brownian motion on the real line. Thus,
| Knw,0)Kn(y,v)dv = Ru(r,y)

A simple computation yields (K}EI ]1[0@}) (y) = Ky(z,y). Hence,

T (Youn) = B (@) = [ (Kiyllou) ()W (dy).

With the definition (6) this representation also holds for H = 1.

Then it is clear that the mapping Lo 5 — [r K5 (ll[o,z]) (y)W(dy) is an isometry be-
tween (&, (-, -)ym) and L*(2). That means, the operator K}, is an isometry between
(€, (-, ")) and L*(R). Hence, K} can be extended to the Hilbert space HZ. Oth-
erwise stated, we can define Z(p) = [x(K5p)(y)W (dy) as an L?(Q)-valued random
variable and therefore to extend the definition of Z from & to H*.

In the multidimensional case we prove similar results. We first recall a definition
and introduce some notation.

A stochastic process {W(x),r € R*} is termed a standard Wiener field on R if it
is Gaussian, with mean zero and covariance given by E (W (x)W (y)) = x Ay, where
v Ay =TI,z Ay, and

zi N\ Yi, if zi,y; >0
i ANy =14 (=z) A=), i,y <0
0, otherwise.
For a function ¢ : R* — R, we define @(u1, ..., ug;v1, ..., 0) = @(wy, ..., wy), with

w; = w;, if i € C and w; = v; if i € C*). Then we denote by ‘HH‘ the set of
functions ¢ : R¥ — R such that

/]Rc(:) I du /ch<>> gl (dusdviHi(2H; = 1) s = i *72)

ieC=) cc(>)

< Jp(ur, . ur)||@(ur, - w1, - ve) | < oo

Proposition 2.1 Set Ky(x,y) = [1%, Ku,(zs,v:), with Ky, i = 1,...,k, defined
in (9). Then,

1. There exists a standard Wiener field W on R* such that

B@) = [ KulwyWdy) = [ (K" %ow) @W(dy).  (10)



2. For any ¢ € H
2(e) = [, (K5"e) )aw (w) (1)

defines a random variable in L*(§2).

3. For any @1, ps € ‘HH‘ the following isometry formula holds:

E(Z(e)Z(e2)) = [ (Ki%e1) () (K5 02) )y

- /RC<:> H du; /R?r:(>> H (duidvz-Hi(QHi —1)|uy _Ui|2Hi—2>

i€eC(=) iec(>)
Xgpl(“la"')“k)@?(ula"'auk;vla"'avk>' (12)

In particular, if H; 6]%, 1] foranyi=1,...k,

E(Z(e1)Z(02)) = |

R2k

©1(u)pa(v) 1:[ (Hi(QHZ- —1)|u; — Ui|2Hi_2) dudv. (13)

Proof. To prove the existence of W we follow the arguments of [19], pg. 279, for
k =1 which extend easily to any k£ > 1, as follows.

For each ¢ =1, ...,k such that H; > %, the action of the kernel KF; on elementary
functions can be ?xpressed in terms of a fractional integral. More precisely, if p € £,

Kyo= e, I 2 (see section 3.2 in [20]). Then, for ¥ in the image of Kj; and

1
by considering fractional derivatives, we define Q% ¢ = cl}}Diﬂ 1), which by the
rules of fractional calculus is seen to be the inverse operator of Ky . For H; = %,
Q% is defined to be the identity operator.

Set W (z) = BY ( r Qi H[O,zi])- The process W = {W(x), x € Rk} is a standard
Wiener field on R*, and the stochastic field B¥ has the integral representation

B@) = [ Kule,y)dW(y). (14)

Indeed, by defining QE(’C) lpw = T1iy Qf, Lom and by virtue of (8) we have
(KE(’“) o Q;f“) Lp4) = Ly 4. Thus, for any z,y € R,
*,(k *,(k
E (W (@)W () = (@5 Toa), Q' Toal ),
= (Lo, ﬂ[o,y1>L2(Rk) =Ty
By construction, the operator K}}’(k) is an isometry from & into L?(IR*) that can be

extended to the Hilbert space H*. Therefore, one can define Z (i) for any ¢ € H?
by means of (11).



We now prove (12). By the very definition of K5;* (see (6)) and by applying
Fubini’s theorem, we obtain

/Rk (55 e1) () (85" 02) (9)dy

~ [y (/Rk o) TT st T1 u%(duo)

i€eC(=) ieCc(>)

X (/Rkso?(v) II wi(dv) T1 N?(dvi))

i€eC(=) icCc(>)
_ /RC(:) IT dw
ieC=)
I"Ii*§ Hifﬁ
% /chm I duidv, (/Rcm II dyich (wi — i) 2 (0 — )5 2)
iec(>) ieCc(>)
X ¢1(u17 e ,Uk)@g(ul, ey Uk Uty e avk)‘

From this and the identity
Hi—-3 2H;—2
[ dyslus =yt s — )T = Hi(2H, = Dl — v

(see [9], page 404), (12) follows.
Finally, if C®*) = {1,...,k}, (12) reads (13). This ends the proof of the Proposition.
|

It is well known that for real functions ¢, ¥ and H € [%, 1]

L L 1eli@)lin = 012dnd6 < bullell, g g 191, 3, s (15)

with some positive constant by. Indeed, for H E]%, 1[ this follows from Hardy-
Littlewood-Sobolev’s inequality (see for instance inequality (1), page 321, in [2]);
for H = % it is simply Schwarz’s inequality.

When applying this inequality recursively to functions 1, @5 : R¥ — R we obtain

Lo TI dui [ TI (dwidvHi(2H; = 1) — oi72)

ieC(=) ieCc(>)
X o1 (uay .oy up)||Pa(ua, uk?“lv-'kaﬂ
< cuymllenll - leall ... 7 ary (16)

where for p; € [1,00],i=1,...,k,
Pk 1

P2 1
”h”Lp1 ..... Pk (RF) = (/R (/l% (/th(nh'"?nk)’pldnl)pl ,..)Pkldnk>1’k.

Let us denote by Lrr-Pr(RF) the space of measurable functions h defined on R¥
with ||| ze1exmre)y < 00. Such spaces are termed LP spaces with mived norm. For
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details we refer the reader to [2] and also [1]. In particular, if H; €]3,1] for any
i=1,...,k, a proof of (16) is given in page 322 of [2], but it is easy to extend the
result allowing H; = % for some indices 1.

For its further use, we remark that for any p > sup,;cqy 4y pi, and every measurable
function h with bounded support O contained in R¥,

Al ey we o) < Cllh| 12 (0), (17)

with a constant C' depending only on O. Indeed, this follows by applying recursively
Holder’s inequality with ppy ', ..., pp; "
The preceding discussion yields

1

L (RY) € [HH] < 1Y (18)

3 The fractional stochastic convolution of the
Poisson kernel

In this section we consider a bounded domain D C R¥if k > 2 and D =]0, 1[if k = 1.
We consider the Green function defined in (2) and G, (z,y) = xAy—xy, respectively.
The purpose is to define the stochastic convolution [, G% (z,y)dB (y) with respect
to the fractional Brownian field with parameters H; € [%, 1[,i=1,...,k, introduced
in the preceding section, and to study its sample paths.

Throughout the section we shall make use of the following remark:

Let k > 2 and assume that for some norm on R¥, we have sup,.p, |G*(z, )| < oo.
Then, sup,cp |[|E. (Gk(BT,y)> | < oo, and consequently sup,.p, |G (z,y)|| < oo.
Indeed, since E, is a convex operator, by denoting by P, the probability law of B,
we obtain

We are interested in the integrability properties of G%. To start with, let us state
a result that for dimensions k& > 3 is Lemma 2 in [17]. Its extension to k = 1,2 is
trivial.

e, (04(5.0)| <

G(Bro)| = [ Pod2) |64 (zw)| < sup |G ()]

there exists a positive constant Ky depending

Lemma 3.1 For any p € [1, 2],

on p and k, such that
sup IG (@, )| o sy < K- (19)
xe

For the values k = 1,2, (19) holds for any p € [1,00[. Therefore by virtue of (17)
we can choose py > Sup;ey . xy Hi such that

sup |G (2, )|

4+ < Csup |G (, )| oo ey < 00 (20)
zeD zeD

1
[ (Rk)



Consider now the case k = 3. Property (19) holds for any p € [1,3[. Hence there
Then accordingly%ith the results stated in the preceding section, for k = 1,2, 3,
Z(G%(x,-)) is a well-defined random variable in L?(Q2) for any = € D.

A similar conclusion holds true for k& = 4 under the additional assumption H; E]%, 1],
that is, excluding the possibility of having a standard Brownian motion in some of
the components of B¥. By similar arguments, the existence of Z(G%(x,)) for k > 4
is ensured by the stronger hypothesis H; €] k?, 1[ for any i = 1,..., k. As we show
in the next Lemma, one can relax this assumption by working with LP spaces with
mixed norm.

Throughout the section we suppose that D C [—R, R]* for some R > 0. We shall
make use of the following inequality which follows from the trivial fact on Euclidean
norms saying that |z| > |z;|:

For any >0 and 3; >0,i=1,...,k, such that % , 3, =1

k
el 7 < I 722, (21)

=1

Lemma 3.2 Let k > 4 and assume that Zle H, > k — 2. Then, there exists a
positive constant Ko depending on H, D and k, such that

k
sup |G (z, )||L%1""’ﬁ(Rk) < Ko (22)

Proof. By applying the inequality (21) with y = 2 — k and f3; = ZkHi o and the

remark at the beginning of the section, we obtain

Hy
IGH(, )l 4

< : : oy ) dy)
e — H e
L ""’Hi(Rk) - 2</R </R |x y| 1 yl) yk)

k R Bi(2—k) H;
<2]] (/ lzi —ys| dyi) :
i=1 /R

The supremum in x € D of the last term is finite if and only if w > —1. By
the definition of 3;, this condition is equivalent to % | H; > k — 2. [ |

In the sequel we will assume the hypothesis:
(H) H; € [3,1[, i = 1,...,k, and for dimensions k& > 4 we suppose that

FOH > k-2
Then for any dimension k£ > 1, Lemmas 3.1 and 3.2 yield

<K, (23)

k .
SUD G (% M o

with I = max(Ky, Ky).
This proves the existence of a stochastic process

7={7@=1(Chlx,) = [ Ch@wB"(@)aeD}, @1
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with values in L?*(2) and satisfying

sup E
zeD

2 i} 9
[, Ghwds )| =sup [ (K506 ))" )y

zeD JR

< Cpsup |G (z, )| ,
zeD L

T (R

< CyK? < 00. (25)

The next proposition gives additional properties of the process 7.

Proposition 3.3 For p € [1,00[, and p € [2, 00] we have

1Tz 0szo(py) = € (P, P) HH/ Gh(-y)dB" (y)
b LP(D)

< C(p,p, H)K, (26)

L2(Q)

where C(p,p), C(p,p, H) are some positive constants depending only on the specified
parameters.

Proof: Assume first that p € [1,p]. By applying Hélder’s inequality with p = ,% >1
to the expectation operator, then Fubini’s theorem and eventually the hypercon-
tractivity property (see for instance [16]), we obtain

[N/ <]EH/ G'(z,y)dB" (y) LP(D)>
< (2| [ ch.as@) LP(D))’I’

<0 [ (8] [ obwman)] ) )

Let p > p. We apply first Minkowski’s inequality with respect to the probability
measure and the Lebesgue measure, then the hypercontractivity inequality. We
obtain

3=

(MiST]
[

1T oo Loy —< (/ ‘/ G (z,y)dB" (y )‘ dx) )
= | [ estenan
ST
= </D (E‘/DGIB(x,y)dBH(y) p>§dx)p

1 N
<o-0i( [ (B [ Ghapisy)] ) i)
D D
We finally obtain (26) by applying (25). |

dx

3
L (Q)

D

Dil=

10



Let us introduce a strengthening of the assumption (H), as follows.

(H") H; € [%,1[’“, i = 1,...,k. In addition, if & > 4 we assume that

k 2(k—1)(k—2)
Yimi Hi > =5

Next we prove that the stochastic field J has a.s. Holder continuous paths.
Theorem 3.4 Under (H*) it holds that

|G () = Gh (2, >Hﬁ~ﬁ(m < Clz - 2|, (27)
for any x,z € D, with

A=1, for k=1,

Ae}(l—zﬂz ) Vo 22(2—_5[ for k =2,3,

)\E}l— 2(2 2)2,22(]{:11{, for k > 4.

Therefore, the Gaussian random field J defined in (24) satisfies

E (|7 () - J(2)?) < Cla — 2/* (28)
and a.s. the sample paths are Holder continuous of order vy €]0, A[.
Proof. Fix x,z € D. For k = 1, easy estimates yield

Gh(x,y) = Gh(z,)| < Cla — 2|,

which implies the result.
Let £ > 2 and set

2
k( k
HG -G )HLH% T (R (29)
With a slight modification of the remark at the beginning of the section, we see that
to establish (27) it suffices to prove T®) < Clx — z|?* for the values of A given in
the statement.

Consider A €]0, 1] and apply Cauchy-Schwarz’ inequality to obtain

k) S(/R (/i’G’“(:p,y}—Gk(%y)

-R

i) i)

2(1-2) Hy

(L ([ et e T w) ™ a) e

-R

We notice that by the very definition of G¥,
1
G (,y) = G*(zy)| < Cla — 2| /0 Blz —y|+ (1 —0)z—y)" " dQ‘

< Cla =2l (Ja =y ™+ |2 = o). (31)

11



Let k = 2. From (30) we have

R / (R 2 = Hp
@ <clo—=P ([ ([, (lw=sl™ +1z=y™) " dn) " de)
R ; R =
(L
-R -R

We next explore conditions on A\ ensuring that the two integral factors in the pre-
ceding inequality are finite.

For the first factor, we can apply Minkowski’s inequality for L” spaces with mixed
norm (see [2], page 302) and obtain

R R 2 Loy Hy
(L (Lt bl Pt P

< CO)(|le - + e =
2 ([-R,R]?)

2(1— Hy H,
Hy Ho
logz — y| ~log ==y " dun) " dye)

Uﬁﬁw[am%)

E‘H

L
LHL

The last expression is finite provided that Hy; + Hy > 2\, as can be checked by using
(21)W1thu—2>\andﬂz—H+H,2—1 2.

As for the second integral, we first apply the above mentioned version of Minkowski’s
inequality and then, by taking p > and by virtue of (17) we obtain

(L
SOQHL%,K<Amm

(
[7R»R]2

HiAHy /\H
2(1-1)

Hy % H
dyl) dy2>
2(1—)\)pd >;
Y

2(1-\)p 1
w)")

log |z —y| —log |z — y|

log |z — y|

log |z — ¥

which is finite.
Therefore we have proved that

2) < C()\>H1>H27p)‘x - ZP)\:

with A €]0, £z,
We now consider dimensions k£ > 3. By using (30) and by applying Minkowski’s
inequality we obtain

T® < Clo — 2/
E
E

Assume that the two conditions % | H; > 2A\(k—1) and ©F | H; > 2(1 — \)(k —2)
hold; that is

_ .|2A(1—k) s _|2>\(1—k)

LHH (R R)

.
LT Hk ([-R,RJ%)
. _|2(1—/\)(2—k) . + '|2(1—>\)(2—k)

|2 -
¢ (-R.AF)

L;V”;H[RMH>

,,,,,

LHL

Ae|l— (32)

' H YPH;
2k —2) 20k—1) |
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Then, the inequality (21) applied first to p := 2A\(k — 1) and then to u := 2(1 —
A)(k—2) yields as in the proof of Lemma 3.2 that all the norms in the last expression
of the preceding inequalities are finite. Hence,

T® < Clx — 2?,

for any A satisfying (32).
In order to finish the proof, we have to analyze the constraints on A imposed so far.
For k = 2, the condition A € |0, %] is trivially equivalent to

k A k A
(1_Zi—1ﬂz>v07iz—1ﬂz[_

AS 2k —2) 2k —1)

2(k—2)  2(k—1)
contain negative numbers. Hence, the choice of A should be restricted to the interval

k ) k )
} <1 — &y 21){1> V0, 22:(",:_111;1 : {, which is clearly still non empty.

For k = 3 the interval I := ]1 2t 2t [ is non empty, although it may

For k > 4, the interval I is non empty if and only if Zle H; > % Under
this assumption, I C|0, ool.

With this discussion we end the proof of (27). Then the inequality (28) is a conse-
quence of the isometry property of the stochastic integral (see (25)). Finally, since
the process J is Gaussian, the statement about the regularity of its sample paths
follows from Kolmogorov’s continuity criterion. [

Remark 3.1 Consider the following assumption

(H™) H;e[i 1 i=1,...,k. Moreover, i H; > k —1 for any k > 2,

which implies (H*).

In this case, (27) holds true with A\ = 1 for any dimension k > 1. Indeed, this
follows by estimating the L™ "Hx norm of the right-hand side of (31) by means of

(21).

4 Existence and uniqueness of solution to the
fractional Poisson equation

This section is devoted to establish the existence and uniqueness of solution to the
equation (1). This result will be obtained by a pathwise argument; once it will be
established, we will prove some probabilistic properties of the solution. We borrough
the method of the proof from [17] (see also [3], [4] and [10]), which follows the
classical monotonicity methods. We shall denote by Rp a k-dimensional rectangle
[~ R, R]* which contains D and by S the set {w: w € C(D),w|sp = 0}.

For its further use we highlight some properties. The first one, denoted by (P)
is a monotonicity property. The second one, named (M), has been proved in [3]
(Lemma 2.4); it is a consequence of the solvability of the Dirichlet problem on D
and Poincaré’s inequality (see [8] or [1]). They are formulated as follows:

13



(P) f is a function of the form f = f, + fo with fi, fo : R — R, f; non-decreasing
and fo Lipschitz with Lipschitz constant L, if and only if for every u,v € R,

(uw—v)(f(u) = f(v)) > —L{u—v)*. (33)

(M) There exists a constant a > 0 such that for any ¢ € L*(D),

L ([ Ghtaewiy) e < —a [ ([ hme dy) dr.  (34)

We begin with the existence and uniqueness result.

1 1
Theorem 4.1 We assume (H*); we also suppose that g € L'-"F1""T"Hx (Rp), f =
f1+ fo and satisfies (f1) and (f2) with a Lipschitz constant L < min(a, C~'). Then
there exists a unique stochastic process solution to (3) with sample paths in S, a.s.

Proof: We follow the proof of Theorem 2 in [17] with slight changes on the functional
spaces under use; in particular, some properties of LP spaces with mixed norm are
applied. For the sake of completeness we give some details.

Consider the operator 7 : § — S, defined by

T(w)(2) = wix) ~ [ Chlz,y)f(w(y))dy.

By Holder’s inequality for L? spaces with mixed norm and (27) we have

’/ (Gh(z.y) —G’B(z,y))g(y)dy‘
LHl 5 (Rp)

gou_ﬂx (35)

with A > 0 given in Theorem 3.4. Together with the last conclusion of Theorem
3.4, we obtain a.s.

=/DG'B(SU,y)g(y)der/DG'B(JI,y)dBH(y) €S (36)

We next show that the operator equation 7w = b has a unique solution for any
b € S, or equivalently that 7 is bijective. Uniqueness guarantees the measurability
of the process {w(z), = € D}.

The one to one property of 7 follows by applying (P) and (M).

We next give a sketch of the steps of the proof that 7 is onto. In the next argument,
we fix a sample path of the process BY on a set of probability one, and ¢ € [2, co].
Step 1: A solution for a regular problem. Let b € S and b, € C*(D), n > 1, be
such that b, — b in L9. Then, one can construct a sequence of functions solving
Tu™ = b, such that u™ — v in L?(D); the limit u will be the candidate for a
solution. (For details, see Lemma 3 in [17]).

14



The sequence {u™, n > 1} satisfies
u(w) = [ Ghle ) @ )dy +bay for 2€D, wlop=0. (37

By the properties (P), (M) and since u(™ € L?(D), one can prove that {u(™, n >
1} is a Cauchy sequence in L?(D). Set u = lim,, u™ in L?(D).

Step 2: w is the solution. We would like to pass to the limit (37). For this, we choose
subsequences u(™ and b, (still denoted with the same subscript n) converging to u
and b almost everywhere and we proceed in three steps.

Step 2.1. Suppose that f is bounded (and continuous). Then by bounded conver-
gence the limit as n tends to infinity of each term in (37) exists and we obtain

u(z) = /D Gh(x,y) f(u(y))dy +b(z) for x€ D, wulsgp=0. (38)

Moreover, u € S.

Step 2.2. Assume that f is bounded from below, that is, f(x) > —N for every x
and some N > 0. Set f,(z) = fi(z) + (f2(x) An), n > 0. Observe that each f,
satisfies (f1) and (f2). Let

un(e) = [ Ghla.y)fulun()dy +b(a) for x €D, wlop =0,

be the solution given in Step 2.1.
The sequence {f,, n > 0} is increasing; hence by Lemma 4.2, the sequence of
functions {u,, n > 0} satisfying

Uy () = /D G (2, y) f1(un(y))dy + /DG'B(w,y)(fa An)(un(y))dy +b(z)  (39)

is decreasing. Set w(z) = inf, u,(x). Observe that it is an a.s. finite function.
Since f; is bounded, we can permute the limit and the integral operator in the first
integral of the left-hand side of (39). To perform a similar operation on the second
integral, we apply Lemma 4.3 and Corollary 4.4. Indeed, since u,(z) \, u(z) > —oo,
almost everywhere, one obtains |u,(x)|Lpusoy N\ |u(2)]| Liusoy, and |u,(2)|Liycoy
|u(x)|Lfy<oy. Therefore,

|tn ()] = [un(2)[Lusoy + |un(@) [ Lucoy < [uo(2)[Liusoy + |u(@) | Lucoy = (),
with ® € LI(D). Thus,
|(f2 A (un ()] < [ fo(un(2))] < [f2(0)] + L®(x) € LU(D),
and by Holder’s inequality,
|G, y)(fo A ) (un())] < |G (2, 9){] 2(0)] + LE(2)} € LN(D).

Hence, by the continuity of f, and the dominated convergence theorem,

lim /DG]B(x,y)(fg/\n)(un(y))dyz/DG’Z)(%?J)ﬁ(U(y))d?J-

n—oo
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Summarizing, if f is bounded from below, there exists u satisfying (38)
and ||u||Lq(D) <. B

Step 2.3: f satisfies (f1) and (f2). Set f, = fi+ (f2V(—n)), n > 0. By the results
obtained in the previous step, there exists u,, such that

un(x) = [ Ghla.y)fulun(y))dy +b(a) for x €D, ulop =0,

and sup,, ||unHLq@) <T.
The sequence {f,, n > 0} is decreasing; hence, by Lemma 4.2, {u,, n > 0} is
increasing. Set u(z) = sup,, u,(x) for a.e. x. Asin Step 2.2, it suffices to show that

lim [ G, y)(f2V (=) (wa())dy = | Gh(a.y) foluly))dy.

n—oo D

Since u,(x) / u(x), one has |u,(x)| Lysoy " [u(@)] Lusoy, and |u,(2)| Lpucoy \
|u(2)| Agycoy- Thus,

[t ()] = [ (2) [ Dgusoy + |un (@) Lucoy < () Dusoy + |uo(z) | Lucoy = ¥(2),
with U € L9(D). Notice that |fy V (—n)| < |f2|. Therefore
|(f2 V (=) (un(2))] < [ fo(un(z))] < [f2(0)] + LU () € LU(D).
As in Step 2.2, by Holder’s inequality,
G (@, y)(f2 V (=n)) (ua(y))] < |G (2, y){|f2(0)] + LE(2)} € L'(D).

Thus, by the continuity of f and the dominated convergence theorem,

lim [ G, y)(fa Am)(un())dy = [ Gyl ) fo(u(y))dy.

n—oo

Hence, we have proved the existence of u € L(D) satisfying (38). Observe that the
terms in the right-hand side of (38) belong to S; therefore, so does u. [ |

We now state the lemmas used throughout the proof of Theorem 4.1. The first one

is a comparison result. For details on its proof we refer the reader to Lemma 2.6 in
[3], (and also Lemma 4 in [17]).

Lemma 4.2 Let f and h satisfy (f1), (f2) and suppose that f(x) > h(zx) for every
z €R. Let b € LYD) with q € [2,00[, and

u@) = [ Ghla.y)f(uly))dy =,
v(@) = [ Ghla.y)h(v(y))dy =b.

Then u(z) < v(x) for almost every x € D.

The next one provides a priori estimates. For details on its proof, see Lemma 5 and
Corollary 1, respectively, in [17].)
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Lemma 4.3 Assume that the Lipschitz constant of fy satisfies L < K1, where the
constant K is given in (23). Then the sequence {u,, n > 0} defined in (39) satisfies

Slnlp ||Un||Lq(D) <7

for any q € [2, 00| with

(M + | f2(0)DK + [[bll o)

1= 1— LK

From this result and Fatou’s lemma, we obtain
Corollary 4.4 |[ul|Lepy < Y, with ¢ and Y as in Lemma 4.3.

The last part of this section is devoted to a further analysis of the solution.

Lemma 4.5 Assume the assumptions of Theorem 4.1. Then, for any p € [1,00]
and any q € [2,00],
||U||Lp Q;L9(D < C.

Proof: Owing to Corollary 4.4, the solution u to (1) satisfies ||u||Lq(D) < 7T, where
T is as in Lemma 4.3. Hence, it suffices to check that b € LP(Q; LY(D)), for any
p > 1, where b given in (36).

The function z — [ G%(x,y)g(y)dy is continuous and deterministic and therefore
belongs to the space LP(Q; L4(D)). As for [, G%(x,y)dB" (y) this property has
been proved in Proposition 3.3. [ |
We finally state a result on the regularity of the sample paths of the solution.

Theorem 4.6 With the same hypotheses as in Theorem 4.1, for any x,z € D and
for any p € [1,00], the solution u to (1) satisfies

E(lu(z) — u(2)]) < Clo — 2™, (40)

with A defined in Theorem 3.4 (see also Remark 3.1).
Consequently, a.s. the sample paths are ~v-Hélder continuous with ~ €]0, A[.

Proof: We write [[u(z) — u(2)|| o0y < iy IF (2, 2), with

1w 2) = | [, (Ghle.w) = Gbe,) flutw)ay|
L(x,2) = /D(G'B(w y) = Gh(z,9)) 9(y)d .
IH(z, 2) = /D(G (z,y) — G% (2 y)dBH
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By Holder’s inequality and (27) we have

U
L " He (Rp)

><<M+|fz<0)\+L<EHUHP1..4 1 ))
Ll*Hl‘ Ylin(RD)

SC(M+|f2(0)I+L<EHUHp1 1 )”)m—zw
L D)

T=H U T=H (R

If(w,2) < |[Gh(x,-) = Gh(z,9)| 4

The factor Elju|” . = is finite. Indeed this follows from (17) and Lemma
L1-Hy’ 1-Hy (RD)

4.5. Consequently,

I¥(z,2) < Olo — 2|

In a similar but easier way, we obtain a similar bound for I}§(z, z). As for I¥(x, 2),
the bound is obtained by first applying the hypercontractivity inequality and then
Theorem 3.4.

This ends the proof of (40). The statement about the regularity of the sample paths
follows from Kolmogorov’s criterion. [ |

5 Lattice approximations in L*-spatial norm

This section is devoted to give finite difference approximation sequences for the
SPDE (1) on the domain D =]0, 1[¥, obtained by discretizing the Laplacian operator.
We shall denote by I* and I* the sets of indices {1,2,...}* and {1,2,...,n — 1}*,
respectively. To simplify the notation, we shall omit the superscript £ when referring
to G%. Throughout the section, C' denotes a positive constant not depending on n.
The analysis of the speed of convergence is done by means of a general result given
in the next theorem.

Theorem 5.1 Assume the hypotheses of Theorem 4.1. Consider a sequence of step
functions {gn}n>1 defined on D such that for n big enough,

lg=gall 2 x < Cn7h
L

T=Hy " T=Hy; (D)

Let {t,(x),z € D}, n > 1, be given by

in(2) = [ Gon(.y) f@n(y)dy+ [ Goa@.v)gaw)dy + [ Gala.y)dB (y).

(41)
where Gp.n, n > 1, are functions defined on D x D satisfying
N ) )
JolGone:) = Gota i i < € (12)

18



for some v > 0.
Suppose that for any p € [1,00] and q € [2, 0],

S‘ifl) HanHLP(Q;LG(D)) <C. (43)

Then,

ol

[ = Gnll poasr2(py) < Cn7 3, (44)
where u is the solution of (3).

Proof: We shall follow the scheme of the proof of Theorem 2.4 of [10] (see also
Theorem 4 in [17]). By defining

T(@) = [ [Golr,y) = Coale, )l (@n(y)dy
+/DGD(93,y)[g(y) —gn(y)]der/D[GD(x,y) — G, )]ga(y)dy
+ [ [Golw.y) = Conlw,p))dB" (y),

we have u(z) — un(x) = [p Gp(@, y)[f (w(y)) — f(an(y))ldy + T(z).
By virtue of (33) and (34), as in [17] we obtain

(a = L)|Ju — @n|72p)

< 2a /D(U(x) — ()T (x)dx + /D (f (u(@)) = f(tn(x))) T(x)dx.  (45)

Let ¢ € [2,00[ and let § €]1,2] be its conjugate. By applying Hélder’s inequality
and by virtue of the assumptions on f, the right-hand side (45) is bounded by

(2a + L)lJu = @l oy |1 T | L3y + 2M ||| La () (46)
Lemmas 4.5 and (43) yield for any p € [1, 00, ¢ € [2, o],
Sglf Ju— anHLP(Q;LQ(D)) <C. (47)
From (45)—(47) and applying Schwarz’s inequality we obtain

1
4= @nlpzcon < € (IThanazacon)” o

for any p € [1, 00].
Holder’s inequality for LP spaces with mixed norm yields

T(z)| < ||Gp(z,-) — GDyn($7')HLHLI,»-wHLk(D)”f(ﬂn)||Lﬁ,---,1fHk )
G @ g oty 19 = Ol 2 i
+ |Gp(z,-) — Gpulx, )||L%1%k D)HgnHLﬁ’m’ﬁ(D)

(
o] [ [Gola) ~ Gl )" )]
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By the assumptions on the function f we have

I1f (@)l < M+ [f2(0)

L= Hl lfHk (D) Ll*Hl’m’lfHk (D)

Thus, by (17) and (43)

i _ |
Sup Hf(“”)“Lp(mﬁvw-%k oy M, < 400

Consequently,
1T e (szioy) < T l|ze@iz20y)

< Cyn~ 2(M1+1+Hg|| — H1 """ 1—1ch(D)>

+ o+ | [[[Gl,9) = Cion o y)ldB" ()

, (49)
LP(L2(D))

where we have applied (23) and ~ is given in (42).
Proceeding as in the proof of Proposition 3.3 by replacing the Green function Gp
by Gp — Gp,, we obtain

| / (Gl 9) = Golp)ldB(9)

Lr(L2(D))

</ 6ot = G ) )

e
2

N

< C(p)n

where in the last inequality we have applied (42). Using this estimate in (49) we
finish the proof of the theorem. |

Consider the grid of D given by

g:{j:<31”]k> jl:()al?"'>n7 l:177k}CD

n n n

On the space X = {u: u = {u}icsr} = R D" endowed with the Hilbert-Schmidt
norm, we define the second order difference operator A : X — X,

k
2
= Z n (Uz‘fej — 2u; + Ui+ej) )
=1

where {e;}}_, is the canonical basis of R¥.
Consider the orthogonal complete system in L?(D) provided by the functions

vg(x) = sin(Bymay) - - -sin(Bpmay), B € IF, k> 1.

n’

k/2 ‘
The set of vectors {(i) Us, el } (Ug)i = vg3 (;), i € I¥, is an orthonormal
system in X of eigenvectors of A, with eigenvalues \g = —7%(Bics, + -+ + Bicg,),

-2
where ¢; = (g;) sin ( > Notice that s < <lforeveryl1<Il<n-—1.
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Jji+1
n

For any point £ € G, we set D; = [Z, [x -+ x [, 2L then, for each © € D,

we define k,(z) = L.
We begin by giving a first type of discrete approximations of u on points of G, as

follows If L € GNAD, we set u,(1) = 0 (boundary conditions), while for £ with
€ Ik, we deﬁne (L) to be the solution of the system

Auy, = f(up) + gn + n*BY, (50)

where B is the vector {B(D;) = [gx 1p,(y)dBf(y), i € IF}, and g,(x) =
gn(kn(z)), n > 1. Then, for any x € D we define u,(x) = u,(k,(z)). From
[10] we know that {u,(x),x € D} satisfies the evolution equation

2) = [ Gonle ) fn)dy+ [ Gonlw.y)gn)+ [ Gpala.y)dB(y), (51)

where
Grnla) = 3 o)l 1) (52)

pelk

In dimension k& = 1,2,3 we shall consider {u,(z),z € D}, n > 1, as sequence of
approximations of the process {u(z),z € D}. We notice that in this case the kernel
Gpn(z,.) is related with the truncation of the Fourier expansion of Gp(z,.). For
k > 4 we shall follow the more sophisticated approach of [17], which considers a
smoothed version of Gp(z,.). We remark that for such dimensions Gp(z,.) is not
square integrable.

For low dimensions, we have the following

Theorem 5.2 Assume the assumptions of Theorem 4.1 with a Lipschitz constant
for fy satisfying L < min(a, K=, 4k, K1), Let k < 3 and {u,(z),x € D}, n > 1,
be defined in (51), (52). Then for any p € [1, 0],

lu = wn|| Lr(sr2(py) < Cn77,

with v = %, v €0, 7[, v €]0, ] for k=1, k=2 and k = 3, respectively.

Proof: It follows from Theorem 5.1. Indeed, Lemma 3.4 in [10] tell us that condition
(42) holds for (N}D,n = Gp,, with v := 4v; for k = 1,2, the values of v are those given
in the statement, but for & = 3, v €]0, 1[. It is easy to check that for this dimension
their result extends to v = } as well. Moreover, condition (43) for @, := u, is also
satisfied, as can be checked by applying Lemma 3.3 in [10] and the arguments of

the proof of Lemma 5.7 below.
[

We next deal with higher dimensions. The Fourier analysis techniques we shall use
in the proofs require the identification of functions f : [-1,1[F— R with func-
tions F' : T¥ — R defined on the k-th dimensional torus through the exponential
mapping F(e™) = F(e™1,... e"), which carries Lebesgue measure into the
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Haar measure, that is f|_; ,u f(2)dz = [p F(e™)dz. When dealing with the func-
tion y — Gp(z,y), we will consider its odd extension, that is, for any y; €]0, 1],
j=1,...,k, we define Gp(y1,..., ¥, -, ys) = —Gp(y1, .-, Yir- -, yr). We still
note Gp(z,-) the extension. Let G%(e™) = Gp(z,y) be its identification with a
function defined on T*. Observe that G% satisfies

k
— 9

GD($, ')HLPl ----- Pk (D)5

for any pq, ..., pr such that the last norm is finite.
Let (z) € C(] — 1,1]) be an even function, 0 < ¢ < 1, [1, ¢ = 1. Set U(z) =
1, (x;). Clearly, ¥(z) € C°(] —1,1[F) and it is an even function in each variable

x;. Define
k k

o(e'™) = [T o(e™) = [[ v(:) = ¥(2).

i=1 i=1
The functions @ (e™) = E%@(f) := W_(z), e > 0, provide an approximation of the
identity in T*.

We shall denote by U the Fourier transform of ¥, which is a rapidly decreas-
ing function, therefore for any 6 € [0,00[ there is a constant C(f) such that

supe [¢|°|¥()| < C(0).

Let us now introduce a second kind of approximations of u. For this we start by
writing A = U'DU, with U the (n — 1)¥ matrix whose rows are the vectors Ug,,
(here 3;, 5 = 1, ,(n — 1)¥ is the lexicographic enumeration of I*) and D the
square diagonal matrix with entries D;; = Ag,.

The smoothed version of A is defined as follows. Fix ¢ > 0 and define D as the
square diagonal matrix in dimension (n — 1)* with diagonal entries

_ )‘»31'
B

In connection with D® we define a sequence (uj,,n > 1) of functions in the following
way. If £ € GNAD, set u5(2) = 0 (boundary conditions). For £, with j € I, define

7
3 n
us,(£) to be the solution of the system

€

(U'DUYus, = f(us) + gn +n"B*. (53)

Finally, for any z € D we define u¢ () = u (K, (z)).

We shall prove later that an appropriate sequence u, := uZ™ of such functions
converges to the solution of (1) in the space LP(2; L?(D)), for any p > 1, with a
rate of convergence which depends on the dimension k£ and on the driving noise.

The following result is proved by the same arguments as in Proposition 1 of [17].

Proposition 5.3 With the same hypotheses as in Theorem 4.1 and assuming that
the Lipschitz constant satisfies L < 4k, Equation (53) possesses a unique solution.
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Moreover, this solution satisfies the mild equation

/Gany dy—l—/Gany)gn dy+/G (z,y)dB™ (y),
(54)
where . .
Ghalos) = 3 TED ) sl () (55)
Belk

Both (52) and (55) correspond to discretized Fourier series expansions; the Fourier
coefficients in (55) are smoothed by the factor W(ef3).

Our aim is to apply Theorem 5.1 to i, := u™ defined in (54) for values of & that
depend on n, and k£ > 4. The next statements provide the ingredients for checking
condition (42) for Gp, = G%T;L

Set G5 (1, y) = G5 (e™), where G (™) = [ G (e W) ®_(e"™)du. The func-
tion G5, (z,y) is a smoothing of Gp(x,-).

Lemma 5.4 For any € > 0, we have

. —U(ep3)2k
Chley) = X D sty (56
P
el
in L?(D x D) and a.e.. In addition,
”GED( ||L2 - 4 Z ’6|4 7 (57)
perk

and the series converges uniformly in x € D and € €]0, g¢).

Proof: We want to prove that G5, € L*(D x D). Once this fact will be established,
the expansion (56) follows from the computation of the Fourier coefficients carried
out in Lemma 8 of [17].

Let H;, i =1,...,k, satisfying hypothesis (H). Young’s inequality for convolutions
and LP spaces with mixed norm (see Theorem 1, page 319 of [2]) yields

_k x -
1GD (2, 2oy = 272 1G5 (€7 |2 (v

_k
< 272Gl 4. e [Pel[ i ori (o)

k PR
= 22 f 2||GD<x,->||LH%,..% el gy,

with H;++=1+3,i=1,... k.
Since for any 71, ...,7 > 1, sup, [|[We|[pri e go11r) < C and by virtue of (23),

Sup sup 1GH (@, ) |2y < C. (58)
xre €

23



Hence G5, € L?(D x D) and the formula (56) holds true.

The identity (57) follows from the property ||vs||r2(py = 27%/% owned by the orthog-
onal complete system (vg, 3 € I*). Finally, (58) implies the uniform convergence of
the series in (57). [ |

k/2

The next result provides a bound for the discrepancy between Gp and G%,.

Lemma 5.5 Assume (H*). Then for every e > 0,

) = GY : 1 1 < A
ilelgHGD(x, ) — GoH(z, )||L}T1 ,,,,, oy S Ce?, (59)
with
>\ = ].7 fO'F k — 1’
Zf: H; Zf: H; -
ve |(1- ) vo. | fork =23,
Zf:l H; Zf:l H;
A€ }1 T 2(k-2) 0 2(k—1) |’ for k > 4.

Under (H**) (see Remark 3.1), (59) holds with A =1 for any dimension k > 1.
Proof: Since Gp(x,-), G5 (z,-) are odd in the y;-variables, we have

IGp(x,-) = Gp(e ) gy = CllGp(@,) = Gp(x,)ll 4

1
LHL Ty, (D) D oy (]_1,1[k)

— C|GH (™) - G (™)

LHL Hig (Tk)

with €' = 27 X 74 Since Joe Po(u)du = 1, we can write
IGH(e™) =GB (€™ ...

R
< [ IGHE™) = GHEe | pp | @elu)du

[, (Gh(e™) = G )@ (u)du
Tk
LHL” Hy, (TF)

= Zf:1Hi ) — — 1

= 2% [ |G, ) = Gola, =)l
A

< C/Tk . (u)du,

where we have applied Minkowski’s inequality with respect to the finite measure
on T* defined by ®.(u)du and eventually (27). By virtue of the properties of the
function ®., we obtain (59).

The last statement follows from Remark 3.1. [ |

As an additional auxiliary result, we need a priori estimates for the solution of (54).
An ingredient for this is provided by the following Lemma.
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Lemma 5.6 The smoothed and discretized Green function defined in (55) satisfies

sup HGED,n(x? '>HL2(D) < I/C (60)

n>1,2€D,e€]0,e0]

Proof: The system {vg(r,(y))} is orthogonal in R™ V" thus in L?(D) as well.
Hence, using the lower bound |Ag| > 4|5]* we have

i @2(86)2% 92k \jfz(éﬁ)
HGD,n<:C7')H%2(D) = Z T’Ug(ﬁn(%)) < 16 EE U%(/‘in(ﬂf))-
pell; A peI)
Consequently,
€ \Pz(gﬁ) e
swp Gy <€ s {5 i) b= k2

n>1,z€D,e€]0,e0] z€D,e€]0,e0] Berlk |6|

with a finite constant K (see Lemma 5.4). |

Lemma 9 of [17] gives a more particular statement than the previous Lemma 5.6.
We have noticed an incorrect argument in the proof of the former that can be fixed
using the proof of the later.

Let g €]1,2]; by (17), Holder’s inequality and Lemma 5.6 we have

~

s (16l g VG @) ) <K (61

n>1,2€D,e€]0,e0] k(D)

We can now prove an a priori estimate for the solution of (54).

Lemma 5.7 Assume the same assumptions as in Proposition 5.3 with the Lipschitz
constant satisfying the restriction L < min(4k,K™'), where K is given in (60).
Then, for any p € [1,00[ and q € [2,00],

swp (|13l a@snaon ) < C.
n>1,e€]0,e0]

Proof: Fix q € [2,00] and denote by g €]1, 2] its conjugate. Hélder’s inequality and
the properties on f imply

U@ < sup (Gl s (M + 1000+ Ll o)
n>1,2€D,e€]0,e0]
GY . ol 1
T NG @ g SR Nl e
/ G, y)dB (y )’ (62)

Since u;, is a step function, its L¢norm is finite. Moreover, following the arguments
of the proof of Proposition 3.3 we obtain

ot

< C(p,q, H)K.

LP(Q;L4(D)
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With this remarks, and assuming that L < K=, from (62) we obtain the result by
integration and applying (61). [ |

The next lemma gives an estimate of the discrepancy between G%, and G5, ,,.

Lemma 5.8 Assume k > 4. Let § €]0,2], u € }O, 2—:‘;[ and set e(n) =n~*. There
exists a positive constant C such that

||G%n) E(n ||L2(D><D < Cn 2 (63)

Proof. We follow the proofs of Lemmas 3.4 and 10 in [10] and [17], respectively. By
the definitions of the kernels G, and G%,, given in (56) and (55) respectively, we
have

4
IGH = G 22 pxpy < CS Ai(z,y),
=1

with
—2k (g3 2
A= /D><D Belzk\lgg sz(;)vﬁ(x)w(y) dady,
2 — DxD etk 7T2|ﬁ|2 )‘,H 8 3(Y Y,
Ay = > M[Uﬁ(:ﬁ) — vg(kn(2))]vs(y) Qd:vdy,
DxD )‘ﬁ

Belk

2k (f3)

D) @) o(w) — v 5 )| .
B

A= [ Y

Berk

In the sequel we shall write ¢ instead of ¢(n) for simplicity, and we fix § > 0. Let
6>k 2 . Since ¥ is a rapidly decreasing function, and by the orthogonality of the
functions vg in L?(D) we have

1
| 3] 4+20

A = Z ¢2(55)<C(0) Z

sermag BT o
< 0(0)8720n74729+k — C(e)n29u74729+k.

Fix 0 := 5;1“2;4 in the last expression. We obtain 4; < C(§)n~?

ﬁgP — i < £ valid for

For the analysis of the term Ay we apply the estimate Bin

any 3 € I*. Taking 0 < %, we obtain

-1 12

PI5P Ag

A=Y

ﬂelk

_ngz

(0)n2u9—4+1€—20 )

- 520,”2 Z |ﬂ|2+2€ -

Belk
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Consider 6 := 2(14+5 The last estimates yield Ay < C'(0)n~

For the study of the remaining terms, we use that for any B € I’“, lvg(x) —vs(2)] <
C|B| |z — 2|, and |Ng| > 4|8)?, which ensure

A3VA4 S % Z (€6>|6’2 Z

2 = 29 2 2120°
n? ik s e¥n? S, |ﬁ|

Hence, as for Ay, we obtain A3z vV A, < C(0)n~°
The proof of the Lemma is now complete. |
As a consequence of Lemma 5.5, (17) and Lemma 5.8 we obtain the following result.

Corollary 5.9 With the same assumptions as in Lemmas 5.5 and 5.8, there exists
a positive constant C' not depending on n, such that

|G, ) = G

. dz<Cn77, (64)
Lt "He (D)

with v = (2uX\) A J.

Remark 5.1

1. Assume (H**). Then in the preceding Corollary, A =1 and v =2u N 3§. The
biggest upper bound for v corresponds to the value of 0 such that 2(2 5) =9,

which is 6 = 4. Thus, v € }O,E[.

k
2. Assume (H*). In this case ,u)\ €]0, %[ As before, the highest upper
; ; )Zz 1 Hi — 2Zi:1 Hi
bound of =y is the solution to ¢ (k S = = ¢, which is § = =T

2 Zf:l H7’
Therefore v € }0, RS ST {
We have now the conditions to establish the convergence of the discretized scheme
defined in (54) to the solution of (1) when the parameters n and ¢ are related by
the same constraints as in Lemma 5.8. The constants K, K in the next statement
are given in (23), (60), respectively.

Theorem 5.10 We assume the assumptions of Theorem 4.1 with a Lipschitz con-
stant for fy satisfying L < min(a, K1, 4k, K1), Let k > 4 and £(n) be as in Lemma
5.8. Then for any p € [1,00],

lu = uS™ || ogoir2(py < Cn™,

f:l H; [
T 2(k—-2)(k—1)+23;  Hi "
Under the stronger assumption (H**), we obtain v €]0, £|.

with v €]0

Proof. 1t follows from Theorem 5.1, Lemma 5.7, Corollary 5.9 and Remark 5.1.
[ |
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Remark 5.2 As in [10], by applying Borel-Cantelli’s lemma we can prove the fol-
lowing statements.

1. With the same assumptions as in Theorem 5.2, there exists an a.s. finite
random variable & such that

a.s.

v

lu — up|| r2py < En77,

, with v €]0, 5[ for k =1,2 and v €]0, 1[ for k = 3.

2. Assume the hypotheses of Theorem 5.10 and let v be as in this theorem. Then,
there exists an a.s. finite random variable £ such that a.s.

lu = us ™| 2oy < En7Y
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