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FBM-DRIVEN INTEGRALS IN BANACH SPACES
B.MASLOWSKI, M.ONDREJAT

ABSTRACT. The LP-theory of stochastic integration with respect to fractional Brownian
motion is studied.

1. INTRODUCTION

The aim of this preprint is to study stochastic integrals of deterministic processes with
respect to fractional Brownian motion with the Hurst parameter H € (0, 1) % in LP-spaces
for 1 < p < co. This is a preliminary version of the first part of a forthcoming work aimed
at developing a suitable framework for stochastic fractional convolution integrals in LP-
space. The results will be applied to the problem of existence and regularity of solutions
to stochastic evolution equations driven by a fractional Brownian motion.

2. NOTATION AND HYPOTHESES

We assume that

e [/ is a real separable Hilbert space,
e B is a cylindrical FBM on U with the Hurst parameter H, i.e. {B;(u):t > 0,u €
U} is a Gaussian family of centered random variables such that

Bi(au + v) = aBy(u) + B(v) almost surely

for every t > 0, « € R and u,v € U, and
1
E{Bi(u)Bs(v)} = i(tzH + &2 — |t — s ) {u,v)y, u,vel, ts>0.

where the sum converges in L?(2) and 3', 32, ... are inependent FBM with Hurst
parameter H and (eg) is an orthonormal basis in U,

e (D, p) is a separable o-finite measure space (see Remark 2.1),

e Z(U, X) denotes the space of linear continuous operators from U to X,

e we also define

K(t,s) = cn {(t _s) by (% - H) /:(u e {1 - (%)H} du}

1991 Mathematics Subject Classification. 60HO5.
Key words and phrases. fractional Brownian motion, stochastic integrals in Banach spaces.
This work has been supported by Mittag-Leffler Institute, Djursholm, Sweden, and by GACR grant no.
201/07/0237.
1



2 B.MASLOWSKI, M.ONDREJAT

for 0 < s < t and

o [err@yrE-m)”
" ['(2—2H) ’

ot,s) = H(2H — 1)|t — s~
and if T > 0 is given then

(H)5) = oK)+ [ lo®) = o) tsydt,  0<s<T

for every measurable ¢ such that the integral converges almost everywhere, e.g. for
0 € W0,7),0>1/2— H.

Remark 2.1. Separability of a measure space (D, ) means that there exists a countable
system (V) of measurable sets satisfying p(V},) < oo such that, for every € > 0 and every
measurable set C' satisfying p(C) < oo, there is n € N such that p[(C'\V,)U(V,\C)] < e.
The following conditions are equivalent:

e the measure space (D, i) is separable,
e there exists 1 < p < oo such that LP(D, ) is a separable Banach space,
e (D, ) is a separable Banach space for every 1 < p < 0.

3. 7-RADONIFYING OPERATORS

It is known that if B is a cylindrical fractional Brownian motion on a Hilbert space
U then the processes (¢(t));>0 admissible for stochastic integration in a Hilbert space X
must have values in the space of the Hilbert-Schmidt operators. In the scale of LP-spaces,
this holds only if p = 2. It turns out that if the target space is a Banach space, then the
integrand ¢ must take values in the space of y-radonifying operators.

For, let X be a separable Banach space. An operator A € Z(U, X) is ~-radonifying
provided that there exists a centered Gaussian probability measure v4 on X such that

/ P(2)valde) = ||, e X°.
X

Such a measure is at most one, therefore we set

1A = /X ll% va(dz),

and denote by R, (U, X) the space of y-radonifying operators.
Proposition 3.1. R, (U, X) equipped with the norm || - ||, is a separable Banach space.
Proof. See [3] or [4]. O
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Proposition 3.2. Let A : U — X be a linear continuous operator, (ey) an orthonormal
series in U and (ey) independent standard centered Gaussian random variables. Denote

Sn = i éTkAek.
k=1

The following claims are equivalent:
o A is y-radonofying,
the sequence (Sy,) is convergent almost surely,
the sequence (S,) is convergent in probability,
the sequence (Sy,) is convergent in every L1(X), 1 < ¢ < oo.

Proof. This is consequence of Theorem 2.3, Chapter V.2.4 and Theorem 5.3 in Chapter
V.5.3 in [2]. The proof may be alternatively infered from the Ito-Nisio theorem and the
Fernique theorem. O

Definition 3.3. If A is y-radonifying then we define the X-valued centered Gaussian
random variable

AB; =) Bi(ex)Aey (3.1)

where the sum is convergent almost surely and in every L1(X), 1 < ¢ < co.

Remark 3.4. Notice that the definition (3.1) is independent of the choice of the orthonormal
basis (ex) since (z*, AB;) = B;(A*z*) almost surely.

The ~-radonifying operators with range in LP-spaces can be elegantly represented by
point-wise kernels. We are going to use this property later on.

Definition 3.5. We say that a measurable function ¢ : [0,T] — R, (U, L) is represented
by a jointly-measurable mapping J : [0,T] x D — U provided that there exists a measurable
set V € [0,T] such that the Lebesque measure of the set [0,T]\ V is zero and [p(t)u](z) =
(J(t,x),u)y holds for u-almost every x € D, for every uw € U and for everyt € V.

Proposition 3.6. Let 1 < p < oo, let X = LP(D,pu) and let A € L(U,X). Then
A e R,(U,X) if and only if there exists a measurable function a : D — U satisfying

/D (@) u(dz) < oo

and (Au)(x) = (a(z),u)y holds p-almost everywhere for every w € U. There also exists a
constant ¢ > 1 independent of A such that

1
1 13
Al < | [ o)l o) < el
Proof. See [1]. O
Corollary 3.7. If ¢ : [0,T] — R, (U, L?) is measurable then it is representable.
See Corollary 1, Chapter V.5.5 in [2] for the proof of the following proposition:
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Proposition 3.8. Let 1 < p < 0o then there exists a constant 1 < ¢, < oo such that

(/ que’w(dx))l/p <, [ lellvia

holds for every centered Gaussian probability measure v on X.

4. FBM-PRELIMINARIES

Let Z be a separalble Hilbert space, ¢ a piecewise constant function in Z and (3 a
standard fractional Brownian motion. Then the Stieltjes integral satisfies
2

T T ) 1

E\ [eas| = [rarelt e w<g (41)
0 Z 2
T 2 1

E‘/ pds|| = // D)sé(s t)dsdt,  H> . (4.2)
o P, 2

Remark 4.1. The Hardy-Littlewood-Sobolev inequality yields a constant cy such that

/ / (L, s)dt ds < cx UOT la(t)| ¥ dt} "

holds for every measurable function a.

5. SOBOLEV SPACES PRELIMINARIES
In this Section, X is assumed to be an arbitrary Banach space.

Definition 5.1. If 0 < 6 < 1 then we introduce the space W%2(0,T; X) of measurable
functions satisfying

T le() = (o)
||90HW92 0,T;X) — = [lll7 OTX)+ stdt<oo.

Lemma 5.2. Let 6 < 5, T>0and0 =ty <--- <ty =T asequence of finite partitions.
Define

Nn—1 1 (25
Z I[tf,% t" = t”/ ©o(s)ds

for ¢ € W92(0,T; X). If

A, :
sup — < 09, lim A, =0
n Opn n—oo
where
A, =max {t}, —t i < N,}, O, =min {t},, — 17 1 i < N, }

then there exists C' independent of ¢ such that

lenllwozorx)y < C and nhjglo ¢ — @nllwezrx) = 0.



Proof. The proof is straightforward. Notice that

n 1 i
ot = 96)| < e [ lelr) = (o)l dr
i+1 i JEY
1

o) — () )
n 6 6 ¥ 2
c(|ti = s|” + [tiy — s]%) </t" [ — 51720 dr

by the Holder inequality. We infer from this

i 9 1 i1 gp 2 2
[ (tn) = en(tin)] < cAn (/ / | ’me)' drdu).

lo=alie = 3 [ o) - atip
g+1 + n(s 2
\ ZZ/ / 0= )=l
<e ) / /J“ ot |1+26)| ds dt

Now

1<j<i+1
i+ |90n n( )l
+ Z/ / S|1+29 ds dt
j—i=1 7
i+ |<P ©n(t)?
+ Z/ / S|1+29 ds dt
i+2<j
i+ \sa ©n(s)]
+ Z/ / (EEEa
1+2<7
e fe(t) — ()
g [ [
i<j<it+1’t

OJ

The following Sobolev embedding theorem is well known and can be found e.g. in [5].

Lemma 5.3. Let 0 < %, T >0 and X = R. Then there exists a constant C' such that

¢l < Cllellwozom

L= 29(0T) -

holds for every ¢ € W%2(0,T).
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Lemma 5.4. Let H < %, 0 > % — H, T >0 and let X be a Hilbert space. Then J7p is
well-defined for every ¢ € W%2(0,T; X) and there exists a constant ¢ such that

|7 ¢l L20r.x) < cllellwozorx)
holds for every ¢ € W%2(0,T; X).
Proof. Set a = % — H and realize that

K(ta S) <C [3_0‘ + (t — 3)‘04} 7 ‘aa_ft((t? S) < O(t . S)_a_l.
Hence )
T T T T )
p(t) — ¢(s)] / / lo(t) — @(s)]
—_— < LRI A i S
/0 |:/s ’t_s‘1+a dt dS_C 0 o ’t—8’1+29 dtdSa
and

[ e as = 3 [ (= el e ds

< C Z (¢, ei>XH12/V9v2(O,T) ds

= CH@H%/VM(O,T;X)

where (e;) is an orthonormal bases of the range of . O

6. STOCHASTIC INTEGRAL

Definition 6.1. Let ¢ be piecwise constant function with values in R, (U, X) and let B be
a cylindrical fBm. Then
t
t»—>/ pdB
0

1s defined pathwise as the indefinite Stieltjes integral.

Let LP = LP(D, ), 1 <p < o0, T > 0and let ¢ : [0,7] — R, (U, LP) be a step-function,
i.e. there exists a partition 0 =ty <t1 < --- <t =T,

[o(t)u(z) = (J(t, ), u)u (6.1)
holds for p-almost every z € D and every u € U, 0 < ¢ < T, and J(t,-) € LP(D, u;U) is
constant on every [t;,t;11), 1 € {0,k — 1}.

We are going to use the symbol ~ for difference by a constant.

Lemma 6.2. Let 1 < p < 0o and let ¢ be simple. If 1 < p < % < 2 then suppose that

/0 / 1Tt ol T (s, ) lws, £) ds d < oo (6.2)



for p-almost every x € D. Then

{E OTsodB;}; {/ [ 1 e o o } <dx)}; (63)

if H< 3, and

{E o } {/ [ [0 ssnootsirasal (d@}’l’ o
if H >

Proof. F
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Now we first consider the case H < % Then the chain continues as

p

-1/ [fj [ 1 Gt 1<s>|2dsru<dx>

- { / [ / 1t ) () ds]g M(dl’)};,
and if H > 1 then

/D[g/ﬁT/oTU(t’m)’ei>U<J(s,as),ei>U¢(S,t)dsdt] p(dr)
i {/D {/OT /0T<J(t’x)a J(s,7))uo(s,t)ds dtr M(dm)};.

We can exchange the sum and the integrals since

/oT /OT [ J(t, 2)|[u]|J (s, z)[|up(s, t) dsdt < Cy </0T HJ(t’x)H(% dt) 2H

by the Hardy-Littlewood-Sobolev inequality, and
H

L(/OTHJ(t?x)H{?dt)p pldr) < KTpH/ /||th;|| p(dz) dt

< e / o)l dt < o
0
provided pH > 1. If pH < 1 then (6.2) must be assumed. OJ

Theorem 6.3. Let H < %, T>0,0> % —H,1<qg<ooandlety:[0,T] — R,(U,LP)
be represented by a jointly-measurable mapping J : [0,T] x D — U such that

Sl

(M|
3=

[Nl e (pswo.20,150)) < 00
Then there exists a sequence @™ : [0,T] — R,(U,LP) of step-functions represented by
kernels J"* such that ||J — J"||g — 0. In particular, the integral fOTgde is well-defined,

(6.3) holds and
T
v
0

Remark 6.4. Notice that
||J||LP(D;W9«2(O,T;U)) < CHSOHWB«?(O,T;RV(U,LP))

q

1
q
) < O e(pswe20,m0)) -

Lr

by the generalized Minkowski inequality, provided that p > 2.
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Theorem 6.5. Let T > 0, H > %, 1 < ¢ < oo and let ¢ : [0,T] — R,(U,L?) be a

27
measurable function represented by a jointly-measurable mapping J : [0,T] x D — U such
that

10 0 oy < (6.5)

Then there exists a sequence @™ : [0,T] — R.(U,L?) of step-functions represented by
kernels J" such that ||J — J"||g — 0. In particular, the integral fOTgodB is well-defined,

(6.4) holds and
T 1
E1L el = mbinn

Proof. Let K,, T D satisfy u(K,) < oo and set
St x) = Ik, (2)J(tx), TV x) = Tk, (2) T (& ) L))o <ms

q

, .
Jn,m,k:(.[;7 [L') _ k’/ Jn,m(s’ 9:,) dS, Jn,m,k’l Z[ L+1)T Jnmk (i,aj) .
(

t—1)+ !

We have lim;_ o, ||J»™FE— Jumk|| = 0 for every n,m, k € N, limy_ || J»™F —J%™ | = 0
for every n,m € N, lim,, o ||J™"™ — J"||g = 0 for every n € N and lim,,_, ||J" — J||g =
0. U

Remark 6.6. Notice that

0 o pen e om0y S NP .m0y

by the generalized Minkowski inequality, provided that pH > 1.

7. INTEGRATION IN W*P(D)

Let D be a domain in R%, let 0 < s < 1 and recall that

flx) = f(y)lP
vy = 1115, +//—| dz dy.
” ||W (D) || ||L (D) |x y|d+5p Y

Lemma 7.1. Let 1 < p < o0, 0 < s <1 and let p be simple. If 1 < p < % < 2 then
suppose that

T T
/O/0||J(t,x)||U||J(s,x)||U¢(s,t)dsdt<oo

and

[NIiS)

dz dy < oo

/ / UOT foT |J(t,x) = (@t vl It x) = Tt y)llvd(s, t) dt ds]

|z — y|d+sp
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for p-almost every x € D. Then

{E‘/OTsodB ;pw)}; - {/D [ e dsrdx};

foTH«/ai/fEk T x) — T 0)] ()7 ds £
" /D/D [ |z — y|d spy } dz dy

P

+

if H< Y and

{E‘/OTade i} ~ {/D [/OT/OTU(t,:v),J(s,:v))Ugb(s,t)dsdt}g d:v};

[T I 0) = T(t,9). I(s.) = T )o(s. 1) dsd]
s

)
|z — y|dtor

if H> 3.
Now we have the following analogues of Theorems 6.3 and 6.5:

Theorem 7.2. LetH<%,T>0,0<s<1,9>%—H, 1<qg<ooandlet:[0,T] —
R (U, W?#P(D)) be represented by a jointly-measurable mapping J : [0,T] x D — U such
that

[T wsw(Dwo.20.750y) < 00-

Then there exists a sequence ¢" : [0, T] — R, (U, W*P(D)) of step-functions represented by
kernels J"™ such that ||J — J"||g — 0. In particular, the integral fOTgde is well-defined

and
T
(E‘/ pdB
0

Remark 7.3. Notice that
HJHWsm(D;ww(o,T;U)) < CHQDHWG»Q(O,T;RW(U,WS’P(D)))

q

q
> < Ol lwsw(pwoz0.1:0y)-
Wb (D)

by the generalized Minkowski inequality, provided that p > 2.

Theorem 7.4. Let T > 0, H > %, 0<s<1,1<q< o andlet ¢ : [0,T] —
R (U, W#P(D)) be a measurable function represented by a jointly-measurable mapping J
[0,T] x D — U such that

H JHWs,P(D;L% 0.,13U)) =0

dx dy

B =
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Then there exists a sequence ¢" : [0, T] — R, (U, W*P(D)) of step-functions represented by
kernels J™ such that ||J — J"||g — 0. In particular, the integral fOTgodB is well-defined

and
T
/ pdB
0

”‘]st»p(D;L%(o,T;U)) = CH@HL%(O,T;RW(U,WSJ’(D)))

1
q q

<]

E ‘ Wen(D;LT (0,T5U))

We(D)

Remark 7.5. Notice that

by the generalized Minkowski inequality, provided that pH > 1.
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