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NON-PERMUTATION INVARIANT BOREL QUANTIFIERS
FREDRIK ENGSTROM AND PHILIPP SCHLICHT

Abstract. Every permutation invariant Borel subset of the space of countable struc-
tures is definable in £, . by a theorem of Lopez-Escobar. We prove variants of this
theorem relative to fixed relations and fixed non-permutation invariant quantifiers. More-
over we show that for every closed subgroup G of the symmetric group S, there is a
closed binary quantifier @ such that the G-invariant subsets of the space of countable

structures are exactly the £, . (Q)-definable sets.

81. Introduction. Countable models in a given countable relational signa-
ture 7 can be represented as elements of the logic space

X7— _ H 2NG(R)

ReT

where a(R) denotes the arity of the relation R. For example, the set of elements
of the logic space for a binary relation representing linear orders is a closed set.

The Lopez-Escobar theorem is an easy consequence due to Scott of the inter-
polation theorem [4] for .Z,,,. The interpolation theorem states that if ¢ is an
L w-formula in the signature o and ¢ is an %, -formula in the signature 7
such that ¢ — 1 holds in all countable models, then there is an .%,,,, interpolant
0 in the signature o N7 such that ¢ — # and # — 1 hold in all countable models.

The Lopez-Escobar theorem [3, theorem 16.8] states that any invariant Borel
subset of the logic space is defined by a formula in .Z,,,,,. To derive this from the
interpolation theorem, note that every Borel set is defined by an .Z,, ,-formula
in a sequence of parameters n; € N. If you replace each n; by a constant ¢; or d;
and use the fact that the set is permutation invariant, it follows that there is an
Z.,w interpolant without parameters or constants defining the set. Vaught [5]
found a different proof which has the advantage that it generalizes to the logic
space for structures of higher cardinalities. We will generalize Vaught’s proof to
sets of countable structures invariant under the action of a closed subgroup of
the permutation group of the natural numbers.
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2 FREDRIK ENGSTROM AND PHILIPP SCHLICHT

Let G be the group of permutations fixing a countable family of relations and
constants in the natural numbers. In section 2 we show that every G-invariant
set is definable from these relations and constants.

A generalized quantifier of type (k) on the natural numbers is a subset of
2N We will freely identify subsets of N* and their characteristic functions. We
consider the logic .Z,,,(Q). This is .Z,, ., augmented by the quantifier ) where
the formula Qz¢(z) has the fixed interpretation {z € N¥ : p(2)} € Q. We study
non-permutation invariant generalized quantifiers on the natural numbers and
prove a variant of the Lopez-Escobar theorem for a subclass of the quantifiers
which are closed and downwards closed.

Moreover for every closed subgroup G of the symmetric group So, there is
a closed binary quantifier ¢ such that the G-invariant subsets of the space of
countable structures are exactly the .2, ., (Q)-definable sets.

In section 3 we show that there is a version of the Lopez-Escobar theorem for
clopen quantifiers and for finite boolean combinations of principal quantifiers.
In section 4 we generalize some of the results to the logic space for structures of
size x for uncountable cardinals x with k<F = &.

82. Variants of the Lopez-Escobar theorem. Let

a(R)
X, =J[2"
ReT

denote the logic space on N for a relational signature 7, where a(R) is the arity
of the relation R. The space is equipped with the product topology. If F is a
sequence of relations on N, then the logic £, ., (F) has a symbol for each relation
in F with fixed interpretation as this relation.

2.1. Variants relative to relations. We prove a version of the Lopez-
Escobar theorem for closed subgroups of the permutation group S, of the nat-
ural numbers. Recall the standard

Fact 1. The closed subgroups of S are exactly the automorphism groups of
countable relational structures.

See for example [2, theorem 2.4.4] for a proof.

DEFINITION 2. Suppose G < S, is a subgroup. The G-orbit of a € N<“ is
defined as Orbg(a) = {g(a) : g € G}.

When G is understood from the context we write Orb(a) for the G-orbit of a.

PROPOSITION 3. Suppose G < Sy is closed and F is the family of orbits of
G. Then every G-invariant Borel subset of X, is definable in Z,,,(F).

PROOF. The proof is very similar to Vaught’s proof [5]. We follow the proof
of [3, theorem 16.8] and replace the set of injections k¥ — N with the orbit of
(0,1,..,k—1). Note that the Baire category theorem for G holds since G is closed
in So. By induction on the Borel rank, there is for every Borel set A C X and
every k € N an %, ,(F)-formula ¢}, such that ¢y (z, a) holds for (x,a) € X, x NF
if and only if g(x) € A for comeager many g € G with a C g~ 1. o
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Note that every Gs subgroup of S. is closed [1, proposition 1.2.1]. However,
Proposition 3 is false for some F, subgroups. We write A =* B if AAB is finite
and A C* B if A — B is finite. Suppose A C N is infinite and coinfinite and
let G ={g€ S :9(A) =" A}. Then G is F,, and has the same orbits as Se.
However, the set @ = {X : A C* X} is G-invariant, but not S-invariant and
hence not definable from the orbits of G.

DEFINITION 4. Suppose G < S,,. The orbit equivalence relation on N<“ is
defined as Fg = {{a,b) € N<¥ x N<¥ : 3g € G(g(a) = b)}.

The orbit equivalence relation may contain much less information than the
family of orbits. For example, Fy;q4,) is definable in %, . Hence none of the
orbits of {idy} is definable from Ey;q, 3.

As a corollary to lemma 3 we obtain a variant of Scott sentences for countable
structures.

PROPOSITION 5. Suppose G < Sy, is closed and F is the family of G-orbits.
There is for each M € X, an £, (F)-sentence ¢§; with M E oS, and the
property that o$; = ©$ if and only of there is g € G with g(M) = N.

PROOF. The orbit Orb(M) = {g(M) : g € G} is Borel [2, Theorem 3.3.2].

When G is the symmetric group we use the standard notation ¢y = @ij".
We give a version of the Lopez-Escobar theorem relative to a family of relations.

PROPOSITION 6. Suppose F = (R; : i < w) is a family of relations on N in
the signature 7. Then every Aut(F)-invariant Borel subset of X, is definable in

Lo w(F).

PROOF. Tt is sufficient to show that each orbit of Aut(F) in N<“ is definable
in Z,,u(F). Then all Aut(F)-invariant Borel sets are definable in %, ., (F) by
Proposition 3. Note that Aut(F) is closed.

Let M, = (N,(R; : i < w),a) for a € N<“. Then a € Orb(b) if and only if
the structures M, and M, are isomorphic via a permutation in G if and only if
My E o, . Hence ¢y, defines the orbit of a. -

2.2. Variants relative to quantifiers. Let ) be a quantifier on N¥, i.e. a
quantifier of type (k) on the natural numbers. We have to look at two kinds of
definability.

DEFINITION 7. A set A C X, is definable in .Z,,,,,(Q) if there is an .Z,, ,(Q)-
formula ¢ such that M € A if and only if M F ¢ for all M € X.

DEFINITION 8. A set A C N¥ is definable in .%,,,(Q) if there is an .Z,,,(Q)-
formula ¢ such that n € A if and only if N F ¢p(n).

We say that a permutation f fixes Q if A € Q is equivalent to f(A) € @ for
all A C NF. Aut(Q) is the group of permutations fixing Q. A set A C X, is
called G-invariant for G < S if g(4) = A for all g € G.

Proposition 3 implies

PROPOSITION 9. Suppose Q@ C oN* s a Borel quantifier with closed automor-
phism group. Suppose the orbits of Aut(Q) are definable in £,,,(Q). Then
a subset of X, is Borel and Aut(Q)-invariant if and only if it is definable in

Linw(Q)-
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PROOF. We are left to show that every .4, . (Q)-definable set A C X, is
Borel. Note that the Borel sets are exactly the sets definable in %, in a
sequence of parameters m; € N. Suppose @ is defined by an .Z,,,,-formula ¢ in
the parameters m;.

We want to show by induction on 1 that if A is defined by the £, ., (Q)-
formula ¢ (z, @) with @ = (n; : ¢ < w), then ¢ is equivalent to an %, ,-formula
in a sequence of natural parameters. Let ¢ = Qzx(z,7) where x is an %, .-
formula.

Suppose M is a countable structure in the signature 7. Then M € A if and
only if {2z : M F x(z,7} € Q if and only if (N* {x: M E x(x,7) }) F ¢. Hence
A is Borel. -

The assumption that Aut(Q) is closed is essential. We write A =* B if AAB
is finite. Let Q = {X : X =* A} where A C N is infinite and coinfinite. Tt
follows by induction on ¢ that any .%,, ., (Q)-formula of the form Qzy(x,a) is
false in (N, X) for all X #* A, —-A. If (N,X) F ¢ for some infinite and co-
infinite X #* A, ~A where ¢ is an %, (Q)-formula, this implies that ¢ holds
in every structure (N,Y) with ¥ #* A, A infinite and co-infinite. Hence the
set {X : A C* X} is Aut(Q)-invariant but not .Z,,,,(Q)-definable.

DEFINITION 10. Suppose @ C 2N is closed and downwards closed, i.e. closed

under subsets. A function p : n — N is compatible with @ if and only if for every
A Cn¥ AecqQifand only if p(4) € Q.

Note that for downwards closed @ and A C n*, A € Q if and only if A extends
to an element of @, i.e. if there is B C N* in Q with A = B N n*. Hence
p:n — N is compatible with Q if and only if for every function g : n* — {0,1},
g extends to an element of @ if and only if p(g) = gop~! extends to an element

of Q.

DEFINITION 11. A quantifier @ is good if it is closed, downwards closed, and
any finite injection p : n — N compatible with @ extends to a permutation
f N — N leaving () invariant.

The information about tuples of natural numbers encoded in a good quantifier
Q is definable in %, (Q).

PROPOSITION 12. Suppose Q is good. Then the orbits of Aut(Q) are definable
in Z,u(Q).

PROOF. a = (a; : i < n) is in the orbit of (0,..,n — 1) if and only if the
map n — N mapping i to a; is compatible with @. This is expressible by the
conjunction of Qz \/;c; & = (ai(0), -, aik—1)) for all I C n* with I € Q together
with the conjunction of -Qz\/,.;z = (a;),., Gi(k—1)) for all I C nF with

I¢Q. —1

Note that the automorphism group of a closed quantifier is closed.

PROPOSITION 13. Suppose G is a closed subgroup of So.. There is a good
binary quantifier Qg with G = Aut(Qg).
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PrROOF. Let P be the downward closure of

L Orb({(0,0),(0,1),(1,2),..., (k — 1,k)})
keN
Then P is G-invariant, so its closure ) is G-invariant as well.

Suppose p : k — N is a finite injection compatible with @. Then s =
[(p(0),p(0)), (p(0), p(1)), s (p(k — 2),p(k — 1))} € Q. Let (a” : n < w) be a
sequence in P converging to s. Then a™ eventually contains a set of the form
{{ag,aq), .., (a}_5,a}_,)} and the eventual value of af is p(¢) for all i < k. Hence
s € P and p can be extended to a permutation in G.

We claim that G = Aut(Q). Let g € Aut(Q). Then for every m we have
{{9(0), ¢(0)), (g(0), g(1)), .., (g(m — 1), g(m))} € Q. This is in fact an element of
P by the same argument as in the last paragraph. So there are permutations
hm € G for each m with g(i) = hy, (i) for all ¢ < m. Since h,, — g, this implies
g €aqG. -

Hence there is a correspondence between the closed subgroups of S, and good
binary quantifiers Q). Let Inv(G) denote the family of closed G-invariant subsets
of 2. Then

Aut(Inv(G)) =G

for every closed subgroup G < S.

83. More quantifiers. We show that some other types of quantifiers have
similar properties as good quantifiers, i.e. their automorphism group is closed
and each orbit is definable from the quantifier. For these quantifiers there is a
version of the Lopez-Escobar theorem.

However, the set of quantifiers with these properties is not closed under unions
or intersections. To see this, we consider quantifiers of the following form.

DEFINITION 14. A principal quantifier is of the form
e Qa={XCN:ACX}or
e Q'={XCN.XCA}

where A is a subset of N¥.

The automorphism group Aut(Qa) = Aut(Q4) = Aut(Qa N Q*) = Aut(A)
of a principal quantifier is closed and its orbits are definable in %, (Q4). For
A C N this is true since m € A if and only iff ~Qan(m # n) holds, and for
A C NF this is shown in section 3.2.

Let’s fix some infinite and co-infinite set A C N and let Q@ = {A}, so that
Aut(Q) = Aut(A). A sentence Qzp(z,a) is false whenever ¢ is a .Z,,,,-formula
and a € N<¥_ since the set {n : p(n,a)} is invariant under permutations fixing
a. Thus any subset of N defined by an %,,.,(Q)-formula with parameters in
{0,..,t} is either a subset of {0, ..,t} or includes N — {0, .., ¢t} by induction on the
formulas. Hence the orbits of Aut(Q)) are not definable in .Z,,,,(Q).

3.1. Clopen quantifiers. Suppose @ is a quantifier of type (k). Note that
the automorphism group Aut(Q) of any closed quantifier @ is closed.

We say that a set S C N* supports Q if A € Q if and only if B € Q for all
A, BCNwith AnS=BnNS.
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DEFINITION 15. A minimal set S C N* supporting @ is called a support of Q.
LEMMA 16. Every closed quantifier Q@ on N¥ has a unique support.

PRrROOF. Easily the set of S C N* which support Q is closed under finite
intersections. Suppose S, supports @ for each n € N and §,, C S, for m < n.
Let S = (,cy Sn- Suppose A € Q and ANS =DBNS. Now A, = (ANS,)U
(B—5,) € Q for each n since A € Q). Then B € @ since B is the limit of the
sets A, and @ is closed.

Let N* = {a,, : n € N}. The support of ) is the intersection of the sets A,
where Ag = N¥ and A, = A,, — {a,} if this set supports Q and A, = A,
otherwise. .

Note that the set of finite subsets of N¥ is supported by N* — {a} for every
a € N¥_ so it does not have a support.

LEMMA 17. The support of any clopen quantifier Q on N¥ is definable in
Zow(Q)-

ProOF. Note that a quantifier is clopen if and only if it has finite support.
Suppose the support of @ is contained in {0, ..,¢ — 1}* and let r = t*.

Let RY™ be the set of tuples @ ~ b with @ € (N¥)! and b € (N¥)™ such that the
finite partial function mapping each a; € N¥ to 0 and each bj € N* to 1 can be
extended to the characteristic function of an element of Q. Then @ ~ b € Rb™
if and only if there is a tuple ¢ € (N¥)" so that

Qx(/\x;ébl/\(\/ x:ai\/\/x:q))

i<l <m i<r

holds. Hence R"™ is definable in ., (Q). B
Then a € N* is in the support of @ if and only if there are tuples b € (NFyr

and ¢ € (N*)" such that ™17 ((a) ~ b ~ ¢) and R"" (b ~ ¢ ~ {a)) don’t have
the same truth value. .

PROPOSITION 18. The orbits of the automorphism group Aut(Q) of any clopen
quantifier Q on N* are definable in £, (Q).

PROOF. Suppose the support S of Q is contained in {0,..,t — 1}*. We claim
that (ag,..,ay) is in the orbit of (0,..,n) if and only if there is an extension
(ag, .., anyt) with S C {ag,..,ant¢} such that for the finite partial map f with
f@)=a;fori<n+t

e f is injective and

e fand f~! preserve S and R’ for all j,1 with j +1 < n +t.

Suppose these conditions hold. Let g be any permutation of N extending f.
We have R € @ if and only if RN S extends to a relation in @, for any relation

R C N*. But this holds if and only if g(R) NS extends to a relation in @, since
g preserves S and R7'. Hence g € Aut(Q). .

The orbits of Aut(F) are .Z,,,(F)-definable and Aut(F) is closed for any
sequence F of clopen quantifiers by a slight variation of the previous proof.
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3.2. Combinations of principal quantifiers. We show that if @) is a finite
boolean combination of principal quantifiers @ 4, , then its automorphism group
is closed and each orbit in N<¢ is definable in .%,,,,(Q).

Suppose (A, : k < n) is a partition of N? with d < w and

e=Une”
i k<n
with s; € {1,—1}" for i < m, where Q}% = Qa, and QZi = =Qa,. We
can assume that n is minimal with these properties. In this situation we write
Q = (Ap,si) = (A, 8i 1 k< n,i <m).

We say that a tuple @ € (N?)<“ occurs positively (negatively) in Q = (A, s;)
if there is some ¢ such that there is j with a; € Aj if and only if s;(k) =1
(si(k) = —1). A tuple a occurs negatively if and only if ¥(a) := Qz A\ ;(z # a;)
holds.

LEMMA 19. If Q = (A, si : k < n,i < m), then there is an £, (Q)-formula
x with x(a,b) if and only if a,b € Ay, for some k < n.

PRrOOF. Let x(a,b) state that ¥({a) ~ ¢), ¥((b) ~ ¢), and ¥ ({a,b) ~ ¢) have
equal truth values for all tuples ¢ € (N%)". If a,b € Ay for some k, then x(a,b)
holds.

Suppose a € Ag, b € Ay, and x(a,b) holds. Suppose @ is the union of the sets

U (=Qa, n=Qa, n [ Q4)

teT j>2

U (Qa, n=Qa, n [ Q1Y)
uelU j>2

U (-Qa, nQa, N [ QL)
veV 7j>2

U @4, nQa,n [ Q4
weW j>2

We claim that T = U = V. To prove T C U, suppose t € T and pick d so that
there is exactly one dj, € Ay, for each k > 2 with ¢(k) = 1, so that ¥((a,b) ~ d)
holds. Then 1 ({b) ~ d) holds and hence t € U. The other cases are analogous.
This shows that n is not minimal, since

(ﬁQAo N ﬁC)Al) U (QAO N ﬁQA1) J (ﬁQAo N QAI)

can be replaced by ~(Qa, N Qa,) = ~Qagua; - .
Note that the assumption that n is minimal is essential here, since otherwise
the proof does not even work for quantifiers of the form Q = Q4 N Q5.

LEMMA 20. If Q = (Ag,s; : k < n,i < m), then for each j < n there is an
ZLow(Q)-formula 0; such that 6;(a,b) holds if and only if

e a occurs positively and has length j,

® b occurs negatively and has length n — j, and
e all elements of a ~ b are in different Ay.
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PROOF. The formula 6; can be expressed by y and 9. Note that if b occurs
negatively, then a has to occur positively, given the remaining conditions. -

LEMMA 21. If Q = (Ag,s; : k < n,i < m), then g € Aut(Q) if and only if
there are a permutation p of n and a permutation r of m such that g(Ax) = Apm)
Jor all k <n and s, = s; op~t foralli < m.

PRrOOF. If g € Aut(Q), then g permutes the Ay by the previous lemma. Let
p : n — n be this permutation. For each s : n — {—1,1}, there is i < m with
s = s; if and only if there is some j < m with sop = s;.

Suppose p and r are given and z € (), _,, Q;’ilfk) for some i < n. Then g(z) €

i Sr(i
ﬂk<n i;szk)) = mk<n QAk( )'
_{

This implies that Aut(Q) is closed. Suppose gr — g € S With gx € Aut(Q)
for each £ < w and let p; be the permutation of n corresponding to gi in the
previous lemma. Then p; eventually takes a fixed value p, hence g is according
to p.

Given a tuple a € (N9)7, we can find f : j — n such that there is a tuple
¢ € (N)" with

e all ¢; are in different A; and ¢ is maximal with this property, and
e a; and cy(;) are in the same Ay, for each 7 < j.

For tuples ¢ with this property, let Mg = (N, a,¢, (Apx) : k < n)), where p is
the unique permutation of n such that ¢, € A,). Note that the Scott sentence
@, . of Mgz is equivalent to a sentence in %, ,,(Q) with parameters a and ¢,
since Ay is definable from @ and c;.

PROPOSITION 22. For any finite boolean combination Q) of principal quanti-
fiers of the form Qa, the orbits of Aut(Q) are definable in £, .(Q).

PROOF. Let Q = (A, s; : k <mn,i <m). Suppose a is a tuple of length j and
f 7 — nand ¢ are as above. B
We claim that b € Orb(a) if and only if there is a tuple d € N™ such that

e all d; are in different A;, and d is maximal with this property,
e b; and dy(;) are in the same Ay, for each i,

* My iF ¢, ., and

o forall I Cn, Qn(/A,c;n # di) holdsif and only if I = {k < n: s;(k) = —1}

for some i < n.

Suppose these conditions hold for b and d. Since My g models ¢y, ,, there is
a permutation g : N — N mapping @ to b and ¢ to d. Let p : n — n be the
permutation of the indices of ¢; induced by this map. Then g(Ag) = Ay, for
each k < n. The last condition implies that for every ¢ < m there is some j < m
such that s; o p = s;. Hence g preserves () by the previous lemma. .

Note that the proposition is also true for boolean combinations of principal
quantifiers Q** since Q“xp(x) can be expressed as Q- 4x—p(x). However, the
two types of principal quantifiers cannot be mixed by the example at the begin-
ning of section 3.

By a slight variation of the previous proof we get
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PROPOSITION 23. Suppose F = (Q; : i < w) is a sequence of finite boolean

combinations of principal quantifiers Q 4, , . Then Aut(F) is closed and the orbits
of Aut(F) are definable in L, (F).

84. Higher cardinalities. Some of the previous results generalize when N
is replaced with an uncountable cardinal k. Let’s always suppose k<"

The logic space
XT _ H 2Ka(R)

ReT
for a relational signature 7 of size < k is equipped with the product topology.
The topology on 2¢" is given by the basic open sets U(s) = {f € 2°" : s C f}
for partial functions s € 2% of size < k. Let S, denote the permutation group
of k with the topology from x".

The k-Borel subsets of 25" and X, are generated from the basic open sets by
unions and intersections of length x and complements. A subspace is k-Baire if
Na<r Ua is dense in the subspace for every sequence (U, : a < k) of open dense
sets in the subspace.

A generalized quantifier of type (o) on s for a < & is a subset of 2"

= K.

LEMMA 24. Suppose Q is a closed quantifier on k of type () with o < K.
Then Aut(Q) is closed in S,,.

PROOF. Suppose g, € Aut(Q) for each o < k and g, — g € Sk. Let R be a
relation in . Then g,(R) — g(R) and hence g(R) € Q. Since g;' — g~ we
have g € Aut(Q). =

PROPOSITION 25. Suppose G is a closed k-Baire subgroup of S, and F is
the family of orbits of elements of k<". Then a subset of X, is k-Borel and
G-invariant if and only if it is definable in L+ (F).

PROOF. As in the proof of Proposition 9. -

Good quantifiers are defined as in section 2.2 but finite tuples are replaced by
elements of xK<".

PROPOSITION 26. Suppose G is a closed wi-Baire subgroup of S,,. There is
a good binary quantifier Q¢ with G = Aut(Qg).

PROOF. Suppose f : w3 — P(w) is injective. The proof is as the proof of
Proposition 13, except that P is replaced by the downward closure of the union
of the orbits of

{(0,0)} U{(n,n+1):n<wiU{(n,a):w<a<vynec fla)}
for v < wy. 4

Moreover if @ is a good quantifier on wy, then a subset of X, is wi-Borel and
G-invariant if and only if it is definable in .Z,,,,,, (Q).

PROPOSITION 27. The orbits of the automorphism group of a clopen quantifier
Q on k are definable in % (Q).

PROOF. As in the proof of Proposition 18. -
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