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NOTIONS OF INDEPENDENCE FOR METRIC ABSTRACT
ELEMENTARY CLASSES

ANDRÉS VILLAVECES
PEDRO ZAMBRANO

Abstract. We study notions of independence appropriate for a sta-
bility theory of metric abstract elementary classes. We build on pre-
vious notions used in the discrete case, and adapt deVnitions to the
metric case. In particular, we study notions that behave well under
superstability-like assumptions.

Introduction

In the study of the Stability Theory of Abstract Elementary Classes (for
short, AEC, in this paper), various versions of independence linked to split-
ting (introduced originally by Shelah in the discrete AEC case [Sh 394])
have played an important rôle. Various categoricity transfer results, as
well as the development of stability theory in AEC have so far used non-
splitting as one of the main independence notions.
In the metric continuous case (a generalization of both usual, or “dis-

crete” AEC and “First Order” Continuous Model Theory), notions of inde-
pendence have been used with some success in a strongly homogeneous
ω-stable, (Löwenheim-Skolem number ℵ0) case by Åsa Hirvonen [Hi].
We focus here in a notion of independence, called r-independence (see 2.2),

that generalizes non-splitting to the metric context (in the stable case), and
works well under the existence of various sorts of limit models. We study
conditions under which r-independence satisVes appropriate variants of
transitivity, stationarity, extension, existence (Section 2). We also study
the continuity of this independence notion (see 2.13).
Applications of these techniques include the study of “superstable” met-

ric AEC (limit models and r-towers [ViZa2]), and steps towards a gener-
alization of the main theorem in [GrVaVi] (Uniqueness of Limit Models
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2 A. VILLAVECES AND P. ZAMBRANO

in AEC under superstability-like assumptions). They also include notions
of domination appropriate for both discrete and metric continuous (super-
stable) AEC.

1. Some basic definitions and results

DeVnition 1.1. The density character of a topological space is the smallest
cardinality of a dense subset of the space. If X is a topological space, we
denote its density character by dc(X). If A is a subset of a topological
space X, we deVne dc(A) := dc(A).

We consider a natural adaptation of the notion of Abstract Elementary
Class (see [Gr] and [Ba]), but work in a context of Continuous Logic that
generalizes the “First Order Continuous” setting of [BeBeHeUs] by remov-
ing the assumption of uniform continuity1. We follow the deVnitions given
by Åsa Hirvonen and Tapani Hyttinen (see [Hi]).

DeVnition 1.2. Let K be a class of L-structures (in the context of Continu-
ous Logic) and≺K be a binary relation deVned in K. We say that (K,≺K)

is a Metric Abstract Elementary Class (shortly MAEC) if:

(1) K and ≺K are closed under isomorphism.
(2) ≺K is a partial order in K.
(3) If M ≺K N then M ⊆ N.
(4) (Completion of Union of Chains) If (Mi : i < λ) is a ≺K-increasing

chain then
(a) the function symbols in L can be uniquely interpreted on the

completion of
⋃

i<λ Mi in such a way that
⋃

i<λ Mi ∈ K

(b) for each j < λ , Mj ≺K

⋃
i<λ Mi

(c) if each Mi ∈ K ∈ N, then
⋃

i<λ Mi ≺K N.
(5) (Coherence) if M1 ⊆ M2 ≺K M3 and M1 ≺K M3, then M1 ≺K

M2.
(6) (DLS) There exists a cardinality LSd(K) (which is called the metric

Löwenheim-Skolem number) such that if M ∈ K and A ⊆ M, then
there exists N ∈ K such that dc(N) ≤ dc(A) + LSd(K) and A ⊆
N ≺K M.

DeVnition 1.3. We call a function f : M → N a K-embedding if

(1) For every k-ary function symbol F of L, we have f(FM(a1 · · ·ak)) =

FN(f(a1) · · · f(ak)).
(2) For every constant symbol c of L, f(cM) = cN.

1Uniform continuity guarantees logical compactness in their formalization, but we
drop compactness in AEC-like settings.
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(3) For everym-ary relation symbol R of L, for every ā ∈ Mm, d(ā, RM) =

d(f(ā), RN).
(4) f[M] ≺K N.

DeVnition 1.4 (Amalgamation Property, AP). Let K be an MAEC. We say
that K satisVes Amalgamation Property (for short AP) if and only if for
every M, M1, M2 ∈ K, if gi : M → Mi is a K-embedding (i ∈ {1, 2})

then there exist N ∈ N and K-embeddings fi : Mi → N (i ∈ {1, 2}) such
that f1 ◦ g1 = f2 ◦ g2.

M1 N

M M2

p p p p p p p-f1

6
g1

-
g2

p

p

p

p

p

p

p

p6
f2

DeVnition 1.5 (Joint Embedding Property, JEP). Let K be an MAEC. We
say that K satisVes Joint Embedding Property (for short JEP) if and only if
for everyM1, M2 ∈ K there existN ∈ N andK-embeddings fi : Mi → N

(i ∈ {1, 2}).

Remark 1.6. Notice that if K has a prime model, then AP implies JEP.

Remark 1.7 (Monster Model). If K is an MAEC which satisVes AP and JEP,
then we can construct a large enough model M (which we call a Monster
Model) which is homogeneous –i.e., every isomorphism between two K-
substructures of M can be extended to an automorphism of M– and also
universal –i.e., every model with density character < dc(M) can be K-
embedded into M.

DeVnition 1.8 (Galois type). Under the existence of a monster model M

as in remark 1.7, for all a ∈ M and N ≺K M, we deVne ga-tp(a/N)

(the Galois type of a over N) as the orbit of a under Aut(M/N) := {f ∈
Aut(M) : f ↾ N = idN}. We denote the space of Galois types over a
model M ∈ K by ga-S(M).

Throughout this paper, we assume the existence of a homogenous and
universal monster model as in remark 1.7.

DeVnition 1.9 (Distance between types). Let p, q ∈ ga-S(M). We deVne
d(p, q) := inf{d(a, b) : a, b ∈ M, a |= p, b |= q}, where lg(a) = lg(b) =:

n and d(a, b) := max{d(ai, bi) : 1 ≤ i ≤ n}.

DeVnition 1.10 (Continuity of Types). Let K be an MAEC and consider
(an) → a in M. We say that K satisVes Continuity of Types Property2 (for

2This property is also called Perturbation Property in [Hi]



4 A. VILLAVECES AND P. ZAMBRANO

short, CTP), if and only if, if ga-tp(an/M) = ga-tp(a0/M) for all n < ω

then ga-tp(a/M) = ga-tp(a0/M).

Remark 1.11. In general, distance between types d (see DeVnition 1.9) is
just a pseudo-metric. But it is straightforward to see that the fact that d is
a metric is equivalent to CTP.

Throughout this paper, we also assume CTP (so, distance between types
is in fact a metric).

DeVnition 1.12 (Universality). Let K be an MAEC and N ≺K M. We say
that M is λ-universal over N iU for every N ′ ≻K N with density character
λ there exists a K-embedding f : N ′

→ M such that f ↾ N = idN. We say
that M is universal over N if M is dc(M)-universal over N.

Examples 1.13. (1) Any continuous elementary class (see [BeBeHeUs])
with the usual elementary substructure relation is an MAEC. Im-
portant cases include
(a) Hilbert spaces with a unitary operator (Argoty and Berenstein,

see [ArBe]).
(b) Nakano spaces with compact essential rank (Poitevin, see [Po]

and forthcoming [PoZa]).
(c) Probability Spaces.
(d) Compact Abstract Theories, see [Be1, Be2]

(2) Nakano spaces whose essential rank is not necessarily compact (see
forthcoming [PoZa]).

(3) Hilbert Spaces, with various classes of unbounded operators.
(4) A subclass of completions of metric spaces which satisfy approxi-

mately a positive bounded theory, where ≺K is interpreted by the
approximate elementary submodel relation (see [HeIo]).

(5) Various classes of Banach spaces, where ≺K is interpreted by the
closed subspace relation3 (see [Hi]).

Lemma 1.14. Let K be a MAEC. If fi : Mi → M (i < µ) is a ⊆-increasing
and continuous (in the metric sense) chain of K-embeddings, then there ex-

ists a K-embedding f :
⋃

i<µ Mi → M which extends g :=
⋃

i<µ fi :
⋃

i<µ Mi → M.

Proof. Let a ∈
⋃

i<µ Mi, so there exist elements an ∈
⋃

i<µ Mi for n < ω,
such that (an)n<ω → a. As (an)n<ω is a Cauchy sequence, (g(an))n<ω

is also a Cauchy sequence (since g is an isometry). So, there exists b ∈ M

such that (g(an))n<ω → b. DeVne f(a) := b. Proceed in a similar

3Notice that several of these classes fall under case (1) — however, in general, natural
classes of Banach spaces are not axiomatizable in the context of [BeBeHeUs].
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way for every a ∈
⋃

i<µ Mi. The function f is well-deVned: if we take
(a ′

n)n<ω a sequence in
⋃

i<µ Mi such that (a ′
n)n<ω → a, let b ′ ∈ M be

such that (g(a ′
n))n<ω → b ′. We will prove that b = b ′. Otherwise, let

ε := d(b, b ′) > 0.

Claim 1.15. Given ε ′ > 0, there exists N < ω such that for all n ≥ N

d(g(an), g(a ′
n)) < ε ′.

Proof. As (an)n<ω → a and (a ′
n)n<ω → a, there exists N < ω such that

for all n ≥ N we have that d(an, a) < ε ′/2 and d(a ′
n, a) < ε ′/2, so for

all n ≥ N we have that d(an, a ′
n) ≤ d(an, a) + d(a, a ′

n) < ε ′. As g is an
isometry, for all n ≥ N we have that d(g(an), g(a ′

n)) < ε ′. �

As (g(an))n<ω → b, (g(a ′
n))n<ω → b ′ and by claim 1.15, there ex-

ists M < ω such that for all n ≥ M we have that d(g(an), b) < ε/3,
d(g(a ′

n), b ′) < ε/3 and d(g(an), g(a ′
n)) < ε/3. So, for all n ≥ M we

have that d(b, b ′) ≤ d(b, g(an)) + d(g(an), g(a ′
n)) + d(g(a ′

n), b ′) <

ε = d(b, b ′) (contradiction).

Therefore b = b ′ and so f is well-deVned.

We have that f extends g: let a ∈
⋃

i<ω Mi, so taking an := a (n < ω)
we have that (an)n<ω → a and (g(an))n<ω is also a constant sequence.
So, f(a) := limn<ω g(an) = g(a).

Let c ∈ f[
⋃

i<µ Mi], so there exists a ∈
⋃

i<µ Mi such that f(a) = c,
so there exists (an)n<ω a sequence in

⋃
i<µ Mi such that (an)n<ω → a

and c := limn<ω g(an). Therefore c ∈ g[
⋃

i<µ Mi] =
⋃

i<µ fi[Mi], so

f[
⋃

i<µ Mi] ⊆
⋃

i<µ fi[Mi]. Take c ∈
⋃

i<µ fi[Mi] = g[
⋃

i<µ Mi], so
there exists a sequence (bn)n<ω in

⋃
i<µ Mi such that (g(bn))n<ω → c.

As (g(bn))n<ω is a Cauchy sequence and g is an isometry, we have that
(bn)n<ω is also a Cauchy sequence. So, there exists a ∈

⋃
i<µ Mi such

that (bn)n<ω → a, and therefore f(a) := limn<ωg(bn) = c, hence
c ∈ f[

⋃
i<µ Mi]. So, f[

⋃
i<µ Mi] =

⋃
i<µ fi[Mi]. As (fi : i < µ) is a ⊆-

increasing and continuous chain of K-embeddings, fi[Mi] ≺K M, so by
Łoś-Tarski and coherence MAEC axioms and we have that f[

⋃
i<µ Mi] =

⋃
i<µ fi[Mi] ≺K M. Furthermore, for every symbol σ of L(K), f is com-

patible with the interpretation of σ in
⋃

i<µ Mi: f is a limit ofK-embeddings
– function symbols on these limits are uniquely interpreted by Axiom 4(a),
and f being a limit of K-embeddings, distances to interpretations of pred-
icates are preserved. Therefore f is a K-embedding which extends g. �
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Fact 1.16 (Hyttinen-Hirvonen). Given ε > 0 and a |= p, there exists b |= q

such that d(a, b) ≤ d(p, q) + ε

Proof. Fix ε > 0. By the deVnition of d, there exist realizations c |= p and
c ′ |= q such that d(c, c ′) ≤ d(p, q) + ε. As a, c |= p then there exists f ∈
Aut(M/A) such that f(c) = a. Note that d(a, f(c ′)) = d(f(c), f(c ′)) =

d(c, c ′) ≤ d(p, q) + ε, where f(c ′) |= q, so f(c ′) is the required b.
�

Corollary 1.17. Given ε > 0 and p, q ∈ ga-S(M) such that d(p, q) < ε

and b |= q, then there exists aε |= p such that d(aε, b) < 2ε.

Proof. By fact 1.16, there exists aε |= p such that d(aε, b) ≤ d(p, q) + ε,
therefore d(aε, b) ≤ d(p, q) + ε < ε + ε = 2ε. �

The following lemma is useful for later constructions — usually, it is
easier in the metric case to realize dense subsets of typespaces ga-S(M);
the lemma provides a criterion for relative metric Galois saturation.

Lemma 1.18. Suppose that we have an increasing≺K-chain of models (Nn :

n < ω) such that Nn+1 realizes a dense subset of ga-S(Nn). Then, every

type in ga-S(N0) is realized in Nω :=
⋃

n<ωNn.

Proof. Given p := ga-tp(b/N0) there exists q0 ∈ ga-S(N0) which is real-
ized in N1 (by assumption) and d(p, q0) < 1

2(0+1)2 = 1
2
. Let a0 be a real-

ization of q0. By corollary 1.17 there exists b0 |= p such that d(b0, a0) <

2(1
2
) = 1.

The key idea is to build two Cauchy sequences (an)n<ω and (bn)n<ω

such that an ∈ Nn+1, ga-tp(bn/N0) = ga-tp(b/N0) for every n < ω and
also an and bn are closed enough, so if c := limn<ωbn = limn<ω an then
by CTP (DeVnition 1.10) we have that ga-tp(c/N0) = ga-tp(b0/N0) = p.
Since c = limn<ωan, then c ∈ Nω :=

⋃
n<ω Nn, and so p is realized in

Nω.

The construction: Consider n > 0. Since Nn+1 realizes a dense sub-
set of ga-S(Nn), take an ∈ Nn+1 a realization of a type qn ∈ ga-S(Nn)

which satisVes d(ga-tp(bn−1/Nn), qn) < 1
2n2

. By corollary 1.17, take bn |=

ga-tp(bn−1/Nn) such that d(bn, an) < 2( 1
2n2 ) = 1

n2 .

We have that (an)n<ω is a Cauchy sequence: as bn+1 |= ga-tp(bn/Nn+1),
there exists g ∈ Aut(M/Nn+1) such that g(bn) = bn+1. Since g is
an isometry and an ∈ Nn+1, then d(bn+1, an) = d(g(bn), g(an)) =

d(bn, an) < 1
n2 . Therefore, d(an+1, an) ≤ d(an+1, bn+1)+d(bn+1, an) <
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1
(n+1)2 + 1

n2 < 2
n2 , so we have that (an : n < ω) is a Cauchy sequence.

Therefore, there exists c := limn<ωan, c ∈ Nω and also c = limn<ω bn.
So, we are done. �

2. Relative independence inMAECs

Throughout this section, every model has density cardinal µ (unless we
specify a diUerent density).

DeVnition 2.1 (ε-splitting and
⌣
|
ε). Let N ≺K M and ε > 0. We say that

ga-tp(a/M) ε-splits over N iU there exist N1, N2 with N ≺K N1, N2 ≺K

M and h : N1
∼=N N2 such that d(ga-tp(a/N2), h(ga-tp(a/N1)) ≥ ε. We

use a
⌣
|
ε

N
M to denote the fact that ga-tp(a/M) does not ε-split over N,

DeVnition 2.2. Let N ≺K M. Fix N := 〈Ni : i < σ〉 a resolution of N.
We say that a is r-independent from M over N relative to N (denoted by
a
⌣
|

N

N
M) iU for every ε > 0 there exists iε < σ such that a

⌣
|
ε

Niε
M.

Notation 2.3. Let p be a Galois-type over M, N a K-submodel of M andN

a resolution of N. We denote by p
⌣
|
ε

N
M (p

⌣
|

N

N
M) iU for any realization

a |= p we have that a
⌣
|
ε

N
M (a

⌣
|

N

N
M).

Proposition 2.4 (Monotonicity of r-independence). Let M0 ≺K M1 ≺K

M2 ≺K M3. Fix Mk := 〈Mk
i : i < σk〉 a resolution of Mk (k = 0, 1), where

M0 ⊆ M1. If a
⌣
|

M0

M0
M3 then a

⌣
|

M1

M1
M2.

Proof. Let ε > 0. Since a
⌣
|

M0

M0
M3, there exists iε < σ0 such that a⌣

|
ε

M0
iε

M3.

But M0 ⊆ M1, then there exists jε < σ1 such that M0
iε

= M1
jε
. Therefore,

for every M1
jε
≺K N1

h
∼=M1

jε
N2 ≺K M3 (in particular if N1, N2 ≺K M2)

we have that d(ga-tp(a/N2), ga-tp(h(a)/N2)) < ε. Then a
⌣
|
ε

M1
jε

M2.

Since this holds for every ε > 0, then a
⌣
|

M1

M1
M2. �

Proposition 2.5 (Monotonicity of non-ε-splitting). Let M0 ≺K M1 ≺K

M2 ≺K M3. If a
⌣
|
ε

M0
M3 then a

⌣
|
ε

M1
M2.

Lemma 2.6 (Stationarity (1)). Suppose that N0 ≺K N1 ≺K N2 and N1 is
universal over N0. If ga-tp(a/N1) = ga-tp(b/N1), a⌣

|
ε

N0
N2 and b

⌣
|
ε

N0
N2,

then d(ga-tp(a/N2), ga-tp(b/N2) < 2ε.

Proof. Since N1 is universal over N0, then there exists a K-embedding
g : N2 →N0

N1. So, N0 ≺K g[N2] ≺K N1.

Since N0 ≺K g[N2], N2 ≺K N2, g−1 ↾ g[N2] : g[N2] ∼=N0
N2 and
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a
⌣
|
ε

N0
N2, then d(ga-tp(g−1(a)/N2), ga-tp(a/N2)) < ε.

Doing a similar argument, it is easy to prove that
d(ga-tp(g−1(b)/N2), ga-tp(b/N2)) < ε.

Also, since ga-tp(a/N1) = ga-tp(b/N1) and g[N2] ≺K N1, then ga-tp(a/g[N2]) =

ga-tp(b/g[N2]), so ga-tp(g−1(a)/N2) = ga-tp(g−1(b)/N2).

Therefore,

d(ga-tp(a/N2), ga-tp(b/N2)) ≤ d(ga-tp(a/N2), ga-tp(g
−1(a)/N2))

+d(ga-tp(g−1(a)/N2), ga-tp(g
−1(b)/N2))

+d(ga-tp(g−1(b)/N2), ga-tp(b/N2))

< ε + 0 + ε

= 2ε

�

Proposition 2.7 (Extension of
⌣
|

N over universal models). IfN ≺K M ≺K

M ′, N := 〈Ni : i < σ〉 is a resolution of N, M is universal over N and

p := ga-tp(a/M) ∈ ga-S(M) is a Galois type such that a
⌣
|

N

N
M, then there

exists b such that ga-tp(b/M) = ga-tp(a/M) and b
⌣
|

N

N
M ′.

Proof. SinceM is universal overN, there exists aK-embedding h ′ : M ′
→N

M. Extend h ′ to an automorphism h ∈ Aut(M/N). Since a
⌣
|

N
M and

h[M ′] ≺K M, by monotonicity of
⌣
|

N we have that a
⌣
|

N
h[M ′]. By

invariance, we have that h−1(a)
⌣
|

N

N
M ′.

Claim 2.8. ga-tp(a/M) = ga-tp(h−1(a)/M).

Proof. Take N1 := h−1[M] and N2 := M. Notice that N ≺K N1, N2 ≺K

h−1[M] and h ↾ N1 : N1
∼=N N2. Since a

⌣
|

N

N
M, by invariance we have

that h−1(a)
⌣
|

N

N
h−1[M]. So, given n < ω there exists in < σ such that

h−1(a)
⌣
|

1
n+1

Nin
h−1[M].

By monotonicity of non-ε-splitting (Proposition 2.5), we may conclude

that h−1(a)
⌣
|

1
n+1

N h−1[M] for every n < ω.

Since N ≺K N1, N2 ≺K h−1[M], we have that for every n < ω

d(ga-tp(h−1(a)/N2), ga-tp((h ◦ h−1)(a)/N2)) < 1
n+1

Since N2 := M, we have that ga-tp(a/M) = ga-tp(h−1(a)/M). This Vn-
ishes the proof of claim 2.8 �
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Since ga-tp(a/M) = ga-tp(h−1(a)/M), there exists g ∈ Aut(M/M)

such that g(h−1(a)) = a. Recall that h−1(a)
⌣
|

N

N
M ′, so by invariance

we have that g(h−1(a))
⌣
|

N

N
g[M ′], i.e.: a

⌣
|

N

N
g[M ′]. Applying invariance

again, we have that g−1(a)
⌣
|

N

N
M ′. Take b := g−1(a). This now ends the

proof of Proposition 2.7. �

Proposition 2.9 (Stationarity (2)). If N ≺K M ≺K M ′, M is universal over
N, N := 〈Ni : i < σ〉 a resolution of N and p := ga-tp(a/M) ∈ ga-S(M)

is a Galois type such that a
⌣
|

N

N
M, then there exists an unique extension

p∗ ⊃ p over M ′ which is independent (relative to N) from M ′ over N.

Proof. By proposition 2.7, there exists at least an extension p∗ := ga-tp(b/M ′)

of p with the desired property.

Let q∗ := ga-tp(c/M ′) ⊃ p be another extension with satisVes the de-
sired property. So, p∗ ↾ M = q∗ ↾ M, b

⌣
|

N

N
M ′ and c

⌣
|

N

N
M ′.

Let ε > 0. So, there exist iaε, ibε < σ such that a
⌣
|
ε

Nia
ε

M ′ and b
⌣
|
ε

N
ib
ε

M ′.

Taking i := max{iaε, ibε}, by monotonicity of non-ε-splitting we have that
a
⌣
|
ε

Ni
M ′ and b

⌣
|
ε

Ni
M ′.

Since M is universal over Ni (because M is universal over N), a
⌣
|
ε

Ni
M ′,

b
⌣
|
ε

Ni
M ′ and p∗ ↾ M = q∗ ↾ M, by lemma 2.6 we have that d(p∗, q∗) <

2ε. Therefore p∗ = q∗. �

Proposition 2.10 (Locality of non-ε-splitting). LetK be a µ-d-stable MAEC
and ε > 0. For every p ∈ ga-S(N) with N of density character > µ there
exists M ≺K N with density character µ such that p

⌣
|
ε

M
N

Proof. Suppose that there exists some p := ga-tp(a/N) such that p 6
⌣
|
ε

M
N

for every M ≺K N with density character µ. If a ∈ N, it is straightfor-
ward to see that p does not ε-split over its domain. Then, suppose that
a /∈ N.

DeVne χ := min{κ : 2κ > µ}. So, χ ≤ µ and 2<χ ≤ µ.

We will construct a sequence of models 〈Mα, Nα,1, Nα,2 : α < χ〉 in
the following way: First, take M0 ≺K N as any submodel of density char-
acter µ.

Suppose α := γ + 1 and that Mγ (with density character µ) has been
constructed. Then p ε-splits overMγ. Then there existMγ ≺K Nγ,1, Nγ,2 ≺K

N with density character µ and Fγ : Nγ,1
∼=Mγ

Nγ,2 such that d(Fγ(p ↾
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Nγ,1), p ↾ Nγ,2) ≥ ε. Take Mγ+1 ≺K N a submodel of size µ which con-
tains |Nγ,1| ∪ |Nγ,2|. At limit stages α, take Mα :=

⋃
γ<α Mγ.

Let us construct a sequence 〈M∗
α : α ≤ χ〉 of models and a tree 〈hη :

η < α〉 (α ≤ χ) of K-embeddings such that:

(1) γ < α implies M∗
γ ≺K M∗

α.

(2) M∗
α :=

⋃
γ<α M∗

γ if α is limit.
(3) γ < α and η ∈ α2 imply that hη↾γ ⊂ hη.
(4) hη : Mα → M∗

α for every η ∈ α2.
(5) If η ∈ γ2 then hη⌢0(Nγ,1) = hγ⌢1(Nγ,2)

Take M∗
0 := M0 and h〈〉 := idM0

.

Ifα is limit, takeM∗
α :=

⋃
γ<α M∗

γ and if η ∈
α2 deVne hη :=

⋃
γ<α hη↾γ,

the unique extension of
⋃

γ<α hη↾γ to Mα =
⋃

γ<α Mγ.

If α := γ + 1, let η ∈ γ2. Take hη ⊃ hη any automorphism of the
monster model M (this is possible because M is homogeneous).

Notice that hη ◦ Fγ(Nγ,1) = hη(Nγ,2). DeVne hη⌢0 as any extension of
hη ◦ Fγ to Mγ+1 and hη⌢1 as hη ↾ Mγ+1. Take M∗

γ+1 ≺K N as any model
with density character µ which contains hη⌢l(Mγ+1) for any η ∈ γ2 and
l = 0, 1.

Now, for every η ≤ χ2, let Hη be an automorphism of M which ex-
tends hη,

Claim 2.11. If η 6= ν ∈ χ2 then d(ga-tp(Hη(a)/M
∗
χ), ga-tp(Hν(a)/M∗

χ)) ≥
ε.

Proof. Suppose not, then d(ga-tp(Hη(a)/M
∗
χ), ga-tp(Hν(a)/M∗

χ)) < ε. Let
ρ := η ∧ ν. Without loss of generality, suppose that ρ⌢0 ≤ η and
ρ⌢1 ≤ ν. Let γ := lg(ρ). Since hρ⌢0(Nγ,1) = hρ⌢1(Nγ,2) ≺K M∗

χ,
then d(ga-tp(Hη(a)/hρ⌢0(Nγ,1)), ga-tp(Hν(a)/hρ⌢1(Nγ,2)) < ε. Also4

d(ga-tp(H−1
ν ◦ Hη(a)/Fγ(Nγ,1)), ga-tp(a/Nγ,2)) =

d(ga-tp(Hη(a)/hρ⌢0(Nγ,1)), ga-tp(Hν(a)/hρ⌢1(Nγ,2)) < ε

(as Hν is an isometry, hρ⌢0 = hρ ◦ Fγ, ρ < ν, ρ⌢0 ≤ η and ρ⌢1 ≤
ν). Since H−1

ν ◦ Hη ⊃ Fγ, then d(Fγ(p ↾ Nγ,1), p ↾ Nγ,2) < ε, which
contradicts the choice of Nγ,1, Nγ,2 and Fγ. This Vnishes the proof of
claim 2.11 �

4This distance between Galois types makes sense, as hρ⌢0(Nγ,1) = hρ⌢1(Nγ,2).
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We have that dc(M∗
χ) = µ, but claim 2.11 says that there are at least

2χ > µmany types mutually at distance at least ε. Therefore dc(ga-S(M∗
χ)) >

µ, which contradicts µ-d-stability. �

Proposition 2.12 (Existence). Let K be a µ-d-stable MAEC. Then, for every
a ∈ M and every N ∈ K there exists M ≺K N with density character µ

and a resolution M := 〈Mi : i < ω〉 of M such that a
⌣
|

M

M
N.

Proof. Let n < ω. By proposition 2.10, there exists Mn ≺K N with den-

sity character µ such that a
⌣
|

1
n+1

Mn
N. By monotonicity, without loss of

generality we can assume that m < n < ω implies Mm ≺K Mn. Take
M :=

⋃
n<ω Mn. Notice that dc(M) = µ.

It is straightforward to see that a
⌣
|

M

M
N. �

Lemma 2.13 (Continuity of independence). Let (bn)n<ω be a convergent

sequence and b := limn<ωbn. If bn⌣
|

N

N
M for every n < ω, then b

⌣
|

N

N
M.

Proof. Since bn⌣
|

N

N
M (n < ω), for every ε > 0 there exists in,ε < σ

such that for every Nin,ε
≺K N1

h
∼=Nn

ε
N2 ≺K M, therefore we have that

d(ga-tp(bn/N2), ga-tp(h(bn)/N2)) < ε/3.

Let K < ω be such that for every n ≥ K we have that d(bn, b) < ε/3.
Therefore, d(ga-tp(bn/N2), ga-tp(b/N2)) < ε/3 for every n ≥ K.

Since h is an isometry, we have that (h(bn)) → h(b) and also for every
n ≥ K we have that d(h(bn), h(b)) < ε/3 (and therefore
d(ga-tp(h(bn)/N2), ga-tp(h(b)/N2)) < ε/3).

Therefore, for any n ≥ K we have that

d(ga-tp(h(b)/N2), ga-tp(b/N2)) ≤ d(ga-tp(h(b)/N2), ga-tp(h(bn)/N
2)) +

d(ga-tp(h(bn)/N
2), ga-tp(bn/N

2)) +

d(ga-tp(bn/N
2), ga-tp(b/N2))

< ε/3 + ε/3 + ε/3 = ε.

Therefore, b
⌣
|

ε

Nin,ε
M and so, b

⌣
|

N

N
M. �

Proposition 2.14 (stationarity (3)). Let M0 ≺K M ≺K N be such that M is
a (µ, σ)-limit model over M0, where M := {Mi : i < σ} witnesses that M

is (µ, σ)-limit over M0. If a, b
⌣
|

M

M
N and ga-tp(a/M) = ga-tp(b/M), then

ga-tp(a/N) = ga-tp(b/N).
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Proof. Let ε > 0. Since a, b
⌣
|

M

M
N, there exists i < σ such that a, b

⌣
|
ε

Mi
N

(by deVnition and monotonicity of non-ε-splitting). Since Mi+1 is univer-
sal over Mi and Mi ≺K N, there exists and ≺K-embedding f : N →Mi

Mi+1. Also, since Mi ≺K f[N]
f−1

∼=Mi
N ≺K N and a

⌣
|
ε

Mi
N, therefore

d(ga-tp(a/N), ga-tp(f−1(a)/N)) < ε.

Doing a similar argument, we have that d(ga-tp(b/N), ga-tp(f−1(b)/N)) <

ε.

On the other hand, we have that ga-tp(a/f[N]) = ga-tp(b/f[N]) (since
ga-tp(a/M) = ga-tp(b/M) and f[N] ≺K Mi+1 ≺K M), therefore we have
that ga-tp(f−1(a)/N) = ga-tp(f−1(a)/N).

Hence

d(ga-tp(a/N), ga-tp(b/N)) ≤ ga-tp(a/N) + ga-tp(f−1(a)/N)

+ d(ga-tp(f−1(a)/N), ga-tp(f−1(b)/N))

+ d(ga-tp(f−1(b)/N), ga-tp(b/N))

< ε + 0 + ε

= 2ε

Therefore, ga-tp(a/N) = ga-tp(b/N). �

Proposition 2.15 (Transitivity). Let M0 ≺K M1 ≺K M2 be such that M1

and M0 are (µ, σ)-limit over some M ′ ≺K M0 ≺K M1, where Mi wit-

nesses that Mi is (µ, σ)-limit over M ′ and M0 ⊂ M1. Then a
⌣
|

M0

M0
M2 iU

a
⌣
|

M0

M0
M1 and a

⌣
|

M1

M1
M2.

Proof. (⇒) By monotonicity.

(⇐) Suppose a
⌣
|

M0

M0
M1 and a

⌣
|

M1

M1
M2. Notice that M1 is universal

over M0. Therefore, by extension property (proposition 2.7), there ex-
ists b |= ga-tp(a/M1) such that b

⌣
|

M0

M0
M2. By monotonicity, we have

that b
⌣
|

M1

M1
M2. Since a, b

⌣
|

M1

M1
M2, ga-tp(a/M1) = ga-tp(b/M1) and in

particular M1 is a limit model over M0, then by stationarity (proposition
2.14) we have that ga-tp(a/M2) = ga-tp(b/M2). Since b

⌣
|

M0

M0
M2, then

a
⌣
|

M0

M0
M2. �
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