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NOTIONS OF INDEPENDENCE FOR METRIC ABSTRACT
ELEMENTARY CLASSES

ANDRES VILLAVECES
PEDRO ZAMBRANO

ABSTRACT. We study notions of independence appropriate for a sta-
bility theory of metric abstract elementary classes. We build on pre-
vious notions used in the discrete case, and adapt definitions to the
metric case. In particular, we study notions that behave well under
superstability-like assumptions.

INTRODUCTION

In the study of the Stability Theory of Abstract Elementary Classes (for
short, AEC, in this paper), various versions of independence linked to split-
ting (introduced originally by Shelah in the discrete AEC case [Sh 394])
have played an important role. Various categoricity transfer results, as
well as the development of stability theory in AEC have so far used non-
splitting as one of the main independence notions.

In the metric continuous case (a generalization of both usual, or “dis-
crete” AEC and “First Order” Continuous Model Theory), notions of inde-
pendence have been used with some success in a strongly homogeneous
w-stable, (Lowenheim-Skolem number N) case by Asa Hirvonen [Hi].

We focus here in a notion of independence, called r-independence (see 2.2),
that generalizes non-splitting to the metric context (in the stable case), and
works well under the existence of various sorts of limit models. We study
conditions under which r-independence satisfies appropriate variants of
transitivity, stationarity, extension, existence (Section 2). We also study
the continuity of this independence notion (see 2.13).

Applications of these techniques include the study of “superstable” met-
ric AEC (limit models and r-towers [ViZa2]), and steps towards a gener-
alization of the main theorem in [GrVaVi] (Uniqueness of Limit Models
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2 A. VILLAVECES AND P. ZAMBRANO

in AEC under superstability-like assumptions). They also include notions
of domination appropriate for both discrete and metric continuous (super-
stable) AEC.

1. SOME BASIC DEFINITIONS AND RESULTS

Definition 1.1. The density character of a topological space is the smallest
cardinality of a dense subset of the space. If X is a topological space, we
denote its density character by dc(X). If A is a subset of a topological

space X, we define dc(A) := dc(A).

We consider a natural adaptation of the notion of Abstract Elementary
Class (see [Gr] and [Ba]), but work in a context of Continuous Logic that
generalizes the “First Order Continuous” setting of [BeBeHeUs] by remov-
ing the assumption of uniform continuity'. We follow the definitions given
by Asa Hirvonen and Tapani Hyttinen (see [Hi]).

Definition 1.2. Let X be a class of L-structures (in the context of Continu-
ous Logic) and <4 be a binary relation defined in K. We say that (K, <)
is a Metric Abstract Elementary Class (shortly MAEC) if:

(1) K and < are closed under isomorphism.

(2) <« is a partial order in K.

(3) f M <% N then M C N.

(4) (Completion of Union of Chains) If (M : 1 < A) is a <x-increasing
chain then

(a) the function symbols in L can be uniquely interpreted on the
completion of | J;_, M in such a way that [ J;_, M; € X

(b) foreachj < A, My <x ;- M

(c) if each M € K € N, then | J;_, M <x N.

(5) (Coherence) if M7 C M, <4 M3z and M; <5 M3, then M <«
M.

(6) (DLS) There exists a cardinality LS¢(K) (which is called the metric
Lowenheim-Skolem number) such that if M € K and A C M, then
there exists N € X such that dc(N) < dc(A) + LS4(K) and A C
N <5 M.

i<A

Definition 1.3. We call a function f : M — N a K-embedding if

(1) For every k-ary function symbol F of L, we have f(FM(a;---ay)) =
FN(f(aq) - - - f(ax)).
(2) For every constant symbol c of L, f(cM) = c™.

'Uniform continuity guarantees logical compactness in their formalization, but we
drop compactness in AEC-like settings.
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(3) For every m-ary relation symbol R of L, for every @ € M™, d(a, RM) =

d(f(a),RM).
(4) fM] <4 N.

Definition 1.4 (Amalgamation Property, AP). Let K be an MAEC. We say
that K satisfies Amalgamation Property (for short AP) if and only if for
every M, My, M; € K, if g; : M — M, is a K-embedding (1 € {1,2})
then there exist N € N and K-embeddings f; : My — N (i € {1, 2}) such
that f] o001 = fz 0 g2.

Definition 1.5 (Joint Embedding Property, JEP). Let K be an MAEC. We
say that K satisfies Joint Embedding Property (for short JEP) if and only if
for every M1, M, € K there exist N € N and K-embeddings f; : M; — N
(ie{1,2)).

Remark 1.6. Notice that if K has a prime model, then AP implies JEP.

Remark 1.7 (Monster Model). If K is an MAEC which satisfies AP and JEP,
then we can construct a large enough model M (which we call a Monster
Model) which is homogeneous -i.e., every isomorphism between two K-
substructures of M can be extended to an automorphism of M- and also

universal —i.e., every model with density character < dc(M) can be K-
embedded into M.

Definition 1.8 (Galois type). Under the existence of a monster model M
as in remark 1.7, for all @ € M and N <4 M, we define ga-tp(a/N)
(the Galois type of @ over N) as the orbit of @ under Aut(M/N) := {f €
Aut(M) : f | N = idn}. We denote the space of Galois types over a
model M € K by ga-S(M).

Throughout this paper, we assume the existence of a homogenous and
universal monster model as in remark 1.7.

Definition 1.9 (Distance between types). Let p, q € ga-S(M). We define
d(p,q) :==infld(a,b) : @,b € M,a  p,b = q}, where Ig(a) = lg(b) =
nand d(a,b) :=max{d(a;,b;): 1 <i<n}L

Definition 1.10 (Continuity of Types). Let K be an MAEC and consider
(an) — ain M. We say that X satisfies Continuity of Types Property* (for

*This property is also called Perturbation Property in [Hi]
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short, CTP), if and only if, if ga-tp(a,/M) = ga-tp(a;/M) for all n < w
then ga-tp(a/M) = ga-tp(a,/M).

Remark 1.11. In general, distance between types d (see Definition 1.9) is
just a pseudo-metric. But it is straightforward to see that the fact that d is
a metric is equivalent to CTP.

Throughout this paper, we also assume CTP (so, distance between types
is in fact a metric).

Definition 1.12 (Universality). Let X be an MAEC and N <45 M. We say
that M is A-universal over N iff for every N’ >4 N with density character
A there exists a K-embedding f : N” — M such that f [ N = idy. We say
that M is universal over N if M is dc(M )-universal over N.

Examples 1.13. (1) Any continuous elementary class (see [BeBeHeUs])
with the usual elementary substructure relation is an MAEC. Im-
portant cases include

(a) Hilbert spaces with a unitary operator (Argoty and Berenstein,
see [ArBe]).

(b) Nakano spaces with compact essential rank (Poitevin, see [Po]
and forthcoming [PoZal).

(c) Probability Spaces.

(d) Compact Abstract Theories, see [Bel, Be2]

(2) Nakano spaces whose essential rank is not necessarily compact (see
forthcoming [PoZa]).

(3) Hilbert Spaces, with various classes of unbounded operators.

(4) A subclass of completions of metric spaces which satisfy approxi-
mately a positive bounded theory, where <y is interpreted by the
approximate elementary submodel relation (see [Helo]).

(5) Various classes of Banach spaces, where < is interpreted by the
closed subspace relation® (see [Hi]).

Lemma 1.14. Let X be a MAEC. If f; : My — M (1 < ) is a C-increasing
and continuous (in the metric sense) chain of X-embeddings, then there ex-
ists a K-embedding f : |J;_,Mi — M which extends g = UJ;_,fi :
Ui<u Mi — M.

Proof. Leta € i< M, so there exist elements a,, € Ui<LL M; forn < w,
such that (an)n<w — @. As (an)n<w is a Cauchy sequence, (g(an))n<w
is also a Cauchy sequence (since g is an isometry). So, there exists b € M
such that (g(an))ncw — b. Define f(a) := b. Proceed in a similar

*Notice that several of these classes fall under case (1) — however, in general, natural
classes of Banach spaces are not axiomatizable in the context of [BeBeHeUs].
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way for every a € (J;_, Mi. The function f is well-defined: if we take
(a/)n<w a sequence in Ui<uM such that (a))n<w — a,let b’ € M be
such that (g(al))n<w — b’. We will prove that b = b’. Otherwise, let

¢ :=d(b,b’) > 0.

Claim 1.15. Given ¢’ > 0, there exists N < w such that for alln > N
d(g(an),glay)) <e’.

Proof. As (@n)n<w — aand (a])n<w — a, there exists N < w such that
for all n > N we have that d(a,,a) < ¢’/2 and d(a], a) < ¢'/2, so for
alln > N we have that d(a,, a),) < d(an, a) +d(a, a{l) <¢'.Asgisan
isometry, for all m > N we have that d(g(a.), g(al)) < ¢’ O

/

As (g(an))nw — b, (g(ar))new — b’ and by claim 1.15, there ex-
ists M < w such that for all n > M we have that d(g(a,),b) < ¢/3,
d(g(a),b’) < ¢/3 and d(g(an),g(al)) < €/3. So, for alln > M we
have that d(b,b’) < d(b, g(ay)) + d(g(an), g(al)) + d(g(a}),b') <
¢ = d(b, b’) (contradiction).

Therefore b = b’ and so f is well-defined.

We have that f extends g: let a € | J;_,, My, so taking a, = a (n < w)
we have that (ap)n<w — @ and (g(an))n<w is also a constant sequence.
So, f(a) := limn. g(an) = g(a).

Let c € f[ Ul<u , so there exists a € UKuM such that f(a) =
so there exists (an)n<w a sequence in U M; such that (an)new — @

and ¢ := lim,., g(a,). Therefore c € g U1<u UKHfi[Mi], )

f[Ui<u MI] - Ui<ufi[Mi]' Take ¢ € Ul<u Mi = g[Ui<p Mi], SO
there exists a sequence (b )n—w in U1<uM such that (g(bn))new — C.
As (g(bn))n<w is a Cauchy sequence and g is an isometry, we have that
(bn)n<w is also a Cauchy sequence. So, there exists a € U1L <uM such
that (b, )n<w — a, and therefore f(a) = lim,-, g(bn) = c, hence

c e f| Ul<u . So, [ Ul<u UKufi[Mi]. As (fi:i< u)isa C-
increasing and contmuous cham of K-embeddings, fi[Mi] < M SO by

Los-Tarski and coherence MAEC axioms and we have that f[ Ul Ml =

Uiy filMi] <s M. Furthermore, for every symbol o of L(X), f is com-

patible with the interpretation of o in Ul ~ Mi: fisalimit of X-embeddings
- function symbols on these limits are uniquely interpreted by Axiom 4(a),
and f being a limit of K-embeddings, distances to interpretations of pred-
icates are preserved. Therefore f is a K-embedding which extends g. [J
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Fact 1.16 (Hyttinen-Hirvonen). Given ¢ > 0 and a = p, there exists b |= ¢
such that d(a,b) <d(p,q) + ¢

Proof. Fix ¢ > 0. By the definition of d, there exist realizations ¢ = p and
¢’ E gsuchthat d(c,c’) < d(p, q) + €. As a, ¢ E p then there exists f €
Aut(M/A) such that f(c) = a. Note that d(a, f(c¢’)) = d(f(c), f(c’)) =
d(c,c’) <d(p,q) + ¢, where f(c’) E q, so f(c’) is the required b.

O

Corollary 1.17. Given ¢ > 0 and p,q € ga-S(M) such thatd(p,q) < €
and b = q, then there exists a. = p such that d(a.,b) < 2¢.

Proof. By fact 1.16, there exists a. = p such that d(a., b) < d(p, q) + ¢,
therefore d(a.,b) < d(p,q) + ¢ < e+ ¢ = 2¢. O

The following lemma is useful for later constructions — usually, it is
easier in the metric case to realize dense subsets of typespaces ga-S(M);
the lemma provides a criterion for relative metric Galois saturation.

Lemma 1.18. Suppose that we have an increasing <gc-chain of models (N, :
n < w) such that N, realizes a dense subset of ga-S(N,,). Then, every

type in ga-S(N,) is realized in N, := |J,,_., Nn.

n<w

Proof. Given p := ga-tp(b/Ny) there exists qo € ga-S(N,) which is real-
ized in N (by assumption) and d(p, qo) < m = % Let ap be a real-
ization of qo. By corollary 1.17 there exists by = p such that d(by, ap) <

2(1) =1.

The key idea is to build two Cauchy sequences (an)n<w and (bn)n<w
such that a, € Ny 11, ga-tp(b,/N,) = ga-tp(b/Ny) for every n < w and
also a,, and b,, are closed enough, so if ¢ := lim,, by, = lim,, a,, then
by CTP (Definition 1.10) we have that ga-tp(c/Ny) = ga-tp(bo/No) = p.
Since ¢ = lim,,—, an, thenc € N, := N,., and so p is realized in
N.

n<w

The construction: Consider n > 0. Since N, realizes a dense sub-
set of ga-S(N,), take a,, € N, a realization of a type q, € ga-S(N,)
which satisfies d(ga-tp(b,—1/N,),qn) < 5. By corollary 1.17, take by, =
ga-tp(b,_1/N,) such that d(b,,, a,) < Z(ﬁ) =

n2-

We have that (a,,)n< is a Cauchy sequence: as b, 1 = ga-tp(b,/N,1),
there exists g € Aut(M/N,;1) such that g(b,) = b,,1. Since g is
an isometry and a,, € Ny, then d(b.;1,a,) = d(g(bn),g(an)) =
d(bn, an) < % Therefore, d(an1, an) < d(ani1, bng)+d(bngr, an) <
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(n+] e T nz < 2, so we have that (a,, : 1 < w) is a Cauchy sequence.

Therefore, there exists ¢ := lim,,-, an, ¢ € N and also ¢ = lim;,, b;.
So, we are done. O

2. RELATIVE INDEPENDENCE IN MAECs

Throughout this section, every model has density cardinal p (unless we
specify a different density).

Definition 2.1 (e-splitting and | ). Let N <5 M and ¢ > 0. We say that
ga-tp(a/M) e-splits over N iff there exist N1, N, with N <4 N7, Ny <4
M and h : N; =y N; such that d(ga-tp(a/N;), h(ga-tp(a/N;)) > €. We
use anNM to denote the fact that ga-tp(a/M) does not e-split over N,

Definition 2.2. Let N <4 M. Fix N := (N; : i < 0) a resolution of N.
We say that a is r-independent from M over N relative to N (denoted by
aj/jrji\/l) iff for every ¢ > O there exists i; < o such that anN M.

Notation 2.3. Let p be a Galois-type over M, N a K-submodel of M and N
a resolution of N. We denote by pJfNM (p\LﬁM) iff for any realization

a |= p we have that a | (M (aj/j]iM)

Proposition 2.4 (Monotonicity of r-independence). Let My <5 M7 <g
M, <9 M3. Fix My .= <7\/l1< 1< oy) aresolution of My (k =0, 1), where
Mo € My. Ifal y2Ms thena |y Ms.

Proof. Let ¢ > 0. Since aJ,J,\vA[‘(’) M3, there exists i, < 0 such that anMQ M;.

But My C M, then there exists j. < o7 such that M? = M-‘ . Therefore,
h
for every M] <% Ny _M1 N2 <5 M3 (in particular if Nj, N, <9 Mj)

we have that d(ga- tp(a/N ),ga-tp(h(a)/N;)) < €. Then aJ/M] M..
Since this holds for every ¢ > 0, then a | ?\V[A‘] M,. O

Proposition 2.5 (Monotonicity of non-e-splitting). Let Moy < M; <«
M; <9 M. IfaLEMO M3 then a\Iho M,.

Lemma 2.6 (Stationarity (1)). Suppose that Ny <5 N1 <5 N2 and Ny is
universal over Ny. If ga-tp(a/N;) = ga-tp(b/N;), anNONZ ande/ENoNz,
then d(ga-tp(a/N,), ga-tp(b/N,) < 2e.

Proof. Since Ny is universal over Ny, then there exists a K-embedding
g : N2 —n, Ni. So, No <5 g[N2] <5 Ny

Since No <5 g[Nz],Nz <5 Nz, g_] f g[Nz] . g[Nz] ENO Nz and
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a Ly, N2, then d(ga-tp(g™'(a)/N2), ga-tp(a/N;)) <

Doing a similar argument, it 1is easy to prove that

d(ga-tp(g'(b)/N;), ga-tp(b/N;)) < ¢

Also, since ga-tp(a/N;) = ga tp(b/N;) and g[N3] < Ny, then ga-tp(a/g[N,]) =

ga-tp(b/g[N,]), so ga-tp(g~'(a)/N,) = ga-tp(g~'(b)/N,).

Therefore,
d(ga-tp(a/N;),ga-tp(b/N;)) < d(ga-tp(a/N,),ga-tp(g '(a)/N,))
+d(ga-tp(g~'(a)/N;), ga-tp(g~' (b)/N,))
+d(ga-tp(g ' (b)/N;), ga-tp(b/N;))
< e¢+0+c¢
= 2¢
U

Proposition 2.7 (Extension of J/N over universal models). If N <4 M <
M’, N := (N; : i < 0) is a resolution of N, M is universal over N and
p := ga-tp(a/M) € ga-S(M) is a Galois type such that aJ/ﬁM, then there
exists b such that ga-tp(b/M) = ga-tp(a/M) and b\LﬁM’.

Proof. Since M is universal over N, there exists a K-embedding h’ : M’ —
M. Extend h' to an automorphism h € Aut(M/N). Since a | M and
h[M’] <5 M, by monotonicity of \LN we have that aJ/Nh[M’]. By
invariance, we have that h™'(a )J/NM’

Claim 2.8. ga-tp(a/M) = ga-tp(h~'(a)/M).

Proof. Take Ny := h™'[M] and N, := M. Notice that N <4 Ny, N, <
h~'M]and h | N; : Ny =y N,. Since aJ/JTjM, by invariance we have
that h™! (a)J/j]:fh*1 [M]. So, given n < w there exists i,, < 0 such that

1
) LN, h M
By monotonicity of non-e-splitting (Proposition 2.5), we may conclude

17
that h='(a) | {"h~'[M] for every n < w.

Since N —<g< Ni, N> <% h7'[M], we have that for every n < w
d(ga-tp(h~"(a)/N,), ga-tp((h o h™")(a)/N,)) < -5

Since N, := M, we have that ga-tp(a/M) = ga-tp(h~'(a)/M). This fin-
ishes the proof of claim 2.8 U
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Since ga- tp(a/M) = ga-tp(h™'(a)/M), there exists g € Aut(M/M)
such that g(h™'(a)) = a. Recall that h™ ( )\LNM’ so by invariance

we have that g(h~'(a ))J/ gM’], ie: a | D ~9[M']. Applying invariance
again, we have that g~ '(a )\LNM’ . Take b := g~ '(a). This now ends the
proof of Proposition 2.7. O

Proposition 2.9 (Stationarity (2)). If N <5« M <4 M', M is universal over
N, N:=(Ny:i<o0)a resolutzon of N and p := ga-tp(a/M) € ga-S(M)
is a Galois type such that aJ/j]:][M, then there exists an unique extension
P* D p over M’ which is independent (relative to N) from M’ over N.

Proof. By proposition 2.7, there exists at least an extension p* := ga-tp(b/M’)
of p with the desired property.

Let q* := ga-tp(c/M’) D p be another extension with satisfies the de-
sired property. So, p* | M = q* | M, b\LﬁM’ and CLJJM’.

Let € > 0. So, there exist i%,1) < o such that aJ/N M’ and b\LN M.

8’8

Taking 1 := max{i¢,1’}, by monotonicity of non-e- sphttmg we have that

a¢ AM’andb\L M.

Since M is universal over N; (because M is universal over N), anN' M’,
b\lfN_ M’ and p* | M = q* | M, by lemma 2.6 we have that d(p*, q*) <
2¢. Therefore p* = q*. O

Proposition 2.10 (Locality of non-¢-splitting). Let X be a n-d-stable MAEC
and ¢ > 0. For everyp € ga-S(N) with N of density character > W there
exists M <5 N with density character | such thath/EMN

Proof. Suppose that there exists some p := ga-tp(a/N) such thatp /N
for every M <4 N with density character n. If @ € N, it is straightfor-

ward to see that p does not e-split over its domain. Then, suppose that
a¢ N.

Define X := min{k : 2* > p}. So,x < pand 2<% < .

We will construct a sequence of models (M, Ny 1, N2 @ & < X) in
the following way: First, take My <%« N as any submodel of density char-
acter .

Suppose « := y + 1 and that M., (with density character p) has been
constructed. Then p e-splits over M.,. Then there exist M, <% N 1, N, > <«
N with density character puand F,, : N, ; =m, Ny such that d(F,(p |
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Ny1),p [ Ny2) > €. Take M1 <% N a submodel of size p which con-
tains [Ny 1| U [Ny 2|. At limit stages «, take M 4 := Uy@( M,.

Let us construct a sequence (M} : « < x) of models and a tree (h,, :

n < «) (¢ < X) of X-embeddings such that:

1) v < o implies M, <5 M.
2) M :=U, My if acis limit.
3) Y < xand1n € %2 imply that hyy, C hy,.
4) hy: My — M for everyn € 2.

(5) Ifn € Y2 then hy—o(Ny,;1) = hy~1(Ny )
Take M§ := My and hy) := idn,.

(
(
(
(

If oacis limit, take M7, := J,_, M3 andifn € *2 define hy ==, _, hnpys
the unique extension of J,_, hyiy to Mo =

Y<oc

If « := vy +1,letn € Y2. Take h,, D h, any automorphism of the
monster model M (this is possible because M is homogeneous).

Notice that h,; o F,,(N,1) = hy(N,2). Define h,~( as any extension of
h,oFy to My and hy~y as hy [ M. Take M, ; <5 N as any model
with density character pu which contains h,~{(M,1) for any n € Y2 and
1=0,1.

Now, for every 1 < X2, let H,, be an automorphism of M which ex-
tends h,,

Claim 2.11. Ifn # v € X2 then d(ga-tp(Hy(2)/M}), ga-tp(H+(2)/M})) >
E.

Proof. Suppose not, then d(ga-tp(H,(a)/M}), ga-tp(H.(a)/M})) < ¢. Let
p := n /A v. Without loss of generality, suppose that p70 < 1 and
p~1 < v. Lety := lg(p). Since hy~0(Ny1) = hp~1(Ny2) <5 M3,
then d(ga-tp(Hy(a)/ho-o(Ny.1)), ga-tp(Hy(3) /hp-1(Ny2)) < €. Also*
d(ga-tp(H,"' o Hy(a)/Fy(Ny,)),gatp(a/N,2)) =
d(ga-tp(Hn(2)/hp~0(Ny,1)), ga-tp(Hy(a) /hp-1(Ny o)) < €
(as Hy is an isometry, hp~o = hpyoFy,, p < v, p70 < mand p71 <
v). Since H,' o H,, D F,, then d(F,(p | Ny1),p | Ny2) < ¢, which

contradicts the choice of N, N, , and F,. This finishes the proof of
claim 2.11 O

“This distance between Galois types makes sense, as hp~o(Ny.1) =hp~1(Ny 2).
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We have that dc(M}) = u, but claim 2.11 says that there are at least
2X > pmany types mutually at distance at least €. Therefore dc(ga-S(My)) >
i, which contradicts p-d-stability. Il

Proposition 2.12 (Existence). Let K be a p-d-stable MAEC. Then, for every
a € M and every N € X there exists M < N with density character nu
and a resolution M := (M; : 1 < w) of M such that a | J\N{lN.

Proof. Let n < w. By proposition 2.10, there exists M, <% N with den-
1

sity character p such that E\LﬁN. By monotonicity, without loss of
generality we can assume that m < n < w implies M, <% M,,. Take
M = J,,-, M. Notice that dc(M) = p.

It is straightforward to see that @ | ﬁN. 4

Lemma 2.13 (Continuity of independence). Let (b,,)n<w be a convergent
sequence and b := lim,,, by,. Ifbn\Lj]jM for everyn < w, then bJ/ﬁM

Proof. Since bnj/gl\/l (n < w), for every ¢ > O there exists i, < ©

h
such that for every Ny, . <5 N' =xn N? <4 M, therefore we have that
d(ga-tp(bn/N?), ga-tp(h(b,)/N*)) < &/3.

Let K < w be such that for every n > K we have that d(b,,b) < ¢/3.
Therefore, d(ga-tp(b,/N?), ga-tp(b/N?)) < ¢/3 for every n > K.

Since h is an isometry, we have that (h(b,)) — h(b) and also for every
n > K we have that d(h(bn),h(b)) < ¢/3 (and therefore

d(ga-tp(h(b,)/N?), ga-tp(h(b)/N?)) < &/3).
Therefore, for any n > K we have that

d(ga-tp(h(b)/N?), ga-tp(b/N?)) < d(ga-tp(h(b)/N?),ga-tp(h(b,)/N?)) +
d(ga-tp(h(b,)/N?), ga-tp(b,/N?)) +
d(ga-tp(b,/N?), ga-tp(b/N?))

< ¢/3+¢/3+¢/3=c¢.

Therefore, b\[/; M and so, bLﬁM O

Proposition 2.14 (stationarity (3)). Let My <4 M < N be such that M is
a (W, o)-limit model over My, where M := {M,; : 1 < o} witnesses that M
is (W, o)-limit over M. Ifa,bJ/ﬁN and ga-tp(a/M) = ga-tp(b/M), then
ga-tp(a/N) = ga-tp(b/N).
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Proof. Let ¢ > 0. Since a, b\LJ,\WAN, there exists i < o such that a,b | %, N
(by definition and monotonicity of non-¢-splitting). Since M, is univer-
sal over M; and M; <x N, there exists and <x-embedding f : N —p,

f*]
M. Also, since My <5 f[N] =p, N <5 N and anM'N, therefore

d(ga-tp(a/N), ga-tp(f~'(a)/N)) <

Doing a similar argument, we have that d(ga-tp(b/N), ga-tp(f~'(b)/N)) <
E.

On the other hand, we have that ga-tp(a/f[N]) = ga-tp(b/f[N]) (since
ga-tp(a/M) = ga-tp(b/M) and f[ | <% Mis1 <% M), therefore we have
that ga-tp(f~'(a)/N) = ga-tp(f~'(a)/N).

Hence
d(ga-tp(a/N), ga-tp(b/N)) < ga-tp(a/N) + ga-tp(f'(a)/N)
+ d(ga-tp(f~'(a)/N), ga-tp(f~'(b)/N))
+ d(ga-tp(f~'(b)/N), ga-tp(b/N))
< e+0+¢
= 2
Therefore, ga-tp(a/N) = ga-tp(b/N). O

Proposition 2.15 (Transitivity). Let My <5 M <5 M be such that M,
and My are (W, o)-limit over some M’ <9 My <5 My, where M; wit-
nesses that My is (u, o)-limit over M’ and My C M. Then aJ/ M, iff

CL\L Mo M] and CL\L M, Mz.
Proof. (=) By monotonicity.

(&) Suppose aJ/J,\vA[‘;M1 and aj/ﬂ‘l M,. Notice that M is universal
over My. Therefore, by extension property (proposition 2.7), there ex-
ists b = ga-tp(a/M;) such that b\[/j’\\;[lZMz. By monotonicity, we have

that bJ/;\WA‘] M.,. Since a,b\l,m M,, ga-tp(a/M;) = ga-tp(b/M;) and in
particular M is a limit model over M,, then by stationarity (proposition
2.14) we have that ga-tp(a/M,) = ga-tp(b/M,). Since bJ/JVNﬁMZ, then
CIJ, ?\VA[.; Mz. ]
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