On stochastic partial differential equations in Sobolev spaces

1. FOUNDATION

We are dealing with the following general equation
duy = [(1/2)af’ Dijus + biDyug + coup + fi] dt + [0 Dy + viug 4 gF dw®,  (1.1)

where a”/, f, o', g* are real-valued functions defined for w € Q, t > 0, z € RY, w is
a WpQ—vaIued function, p > 2, 4,5 = 1,...,d. Apart from boundedness of a,b,c, o, v,
Lipschitz continuity of o, v in z, and appropriate measurability of everything in (1.1),

the main assumption is that the matrix
(a¥ ij h ij ik _jk
a’ —a'), where oY =oc"g'",

is uniformly nondegenerate.

The development of the L,-theory started about 1994. Before that various aspects
of the Lo-theory for general equations were investigated by Pardoux, Krylov, Rozovskii,
Gyongy, Flandoli, Brzezniak, Da Prato, and few other researchers.

The interest in L,-theory is easy to explain, for instance, from computational point

of view. If we want to know how fast, say finite-difference approximating schemes will
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converge to the true solution of an SPDE, we need to know how smooth the true
solution is. In the framework of the Lo-theory in order to guarantee that the solution
has one continuous derivative in z, we need u to have [d/2] + 2 generalized derivatives
summable to the second power. This requires the coefficients to have [d/2] derivatives
in z. In the framework of the L,-theory the true solution is continuously differentiable
in z if the coefficients of the equation are merely continuous (o, v Lipschitz continuous)
and p > d. Another advantage of having an L,-theory for p > 2 is that it allows one to
get the modulus of continuity of individual trajectories of solutions, whereas for p = 2
we have only the mean-square continuity.

Passing from the Hilbert space Ly to L, with p > 2 required proving one crucial
estimate, which was done in

(Kr,94a) A generalization of the Littlewood-Paley inequality and some other results
related to stochastic partial differential equations, Ulam Quarterly, Vol 2, No. 4 (1994)
16-26, http://www.ulam.usm.edu/VIEW2.4 /krylov.ps

Recall that the space W7 = WZ(R?), p € (1,00), is defined as the closure of

Cs° = Cg°(R?) with respect to the norm

lullws = [lullz, + | Dullz, + | D*ullc,.



Consider the simplest one-dimensional SPDE
L
duy(x) = ED u(x) dt + g¢(x) dwy (1.2)

given fort > 0, x € R?, with initial condition uy = 0, where w; is a one-dimensional

Wiener process. By It6's formula

3 t
o, + [ 10wl ds = [ laulf, ds+ me,

where m; is a martingale. Hence

t t
Mw%+EAH&wi%=EAHm@@,

and we learn that if g is an Lo-function, we can only control

t
E/ HDuSH%2 ds
0

and not, say
t
E/ | D?us|7, ds.
0
This is a guideline for the L,-theory.

The solution of (1.2) is known to be

ut(:c):/o T s9s(x) dws, (1.3)
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where Tih(x) = Eh(x 4+ w;) is the heat semi-group. If g is non random, then wu;(x) is
a Gaussian random variable with zero mean and its absolute moments are just powers

of its second moment. It follows that in this case

T T t
E/ D2 dt:N(p)/ /[/ DTy aga(2)|2 ds]?? da dt,
0 g 0o JRrd Jo

and in order to prove that u € V[/p1 we have to estimate the last integral. If g is random,

then by the Burkholder-Davis-Gundy inequalities

T T t
B [ IDulty,dt <N@E [ [ ([ DT s do
0 P 0o JRr Jo

and if we can prove that for each w

00 t e%e)
| [ ipteg@p astaza < x [ gy, d (1.4)
0 Jrd Jo 0 P

then we would get

B [ 1wl dt <NE [ lalf, dt
0 0

which is a basic estimate in the L,-theory of SPDEs.

For functions fi(x) given for all t € (—o0, o0) and = € R? introduce

G i) = | / DTy o fo(2) 2 ds] 2.

—0



Our first goal will be to prove the following theorem.

Theorem 1.1. Let p € [2,00) and f € C(R¥Y). Then

/_Z/Rd‘gtf(x)‘pdajdtSN/_Z/Rd‘ft(x)dedt (1.5)

where the constant N depends only on d, p.

It turns out that (1.5) is equivalent to (1.4) and for p = 2 we have an equality with
N =1.

It is also worth noting that from the proof it will be seen that similar estimate is valid in
much more general situation, for instance, when T;_; is replaced with T ;, where T, is
an evolution operator associated with a parabolic equation with coefficients depending
only on ¢ in a measurable way. It seems that in this time-inhomogeneous setting it
is imposible to prove the result by using semigroup approach. One also can replace
DT, _, with the convolution with a kernel depending on s, and satisfying appropriate

conditions, which allows one to consider Lévy processes.

1.1. Partitions. The proof of (1.5) is based on the Fefferman-Stein theorem which

we discuss in the next subsection. In this section we remind some standard notions
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from probability theory related to martingales with the underlying measure which is not

necessarily a probability measure.

Definition 1.2. Let Z = {n:n =0,4+1,42,...} and let (Q,,n € Z) be a sequence
of partitions of R? each consisting of disjoint bounded Borel subsets Q € Q,,. We
call it a filtration of partitions if

(i) the partitions become finer as n increases:

inf Q] 00 as n— —oco, supdiam@ —0 as n — oo,
QReQ, QeQ,

(ii) the partitions are nested: for each n and @ € Q,, there is a (unique) Q' € Q,,_;
such that Q C @',

(iii) the following regularity property holds: for @ and @' as in (ii) we have
Q| < Nol@,

where Ny is a constant independent of n, @), Q)'.

Example 1.3. In the applications in these lectures we will be dealing with the

filtration of parabolic dyadic cubes in

R = {(t,z): t € R,z € R},



defined by
Qn — {Qn(i()vila "'7id)7i07i17 "'7id c Z}7
Quioyit, oy ia) = [igd ™", (i + DJA™™) X Qn(ir, ooy ia), (1.6)

Oy oonrig) = [1127", (i1 + 1)27) X oo % [1g27", (ig + 1)27). (1.7)

Definition 1.4. Let Q,,, n € Z, be a filtration of partitions of R%.

(i) Let 7 = 7() be a function on R? with values in {oc,0, £1,42,...}. We call 7
a stopping time (relative to the filtration) if, for each n € Z, the set {x : 7(z) = n}
is the union of some elements of Q,,.

(ii) For any z € R? and n € Z, by Q,(z) we denote the (unique) Q € Q,
contalning x.

(iii) For a function f € Lj . and n € Z, we denote

1
fin(z) = ][Qn(x)f(y) dy (][Ffdx = m/rfda:, IT| = VolT).

If we are also given a stopping time 7, we let fi.(z) = f;(z)(x) for those x for which

7(z) < o0 and f|.(x) = f(x) otherwise.

We are going to use the following simple and well-known properties of the objects

introduced above.
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Lemma 1.5. Let Q,, n € Z, be a filtration of partitions of R.

(i) Let f € Lijoc, f >0, and let T be a stopping time. Then

/ fr@) Lewdr = | f(2)];c0 da. (1.8)
R4 Rd
(ii) Let g € Ly, g >0, and A > 0. Then
7(x) = inf{n : gj,(x) > A} (inf @ := o0) (1.9)
1S5 a stopping time. Furthermore, we have

0< g7 () [reoo < NoX, [z :7(2) < 00}| < )\1/ g(x) oo dx. (1.10)
Rd

1.2. Maximal and sharp functions. Fefferman-Stein theorem. From Lemma

1.5 we derive the following.

Corollary 1.6 (maximal inequality). Let f € L1 jo.. Define the (filtering) maximal

function of f by

M f(x) = sup(|f])a(z),

n<oo

so that M f = M|f|. Then, for nonnegative g € Ly, the mazimal inequality holds:

{x: Mg(x) > A} < )\_1/ g(z)Iyrgsndx, VYA > 0. (1.11)
Rd



Indeed, for 7 as in (1.9), we have {x : Mg(z) > A} = {z: 7(x) < oo}.

Remark 1.7. Our interest in estimating [{Mg > A}| as in Corollary 1.6 is based on

the following formula valid for any f > 0

) = /OO\{,I  f(x) > tY] dt. (1.12)

0

Corollary 1.8. Let p € (1,00), g € L1, g > 0. Then
Mgz, < qllgllr,,
where ¢ = p/(p — 1).
Indeed, from (1.12), (1.11), and Fubini’s theorem we conclude that

HMngf/o {a : Mg(:z:)>>\1/p}|d)\§/

Rd

(Mg)P
:/ g(/ A_l/pdA) d:l::q/ g(Mg)P~ da.
R 0 R

Then upon using Holder's inequality we get

g( / ATYP Lo dX) da
0

-1
IMgllz, < allglle, Mgz, 1Mgllz, < dllgll,-
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Theorem 1.9. For any p € (1,00) and g € L,
Mgz, < qllgllr,

Let f € Li 5. Define the sharp function of f by

f*(x) = sup ][ ) = fu@ldy

n<oo

If we think of f, as E(f|Q,), then

f* = sup E(|f — E(f|Q.)| Q).

n<oo

Observe that

() = fu(@)] = | ][Q KORCIEE / 1) = fE) =

n

so that

n<oo n( nl

On the other hand,

f () = F <) = fn(@)] + 1 (2) = fin(2)]
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implying that

535][” ][ F(2)| dzdy < 2#(x).

Since
f @)= 1FEI < 1f () = f(2)],
we also conclude that
(1f)7* < 2f*.
Obviously f#(x) < 2M f(z). It turns out that f and hence M f are also controlled

by f7.
Lemma 1.10. For o = (2Ny)™! < 1, any constant ¢ > 0, and f € L1, we have
4
He: |f (@)l =z e}l = - e ysacl ™ () da
Proof. First assume that f > 0 and set

7(z) = inf{n : fj,(x) > ca}.

Use Lemma 1.5 (ii) and the fact that f|, — f (a.e.) as n — oo. Then we find that

(a.e.)

[o: f(@) = e} = {o: f(2) = e, 7(x) < o0}



12

= (v () > . fp(x) < ¢/2) € fw |f(2) — Firlw)] > /2.
By Chebyshev's inequality and Lemma 1.5
o 1@l = I < /) [ 17(0) ~ file)] da

= 2/e) [ 1f = felo()do = (2/0) [ 1F = filila) o o,

where the last equality follows from the fact that |f — f;|-(z) = | f — f-|(z) = 0 when
T(z) = 0.

Finally, if at an = we have 7(z) = n, then

1 filp(a) = ][Q )~ Jewldy = ][ @) — ful)ldy < 1#(0).

We also notice that {7(z) < oo} = {M f(x) > ca} and conclude that for f >0

o U@ 2 H <= [ ugimae o) do

For general f we need only add that (|f|)* < 2f#. The lemma is proved.

Theorem 1.11 (Fefferman-Stein). Let p € (1,00). Then for any f € L, we have

where N = (2q)* NP~
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Proof. As in the proof of Corollary 1.8 we get from Lemma 1.10 that

11z, = N/Rd FHOLFYP" de < N, M1

After that it only remains to use Theorem 1.9 and check that the resulting constant is

right.

Remark 1.12. By Hélder’s inequality, for any p € [1, oo]

@ < (156 - P d)”
Qn ()

n<oo

The maximal function introduced in Corollary 1.6 is related to the underlying filtration

of partitions. Below we are also using the following more traditional maximal function:

g(e) =sup | lotw)lay. (113)

>0

where B,.(z) is the open ball of radius r centered at x. Let Mg be the maximal function
associated with the filtration of dyadic cubes @,, introduced in (1.7). It turns out that,
in a sense, M ¢ and Mg are comparable.

First, since Q,(z) C B, (x) with 7, = 27"/d, we have |B,, (z)| = N(d)|Q.(x)|,

][ 9| dy < |
Qn()

By, (z)]
1Qn ()] ][BM(x) lg| dy < N(d)Mg(x),
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and Mg < NMg.

On the other hand, we have the following.

Lemma 1.13. There is a constant N = N(d) such that if g € Ly, then for any

A>0

{x : Mg(z) > N} < N{z: Mg(x) > \}. (1.14)

Proof. Without losing generality we may assume that ¢ > 0. If g and A > 0 are

such that Mg(zy) > A, then for an > 0 we have

[ atwydy > B, (1.15)
B (o)

Set

n=—[logyr], ir=1[2"2"], ZTo=(i127",...,is27").
Then 27" < < 27"+ ok — zk| < 27" < r and B,(z) is covered by the union of 24
dyadic cubes each of which has Z; as one of its vertices and they are taken from the

family Q,,_o. Owing to (1.15) the integral of g over at least one of these cubes @ is

greater than

27 B,.(z9)] = NAr? > N Q.
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Furthermore, it is not hard to see that xy € 2(), where by 2() we mean the twice dilated
() with the center of dilation being that of ().

Now define 7(x) = inf{n : gj,(z) > N.A}. Then 7 <n —2on Q € Q,_5. Actually,
it may happen that T=m <n —2on Q. Inthat case Q C Q' € Q,, and 7 = m on
Q. Since xy € 2Q)" we conclude that x is in the union over j and m of twice dilated

dyadic cubes @), from the family Q,, composing {z : 7(x) = m}. Hence,

{z: Mg(z) > A} < ZdZZ |Qjm|

= 2%z : 7(z) < oo} = 2U{x : Mg(x) > N A}

This proves the lemma.

Here is the classical maximal function estimate.
Theorem 1.14. Let p € (1,00) and g € L,. Then Mg € L, and

Mg |

L, < Nllgllz,. (1.16)

where N 1s independent of g.
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Proof. Without losing generality we assume that ¢ > 0. If g € Ly, then (1.16) is
obtained by replacing A with A'/? in (1.14), integrating with respect to \, remembering

(1.12), and using Corollary 1.8.

1.3. Proof of Theorem 1.1. First | remind what Theorem 1.1 is about. We define

_ T — _ 2
Trg(x) Z/Rdt d/zp(‘ tl/gm)g(y) dy, p(z) = (2m) e/,

Ghx) = / DTy fu() 2 ds]P2

—0

Our assertion is that if p € [2,00) and f € C°(RItY), then

/_Z/Rd’gtf(l‘)\pdxdt < N[ZAd\ft(x)|pdxdt,

where N is independent of f. In other words, for f € C5°(R?*!) and

u=gf

we have to prove that

[l sty < N(d, p)[[f]] 1, rer)- (1.17)

First we state three auxiliary results which we prove in Subsection 1.4.
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Lemma 1.15. We have
[l £, a1y = N(d)|| fl| p,war).

Next, according to (1.13) introduce the maximal function of a real-valued function
h given on RY relative to balls. We denote this function M,/ to emphasize that this
maximal function is taken with respect to x. Similarly, for functions 2 on R we introduce

M;h as the maximal function of A relative to symmetric intervals:

r

1
M, h(t) = sup o \h(t + )| dr.

r>0 r —

For a function h(t,z) set
Lemma 1.16. Set
Qo = [-4,0] x [-1,1]¢ (1.18)

and assume that f; =0 fort & (=12,12). Then for any (t,z) € Qp

lus(y)|? dsdy < NMML|f*(t, @), (1.19)
Qo

where N depends only on d.
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Lemma 1.17. Assume that fi(x) =0 fort > —8. Then for any (t,x) € Qq

[us(y) — w(2)[* dsdy < NMML|f[*(t, 2), (1.20)
Qo

where the constant N depends only on d.

Now we start proving Theorem 1.1. Equation (1.17) follows from Lemma 1.15 if
p = 2. Hence we may concentrate on p > 2. We start considering this case by claiming

that at each point in R4*!
(GF)* < N(d)(MML,[f[*)"/?, (1.21)

where the sharp function (G f)* is defined relative to the parabolic dyadic cubes of type
(1.6).
Remark 1.12 shows that to prove (1.21) it suffices to prove that for each @ =

Qn(io, .., 1q) (see (1.6)) and (t,z) € Q
][Q GF — (GF)ol dyds < N(OMML|f(t, z), (1.22)

where

(G)g = ]ZQ Gf dyds.
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To prove (1.22), observe that if a constant ¢ # 0, then

Glfer(c))(t, ) = GF(*t, ca).

This and the fact that dilations do not affect averages show that it suffices to prove
(1.22) for @ = Q-_1(do,...,7q4). In that case @ is just a shift of Qy from (1.18).
Furthermore, the shift is harmless since M, and M, are defined in terms of balls rather
than dyadic cubes.

Thus let @ = Qo and take a function ¢ € C§°(R) such that ((t) = 1 on [-8, 8],

¢(t) = 0 outside of [—12,12], and 1 > ( > 0. Set

a=f¢ B=f-a

Observe that

Gf <Ga+Gp, Go<GFf.

It follows that for any constant ¢

Gf = <|Gal + 1G5 — ¢l
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and the left-hand side of (1.22) is less than

2][ \Qoz\Qdyds—l—Q][ 1G3 — c|? dyds.
Q Q

We finally take ¢ = (G3)¢g and obtain (1.22) from Lemmas 1.20 and 1.21.
After having proved (1.21), by combining the Fefferman-Stein theorem with the L,

q > 1, boundedness of the maximal operators we conclude (recall that p > 2)

HuHip(RdH) < N”(MtMI|f‘2)l/2|‘ip(Rd+1)

- N (/(Mth\f\Q)p/Z dt) dz < N (/(1\/{[$|f\2)p/2 dt) dx
Rd R R4 R

=N [ ([ GLASPY2 o) dt < NI ey
R JRd
This proves the theorem.

1.4. Auxiliary estimates on G. Throughout the subsection f is a fixed element of

Ce° (R and
t

ui(z) = Gfux) = | / DT, f() ds]2

—0

First we improve Lemma 1.15
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Lemma 1.18. For any T € (—o0, 0]
ull £y maring<ry) < N(d, K| fly@eninge<ry)-

To proceed further we need some notation. According to (1.13) introduce the max-
imal function of a real-valued function h given on R relative to balls. We denote
this function M.h to emphasize that this maximal function is taken with respect to x.
Similarly, for functions A on R we introduce Mi;A as the maximal function of A relative

to symmetric intervals:

r

1
M, h(t) = sup o \h(t + )| dr.

r>0 4T —r

For a function h(t, x) set
M, h(t,x) = M, (h(t,-))(z), Mh(t,x) = My(h(-, z))(t).

Notice the following consequence of Lemma 1.15, in which and below we denote by

B,(z) the open ball of radius  centered at x and B, = B,(0).

Corollary 1.19. Set

Qo = [—4,0] x [-1,1)* (1.23)
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and assume that f = 0 outside of [—12,12] X Bsy. Then for any (t,x) € Qo

/ s (9) 2 dsdy < NMML| f2(1, 2), (1.24)

where N depend only on d.

Indeed, for g := | f|? the left-hand side is less than

0
N gdyds < N/ / g dyds
Ri+1 . s<0 —12 J|y|<3d

0 0
< N/ / gdyds < N M,g(s,x)ds < NM;M,g(t, z).
—12 Jjz—y|<4d —12

Here is a generalization of Corollary 1.19.

Lemma 1.20. Assume that f(t,z) =0 fort ¢ (—12,12). Then (1.24) holds again

for any (t,x) € Q.

Proof. We take a ¢ € C5°(R?) such that ¢ = 1 in By and ¢ = 0 outside of Bs,. Set
a=(_fand = (1-()f. Since Gf < Ga+ G/ and Ga admits the stated estimate, it
suffices to concentrate on G(3. In other words, in the rest of the proof we may assume

that fi;(x) = 0 for z € By,.



It turns out that in this case for 0 > s > r > —12 and x,y € [—1,1]? we have
|DT8—rfr(y)|2 < NM:rer(x)

To show this observe that

— ‘y_zl — —2z2
Tily) = [ (U)ot s, ple) = (2m) e

‘Dp(‘yt;QZ‘)‘ S Nt1/2Q(|yt;22‘), q= p1/27

And for |z| > 2d (z,y € [-1,1]?) we have

ly =zl = |z —d = (1/2)|z], |z| 2 [z —a[—d > |z — x| = (1/2)|z],

=zl o=zl
=2 (13—, o(L) < (), w=ptt

Hence,

|z — 2|

uﬂzwah;Nw—rer”A;M@;;yﬁNﬂ<W@

= N(s — ) @12 /Rd 5(%) |fr(z — 2)| dy.

We transform the last integral by using the formula

23

/RdF( JQ(|=1) d / Q'(p /|zgpF(Z) dz) dp (1.25)
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where F' and G satisfy appropriate conditions. This yields

‘DTs—rfr(y)‘
< (s — p) o2 / PN /| e =2 de) o

< NML,(z)(s — r)"(@#202 / 1K lo/ Vs =)t dp

oo

= NML f,(x)(s — 1) /2 /( Rl dp < N (o)

Also observe that by Holder's inequality (M, f,)> < M, f2. Then for (s,y) € Qo we

obtain

s 0

g ()2 = / DT fPdr <N [ ML) dn

where the last expression is certainly less than the right-hand side of (1.24). The lemma

is proved.

Lemma 1.21. Assume that f(t,x) =0 fort > —8. Then for any (t,z) € Q

[us(y) — w(2)[* dsdy < NMML|f[*(t, 2), (1.26)
Qo

where the constant N depends only on K and d.
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Proof. The left-hand side of (1.26) is certainly less than a constant times
sup [|Dyu(s, y)|* + [Du(s, y)*]. (1.27)
(Svy)EQO

Fix (s,y) € Qo and note that s > —4 and by Minkowski's inequality (the derivative

of a norm is less then the norm of the derivative)
-8
Du)P < [ Plrsy)dr

where

I(r,s,y) == |D*Ts_y f+(y)]

= (s =) R (D) (2/Vs = 7) fily — 2)| dz

Rd

<=0 2 [ el VDI - 2l

Also use again (1.25). Then we see that for s > r

I(r,s,y) < (s —r)—(d+3)/2 /Ooo ' |(p/ Vs _r)(/B " \fr(z)\dz) dp.

p

Since for a constant v > 0 we have B,(y) C B,4,(x) (|z|, |y| < d), we obtain

I(r,s,y) < NM, [ (2)(s — )~ 72 /OO |(p/ Vs =) (v + p)* dp

0

= NML f,(2)(s — )" / O/ T+ p)dp.
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For r < —8 we have s — r > 4 and we conclude

/0 DT ) dp < N, I(r,s.y) < N(s — )" "M, f,(x),

Dus. P <N [ WM T

We transform the last integral integrating by parts or using (1.25) to find

-8 0
Dus.pP <N [ ([ Mfa ) ar
-8
< NMthfz(t,:U)/ ¥ ‘_T|T)3 dr = NM/M, f(t, z).

We thus have estimated part of (1.27).

The estimate of D,u is obtained similarly and the lemma is proved.

2. THEORY IN THE WHOLE SPACE

Now we describe the function spaces in which (1.1):
dut = [(1/2)CL;JDZJUIL + biDﬂLt + crup + ft] dt + [O’ZkDZ'Ut + Vfut + gf] dwf, (21)

is treated.

For a stopping time 7 and integers v = 0, 1, ... we denote

H () = L,((0, 7], P, W), H)=H)(cc), L _..=H...
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For distributions w;, f;, gF, depending on t and w and measurable in a natural sense,
we write

du; = frdt + gF dwF, t>0 (2.2)

if for any ¢ € Cg° with probability 1 we have

(ur, 6) = (0, ) + /0 (fur &) ds + /0 (gF, ) du’

for all £ > 0 assuming that all integrals and the sum here make sense.
For v > 2 and a function u € H)(7) we write u € H, o(7) if there exists f € H)*(7)
g € H)7'(7) such that equality (2.2) holds in the sense of distributions. In this case

we define
HUHHg(r) = HU:cxHH;*Q(T) + HfHH;*Q(T) + ”gHHZ’I(T)'

These spaces are convenient for treating equations with zero initial condition. The

general case reduces to this one in a standard way.

Theorem 2.1. Tuke a

p>2

and a bounded stopping time 7. Under the above condition of uniform nondegener-

acy:
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the matrix
zko_]k,

(¥ —a"), where o =0

15 uniformly nondegenerate,
also suppose that (a) is uniformly continuous in x uniformly with respect to (w,t)
and the coefficients b, c, o, v are bounded and o,v satisfy the Lipschitz condition in

x uniformly with respect to t,w. Finally, assume that in (2.1):

duy = [(1/2)aijDijut + bf;Diut + crup + fi] dt + [angiut + Vfut + gf] dwf,

the summation in k is restricted to a finite set. Then for any f € L,(7) and

g € H)(7) there exists a unique u € M3 (7) satisfying (2.1). Furthermore,

lullmz) < N fllL,@ + 19llmm),

where N is independent of f and g.

There are a few extensions of this result when the right-hand sides f, g belong to

spaces H and are nonlinear functions of w.
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By the way, neither Theorem 2.1 nor its natural extension to nonzero initial-value

problem are applicable to
duy = D*uy dt + u) ¢" dwy, (2.3)

since the range of the summation in kis 1,2, .... Actually, the solutions of this equation
never belong to H>(7) but rather to ) (7), where + is any number < 1/2. In particular,
this shows the necessity to treat the equations in the spaces Hg(T) with arbitrary v € R.
It is also worth noting that quite often in the literature after work by J. Walsh in 1986
the second term on the right in (2.3) is written by using the so-called space-time white
noise. The form (2.3) was probably first introduced by T. Funaki in 1983 and turns
out more convenoent in many respects.

The proof of this theorem goes the following way. Usual perturbation argument allows

us to assume that

b=c=v=0.

Partitions of unity, another standard and almost trivial technique, reduces further the
situation to the one that a and o depend only on (w,t). To explain better two more

ideas we assume that
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and there is only one Wiener process involved, so that we are dealing with the equation
dut = ((1/2)atD2ut + ft) dt + (O'tDUt + gt) dwt. (24)

Introduce
t
v(x) =u(z — &), & = / o, dws.
0

Then by It6-Wentzell formula equation (2.4) becomes
dvt = ((1/2)C_LtD2Ut + ﬁ) dt -+ gt dwt, (25)

where

ay = az — 0752 , filw) = file — &) —oeDgi(x — &), 9 = ge(x — &)

(observe that the first derivative of g now enters f and that we need @, > 0 even if
g=0).
Our nondegeneracy assumption is that a; > 0 > 0, where § is a constant. Now

imagine that

= const.

QI
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Then changing time shows that we may assume that a = 1, in which case we first find

a solution y € Hi, of the equation
with zero initial condition. Recall that @ = 1 so that by the first part of the lectures
t
Yt :/ Tisgs dw,
0

and
| DyllL, < N(d,p)llgl, = N(d,p)|glL,- (2.7)

One can differentiate through (2.6) which leads to
dDy; = (1/2)aD?*(Dy;) dt + Dg; dw,
and similarly to (2.7)
ID?*y|lL, < N(d,p)||Dgllr, = N(d, p)|| Dg|l,

Also by classical results (or by proceeding very similarly to what we have done in the

first part) there is a z € H_ satisfying
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with zero initial condition and
1D*2lr, < N(d,p)|| fllv, < N(d,p)lgllv, + N(d,p)|| Dygll,-
Since obviously v = w + z we obtain the desired result:
lullmz) < N fllL,@ + l9llmm),

if @ is a constant.
It turns out that the general case of nonconstant a reduces to the particular one. To

show how to do this, istead of (2.4) consider the equation
diiy = ((1/2)a; D%y + f,) dt + (0,Diiy + g;) dw; + 6:Dity d By, (2.8)
where B; is a Wiener process independent of w; and 6, is such that
a; = a; — o2 — 62 = const > 0.
Then by introducing v as above: v:(z) = us(z — &), with

' t
& = / osdws + / 0, dB,
0 0

we again come to (2.5):

dvy = ((1/2)aD*v; + fy) dt + g du,
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with constant a the same g;(x) = ¢:(x — &) and

fi(x) = filr — &) — (o1 + 61) Dgi(x — &).

By the above

ID%ll, = [I1D*v]lL, < N(lIf]z, + 1 Dgll,)-

Now it only remains to observe that almost obviously
up = E(uwg, s <t)

implying that

ID*ull, < D%y, < N(If, + [1DglL, ),

which is the desired result.

Remark 2.2. The last part of the above argument allows one to get a rather unusual
information about ordinary parabolic equations with coefficients depending only on
t. By the way, the information is stated in terms of PDE but I do not know of any
proof of this result, which would not involve probability theory.

For simplicity again assume that d = 1 and concider the following heat equation

0 2
Su() = (1/2)DPu(e) + file),
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with zero initial condition. Assume that for infinitely differentiable solutions, say

with support bounded in z, of this equation we have an estimate

ullo < NollfllF, (2.9)

where U and F' are some Banach spaces of functions on (0,7") x R. The crucial
assumption on U and F'is that we suppose that the norms in these spaces are
translation invariant with respect to shifts of the x coordinate by any bounded
continuous function of ¢, that is if, say v € U and & is a (deterministic) continuous

function of ¢ € (0,7), then v (x) := us(x — &) satisfies
vel, |vlv=llull
Next, take a bounded measurable function a; depending only on ¢ such that
a; > 1
and consider the equation
0

o) = (1/2)a: D*uy(w) + fi(x) (2.10)
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with zero initial condition. The claim is that for infinitely differentiable solutions
with support bounded in x, of this equation estimate (2.9) holds with the same N,
which, in particular, does not depend on the bound of a; from above.

To prove this claim introduce o; = (a; — 1)'/? and consider the SPDE
dv; = (1/2)a;D*v; + f;) dt + o, Dv; dwy,
with zero initial condition. “Obviously” for the solution u; of (2.10) we have
u(x) = Bu(x),
which by Minkovski’s inequality implies that
|ullr < Ellvlv. (2.11)
On the other hand, by Ito-Wentzell formula
t
zi(z) = v — &), &= /0 o dw,
satisfies

E%(JJ) = (1/2)D*z(x) + gi(x),
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where ¢:(z) = fi(x — &). By the assumption, for each realization of £

lollo = [lzllv < Nollgllr = Noll £l 7.

Hence,

Ellollv < Noll fll
and by combining this with (2.11) we get the result.

3. SPDES IN HALF-SPACES

It turns out that the theory of SPDEs in domains is much harder than in the whole
space. For quite some time the only available results were obtained in function spaces
with low regularity or under some compatibility conditions on the data. We refer to
works by Pardoux, Flandoli, Brzezniak, Da Prato, Zabczyk, and others.

Let us come back to the simplest equation (1.2):
L
dug(x) = §D ug(z) dt + gi(z) dwy
again with zero initial condition but considered only in the half-line

Ry = (07 OO)
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and with zero lateral condition. The solution is given by the same formula (1.3) but
with T} defined as the heat semigroup in R, with zero lateral condition. In particular,

when g =1
t
u(x) = / T s1(x) dws.
0

It is very easy to prove that wu(x) is infinitely differentiable with respect to = in R,.
However, its second order derivative cannot be bounded near the origin. To understand

that write
t
w(z) = (1/2) / Duy(x) ds + w,
0

at x = 0. Then the left-hand side vanishes owing to the boundary condition and we see
that wy is equal to a function which is differentiable in ¢, which is known to be false.

This is the reason why we needed to introduce function spaces where elements are
allowed to have derivatives blowing up near the boundary.

In the general theory we obtained solutions of class 55;’9’0(7'), where 7 is a number
indicating the number of derivatives the functions of this class possess, the power of
summability p > 2, and 6 is the parameter controlling the blow up near the boundary.

The spaces 6;7970(7) are introduced for all v € R and any domain. However, it is

easier to explain what they are when v = 2 and the domain the equation is considered
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In is
RY = {z e R?: 2! > 0}.
We say that u € 5’)]23)970(7) if (2.2):
dut = ftdt-l—gfdwf, t>0

holds in the sense of distributions on Ri, ug = 0 and u, f, and g are such that

E/ / (ml)e_d(\(:cl)_lut(x)|p + | Duy(x)|P + |:1:1D2ut(x)|p dzdt < oo,
o Jra

el | (@ R+l + 12" Da @) dedt < o

For the same reasons as above we needed better results than those for p = 2. One
more drawback of the Hilbert space theory is that, in the general case, no matter
to which class ﬁ;’g(r) a function u belongs with as large v as you wish one cannot

conclude that

u(x) -0 as x]0, (3.1)

that is that the boundary condition is satisfied pointwise. One needs this kind of

global continuity of solutions, for instance, for numerical approximations. Proving (3.1)
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became a major challenge for the theory. The current state of the art is that (3.1) is
finally established in my paper

(Kr,07) Maximum principle for SPDEs and its applications, pp. 311-338 in “Stochas-
tic Differential Equations: Theory and Applications, A Volume in Honor of Professor
Boris L. Rozovskii”, P.H. Baxendale, S.V. Lototsky eds., Interdisciplinary Mathematical
Sciences, Vol. 2, World Scientific, 2007.
for the one-dimensional case assuming that the coefficients are independent of x. In
addition the convergence in (3.1) is shown to become extremely slow as the constant
of nondegeneracy of the equation becomes small.

This behavior is absolutely different from what is happening with ordinary parabolic
equations. Typically their solutions decay linearly as x approaches the boundary regard-
less of the size of the constant of ellipticity.

To describe the main features of the theory we will concentrate on the case d = 1

with one-dimensional Wiener process w; and the equation

dus(z) = ((1/2)as(x) D*us(x) + fi(x)) dt+ (op(x) Dug(z) + g¢) (z) dwy, >0, (3.2)

with zero initial and latteral conditions.
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For some constants 4, d1, € (0, 1] we assume that

Sot>ar >0, o <(1—6)a, o=0a° (3.3)
For R > 0 set
Br =(—R,R).
Everywhere below
p =2

Here is a result for equations in the whole space which will be the basis for the theory

in R+.

Theorem 3.1. Take some ¢, R € (0,00) and a stopping time T and assume the

following:
(i) There are constants K € (0,00) such that for |z| < R and y € R, such that

|z —y| < eR, we have
R|Doy(y)| < K, |ow(z) — ou(y)] + lar(z) — ary)| < fo,

where By = Bo(d, p,dp, 01) € (0,1] is a (small) constant.
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(it) We are given a function u € H; () which is a solution of (3.2) with some
feLy(r) and g € Hi(7).

Then, for any r € (0, R), we have
[ I—rryD?ullL, ) + R~ Ny DullL, iy < N(H—rr) L) + 1 —r.m) DyllL, )

+(R =) I —rmgll,m) + N(R =) pryull, ), (3.4)

where N = N(0g,01,d,p) and N* = N*(K, e, 09, 61,d,p).

Here is the main a priori estimate for SPDEs in domains. By M we denote the

operator of multiplying by x.

Theorem 3.2. Take an R € (0, 00| and a stopping time T and assume the following.

(1) For some constants € € (0,1] and K € (0,00) we have
lz'Doy(2)| < K,

|as(z) — ai(y)| + |ov(z) — or(y)| < Bo, (3.5)

whenever x,y € Ry, z,y < R, |[t—y| <e(zAy), t >0, where By = Bo(d, p, g, 1) €

(0,1] is the constant from Theorem 3.1;
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(it) We have a function u such that ¢u € M o(7) for any ¢ € C°((0, R)) and u
satisfies (3.2) in Ry with some f € 1Lyg(7), g € H) 4(7).

Then for any r € (0, R/4)
110y M D?ullr, () + 0.9 Dull, o) < Nllio.myM fllL, o)
+N|[I0.myMDgllL, vy + Nl 0,0 9N, 0t + N 0.0 M ullL, o), (3.6)
where N = N(d, p,dy,01) and N* = N*(d, p, dg, 01,¢, K).
By letting r — oo in (3.6) we get the following.
Corollary 3.3. If the assumptions of Theorem 3.2 are satisfied with R = oo, then

IMD*ull, ,(r) + |1 Dullr, o) < NIM fl, )

N gl o) + Nl -

Remark 3.4. We discuss assumption (3.5) in case that R = oco. It implies that
lar(z) — ar(y)| < B for a small 8> 0 and all z,y € R satisfying |z — y| <z Ay.

It turns out that the behavior of a;(z) near x = 0 can be quite irregular.



43

For instance, introduce the function

a(r) =2+ coslnz.

Ifx>y>0and |z —y| <e(xAy), then x < (1+¢)y, Inx <Iny+In(1+¢) and,

for a ¢ € (Iny,Inx), by the mean value theorem we have

a(x) - a(y)] = |siné|(lnz — Iny) < In(1 +¢),

which can be made arbitrarily small by choosing an appropriate €.

Proof of Theorem 3.2. We are going to apply Theorem 3.1 to shifted Bgr. For
n=—1,0,1, ..., set

ry = 273,

Observe that if n > 0, then the half width of (r,,19,7,-1) equals p, := r,12/2 and

o1+ pp <2r1 <4r < R, 7pi0— pn = Pn.

It follows that for = € (r,42,7,-1) and y, such that |z — y| < ep,, we have

R>rp12x>2r0402>2p00 Y TH+ep, <R, y>x—cep,> pn,
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so that by our assumptions

pn|Do(y)| < K,

lo1(2) = or(y)] + as(x) = as(y)| < Fo.

Furthermore, if n > 0, ¢ € C§°((0,R)) and ((z) = 1 for r40 < 2z < 7,_1, then
Cu satisfies (3.2) in R? with certain f and g which on (7,19,7,_1) coincide with the
original ones. Finally, if n > 0, then the distance between the boundaries of (r,.1,7,)
and (7,12, 7,-1) is (23 — 1)rp40.

It follows by Theorem 3.1 that for n > 0

H](rnﬂ,rn)DzuH]Zﬁp(T) + 7”72591||](rn+1,rn)DuHﬁp(7) < N(||](rn+2,rn_1)f||£p(7)

vz ) DI, o)+ Tl oo 09I, )

2
+N*rn+:gHI(Tn-s-Q,Tn—l)uHip(T)’
p+0—d

We multiply both parts by 5 "~ and use the facts that 7, 1 = 2r,o and on

(Tnio,Tn_1) the ratio x! /7, o satisfies

1<z /rpe <2
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Then we obtain

‘|I(7“n+1,’f’n rn+17"1n

)MD2UH§JP79(T) + HI( )Du“ip,g(T)

S N(HI(Tn+2,7“n—1)MfHip,e(T) + H[(T””’T”_l)MDgHﬁpﬂ(T)
M sori9lL, o) T N Moy Ml

Upon summing up these inequalities over n > 0 we conclude

||I(O,’I")MD2uH£pg(T) + ||[(07T)DUIHZH:D’9(T) S N(HI(O’T_l)MfH]I]ip,G(T)

+ o,y MDglly, )+ HI(O,r,l)gHiM(T)) + N*||[(0,r,1)M_1UH£p79(T),

which is somewhat sharper than (3.6). The theorem is proved.

We end the lectures by showing how to prove Theorem 3.1:

Theorem 3.5. Take some €, R € (0,00) and a stopping time T and assume the

following:

(1) There are constants K € (0,00) such that for |x| < R and y € R, such that

|z —y| < eR, we have

R|Doy(y)| < K, |oe(z) — or(y)| + |a(x) — ar(y)| < Bo.
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(it) We are given a function u € H; () which is a solution of (3.2) with some
feLy(r) and g € Hi(7).

Then, for any r € (0, R), we have

1=y D?ullL, ) + BN (2 Dulln, i) < N(H-rp flln,e) + 1 -rry Dyl

+(R =) I rrgll,m) + N (R=71) I rryull,q). (3.7)

Proof. We follow a usual procedure taken from the theory of PDEs. Let x(s) be an
infinitely differentiable function on R such that x(s) = 1 for s < 1 and x(s) = 0 for

s Z 2 For m = O, 1, 2, introduce, (7"0 - T)

Pa=r (R=1) 3027, Gule) = xR =) (2] = ra) +1).

Jj=1

As is easy to check, for
Q(m) = (_Tmﬂnm) )

it holds that

n=1 on Q(m), (,=0 outside Q(m+1).
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Also (observe that N2+t = Nj2™ with Ny = 2N)
DG < N2™(R—1)"",  |D*(n| < N2*™(R—r)"%
Next, the function (uu, is in Hy 4(7) and satisfies

d(Gnut) = (L(Cnut) + fine) dt + (Ak(cmut) + gylj@t) dwf;

where

fmt = Gt +ulyCp, — GijDiUtDij, g;%t = Cmgf + UtakaiCm-

Since (ui(x) = 0 for |z| > R, it is easyly derived from the result for the whole space
that

Am = HDQ(CmU)Hﬁp(T) + R_pHD(CmU)Hip(T) < N(F'+R*G")
+N*R2U° + NE / (Bt +CE + G+ RPCY ) dt, (3.8)
0
where
F' = Inmfl o G = Mrmgl o U= M pmull
Bt = ||uLsGpn — aijDiutDijszp’

Ot = |1 D(u0iDiGu)llg,, Gt = 1D (G,
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Cht = lluo; DiGall7,

Observe that by the above mentioned properties of (,, and the assumption on b, we

have
(Lt — ¢t)¢m| < N*2*"(R—7) 2+ N*R'2"(R—r) ' < N*2*"(R—r) 2.
It follows that

B, < N*22mp(R _ 7“)_2pr + N*Qmp(R — 7">_pHDut”I£p(Q(m+1))’

where
U = Nl oy

Furthermore, by interpolation inequalities for any v > 0
1Dl omssy < 1D G,

< AR = )27 D (Grsrur) + Ny 12" (R — ) TUY,

H]zp(Q(mH))

so that for v € (0,1) (with 7, perhaps, different from the one above)

B, < 7“D2(Cm+1ut)H]Z/I,(Q(m+2)) + N*,y—122mp(R _ T)_2pUt0-
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Similarly, for v € (0,1)
Cont S NP (Cniru) 17 ey + N2 (R =)0
and almost obviously
ant S N2mp(R _ ’f’>_pUt0 S RPN,Y—IQQmp(R . T)_QpUtO

Gy < NUIDGL oy + 2" (R =) Naills )
Hence (3.8) yields
Ay < yApi1 + NF + N2"(R — 1) PG0 4 N*y122"P(R — r) 220",
where
F= HI(—R,R)f”ip(T) + \|[(—R,R)Dg\|£p(T)-
Now we take v = 877 and get
YA < A" AL L + NY™F 4+ Ny™2"P(R — 1) PGP
+N* My~ 122 (R — )20,
Ao + f: V" A < EOO: V" Am
m=1 m=1

+NF+N(R—71)"G" + N'(R—r)"U". (3.9)
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We cancel like terms and obtain
Ay < NF 4+ N(R—r)?G° + N*(R —r)"*U".

The theorem is proved.

The work was partially supported by NSF grants.



