FOURIER SERIES AND METRIC DIOPHANTINE APPROXIMATION:
INHOMOGENEOUS DUFFIN-SCHAEFFER TYPE RESULTS

HAN YU

ABSTRACT. In this paper we discuss some results about inhomogeneous metric Diophantine ap-
proximation. By using a Fourier analytic method we see that in some sense the inhomogeneous
Diophantine approximation is the same as its homogeneous counterpart. For example, when
dealing with the Hausdorff dimension of well approximable numbers in unit interval, the inho-
mogeneity does not create any changes. As a by-product, this Fourier analytic method can also
help us to get some partial result towards the (inhomogeneous) Duffin-Schaeffer conjecture.

1. BRIEF BACKGROUND OF (INHOMOGENEOUS) DIOPHANTINE APPROXIMATION

In this section we give a short survey about metric Diophantine approximation on unit interval.
The central object to study is the following:

Definition 1.1. Given any sequences
f:N—=10,1/2] and 6 : N — [0,1/2],

we define the well approzimable numbers to be the following sets:

Wi7.0) = o e 0.4 - 00 L)

for infinitely many pairs of numbers p, q}

f(p)

< for infinitely many coprime pairs of numbers p, q} .
p

W(f,0) = {:ce 0.1]: |e q+p€(p>

We refer the sequence f as approximation function and the sequence 6 as inhomogeneous shift.

For homogeneous theory (¥n,@(n) = 0) most of the materials here can be found in [BRV16,
chapter 2]. For inhomogeneous theory there are many references. For linear forms we refer [BHH17],
[LN12], [Bug03], [Lev98]. For more general setting including approximation on manifolds we refer
[BV10], [Badl0], [BBV13]. In this paper we are dealing with the situation in unit interval. In
this situation, we refer [Ram17] for more details on results and progresses inhomogeneous metric
Diophantine approximation on real line.

A classical result in this setting is the following:

Theorem (Khintchine-Groshev). If f is non-increasing approzimation function such that:

> fp) = oo,
p=1

then for any a € [0,1/2]:
Wo(f,a) has full Lebesgue measure.
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Here for convenience the bold letter a denotes the constant sequence 6 such that (n) = a for
all n.

Later Duffin-Schaeffer [DS41] generalized Khintchine’s result in homogeneous case. The result
concerns approximation by rational numbers with lowest form and drops out the requirement of
monotonicity.

Theorem (Duffin-Schaeffer). For any approzimation function f, if the following additional con-
dition is satisfied:

(1) lim sup

Then
o [(p)
Z 7¢(p) =00 = W(f,0) has full Lebesque measure.
p=1
In the same paper, Duffin and Schaeffer asked whether the condition (1) can be dropped. They
made the following famous conjecture.

Conjecture (Duffin-Schaeffer). For any approzimation function f:

Z @ (p) =00 = W(f,0) has full Lebesgue measure.

Remark.

A lot of work has been done since the birth of this conjecture. Various replacements of condition
(1) have been found and we think that the mathoverflow webpage [Onl] gives a nice and brief
overview. Most recently, Beresnevich, Harman, Haynes and Velani [BHHV13] proved that the
statement of Duffin-Schaeffer conjecture is true if the function f satisfies the following extra
divergent condition:

*) ) o(p) f(p)

516 pexp(c(loglogp)(loglog log p))

For Hausdorff dimension of sets Wy(.,.), W(., .), the situation is much better known. For example
we have the following results in [HPV12], [HS96]:

Theorem (Haynes-Pollington-Velani). For any approzimation function f and any positive real
number s € (0,1]:

Z (f(p)) .¢(p) =00 = dimyg W(f,0) > s.

p=1 p

Theorem (Hinokuma-Shiga). For any approximation function f and real number a € [1,00) we
set

1
Co(N) = Cardinality of the set {p <N:f(p)/p> a} .
p

and

0(a)) = sup {5 : lim sup Co](\%\f) > 0} .

N—oc0

Then

dimg Wy (f,0) = min{1, sup x(a)},
a>1
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where k(o) is the following number:

k(a) =

%@ Hmpy o0 Co(N) = 00
0 otherwise

For inhomogeneous case, when the approximation function is monotonic, we have the following
result due to Levesley [Lev98]:

Theorem. For any monotonically decreasing approximation function f and any positive real num-
bers s € (0,1],a € [0,1/2]:

i(@)spzoo = dimy W(f,a) > s.

2. RESULTS IN THIS PAPER

The basic idea of proving those results is to use a so-called generalized Borel-Cantelli lemma
(see theorem 4.1). The main task is to estimate the measure of intersection (P(A; N A;) appeared
in theorem 4.1). The difficulty for inhomogeneous case is that the measure of intersection is not
simple enough to apply theorem 4.1. In this paper, we introduce a new idea involving Fourier
analytic method to overcome some of the difficulties.

There are some results about inhomogeneous Duffin-Schaeffer type results. In [BHV17, con-
jecture 2.1], it was shown that if the inhomogeneous Duffin-Schaeffer theorem is true then the
inhomogeneous Gallagher theorem is also true. Also in [Chol7, conjecture 1.7] a inhomogeneous
Duffin-Schaeffer conjecture was formulated. We shall prove here a weaker result towards the inho-
mogeneous Duffin-Schaeffer theorem, see theorem 2.8.

We shall see that within the scale of Fourier analytic method, the homogeneous and inhomoge-
neous situations are more or less the same. In particular, we prove the following results:

Theorem 2.1. [Main Result] For any approzimation function f and inhomogeneous shift 8. We
have the following equality:

dimy Wo(f,0) = dimy W (f,0).

Remark 2.2. Motto: for Hausdorff dimension, inhomogeneity and coprimeness are ignorable. It
is interesting to ask whether the corresponding measure results hold. (see [Ram17, Question 10])

The above result follows by using the mass transference principle and the following by-product
(for homogeneous case we got better condition (*)):

Theorem 2.3. For any approrimation function f and inhomogeneous shift 6:

S ¢(p)f(p)/p

lim su =00 = W(f,0) has full Lebesque measure.
n—>oop log? nloglog n exp(3log 2log n/ log log n) (£,) f g

Remark 2.4. The denominator here grows with a sub-polynomial but sup-logarithmic speed. It
s enough for our purpose in this paper but it is far from optimal. It is likely that some better
estimates than those in section 5 can be made and we can in fact find better denominator that
grows more slowly. (If it can be made bounded then the Duffin-Schaeffer conjecture follows.)

Remark 2.5. In fact we can show that the expected number of solution for Lebesgue almost all

z € [0,1] up to level n is of order 237, ¢(p)f(p)/p + o(3-)—, ¢(p)f(p)/p). See section 10 for
more details.
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To prove the above theorem we show that the following Duffin-Schaeffer type result which is
the main by-product of this paper.

Theorem 2.6 (Main by-product). For any approximation function f and inhomogeneous shift 6:

S 6(p)f(p)/p

lim sup — =0 = W(f,0) has full Lebesgue measure.
nee 3 ey F(p)d3(p)log” p

Remark 2.7. By Hardy-Ramanujan- Turdn-Kubilius theorem on mnormal oder of logarithm of di-
visor function we see that if the aproximation function f is supported on a large subset of N on
which d(n) < log' ™ n then we can provide an inhomogeneous Duffin-Schaeffer type result with
extra logarithmic divergency (compare with the sup-logarithmic divergent condition (*)).

For a positive number ¢ > 0, let A C N is such that:

a€A < d(a) <log't“a.
Note that A is of natural density 1.
Then for an approximation function suppoerted on A and any inhomogeneous shift 0:

f(n)#£0 = neA,
S 6(p)f(p)/p

lim sup 3735 =00 = W(f,0) has full Lebesque measure.
n—soc0 log"™= " n

Or in a more convenient form (with the help of argument in remark 2.13):

Z logg(fzep =o00. = W(f,0) has full Lebesgue measure.
p=1

The power 3 + 4e here is probably not optimal.

From Duffin-Schaeffer’s theorem we see that if f is supported on the set of integers with bounded
number of prime factors, for example primes then Zp f(p) = oo would imply the homogeneous
well approximable numbers have full Lebesgue measure. For inhomogeneous case, we have almost
the same result.

Theorem 2.8 (by-product 2+). Let f be an approximation function supported on primes numbers
then for all inhomogeneous shift 0:

Z flp) =00 = W(f,0) has full Lebesgue measure.
P

More generally, let f be an approximation function supported on numbers with no more than K
prime factors then:

Z % =00 = W(f,0) has full Lebesque measure.

> loglog P
In addition to remark 2.7, theorem 2.8 We also have the following general result for approxima-
tion functions with small support. To compare with remark 2.7 which says that inhomogeneous
Dulffin-Schaeffer conjecture holds under extra logarithmic divergence if f is supported on a certain

large set with complement set of size logLN for large N. The following theorem saids that the

log
inhomogeneous Duffin-Schaeffer conjecture holds if f is supported on a small enough for exam-

ple of size op(Tog ]\J,\;loglog ) for large enough N. There is a large gap between loglog N and

exp(4log N/loglog N), some careful analysis on GCD sums will probably help us to somehow fill
in the gap.
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Theorem 2.9 (by-product 2++). Let 6 be any inhomogeneous shift. Let f be an approximation
function and let A be the support of f:

A={p: f(p) >0}
Denote #(.) for cardinality, if

_ log® Nd?(N)
limsu AN[l,N])———————= < o0,
msup #(AN[1,N]) o)

then

) f(p)o(p)

=00 = W(f,0) has full Lebesgue measure.
p

P

Another by-product related with extra conditions of the Duffin-Schaeffer conjecture is the
following:

Theorem 2.10 (by-product 3). For any approzimation function f and inhomogeneous shift 0. Let
h:RT — Rt such that h(z) — 0 as x — 0 and h(z)/z is monotonic. If the following conditions

holds:
> ome1 G(0)R(f(p)/P)

lim sup =
n—oo log”®n (max,e1 . h(f(p)/p)*/?p)

HE (W (f,0)) = H"([0, 1)
Here H"(.) denotes the Hausdor{f measure with dimension function h, more details can be found
in [BVO06, section 2] and the reference there as well.

Then

Corollary 2.11. For any approximation function f and inhomogeneous shift 8, if there exists a

number A > 3 such that:
log” p
flp)=0 ( » ) :

Yoy {2¢(p)

(2) lim sup A > 0.
n— 00 log? 25
Then -
Z & =00 = W(f,0) has full lebesque measure.
p=1 #
proof of the corollary. We set h(z) = x in theorem 2.10 and the conclusions are easy to see. g

Remark 2.12. The above result can be compared with Vaaler [Vaa78] which says that if f(p) =
O(1/p), then the result of Duffin-Schaeffer conjecture holds without any extra conditions on the rate

of divergence of Z;C:1 %d)(p). The requirement A > 3 comes from the following consideration:

fp)=0 <1°g p) Z UG O(log"*! (n)).

So for A < 3, condition (2) can not be satzsﬁed. However the number 2.5 appeared in the theorem
1s by no means the best choice with our method. Since we have only used some easy properties in
lemma 5.1, 5.2 concerning arithmetic functions.

Later we shall construct an example to show that the above condition is something slightly new.
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Remark 2.13. We can state another version of the above corollary by replacing condition (2) with
the following condition:
There exists an € > 0,

2:‘T#¥%ﬁ?*:“
2 log P
Proof of remark 2.13 based on corollary 2.11. Consider the iterated exponential intervals:
L= 22,27
then there are infinitely many k& > 0 such that:
E:‘f#¥%§*>‘%
oel, log p K
otherwise the following sum will not diverge:
i fo)
= logA/2+2.5+6p

Then we see that:

f(p) f(p) o(p) St
Z 7¢(p) - Z log /225 ), p log/?T25%<y

pEl) pEl}
. 9(p) A/242.54€ f(p)
> min —= log T s
p€lx P pg;klog /225t
1 A/242.5 w1
ot ogA/HRste g2t L
~ " loglog 22! & k2
1
1 L oA/2+2.540)k
> C —k32 €

> C//Q(A/2+2.5)(k‘+l)

where C,C’,C" are constants which only depend on A,e. The choice of constant C' comes from
the following fact involved with the Euler gamma ~:

(FACT) lim inf ¢(n) loglogn =e™ 7.
n— 00 n
Then for all k£ > 0:
22k+1
Z ﬂp)(b(ﬁ) > Z f(p)¢(p) > C"9(A/2+2.5)(k+1)
= P velp P
By corollary 2.11 this remark follows. ]

Here we can provide a approximation function f without extra divergent condition (*), the
Duffin-Schaeffer condition (1) as well as the Vaaler’s condition f(p) = O(1/p). This example will
not contribute to later development. To begin with, we decompose the integer set into dyadic
intervals:

Dy =28, 28 k=0,1,...
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For each k we choose an integer m(k) such that:
e k2.4
llkrggéfm(k) — oo,z ) = 0.
k=0
Then in each p € Dy, we assign the value f(p) = log'® p/p if p is a multiple of m(k)!. Otherwise we
set f(p) = 0. It can happen that for some D) s there are no non zero values assigned. However, for
large enough k, | Dg| grows exponentially while m(k)! can not grow exponentially for otherwise the
above series would not diverge. Therefore |Dy| will become much larger than m(k)!, and eventually
a lot of non zero values will be assigned.
It is easy to see that for all large enough p:

¢()f(p) < !
pexp(c(loglog p)(logloglog p)) ~ plog?p’

Therefore condition (*) is not satisfied.
Next, f(p) is only non zero if p is a multiple of n,! for a suitable integer n, and as p — oo,
np — 00. Then we see that:

e I ()

r prime,r<n,

Therefore the Duffin-Schaeffer condition (1) is not satisfied.
Then for large enough k there are more than 0.5|Dy|/m(k)! numbers in Dy which are multiples
of m(k)!, so we see that:
loglOp 2k k10 1 k2'4

> 0.5 >
)| p10g7'6p - m(k)! 2k+1(/€ + 1)7'6 — 210 m(k)!’
m(k)|p

pEDy,

here we used the fact that k + 1 > 2k for all & > 1. Then the conditions in corollary 2.11 (
remark 2.13) are satisfied and we can use that theorem to show that the above chosen sequence
f(p) satisfies the conclusion of (inhomogeneous) Duffin-Schaeffer conjecture .

3. NOTATIONS

e In this paper we shall use C,C’,C”,C"",C"" ... as positive constants.

e In this paper, we always use f to denote approximation functions and 6 to denote inhomo-
geneous shifts. Without explicitly mentioning no extra condition is assume for f, 0 apart
from requirement that their range is [0,1/2].

e In this paper for any number a € R we use a to denote the constant sequence whose terms
are equal to a.

e In this paper we use dimy for Hausdorff dimension and H" for h-Hausdorff measure with
dimension function h.

e In this paper we use the following notion of modified logarithmic function:

Inz >3
logz={In3 z€[l,3
Inz ze€(0,1)

The function is not continuous and there is no zero when x approaches 1 on the right.
e In this paper we shall use the following arithmetic functions:
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1 : The Euler function. For n € N:
¢(n) = number of natural numbers smaller than n which are coprime to n.
2 : The greatest common divisor function. For a,b € N:
(a,b) = the greatest common divisor of a,b.
3 : The divisor functions. For n € N,a € R:
d(n) = the number of divisors of n.
da(n) =X g, a®.
4 : The Mébius function:
For n € N:

1 n is squarefree with even number of prime factors
u(n) = ¢ —1 n is squarefree with odd number of prime factors

0 n is not squarefree

5 : The Ramanujan sum:
For n,p € N: ¢y(n) = Xicagpam—r € 7 = H ((fn)) ¢(¢(£) )

(p,m)
e In this paper we use P for general probability measure on a probability space €2 and A for
Lebesgue measure on [0, 1].

e For a sequence of sets 4,, C X: limsup,, ,. A, = {z € X : x € A, for infinitely many n € N}.

4. RESULTS THAT WILL BE USED WITHOUT PROOF

Given a function f : [0,1] — R, which we will assume to be of some regularity, throughout this
paper we will only consider Fourier series of step functions which are L' and L? functions. The
Fourier series of f is given by:

1
Vk € Z, f(k) :/ 2k £ () di.
0
We will need the following facts:
£(0) = ||f||.: whenever f(z)>0,Vz € [0,1].

fo0) = > Fk)g(=k).
k=—o00
The above results can be found in most text books on harmonic analysis for example in [Kat04,
chapter 1, section 5.5]
We specify the version of Borel-Cantelli lemma (see [BRV16, lemma 2.2]) which will be used
later.

Theorem 4.1. Let A, be a sequence of events in a probability space (€2, P) such that:
oo
Z P(Ap) = 0,
p=1

then:

(X1 P(4p))?
P(limsup A,,) > lim sup —n—2— .
n—oo n—oo p,q=1 P(Ap m Aq)
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Remark 4.2. In fact for homogeneous metric Diophantine approximation to conclude the full
measure result we only need to show:
v S P
n—o0 p,q=1 P(Ap N Aq)
This follows from a result of Gallagher [Gal61].
We will also use the following version of mass transference principle in [BV06].

Theorem 4.3 (Beresnevich-Velani). Let {B;}ien be a countable collection of balls in R with
r(B;) — 0 as i — 0. Let h be a dimension function such that h(x)/x is monotonic and sup-
pose that for any ball in R:

> 0.

A(B Nlimsup B) = A(B).
1—> 00
Then, for any ball B in R:
H"(B Nlimsup B;) = H"(B).
1—> 00
Here B" denote the ball cocentered with B but radius diluted by h. That is to say, if the radius
of B is r then the radius of B" is h(r).

5. SOME ASYMPTOTIC RESULTS ON ARITHMETIC FUNCTIONS

The estimates in this section are by no means optimal but they will be sufficient for later use.
Improvement of any of the following estimates can lead to improvement of the theorems 2.3 and
2.10. In what follows, we will use some results concerning the Ramanujan sum which can be found
in [HWHBSO08] chapter 16:

- 2 () 12

(a,p)=1
The following lemma will play a crucial role in later content:

Lemma 5.1. There is a constant C > 0 such that for any integers k,n >0 :
1 - |ep (K|
<C.
d(k) 1ognpzz‘; o(p)

Here d(k) is the divisor function, that is, the number of divisors of the integer k.

Proof. By properties of the Ramanujan sum and the Euler totient function:

NN )
; o(p) 2 (ﬁ)

p=1 ¢

5 I (a5))

1
p=1 (p;k) H’l“l (pl,)k) T prime(1 - F)

n _p__
_ Z ‘“ ((Pv’@)’
p=1 Hr\ﬁ,r prime(r - 1)

n

- |

l=1,l squarefree r|l,r prime
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The cardinality of the set can be bounded by:

’{pe [1,n)l = 2 H < d(k),

(p, k)

because (p, k) must be a divisor of k, and for every such divisor s|k, the value of p (if exists) can
be uniquely fixed by sl.
Then we see that:

IN

ey (b) - 1
25 aw > L

p) 1=1,l squarefree r|l,r prime

aik) ] <1+ Til) .

r<n,r prime

IN

Then this lemma follows from the following Gronwall’s theorem [Gr613] :

Theorem (Grénwall).

1 1
. _ A
nll—{gologn H (1+r1) <

r<n,r prime
where v is the Euler gamma v ~ 0.5772156. |
Another result that we will use is the following estimate of logarithmic divisor sum:
Lemma 5.2. There exists a constant C' > 0 such that for all integers n > 1:

(k)
k

< Clog®n.
k=1

Proof. First, observe that:

d*(k) = _d(I®).

Uk
Indeed for any integer with prime factorization k = p{* ...p;" we have that:

1=n

d(k) = ] (a: +1).

i=1
Then we see that:

oAy = > ﬁ(%i +1)

Uk 0<b;<a;,i€{1,2..n} i=1

n bi=a;
= H(Z(Qbmtl))

i=1 \ b;=0

= H(ai +1)% = d*(k).
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Then we have the following estimate:

n dg(k) n ) k<n 1
2 ko 4w k
k=1 1=1 kil |k
n 2
< dt )(logn +1)

IA
5
3
Jr
=
M:
M\
] =

INA
)
o
3
+
=
|

IN
z

3
+
=
N

for a suitable constant C' > 0. O

Lemma 5.3. There exists a constant C' > 0 such that for q being any positive integer:

> d(p)d(q)(p. q) < Cd*(q)qlogq.

1<p<gq
Proof.
Y dp)d)p,g) = d@)d Y. rd(p)
1<p<q rlg p<q.(p,q)=r
= d(q) Z r Z d(ar)
rlg  a<p/r(a,q/r)=1
< dg)dy r Y dad(r)
rlg  a<p/r,(a,q/r)=1
q q
< Cd =log =
< Cd(g) Y rd(r): log
rlg
< Cqd(q)logq ) d(r)
rlg
< Cqd(q)logq )y d(r?)
rlg
= Cqd’(q)logq.
Here we used Dirichlet theorem for divisor summatory function (for the constant C) and the
beginning part of the proof of lemma 5.2 ]

6. FOURIER SERIES AND DIOPHANTINE APPROXIMATION: BASIC SETTING UP

From the Borel-Cantelli lemmas 4.1 we see that it is important to show some properties of the
measure of intersection of two level sets. Now we are going to set up the Fourier analysis method:
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Let f,6 be as mentioned above, we denote

f(p)
€p = 7[)
Then we define the function

gp(x) : [Ov 1] — {07 1}

by:
0
gp(z) =1 <= 'z 4 er () < f;p), for an integer ¢ with (¢q,p) = 1.
Then it is clear that g,(z) is just the characteristic function on the set Ap:
0
Ay = (2 € 0UPLS 0 < (aop) = 1, - TEAD) < Ty,

In our case f(p) < % and therefore Ap is a union of ¢(p) many equal length disjoint intervals. The
Lebegues measure of A, is:

lgpllL1 = 2€,¢(p)-

Now we see that A(A, N A,) = |lgpgqllzr. We need only to compute the case p # ¢ since otherwise
the case is trivial.

Using Fourier series we can write the L'-norm as:

oo
994/l L1 = Z 9p(K)gq(—F).
k=—oc0

The above equality holds whenever the series is absolutely convergent. This happens whenever
gp» gq are both L' functions. This is the case in our situation.

Now we need to evaluate the Fourier series of gy, it is easy to see that g, is just the characteristic

function of
fp) f (p)]

i

b p

el = |

convolved with a sum of Dirac deltas:

a+6(p)
> ot
(a,p)=1
But we can compute the Fourier series directly for k£ # 0:
1 ‘ a+z(p) +ep .
/ e27rzkmgp(x)dz — Z /+6( e27r7,kxdz
0 . at0(p) —€
(a,p)=1 P P
1 . o ato®) 1
= Z - sin(2mepk)e™™ P
(a,p)=1

1 0(p
— sin(27repk)cp(k)e2m%k,

k
where ¢, (k) =32, =1 ¢®™5¥is the Ramanujan sum. For k = 0, §,(0) is simply ||g,||11-
Then we see that we can express A\(A4, N A,) with the following series:
(Main Formula)

5 ; . S (0(p) _ 0(g)
9 X sin(2meyk)cy (k) sin(2me k)cy (k) cos (271'2 (T - T) k)
A(Ap N Ag) = deped(p)6(0) + kz::l 3 :
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where we have used the fact that the Ramanujan sum is real and for all pairs of integers p, k:

cp(k) = ep(=k).
We see that inhomogeneous shifts 6 create just an extra cos(.) term whose modulus is bounded

by 1. In what follows we shall apply absolute value in order to estimate from above the sum in the
(Main Formula) and therefore the inhomogeneous shifts do not create anything new to us.

7. PROOF OF THEOREM 2.3, 2.6, 2.8

By the Main Formula we see that:

2 i | sin(2me,k)c, (k) sin(2megk)cq (k)|

MAp N Ay) < 4epegd(p)dlq) + 12

w2
k=1
The basic strategy is to split the sum of £ up to a number M to be determined later:
) M oo
=N "4 Z
k=1 k=1 k=M+1
For the first part, we use the fact that |sin(x)| < min{|z|, 1} for all z € R:
M
< Q> 3 min{ep, €}l (k)]leq(K)].
k=1

—_

i | sin(2me, k) ey (k) sin(2me k) cq (k)|
k2
k=1

Now we recall the formula for the Ramanujan sum:

cp(k) = p ((pf)n)) ; f(z) ) :

(p,n)

Then we see that there exists an absolute constant C' > 0:

: | 3111(27 €pl€)Cp(k]12b I1(2”€qk‘1) q(k)| < E Tg min{ﬁp; €q}|Cp(l{i)||Cq(k)|
k=1 o | P ¢ p " :
— - min fp € K (P) q ¢ ( k:)
k { ’ q} <(p7k)> ¢((P7k)) <( 7k)> ((q, )

min{e,, €.} (p, k)(q, k) '“ ((jk)) : ((q?@)'

S min{epafq}(pv k)(Q7k)

~
T =

IN
M= 1= T
T =

< Clog Md(p)d(q)(p, q) min{ep, ¢4}
Here we used the fact that ¢(n) = n][, |, prime =1 For the last step we see that for any

-
divisor s, of p and 74 of ¢, we can sum those k such that:

(pa k) = spv (qa k) = TQ‘
Such k must be multiple of [sp, r,] and therefore we obtain:

1
) 7 (k) (g k) < Clog M(sp, rg).
k:(p,k)=sp,(q,k)=rq

[
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Then the previous estimate follows from summing over all divisors of p,q and use the fact that
(sp,7q) < (P, q)-

For the second part ).~ , ., we use the fact that |sin(z)| < 1 and obtain for an absolute
constant C’ > 0:

L |sin(2meyk)e, (k) sin(2me k) e (k C’
k M
k=M
We can now set M = d(p)d(q)(p, q)p*q* assuming e,e, # 0 otherwise A\(A, N 4,) = 0 and there
is nothing to show. Then we see that log M < 10logp + 10loggq. In particular if p,q < n then
log M < 20logn.
We see that there exists a absolute constant C” > 0:

. 1
MAp N Ag) < 4epegd(p)d(q) + C min{ey, €4 }d(p)d(q) (p, q)(101log p + 101og q) + C’W

We can now use theorem 4.1 and lemma 5.3 to conclude the proof. Indeed we see that for a
constant C"" > 0:

(*)
S TAMANA) = 0D T+ D IMANAY) < (O 266(p)*+C" Y epd® (p) log® p+100C"¢3(4).
p,q=1 p=1g<p q=1p<q p=1 p=1

From here the theorem 2.6 follows. Next, it is easy to see the following result for an absolute
constant C"" and for all n:
n
p(n)

We have used here the following result of divisor function:

log d
lim sup og—(n) = log2.
n—00 log 7’L/ log 10g n

d?(n)log®n < C"" log® nexp(3log 2log n/ log log n) log log n.

From here the proof of theorem 2.3 concludes.
To see theorem 2.8, for prime numbers p,q we have d(p) = 2 and (p,q) = 1 unless p = q.
Therefore we see that by copying previous results:

!

C
A(Ap N Ag) < depegd(p)d(q) + C” minfey, €4} log M + U

4

We can choose M = p~4¢~* again and for a suitable constant C""" > 0:

3 Ay N14) < (3 2660 +C7 S en(p)logp < (3 260(0))? + 20 S ey,
p=1 p=1 p=1 p=1

p,q=1

Here m(.) is the prime counting function and we have used the fact that 7(p)/p < 2@ for all
large enough p. From here the first part of theorem 2.8 follows. To see that second part we have
to use the fact that for all large enough p:

log logh& !
mx(p) < p g log p

~ logp (K —-1)!

This is a generalization of prime number theorem.
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For general case, we can not assume anything on (p,q)d(p)d(¢q). Let A be the support of f
denote A(p) = #(AN[L,p]) a small inspection of inequality (*) gives us the following bound:

Z AMA,NA4,) < (Z 2e,0(p))” + C" Zep p)log? p 4 100C"¢C2(4).
P,q=1 =1

For large enough p we see that there exists a constant C”"”” > 0 such that:

o(p)

A < Cl///// ,
®) < o) 107D

and then theorem 2.9 follows.

8. PROOF OF THEOREM 2.1

Here we shall use a pre-mentioned result:

Theorem (Hinokuma-Shiga). For any approzimation function f and real number « € [1,00) we
set

Co(N) = Cardinality of the set {p <N:f(p)/p> 1} .
pa

and

N
§(ar) = sup {(5 €1[0,1] :lij{}nsup C‘}\Eé ) > 0}.
—00

Then
dimgy Wo(f,0) = min{1, sup x(a)},

a>1
where k(o) is the following number:

(o) = {“ limy o Ca(N) = o0

0 otherwise

We now show that dimy W (f,0) > dimg Wy(f,0). The other direction can be proved just by
the same argument provided in [HS96]. Only for the lower bound there are some difficulties in
estimating the size intersections A, N A, by using direct number theoretic methods.

Now let f be any approximation function and 6 be any inhomogeneous shift. As in the above
theorem, for any a, we find the set C,(N) and find the exponent §(«). Assume that x(a) > 0
otherwise there is nothing to show.

Now for an arbitrarily small number o > 0 we use the dimension function h(z) = R
in mass transference principle theorem 4.3. Now shrinking some values of f if necessary, we can
assume that ¢, = f(p)/p > 1/p* for a subset C,, of N such that (notice that («) can be 0):

lim sup #|Cy, N [1, N||N7@F050 — o,

N—o00

We see that h(ep,) > ﬁ and

N
Zp 1¢( ) ( )
lim sup
N—oo log® Nloglog N exp(3log2log N/ loglog N)

#1Ca N (1, Nl iogregn v=557

> limsup
N—oo log® Nloglog N exp(3log 2log N/ loglog N)
NO 50
> limsup

N—oo log? Nloglog? N exp(3log2log N/ loglog N)
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By theorem 4.3 we see that:
1— a+6(a)

(W(f,9)) =

This implies that for all o > 0:

1—0+5(o¢).

dimy W(f,6) >
«

This implies further that:
14 4(a)

dimyg W (f,0) >
o

Then combine with the theorem by Hinokuma-Shiga we see that:

dim gy I/V(f7 9) > dimpg Wo(f, 0).

9. PROOFS OF THEOREM 2.10

We now try to estimate directly the following sum:

S A(4,N4y)

P,q=1
Theorem 9.1. Let f,0,¢,, as mentioned before. Then there is a constant C > 0 such that:

Z MA,NA) <C ( max_eo? (p)) log® n + (Z 2¢,6(p))?

P
1
p,q=1 pe(tn] p=1

Proof. By (Main Formula) in section 6 we see that:

n

Z AMAp,NAy) Z 2e,0(p % Z Z | sin(2me, k)c, (k)|)2.
k=

P,q=1 p=1
Because |sin(z)| < 1 therefore for any a € [0,1]:
[sin(z)] < [sin(@)]* < Jal°.

The basic strategy is again to split the sum with respect to k, say:
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Then for part I we use the estimate |sin(z)| < |sin(z)[?5 < |2]05:

IA
E RSN
M=
=
e
N
gb
ot
S
o
ot
S
=
~_
[ V]

IN
|
=
e
Y
[]=

[n)

= o

o

S
=
S|=
~—
(V)

k=1 p=1
4 & (maxyeqn 0700)° (= o)
= W; k pz::l #(p) )

Then by lemma 5.1,5.2 we see that for a constant Cy > 0:
2
1<Cy ( max 62'5 (p)) log® nlog® M,
pe[l,n]

where log® n comes from lemma 5.1 and the log® M comes from lemma 5.2. Then for I we use
the trivial bound |sin(z)| < 1.

2
2 = 1 [
7= = Z kz(Zsm(%repkﬂCp(k”)
k=M+1 p=1
5 D
k=M+1

IN
—_

2 - ’
o2 72 <;|Cp(k)|>
4

2 1, n
<@ 2 prsGy
k=M+1

for another constant Cy > 0. In above inequalities we used the fact that:

lep(K)| < o(p) <p.

With some careful analysis we can replace the n* with n?, but there is no essential difference as
we shall see.
Now we choose M = n°. Then the following estimate holds for a suitable constant C' > 0:

2 2
. 1
I+11<125C ( max eg'sqb(p)) log® nlog®n + Cgﬁ <C ( max 60'5¢(p)> log?® nlog® n.

p€e(l,n] p€E[l,n] L

From here the result of this theorem follows. O
We can now prove theorem 2.10:

Proof of theorem 2.10 using theorem 9.1. By theorem 9.1 we see that for a constant C' > 0:

Z MNA,NA) < C ( max eg‘5¢(p)> log® n + (Z 2¢,6(p))?

pE(l,n
p,q=1 [1.n]
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Then we see that:

(X 26p0(p)* N (X g1 2600 (p))?
Zp = ANANA) T ¢ (maxpe(1,n) egf)qﬁ(p))2 log® n + (Xon_y 2ep9(p))?
1
= 0.5 2 log® n ’
C (maxpen,m °0(p))” s Be s + 1

then we can apply the following condition for h(z) = x:

: > p—1 8()h(ep)
lim sup —+ Ty =
n—oo log™” n (maxy,eqr o) hep)/?p)

and we obtain that:

limsup (o1 260()° N 1
n—>00 MA,NA) = b OoJosttPn
o L= MAp N1 4 » Crriaeemn 11
_ 1
- .. 2 5
lim inf,, o0 C (maxpep ) 62'5¢(p)) 7(22:110%4;@))
1
= —— =1
0+1

z+1

Then the conclusion of this theorem holds for special dimension function h(z) = z. For general
dimension functions we can combine the special case and the mass transference principle theorem

4.3 this concludes the proof.

10. EXPECTED NUMBER OF SOLUTIONS

O

In this section we briefly discuss some results about the number of solutions for inhomogeneous

Diophantine approximations.

Given an approximation function f and inhomogeneous shift §. What is the generic growth of

the number of solutions:

S(f797-75aN):#’{p7CI§N7(paQ):1’33_

q+9(p)’ - f(p)}’.

p p

Recall in section 6 we constructed the functions g,(.) and we see that:

S(f,0,z,N) ng

Then it is easy to see that:

1 N
/0 S(f,0,z, N)dx = ZZepgb(p) =

p=1

Now we estimate the variance:

/|Sf,9:cN) EN|dx—/ ng 7)gy(x)dr — (EN)>.

p,q=1
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By the Main Formula and argument in proof of theorem 2.3 we see directly that for some

constant C"" > 0:
N

1
/ 1S(f,0,2,N) — Ex’dz < C" " e,pd®(p) log” p,
0 —
p=1
Therefore we see that given any sequence of positive numbers 8 : N — R*:

N
1
K(f,0,2,N,B) = Xz : |S(f,0,2,N) — Ex| > By) < C"— > eppd®(p) log? p,
N p=1

so if:
K(f707x7N7ﬁ) % 07

then there exist a subsequence N; such that:

S K(f.0,2,N;,8) < 00

then for Lebesgue almost every x there are only finitely many N; such that
|S(f797xaNz) - EN71| > 51\/«;'
Now we see that:

K(f,0,z,N,B) < CW%EN log? N loglog N exp(3log 2log N/ loglog N).
N
Now we denote:
~ log? Nloglog N exp(3log 2log N/loglog N)'
Suppose that limsupy_, ., Ay = oo, then we see that for Sy = /En:
K(f,0,z,N,5) — 0.

This implies that for Lebesgue almost all 2 € [0,1] there are infinitely many integers N > 0
such that:

An

EN+\/EN ES(f,H,x,N) ZEN_\/EN-

REFERENCES

[Bad10] Dzmitry Badziahin, Inhomogeneous diophantine approzimation on curves and hausdorff dimension,
Advances in Mathematics 223 (2010), no. 1, 329 — 351.

[BBV13] Dzmitry Badziahin, Victor Beresnevich, and Sanju Velani, Inhomogeneous theory of dual diophantine
approzimation on manifolds, Advances in Mathematics 232 (2013), no. 1, 1 — 35.

[BHH17] Dzmitry Badziahin, Stephen Harrap, and Mumtaz Hussian, An inhomogeneous jarnk type theorem for
planar curves, Mathematical Proceedings of the Cambridge Philosophical Society 163 (2017), no. 1,
4770.

[BHHV13] Victor Beresnevich, Glyn Harman, Alan Haynes, and Sanju Velani, The duffin—schaeffer conjecture
with extra divergence i1, Mathematische Zeitschrift 275 (2013), no. 1, 127-133.

[BHV17] Victor Beresnevich, Alan Haynes, and Sanju Velani, Sums of reciprocals of fractional parts and mul-
tiplicative diophantine approzimation, Memoirs of the American Mathematical Society (2017).

[BRV16] Victor Beresnevich, Felipe Ramirez, and Sanju Velani, Metric diophantine approximation: Aspects of
recent work, London Mathematical Society Lecture Note Series, p. 195, Cambridge University Press,
2016.

[Bug03] Yann Bugeaud, A note on inhomogeneous diophantine approximation, Glasgow Mathematical Journal
45 (2003), no. 1, 105110.

[BV06] Victor Beresnevich and Sanju Velani, A mass transference principle and the duffin-schaeffer conjecture

for hausdorff measures, Annals of Mathematics 164 (2006), no. 3, 971-992.



20

[BV10]
[Chol7]
[Ds41]

[Gal61]
[Gro13]

[HPV12]
[HS96]
[HWHBS08]
[Kat04]
[Levos]
[LN12]

[Onl]
[Ram17]

[VaaT78]

HAN YU

Victor Beresnevich and Sanju Velani, An inhomogeneous transference principle and diophantine ap-
proxzimation, Proceedings of the London Mathematical Society 101 (2010), no. 3, 821-851.

Sam  Chow, Bohr  sets and  multiplicative  diophantine  approximation, preprint:
https://arxiv.org/pdf/1703.07016 (2017).

Richard Duffin and Albert Schaeffer, Khintchine’s problem in metric diophantine approzimation, Duke
Math. J. 8 (1941), no. 2, 243-255.

Patrick Gallagher, Approzimation by reduced fractions, J. Math. Soc. Japan 13 (1961), no. 4, 342-345.
Thomas Gronwall, Some asymptotic expressions in the theory of numbers, Transactions of the Amer-
ican Mathematical Society 14 (1913), no. 1, 113-122.

Alan K. Haynes, Andrew D. Pollington, and Sanju L. Velani, The duffin-schaeffer conjecture with
extra divergence, Mathematische Annalen 353 (2012), no. 2, 259-273.

Takanori Hinokuma and Hiroo Shiga, Hausdorff dimension of sets arising in diophantine approxima-
tion, Kodai Math. J. 19 (1996), no. 3, 365-377.

Godfrey Hardy, Edward Wright, Roger Heath-Brown, and Joseph Silverman, An introduction to the
theory of numbers, Oxford mathematics, OUP Oxford, 2008.

Yitzhak Katznelson, An introduction to harmonic analysis, Cambridge Mathematical Library, Cam-
bridge University Press, 2004.

J. Levesley, A general inhomogeneous jarnikbesicovitch theorem, Journal of Number Theory 71 (1998),
no. 1, 65 — 80.

Michel Laurent and Arnaldo Nogueira, Inhomogeneous approximation with coprime integers and lattice
orbits, Acta Arithmetica 154 (2012), 413-427.
http://mathoverflow.net/questions /63514 /weakening-the-hypotheses-in-the-duffin-schaeffer-
conjecture.

Felipe Ramirez, Counterexamples, covering systems, and zero-one laws for inhomogeneous approzi-
mation, International journal of number theory 13 (2017), 633-654.

Jeffrey Vaaler, On the metric theory of diophantine approzimation., Pacific J. Math. 76 (1978), no. 2,
527-539.

HAN YU, SCHOOL OF MATHEMATICS & STATISTICS, UNIVERSITY OF ST ANDREWS, ST ANDREWS, KY16 9SS, UK,
E-mail address: hy25@st-andrews.ac.uk



