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The water waves equations

Time evolution of space periodic water waves in Trieste gulf:

In section it is described by a bidimensional fluid, periodic in x

Massimiliano Berti, SISSA Stockholm, September 2023 4 / 44



Water Waves: one of the fundamental equations of Mathematical Physics

Incompressible Euler equations, 1757. Mémoires de l’Académie des Sciences
de Berlin, ”Principes généraux du mouvement des fluides”

∂t u⃗ + u⃗ · ∇u⃗ = −∇P , divu⃗ = 0

Laplace: 1776. Suite des récherches sur plusieurs points du systéme du
monde. Acad. R. Sci. Inst. France. Lagrange: 1781, 1786. Mémoire sur la
théorie du mouvement des fluides. Nouv. Mém. Acad. Berlin.
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Water Waves : Euler equations for an incompressible fluid with constant
vorticity γ in Dη(t) = {−h < y < η(t, x)} under gravity and capillarity

Equation of motions for u⃗ =

(
u
v

)
in −h < y < η(t, x)


∂t u⃗ + u⃗ · ∇u⃗ = −∇P − gey

divu⃗ = 0

rotu⃗ = vx − uy = γ

Boundary conditions:
ηt = v − uηx at y = η(t, x)

P + κ∂x

(
ηx√
1+η2

x

)
= P0 at y = η(t, x)

v = 0 at y = −h

g = gravity, κ = surface tension coefficient, γ = vorticity

P = pressure of fluid, P0 = atmospheric pressure, Curvature = ∂x

(
ηx√
1+η2

x

)

Unknowns:

free surface y = η(t, x) and the velocity field u⃗(t, x , y)
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Hodge decomposition: u⃗ is the sum of a Couette flow and of an irrotational flow

u⃗(t, x , y) =

(
−γy
0

)
︸ ︷︷ ︸
vorticity γ

+ ∇Φ︸︷︷︸
irrotational

, Φ(t, x , y) = velocity potential

u⃗(t, x , y) is completely determined by η(t, x) and ψ(t, x) = Φ(t, x , η(t, x))


∆Φ = 0 in − h < y < η(t, x)

Φ = ψ at y = η(t, x)

∂yΦ = 0 at y = −h

Reformulate the equations in terms of (η, ψ)
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Zakharov-Craig-Sulem-Constantin-Wahlén formulation of WW with vorticityηt = G (η)ψ + γηηx

ψt = −gη − ψ2
x

2 + (ηxψx+G(η)ψ)2

2(1+η2x )
+ κ( ηx√

1+η2x
)x + γηψx + γ∂−1

x G (η)ψ

Dirichlet–Neumann operator

G (η)ψ(x) :=
√
1 + η2x ∂nΦ|y=η(x) = (Φy − ηxΦx)|y=η(x)

1 G (η) is linear in ψ, non-local,

2 self-adjoint with respect to L2(Tx)

3 G (η) ≥ 0, G (η)[1] = 0

4 η 7→ G (η) nonlinear, smooth,

5 G (η) is pseudo-differential, G (η) = D tanh(hD) + OPS−∞

Calderon, Craig, Lannes, Metivier, Alazard, Burq, Zuily, Delort...
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Hamiltonian formulation

∂t

(
η
ψ

)
= Jγ∇H(η, ψ) , Jγ :=

(
0 Id

−Id γ∂−1
x

)

Hamiltonian

H(η, ψ) =
1

2

∫
T
ψ G (η)ψ dx︸ ︷︷ ︸

kinetic energy

+
1

2

∫
T
gη2 dx︸ ︷︷ ︸

potential energy

+κ

∫
T

√
1 + η2x dx︸ ︷︷ ︸

capillary energy

+
γ

2

∫
T
(−ψxη

2 +
γ

3
η3) dx︸ ︷︷ ︸

vorticity energy

Wahlen coordinates (η, ζ) are Darboux coordinates:

ζ := ψ − γ

2
∂−1
x η

∂t

(
η
ζ

)
= J∇H(η, ζ) , J :=

(
0 Id

−Id 0

)
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Hamiltonian warming up

Symplectic 2-form

Ωγ

((
η1
ψ1

)
,

(
η2
ψ2

))
=

(
Eγ

(
η1
ψ1

)
,

(
η2
ψ2

))
L2

, Eγ :=

(
γ∂−1

x −Id
Id 0

)
︸ ︷︷ ︸

symplectic tensor

Hamiltonian vector field

dH(η, ψ)[·] = Ωγ(XH(η, ψ), ·) ⇐⇒

XH(η, ψ) = Jγ ∇H(η, ψ)︸ ︷︷ ︸
L2−gradient

, Jγ := E−1
γ =

(
0 Id

−Id γ∂−1
x

)
︸ ︷︷ ︸

Poisson tensor

Pull-back 2-form under a linear transformation B

B∗Ωγ

((
η1
ζ1

)
,

(
η2
ζ2

))
= Ωγ

(
B

(
η1
ζ1

)
,B

(
η2
ζ2

))
=

 B⊤EγB︸ ︷︷ ︸
new symplectic tensor

(
η1
ζ1

)
,

(
η2
ζ2

)
L2
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Whalén transformation B : (η, ζ) 7→ (η, ψ)

B :=

(
Id 0

γ
2 ∂

−1
x Id

)
, B⊤ :=

(
Id −γ

2 ∂
−1
x

0 Id

)
BTEγB = E0 =

(
0 −Id
Id 0

)

standard symplectic tensor
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Symmetries and prime integrals

Translation invariance

H ◦ τς = H, τς : (η, ζ)(x) 7→ (η, ζ)(x + ς)

⇒ by Noether theorem

Momentum ∫
T ζx(x)η(x) dx

Exercise 1: the transformations τς are symplectic

τ∗ς Ω0 = Ω0 , ⇐⇒ τ⊤ς E0τς = E0

Exercise 2: the Hamiltonian vector field generated by the momentum is the generator
of the translations, and thus has flow τς
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Reversibility

H ◦ S = H, Involution: S : (η, ζ)(x) 7→ (η,−ζ)(−x) , S2 = Id

Reversible vector field XH = J∇H

XH ◦ S = −S ◦ XH ⇐⇒ Φt
H ◦ S = S ◦ Φ−t

H

Equivariance under the Z/(2Z)-action of the group {Id,S}

Recommended book: Moser-Zehnder: Lectures in Dynamical Systems
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If γ = 0 : Standing Waves : Invariant subspace: functions even in x

η(−x) = η(x) , ψ(−x) = ψ(x)

Standing waves

Fluid confined
between two walls

NOT for γ ̸= 0
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Standing Waves

Invariant subspace: functions even in x

η(−x) = η(x) , ψ(−x) = ψ(x)

Thus the velocity potential

Φ(−x , y) = Φ(x , y) =⇒ Φx(0, y) = 0

and, using also 2π periodicity,

−Φx(π, y) = Φx(−π, y) = Φx(π, y) =⇒ Φx(π, y) = 0

=⇒ no flux of fluid outside the walls {x = 0} and {x = π}.

Neumann boundary conditions at x = 0 and x = π

ηx(0) = ηx(π) = 0 , ψx(0) = ψx(π) = 0

Massimiliano Berti, SISSA Stockholm, September 2023 15 / 44



Mass ∫
T
η(x) dx = const.

Phase space

η ∈ Hs
0(T) :=

{
η ∈ Hs(T) :

∫
T
η(x)dx = 0

}
u ∈ Hs(T) ⇔ u(x) =

∑
k∈Z

uke
ikx ,

∑
k∈Z

|uk |2⟨k⟩2s =: ∥u∥2Hs < +∞

The variable ζ is defined modulo constants: only the velocity field ∇x,yΦ has physical
meaning:

ζ ∈ Ḣs(T) = Hs(T)/ ∼ u(x) ∼ v(x) ⇐⇒ u(x)− v(x) = c
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Recent results on periodic water waves

Hamiltonian and reversible nature of water waves equation only recently effectively
exploited

1 Existence of time quasi-periodic solutions. KAM for water waves
Baldi, Berti, Feola, Franzoi, Giuliani, Haus, Maspero, Montalto, since 2015

prior results of periodic solutions: Toland, Plotnikov, Iooss, Alazard, Baldi

2 Long time existence results. Birkhoff normal form for water waves
Berti, Delort, Feola, Franzoi, Maspero, Murgante, Pusateri, since 2016

3 Benjamin-Feir instability of Stokes waves
Berti, Maspero, Ventura, since 2022

Remarks:

key role in dynamical systems of XX century;

In Rd less relevant as dispersion prevails (but also here useful for local existence)
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Expected scenario for nearly-integrable Hamiltonian systems close to an
elliptic equilibrium

1 KAM results: These are solutions defined for all times

Definition: quasi-periodic solution with n frequencies

u(t, x) = U(ωt, x) where U(φ, x) : Tn × T → R,
ω ∈ Rn(= frequency vector) is irrational ω · k ̸= 0 , ∀k ∈ Zn \ {0}

=⇒ the linear flow {ωt}t∈R is dense on Tn

selection of “initial conditions” giving rise to global solutions

2 Long time existence: solution of size ϵ does it exists and remain in an
O(ε)-ball for all |t| ≤ cε−N . For exponential times ?

3 Arnold diffusion: What about a solution which does not start on a KAM torus for
times |t| > cε−N?

Chaos? Growth of Sobolev norms?

In these lecture item 2 : long time existence results and Birkhoff normal form
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Linear water waves theory

Linearized system at (η, ζ) = (0, 0){
∂tη = G (0)ζ + γ

2G (0)∂−1
x η,

∂tζ = −gη + κηxx +
γ
2 ∂

−1
x G (0)ζ +

(
γ
2

)2
∂−1
x G (0)∂−1

x η

Dirichlet-Neumann operator at the flat surface η = 0 is

G (0) = D tanh(hD) = |D| tanh(h|D|) , D =
∂x
i

Fourier multiplier notation: given m : Z → C
m(D)h = Op(m)h =

∑
j∈Z m(j)hje

ijx , h(x) =
∑

j∈Z hje
ijx
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Exercise: computation of the Dirichlet-Neumann operator G (0)

The solution of the elliptic problem:

∆Φ = 0 in {−h < y < 0}, Φ|y=0 = ψ, ∂yΦ = 0 at y = −h

where ψ(x) =
∑

j∈Z ψje
ijx is

Φ(x , y) = ψ0 +
∑
j ̸=0

ψj

cosh(hj)
cosh(j(y + h))eijx

Thus
G (0)ψ := (∂yΦ)(x , 0) =

∑
j∈Z

j tanh(hj)ψje
ijx =: D tanh(hD)ψ
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Complex variable

u =
1√
2
(M−1(D)η + iM(D)ζ) , M(D) :=

( G (0)

κD2 + g − γ2

4 ∂
−1
x G (0)∂−1

x

) 1
4

Linear Water Waves

ut = iΩ(D)u

Dispersion relation

Ω(ξ) =

√(
κξ2 + g + γ2

4
tanh(hξ)

ξ

)
ξ tanh(hξ) + γ

2 tanh(hξ)

Linear solutions: infinitely many harmonic oscillators

u̇j = iΩj(κ)uj all solutions : u(t, x) =
∑

j∈Z\{0}

uj(0) e
itΩj (κ) eijx

are periodic, quasi-periodic, almost periodic

The Sobolev norm is constant

∥u(t, ·)∥Hs = ∥u(0, ·)∥Hs
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Linear frequencies of oscillations

Ω(ξ) =

√(
κξ2 + g +

γ2

4

tanh(hξ)

ξ

)
ξ tanh(hξ)︸ ︷︷ ︸

even in ξ

+
γ

2
tanh(hξ)︸ ︷︷ ︸
odd in ξ

1 For κ > 0 (superliner)

Ω(ξ) ∼
√
κ|ξ| 32 as |ξ| → +∞

2 x ∈ T and u(x) zero average ⇒ |ξ| ≥ 1

3 For γ = 0 the dispersion relation is EVEN Ω(ξ) = Ω(−ξ)
on the subspace of even functions the frequencies Ω(j) are simple
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Nonlinear water waves

Main question:

for which time intervals (−Tmax,Tmax) solutions of the nonlinear water waves
equations exist?

Major difficulties:

Quasi-linear PDEs

ut = iΩ(D)u + N(u, ū) , Ω(D) ∼ |D|3/2
N = quadratic nonlinearity with derivatives of order N(|D|3/2u)

Local existence. Hidden hyperbolic structure, with or without capillarity.
Nalimov, Yosihara, Craig,

S. Wu = initial data of arbitrary size in Sobolev spaces, 1999

Lindblad, Beyer-Gunther, Coutand-Shkroller, Shatah-Zeng,
Lannes, Alazard-Burq-Zuily –Alinhac “good unknown”–

Schweizer, Ifrim-Tataru, ...
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For global existence huge difference between x ∈ Rd and x ∈ Td

Periodic boundary conditions x ∈ T
NO dispersive effects of the linear PDE as for x ∈ R2, x ∈ R and data decaying at infinity:
Global well-posedness: S.Wu, Germain-Masmoudi-Shatah, Ionescu-Pusateri,
Alazard-Delort, Ifrim-Tataru, Alazard-Burq-Zuily

Not available conserved quantities controlling high Sobolev norms
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Main result: almost global existence

Theorem (M. Berti, A. Maspero, F. Murgante 2022)

For any value of the gravity g > 0, depth h ∈ (0,+∞] and vorticity γ ∈ R, there is a zero
measure set K ⊂ (0,+∞) such that, for any surface tension coefficient κ ∈ (0,+∞) \ K,
for any N in N0 := N ∪ {0}, there is s0 > 0 and, for any s ≥ s0, there are
ε0 > 0, c > 0,C > 0 such that, for any 0 < ε < ε0, any initial datum

(η0, ψ0) ∈ H
s+ 1

4
0 (T,R)× Ḣs− 1

4 (T,R) with ∥η0∥
H

s+ 1
4

0

+ ∥ψ0∥
Ḣs− 1

4
< ε ,

the gravity-capillary-vorticity water waves equations have a unique classical solution

(η, ψ) ∈ C 0
(
[−Tε,Tε],H

s+ 1
4

0 (T,R)× Ḣs− 1
4 (T,R)

)
with Tε ≥ cε−N−1 ,

satisfying the initial condition η|t=0 = η0, ψ|t=0 = ψ0. Moreover

sup
t∈[−Tε,Tε]

(
∥η∥

H
s+ 1

4
0

+ ∥ψ∥
Ḣs− 1

4

)
≤ Cε
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Remarks

1 This theorem extends Berti-Delort 2017 :

(i) non zero vorticity γ;
(ii) it is new also for γ = 0 since [BD] holds for initial data (η0, ψ0) even in x

2 Restriction on parameters to ensure the absence of N-wave resonant interactions:∣∣Ωj1(κ) + . . .+Ωjp (κ)− Ωjp+1(κ)− . . .− ΩjN (κ)
∣∣ ≳ max(|j1|, . . . , |jN |)−τ

among integers j1, . . . , jp, jp+1, . . . , jN which are not super-action preserving, namely

{|j1|, . . . , |jp|} ≠ {|jp+1|, . . . , |jN |}

Tool: sub-analytic functions Delort-Szeftel ’03
3 Key energy estimate for ∥(η, ψ)∥X s := ∥η∥

H
s+ 1

4
0

+ ∥ψ∥
Ḣs− 1

4
as

∥(η, ψ)(t)∥X s
2 ≲s,N ∥(η, ψ)(0)∥2X s +

∫ t

0

∥(η, ψ)(τ)∥N+3
X s dτ

Highly non trivial facts: same X s and N + 3
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4) Time of existence

1 Tε ≥ cε−1, local existence theory, S. Wu., Lindblad, Beyer-Gunther,
Coutand-Shkroller, Lannes, Shatah-Zeng, Alazard-Burq-Zuily, Ifrim-Tataru, . . .

2 Tε ≥ cε−2, S. Wu, Ifrim-Tataru, in cases there are no 3-wave interactions: eiΩj teikx

No integer solutions j1, j2, j3 ∈ Z \ 0 of{
Ωj1 ± Ωj2 ± Ωj3 = 0

j1 ± j2 ± j3 = 0

Pure capillary, h = +∞. Ωj = |j | 32
Pure gravity, h = +∞. Ωj = |j | 12

3 Gravity-capillary irrotational even in x waves Tε ≥ cε−N , ∀N, Berti-Delort ’17, we
erase parameters (g , κ) to avoid multiple wave interactions{

Ωj1 ± . . .± ΩjN+1
= 0

j1 ± . . .± jN+1 = 0
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Theorem (Berti-Feola-Franzoi, ’19)

For any value of g = gravity, κ = capillarity, h = depth, the solutions of gravity-capillary
irrotational water waves exist for Tε ≥ cε−2

Ωj =
√
j tanh(hj)(g + κj2)

There are 3-waves resonances (Wilton-ripples){
Ωj1 ± Ωj2 ± Ωj3 = 0

j1 ± j2 ± j3 = 0
j1, j2, j3 ∈ Z \ 0 ,

Key: Finitely many + Hamiltonian Birkhoff normal form

Theorem (Berti, Feola, Pusateri, ’18) Conjecture of Zakharov-Dyachenko ’94

The irrotational gravity water waves equations in deep water h = +∞ are an integrable
system up to quartic terms O(u4) and Tε ≥ cε−3

No parameters . Linear frequencies Ω(j) = g
√
|j |

Recent extensions : S. Wu and Deng-Ionescu-Pusateri
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Remark 5) Reversible and Hamiltonian structure

Algebraic property to exclude “growth of Sobolev norms”

1 Hamiltonian

2 Reversibility

Dynamical systems heuristic explanation:
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Water waves

ut = iΩ(D)u + N2(u, ū) , N2(u, ū) = O(u2)

Fourier and Action-Angle variables (θ, I )

u(x) =
∑

j∈Z uje
ijx , uj =

√
Ije

iθj

Sobolev norm ∥u∥2Hs =
∑

j∈Z(1 + j2)s Ij

Small amplitude solutions

Rescaling u 7→ εu
ut = iΩ(D)u + εO(u2)

in action-angle variables reads
d
dt Ij = εfj(ε, θ, I ) ,

d
dt θj = Ω(j) + εgj(ε, θ, I )

angles θj = Ω(j)t “rotate fast”, actions Ij(t) “slow” variables
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“Averaging principle”:

The effective dynamics of the actions is expected to be governed by

d

dt
Ij = ε⟨fj⟩(ε, I ) , ⟨fj⟩(ε, I ) :=

∫
T∞

fj(ε, θ, I )dθ

the average with respect to θ = (θj)j∈Z

If ⟨fj⟩(ε, I ) ̸= 0 =⇒ Ij(t) diverges (”secular terms” of Celestial mechanics)

Necessary condition for QP solutions and long time existence

⟨fj⟩(I ) = 0
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The condition ⟨fj⟩(I ) = 0 is implied by

Hamiltonian case: f (θ, I ) = (∂θH)(θ, I )

=⇒
∫
T∞

(∂θH)(θ, I )dθ = 0

Reversible vector field (Moser)
d
dt θ = g(I , θ) , d

dt I = f (I , θ) , f (I , θ) odd in θ, g(I , θ) even in θ

=⇒
∫
T∞

f (θ, I )dθ = 0

Reversible vector field

X (θ, I ) = (g , f )(θ, I ) , X ◦ S = −S ◦ X , S : (θ, I ) 7→ (−θ, I )
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The water waves equations (written in complex variables) are reversible with respect to
the involution

S : u(x) 7→ ū(x)

that on the subspace of even functions

u(−x) = u(x) , u(x) =
∑

j∈Z uje
ijx =

∑
j∈Z

√
Ije

iθj eijx ,

is

Moser reversibility

(θ, I ) 7→ (−θ, I )

Alinhac “good unknown” which has to be introduced to get energy estimates
(local existence theory) preserves the reversible structure, not the Hamiltonian one
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Why Need of
preserving the

Hamiltonian structure
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Poincaré-Birkhoff normal form in case of simple eigenvalues

u̇j = iΩjuj + a|uk |2uj︸ ︷︷ ︸
Poincare′−Birkhoff resonant

, ∀j ∈ Z

1 Reversible structure : vector field f (u) := ([f (u)]j) with [f (u)]j := a|uk |2uj

f ◦ S = −S ◦ f , S : (uj) 7→ (uj)

implies
ā = −a =⇒ a = iβ , β ∈ R ,

2 ⇒

d

dt
|uj |2 =

d

dt
(ujuj) = u̇juj + uj u̇j

=
[
i(Ωj + β|uk |2)uj

]
uj + uj

[
− i(Ωj + β|uk |2)uj

]
= 0

⇒ |uj |2 are prime integrals [Berti-Delort]
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False in presence of multiple eigenvalues

Birkhoff-resonant: Ωj = Ω−j
u̇−j = iΩ−ju−j + buku−kuj

u̇j = iΩjuj + auku−ku−j︸ ︷︷ ︸
Poincare′−Birkhoff resonant

Reversible structure implies a, b ∈ iR;
does not imply boundedness of the solutions

Hamiltonian: auku−ku−j = i∂ūjH , buku−kuj = i∂ū−jH =⇒ a = −b̄

H =
a

i
uku−ku−juj +

(a
i

)
uku−k u−juj

“super-action” J = |uj |2 + |u−j |2 are prime integrals
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All the paradifferential transformations performed to prove local existence –as the
celebrated Alinhac good unknown– are NOT symplectic

In the last 2 papers (Berti-Feola-Franzoi ’19) e (Berti-Feola-Pusateri ’18) an
a-posteriori identification argument implies that the quadratic and cubic
Poincaré-Birkhoff normal forms are nevertheless Hamiltonian.

This argument does NOT work for any N

MAJOR GOAL OF THESE LECTURES and talk at workshop

recover, in paradifferential calculus, the nonlinear Hamiltonian structure,
at any degree of homogeneity N

Develop a systematic paradifferential approach to
Hamiltonian Birkhoff normal form for

quasi-linear Hamiltonian PDEs
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A symplectic Alinach good unknown up to homogeneity N

The nonlinear Alinach good unknown map [Alazard-Metivier, Alazard-Burq-Zuily]

G
(
η
ψ

)
:=

(
Id 0

−TB(η,ψ) Id

)(
η
ψ

)
=

(
η

−TB(η,ψ)η + ψ

)
is not symplectic. TB paraproduct

TBu :=
∑

|j−k|<δ|j|

B̂(k − j)û(j)eikx

for the function B(η, ψ)(x) := Φy (x , η(x)). However

Theorem: Symplectic good unknown up to homogeneity N

Let N ∈ N. There exists a pluri-homogeneous smoothing operator R≤N(·) in ΣN
1 R̃−ϱ

q for
any ϱ ≥ 0 such that

D≤N(η, ψ) :=
(
Id+ R≤N(·)

)
◦ G(η, ψ)

is symplectic up to homogeneity N, namely[
d(η,ψ)D≤N(η, ψ)

]⊤
E0

[
d(η,ψ)D≤N(η, ψ)

]
= E0 + O((η, ψ)N+1) , E0 :=

(
0 −Id
Id 0

)
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Idea: perturbative Darboux theorem. Lecture 3

Linearly Symplectic map : the matrix of operators

(
Id 0

−TB(η,ψ) Id

)
is linearly

symplectic namely (
Id 0

−TB(η,ψ) Id

)⊤

E0

(
Id 0

−TB(η,ψ) Id

)
= E0

Symplectic map : the nonlinear map

G
(
η
ψ

)
=

(
Id 0

−TB(η,ψ) Id

)(
η
ψ

)
is not symplectic :

d(η,ψ)G(η, ψ)
⊤ E0 d(η,ψ)G(η, ψ) ̸= E0

d(η,ψ)G(η, ψ) =
(

Id 0
−TB(η,ψ) Id

)
+

(
0 0

−d(η,ψ)TB(η,ψ)[·] 0

)(
η
ψ

)
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6) Global existence?

Question: Do these solutions exist for all times?

We do not know. Maybe not

Craig-Workfolk: for κ = 0, h = +∞ the water-waves PDEs are not integrable at the fifth
order Birkhoff normal form

(could be Chaotic but with well defined flow)
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Hamiltonian Birkhoff normal form

1 Finite dimensional case

2 Semilinear PDEs

3 Quasi-linear PDEs
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Finite dimensional Hamiltonian systems and semi-linear PDEs

1 H. Hofer, E. Zehnder, Symplectic invariants and Hamiltonian dynamics, Birkhäuser,
Chapter 1

2 B. Grebért, Birkhoff normal form and Hamiltonian PDEs, Lecture notes

3 D. Bambusi, An introduction to Birkhoff normal form, Lecture notes
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Classical Hamiltonian system

Phase space R2n with coordinates (q, p) = (q1, . . . , qn, p1, . . . , pn)

Hamiltonian H : R2n → R
q̇j = ∂pjH , ṗj = −∂qjH , j = 1, . . . , n

Hamiltonian vector field

XH = J∇(q,p)H , J =

(
0 Id

−Id 0

)
Symplectic form

dH[·] = Ω(XH , ·), Ω =
∑n

j=1 dpj ∧ dqj , Ω(v1, v2) = (Ev1, v2)R2n , E = J−1 = −J

symplectic tensor E non-degenerate, i.e. E invertible, and antisymmetric, i.e. ET = −E

Poisson bracket

{F ,G} =
∑n

j=1 ∂pjF∂qjG − ∂pjG∂qjF = Ω(XF ,XG )
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Harmonic oscillators

Hamiltonian

H(q, p) =
∑n

j=1 ωj
p2
j +q2

j

2

Hamilton’s Equation of motion

q̇j = ωjpj , ṗj = −ωjqj , j = 1, . . . , n

The ”actions”
p2
j +q2

j

2 are prime-integrals. Orbits included in tori:

Ij(t) =
p2j (t) + q2j (t)

2
=

p2j (0) + q2j (0)

2
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Harmonic oscillator Hamiltonian

H =
∑n

j=1 ωj
p2
j +q2

j

2

Action-angle variables

qj =
√
2Ij cos(θj) , pj = −

√
2Ij sin(θj)

Symplectic form

Ω = dI ∧ dθ =
∑n

j=1 dIj ∧ dθj

Hamiltonian

H = ω · I =
∑n

j=1 ωj Ij , ω := (ω1, . . . , ωn) frequency vector

Hamilton’s equations

θ̇ = ∂IH , İ = −∂θH ,
θ̇j = ωj , İj = 0 , θj(t) = θj(0) + ωj t , Ij(t) = Ij(0)

actions (Ij)j=1,...,n introduced as coordinates, angles (θj)j=1,...,n rotate with frequencies ωj
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complex variables

uj :=
pj+iqj√

2
, Ij = |uj |2 = ujuj

Hamiltonian system

u̇j = i∂ūjH, j = 1, . . . , n

∂ūj :=
1√
2
(∂qj + i∂pj ) , ∂uj :=

1√
2
(∂qj − i∂pj )

symplectic form

Ω = 1
i

∑n
j=1 duj ∧ dūj

Poisson bracket

{F ,G} = 1
i

∑n
j=1

(
∂ujF∂ūjG − ∂ujG∂ūjF

)
Harmonic oscillators

H2 =
∑n

j=1 ωjujuj , u̇j = iωjuj , uj(t) = uj(0)e
iωj t

motion = rotation in the complex plane of angle ωj t
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Transformation law of Hamiltonian vector fields

Hamiltonian vector field XH

ut = XH(u)

Φ is a Symplectic diffeomorphism u = Φ(v)

Φ∗Ω = Ω , i .e. Ω(dΦ(v)v̂1, dΦ(v)v̂2) = Ω(v̂1, v̂2) , ∀v̂1, v̂2 ,

(dΦ(v))⊤ E dΦ(v) = E

New Hamiltonian system

vt = XK (v), K = H ◦ Φ
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Dynamics close to an elliptic equilibrium

H = H(2) + H(3) + H(4) + . . .︸ ︷︷ ︸
=:P

where
H(2) :=

∑n
j=1 ωj |uj |2 , H(m) =

∑
α,β∈Nn,|α|+|β|=m cα,βu

αūβ

is a polynomial of order m

uαūβ = uα1
1 . . . uαn

n ūβ1

1 . . . ūβn
n , α = (α1, . . . , αn) ∈ Nn , |α| = α1 + . . .+ αn

Remark: if ∇H(0) = 0 and d2H(0) is positive definite, there exists a symplectic linear
change of variables in which the Hamiltonian assumes this form (Weirstrass, see
Hofer-Zehnder)

Question: Is there a canonical change of variables in which the Hamiltonian assumes a
simpler form? For example is it possible to remove the cubic terms? and the fourth order
ones? etc
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Hamiltonian Birkhoff normal form theorem

Assume H = H(2) + P with P smooth and vanishing in a cubic way at the origin u = 0.
For any r ≥ 3, there exists a symplectic change of coordinates (Φ− Id)(u, ū) = O(|u|2),
defined in a small neighborhood of 0, such that

H ◦ Φ = H(2) + Z + R

where Z is a polynomial of order r such that

{H(2),Z} = 0

and R vanishes in (u, ū) with order r + 1

{H(2), uαūβ} = iω · (α− β)uαūβ =⇒ Z =
∑

ω·(α−β)=0 cα,βu
αūβ

Remark: advantage of complex coordinates : AdH(2) := {H(2), } has eigenvectors uαūβ

with eigenvalues iω · (α− β)
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Normal form : non-resonant case

Non resonant case

ω · k ̸= 0 for any 0 < |k | ≤ r =⇒ ω · (α− β) = 0 only if α = β =⇒

Z =
∑
α

cαu
αūα =

n∏
j=1

|uj |2αj

depends only on the actions Ij := |uj |2

Dynamical consequence:
d

dt
Ij = {Ij ,H(2) + Z} = 0

=⇒ Ij are prime-integrals of Z
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Long time stability

d

dt
Ij = {Ij ,H(2) + Z + R} = {Ij ,R} = O(|I |

r+1
2 )

so

|I (t)| ≤ |I (0)|+ C

∫ t

0

|I (τ)|
r+1
2 dτ

Claim

There exists c > 0 such that if I (0) = ε2 then |I (t)| ≤ 2ε2 for any 0 < t < cε−(r−1)

Boostrap argument:

E :=
{
t > 0 : |I (t)| ≤ 2ε2

}
, E ̸= ∅ , T := supE > 0

Or T = +∞ or T < +∞. Claim ∃c > 0 such that T > cε−(r−1). If not ∀c > 0 we have
T ≤ cε−(r−1) so

|I (T )| ≤ |I (0)|+ C

∫ T

0

|I (τ)|
r+1
2 dτ ≤ ε2 + TC (2ε2)

r+1
2 ≤ ε2 + cεr−1C (2ε2)

r+1
2 ≤ 3

2
ε2

for c > 0 small enough. Contradict that T = supE
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Multiple frequencies

1 If there are multiple frequencies :
what about stability of the dynamics of the normal form ?

2 case
(
ω1 = ω2, (ωj)3≤j≤n

)
non-resonant. Then

ω1(α1 − β1 + α2 − β2) + ω3(α3 − β3) + . . .+ ωn(αn − βn) = 0

if and only if α1 − β1 + α2 − β2 = 0, αj = βj for j = 3, . . . , n

Super-action

J1 := I1 + I2 = |u1|2 + |u2|2 , Ij = |uj |2 , j = 3, . . . , n

J1, I3, . . . , In are prime integrals of normal form Z

d
dt J1 = {J1, uαūβ} = {|u1|2 + |u2|2, uαūβ} = i(α1 − β1 + α2 − β2)u

αūβ = 0
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Can be generalized

Our case Ωj = Ω−j for any j ∈ Z, double frequencies

Thus we require (Ω|j|) are non-resonant

Restriction on parameters to ensure the absence of N-wave resonant interactions:∣∣Ωj1(κ) + . . .+Ωjp (κ)− Ωjp+1(κ)− . . .− ΩjN (κ)
∣∣ ≳ max(|j1|, . . . , |jN |)−τ

among integers j1, . . . , jp, jp+1, . . . , jN which are not super-action preserving, namely

{|j1|, . . . , |jp|} ≠ {|jp+1|, . . . , |jN |}

If N odd we eliminate all the monomials,

If N even we keep only the super-action preserving monomials; for example if N = 4

|uj |2|uk |2 , |uj |2uku−k , uju−juku−k
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Proof of Birkhoff Theorem:

Lemma
The flow Φτ

F at time τ of a Hamiltonian vector field XF

ΦF (τ) : R2n → R2n , ΦF (τ)[u0] = u(τ) , ΦF (0) = Id

d

dτ
u(τ) = XF (u(τ)) , u(0) = u0 ,

is symplectic.

=⇒ it is sufficient to transform the Hamiltonian

H ◦ ΦF (τ)
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Lie expansion

Set AdFH := {F ,H}

Lemma (Lie expansion)

H ◦ ΦF (1) =
L∑

ℓ=0

1

ℓ!
AdℓFH +

1

L!

∫ 1

0

(1− τ)LAdLFH ◦ ΦF (τ) dτ

= H + {F ,H}+ 1

2
{F , {F ,H}}+ . . .

Proof: Taylor expansion of H ◦ ΦF (τ) at τ = 0. We have

d

dτ
H ◦ ΦF (τ) = {F ,H} ◦ ΦF (τ) = AdF (H) ◦ ΦF (τ) .

Iterating
dℓ

dℓτ
H ◦ ΦF (τ) = AdℓFH ◦ ΦF (τ)
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Eliminate cubic monomials of H = H(2) + H(3) + H(4) + . . .

Aim: kill

H(3) =
∑

|α|+|β|=3 cα,βu
αūβ , uαūβ :=

∏n
j=1 u

αj

j

∏n
j=1 ū

βj

j

Take an auxiliary cubic Hamiltonian

F (3) =
∑

|α|+|β|=3

fα,βu
αūβ

Transformed Hamiltonian under the flow of XF (3)

H + {F (3),H}+ 1
2{F

(3), {F (3),H}}+ . . .

= H(2) + H(3) + {F (3),H(2)}︸ ︷︷ ︸
new cubic term

+quartic monomials

H(3) + {F (3),H(2)} =
∑
α,β

(
H

(3)
α,β + iω · (α− β)F

(3)
α,β

)
uαūβ

if ω · (α− β) ̸= 0 then F
(3)
α,β := − H

(3)
α,β

iω·(α−β)

Higher orders: by induction.
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Remarks

The subsequent transformations are closer and closer to identity and do not change
the lower order normal form

In the non-resonant case the normal form is unique.

Important: thus whatever is the method and order of Birkhoff transformations the
normal form is uniquely determined
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Exponential time of stability

ω non-resonant at any order, diophantine

|ω · k | ≥ γ
|k|τ , ∀k ∈ Zn \ {0} ,

Compute the dependence of constants on r and optimize

Time of stability for any r ∈ N
Tr =

cr
εr−1 , cr = C (r !)−(τ+1) =⇒

Tr =
C

εr−1(r !)τ+1

Stirling
≈ er(τ+1)

(rτ+1ε)r

r = ε−
1

τ+1 =⇒ Tε ≤ e−
C

εβ
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Next problem: PDEs

All previous estimates depend on n and for PDEs n = +∞

In finite dimension

H =
n∑

j=1

ωjujuj + H(3) + H(4) + . . .

we used non-resonance condition for ω = (ω1, . . . , ωn) ∈ Rn:

ω · k ̸= 0 , ∀0 < |k | ≤ r , k ∈ Zn =⇒ min
0<|k|≤r

|ω · k| > 0

For infinitely many frequencies (ωj)j∈Z ∈ RZ, in general

inf
0<|k|≤r ,k∈Z∞

|ω · k | = 0

Example r = 3. Klein − Gordon : ωj =
√

j2 +m = j + O(1
j
), j > 0

ωj1 − ωj2 − ωj3 = j1 − j2 − j3 + O( 1
j1
) + O( 1

j2
) + O( 1

j3
)
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Birkhoff normal form theory for PDEs

Hamiltonian semilinear PDEs

ut + iΩ(D)u = f (u), f (u) no derivatives of u

Bambusi, Grébert, Delort, Szeftel, ’03, ’06, ’07

Examples:

Hamiltonian Wave equation

ytt − yxx + V (x)y = g(x , u), x ∈ T

Hamiltonian Schödinger

iut = ∂xxu + V (x)u + ∂ūG (x , u, ū), x ∈ T
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Phase space: Sobolev spaces

Hs(T) :=
{
u(x) =

∑
j∈Z uje

ijx : ∥u∥2s :=
∑

j∈Z |uj |2⟨j⟩2s < +∞
}

⟨j⟩ := max{1, |j |}

Identify u(x) with the sequence (uj)j∈Z

Hamiltonian equation ∂tu = i∇ūH(u, ū)

u̇j = (XH)j = i∂ūjH , ∀j ∈ Z

Example : cubic NLS

H(u, ū) =

∫
T
|ux |2dx + 1

2

∫
T
|u|4dx

∂tu + iuxx = i|u|2u

∂tuj + ij2uj = i
∑

j1−j2+j3=j

uj1 ūj2uj3
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Main issue

Are the Birkhoff transformations well defined?
Is the auxiliary flow which generates the Birkhoff transformations

∂τu = XF (u)
well defined in Hs?

Example: to remove the cubic Hamiltonian
H(3) =

∑
j1,j2,j3∈Z Hj1,j2,j3uj1uj2 ūj3

the auxiliary Hamiltonian is

F (3) =
∑

j1,j2,j3∈Z

Hj1,j2,j3

i(Ωj1 +Ωj2 − Ωj3)
uj1uj2 ūj3

Questions
1 Which growth conditions for Hj1,j2,j3 in j1, j2, j3?

2 Which lower bounds for |Ωj1 +Ωj2 − Ωj3 | ?
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Semi-linear Hamiltonians

H(u, ū) =
∑

(j1,...,jp )∈Zp ,(σ1,...,σp )∈{±}p
σ1 j1+...+σp jp=0

H
σ1,...,σp

j1,...,jp
uσ1

j1
. . . u

σp

jp
, u+ = u , u− = ū

for some µ > 0,
|Hσ1,...,σp

j1,...,jp
| ≤ C max

3
{|j1|, . . . , |jp|}µ

max3{n1, . . . , np} := third largest among integers n1, . . . , np

Key properties
1 The Hamiltonian vector field XH is bounded on Hs for any s ≥ s0
2 Stable class under solution of homological equation

3 contains

H(u, ū) =

∫
T
|u|4dx =

∑
j1−j2+j3−j4=0

uj1 ūj2uj3 ūj4
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Boundedness of XH

Lemma
There exists s0 > 0 such that the Hamiltonian vector field

XH : Hs → Hs , ∀s ≥ s0

Example: Cubic Hamiltonian

H =
∑

j1+j2−j=0

H+,+,−
j1,j2,j

uj1uj2 ūj

u̇j = [XH ]j , [XH ]j = i
∑

j1+j2=j

H+,+,−
j1,j2,j

uj1uj2 , ∀j ∈ Z

|H+,+,−
j1,j2,j

| ≲ max
3

(|j1|, |j2|, |j |)µ

max
3

(|j1|, |j2|, |j |) = min(|j1|, |j2|, |j |) ≤ min(|j1|, |j2|) = max
2

(|j1|, |j2|)
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Convolution of sequences

u ∗ v = ((u ∗ v)j)j∈Z , (u ∗ v)j :=
∑

j1+j2=j

uj1vj2 =
∑
j1∈Z

uj1vj−j1

Young inequality

∥u ∗ v∥ℓ2 ≤ ∥u∥ℓ1∥v∥ℓ2

Proof.

∥u ∗ v∥2ℓ2 =
∑
j

∣∣∑
j1∈Z

uj1vj−j1

∣∣2 ≤ ∑
j∈Z

(∑
j1∈Z

|uj1 |
1
2 |uj1 |

1
2 |vj−j1 |

)2

≤
∑
j

(∑
j1

|uj1 |
)∑

j1

|uj1 ||vj−j1 |2 = ∥u∥ℓ1
∑
j,j1

|uj1 ||vj−j1 |2

= ∥u∥ℓ1
∑
j1

|uj1 |
∑
j

|vj−j1 |2 = ∥u∥2ℓ1∥v∥
2
ℓ2
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Exercise: ℓ1 is an algebra

∥u ∗ v∥ℓ1 ≤ ∥u∥ℓ1∥v∥ℓ1

Young inequality and algebra of ℓ1 imply

Exercise: iterated Young inequality

∥u(1) ∗ . . . u(n−1) ∗ u(n)∥ℓ2 ≤ ∥u(1)∥ℓ1 . . . ∥u(n−1)∥ℓ1∥u(n)∥ℓ2

Sobolev embedding: for s > 1/2

∥(|uj |)∥ℓ1 =
∑
j∈Z

|uj | ≤
(∑

j∈Z
|uj |2⟨j⟩2s

) 1
2
(∑

j∈Z
⟨j⟩−2s

) 1
2

≲s ∥u∥s
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Boundedness of XH =
∑

j∈Z[XH ]je
ijx

∥XH(u)∥2s ≲
∑
j∈Z

⟨j⟩2s
( ∑
j1+j2=j

|uj1 ||uj2 |max
3

(⟨j1⟩, ⟨j2⟩, ⟨j⟩)µ
)2

s≥0

≲
∑
j∈Z

( ∑
j1+j2=j

max(⟨j1⟩, ⟨j2⟩)s |uj1 ||uj2 |max
2

(⟨j1⟩, ⟨j2⟩)µ
)2

≲ (I ) + (II ) where

(I ) :=
∑
j

( ∑
j1+j2=j,|j2|≤|j1|

(⟨j1⟩s |uj1 |)(|uj2 |⟨j2⟩µ
)2

≲
∥∥∥(⟨j1⟩s |uj1 |) ∗ (|uj2 |⟨j2⟩µ)∥∥∥2

ℓ2

Young
≤

∥∥∥(⟨j1⟩s |uj1 |)∥∥∥2
ℓ2

∥∥∥(|uj2 |⟨j2⟩µ)∥∥∥2
ℓ1

Sobolev embedding

≲s ∥u∥2s∥u∥2µ+1

the contribution (II) is similar =⇒

∥XH(u)∥s ≲s ∥u∥s0∥u∥s , ∀s ≥ s0 := µ+ 1
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Stability under solution of Homological equation

Fσ1,σ2,σ3

j1,j2,j3
=

Hσ1,σ2,σ3

j1,j2,j3

i(σ1Ωj1 + σ2Ωj2 + σ3Ωj3)

Small divisors

|σ1Ωj1 + σ2Ωj2 + σ3Ωj3 | ≥
c

max3{|j1|, |j2|, |j3|}τ

|Fσ1,σ2,σ3

j1,j2,j3
| ≲ |Hσ1,σ2,σ3

j1,j2,j3
|︸ ︷︷ ︸

≤max3{|j1|,|j2|,|j3|}µ

max
3

{|j1|, |j2|, |j3|}τ ≲ max
3

{|j1|, |j2|, |j3|}µ+τ
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Quasi-linear PDEs?

1 If the nonlinearity f (u) contains derivatives then f (u) is unbounded

Hamiltonians with m-derivatives

|Hσ1,...,σp

j1,...,jp
| ≤ C max

3
{|j1|, . . . , |jp|}µ max{|j1|, . . . , |jp|}m

XH : Hs 7→ Hs−m , m > 0

In general ∂τu = XH(u, ū) does not define a flow

2 What to do with only weak non-resonance conditions

|Ωj1 ± . . .± Ωjp | ≥
γ

max (|j1|, . . . , |jp|)τ

which are small in the biggest frequency! (loss of derivatives)
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Normal form for quasi-linear PDEs

CHANGE OF PARADIGM
Not reduce first the nonlinearity in sizes of u but in decreasing orders of operators:

u2(x)︸ ︷︷ ︸
ε2

∂xxu is much bigger that u(x)︸︷︷︸
ε

∂xu acting on eijx for j ≫ 1

New procedure:
1 Paradifferential normal form:

transform the water waves equations to a
diagonal, constant coefficients in x paradifferential system
up to smoothing remainders

Originated in KAM for quasi-linear PDEs, Berti, Baldi, Montalto. Reduction in order of
linearized operator;
Nonlinear version: para-linearization of vector field; Berti-Delort,

2 Then implement ”semilinear” normal form transformations which reduce the size of
the nonlinear terms
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Example: quasi-linear perturbation of KdV

ut = uxxx + u3xxx

Quasi-linear, duhamel iteration fails. Use Nash-Moser

Linearized equation

ht = (1 + 3u2xxx(t, x))hxxx

Strategy 1. Do at black-board. Reduce to constant coefficients

ht = (1 +m3)hxxx + lower order terms

In this new coordinates it is constant coefficients. The transformations are composition
operators: x + β(t, x). Linearly symplectic version (1 + βx(x))u(x + β(x))

Paralinearize

ut = OpB(1 + 3u2xxx)(iξ)
3)u + R(u)[u]︸ ︷︷ ︸

smoothing

similarly reduce to constant coefficients. Paracomposition.
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Outline

1 Paradifferential calculus

2 Birkhoff normal form for Hamiltonian Quasi-linear PDEs
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Paradifferential calculus : nonlinear version of pseudo-differential calculus

Symbols a ∈ ΣΓmp . m = order of symbol, p = size in O(∥u∥p)
1 a(u; x , ξ) =

∑N−1
q=p aq(u; x , ξ) + aN(u; x , ξ) with aq ∈ Γmq and aN = O(∥u∥N)

2 Homogeneous symbol:

aq(u; x , ξ) =
∑

(j1,...,jq)∈Zq,(σ1,...,σq)∈{±}q

a
σ1,...,σq

j1,...,jq
(ξ)uσ1

j1
. . . u

σq

jq
ei(σ1j1+...+σq jq)x

for some µ ≥ 0, ∀β ∈ N,
|∂β

ξ a
σ1,...,σq

j1,...,jq
(ξ)| ≤ C |(j1, . . . , jq)|µ⟨ξ⟩m−β

3 Non-homogeneous symbol : ∀α, β in N, with α ≤ s − s0

|∂α
x ∂

β
ξ a(u; x , ξ)| ≤ C ⟨ξ⟩m−β∥u∥q−1

s0 ∥u∥s

Exercise 1 : a ∈ Γmp =⇒ ∂xa ∈ Γmp , ∂ξa ∈ Γm−1
p

Exercise 2 : u2x (x)iξ is a symbol in Γ12, u2x (x)iξ = −i
∑

j1,j2
j1j2uj1uj2ξe

i(j1+j2)x
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Bony-Weyl quantization

OpBW (a(u; x , ξ)) = OpW (aχq (u; x , ξ))
where

aχq (u; x , ξ) :=
∑

(j1,...,jq )∈Zq ,(σ1,...,σq )∈{±}q ,
|j1|,...,|jq |≤δ⟨ξ⟩

a
σ1,...,σq

j1,...,jq
(ξ)uσ1

j1
. . . u

σq

jq
ei(σ1j1+...+σq jq)x

Weyl quantization

u(x) = 1√
2π

∑
j∈Z uje

ijx

OpW (a(x , ξ))u = 1√
2π

∑
k

(∑
j â(k − j , k+j

2 )uj)e
ikx

Advantage of Weyl (OpBW (a))∗ = (OpBW (ā))

Standard quantization

Op(a(x , ξ))u = 1√
2π

∑
k

(∑
j â(k − j , j)uj)e

ikx
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Bony-Weyl paradifferential operators

OpBW (a(u; x , ξ))v =
∑

j1,...,jq,j,k

a
σ1,...,σq

j1,...,jq

( j + k

2

)
uσ1

j1
. . . u

σq

jq
vje

ikx

1 |j1|, . . . , |jq| ≤ δ|j |, δ ≪ 1,

2 k = σ1j1 + . . .+ σqjq + j (translation invariance)

3 |j | ∼ |k|

Notation: a
σ1,...,σq

j1,...,jq
(ξ) = aσ⃗ȷ⃗ (ξ)
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Action on Sobolev spaces of a para-differential operator

Let a ∈ Γmq . Then, ∃s0 > 1/2, such that for any s ∈ R,

∥OpBW (a(u; ·))v∥s−m ≤ C∥u∥qs0∥v∥s

∥OpBW (a(u; ·))v∥2s−m ≤
∑
k∈Z

|k |2(s−m)
(∑

j∼k

∣∣∣aσ⃗ȷ⃗ ( j + k

2

)∣∣∣|uσ1

j1
| . . . |uσq

jq
||vj |

)2

|k|∼|j|
≲

∑
k∈Z

(∑
j∼k

|j |s−m|j |m|uσ1

j1
| . . . |uσq

jq
||vj |

)2

≲
∑
k∈Z

( ∑
σ1j1+...+σq jq=k

|uσ1

j1
| . . . |uσq

jq
||vj ||j |s

)2

=
∥∥∥(|uj |) ∗ . . . ∗ (|uj |) ∗ (|vj ||j |s)∥∥∥2

ℓ2

Young + ℓ1 is algebra

≲
∥∥(|uj |)∥qℓ1∥|vj ||j |s∥2ℓ2

Sobolev embedding

≲ ∥u∥qs0∥v∥
2
s
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Smoothing operators

Smoothing operators ΣR−ρ
p , ρ > 0

R(u)v =
∑N−1

q=p Rq(u)v + RN(u)v

1 Homogeneous smoothing operators

Rq(u)v =
∑

(j1,...,jq),j,(σ1,...,σq)

R
σ1,...,σq

j1,...,jq,j
uσ1

j1
. . . u

σq

jq
vje

i(σ1j1+...+σq jq+j)x

for some µ > 0

|Rσ1,...,σq

j1,...,jq,j
| ≲ max

2
(|j1|, . . . , |jq|, |j |)µ max(|j1|, . . . , |jq|, |j |)−ρ

2 Non-homogeneous smoothing operators R−ρ. ∃σ > µ : ∀u, v ∈ Hs , s + ρ > 0,

∥R(u)[v ]∥s+ρ ≲s ∥u∥qσ∥v∥s︸ ︷︷ ︸
if max(|j1|,...,|jq|,|j|)=|j|

+ ∥u∥q−1
σ ∥u∥s∥v∥σ︸ ︷︷ ︸

if max(|j1|,...,|jq|,|j|)=max(|j1|,...,|jq|)
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Two types of smoothing operators

1 R(u) = OpBW (a(u; x , ξ)) with a symbol a(u; x , ξ) ∈ Γ−ρ
q∣∣∣aσ1,...,σq

j1,...,jq

( j + k

2

)∣∣∣ ≤ C |(j1, . . . , jq)|µ︸ ︷︷ ︸
=max2(|j1|,...,|jq|,|j|)µ

⟨j⟩−ρ︸ ︷︷ ︸
=max(|j1|,...,|jq|,|j|)−ρ

Arise as remainders of composition operators: see next slide

2 |Rσ1,...,σq

j1,...,jq,j
| ≲ max(|j1|, . . . , |jq|, |j |)τ with support condition

max (|j1|, . . . , |jq|, |j |) ∼ max
2

(|j1|, . . . , |jq|, |j |)

|Rσ1,...,σq

j1,...,jq,j
| ≲ max(|j1|, . . . , |jq|, |j |)τ ∼ max

2
(|j1|, . . . , |jq|, |j |)τ+ρ max(|j1|, . . . , |jq|, |j |)−ρ

=⇒ that R(u) is smoothing for any ρ > 0, with µ = τ + ρ, thus estimates for σ ∼ ρ

Arise for example as remainders of Bony paradroducts : see later slide
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Symbolic calculus

Composition of paradifferential operators

Let a ∈ ΣΓmp , b ∈ ΣΓm
′

q . Then

OpBW (a) ◦OpBW (b) = OpBW ((a#b)ρ) + R

where
(a#b)ρ = ab + 1

2i{a, b}+ . . . last term ∼ ∂ρ
ξ a ∂

ρ
x b

and R ∈ ΣR−ρ+m+m′

p+q

Commutator [
OpBW (a),OpBW (b)

]
= OpBW ( 1i {a, b}+ r−3) + R

where the Poisson bracket

{a, b} := ∂ξa∂xb − ∂xa∂ξb

and r−3 ∈ ΣΓm+m′−3
p+q

This is the other main advantage of Weyl
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Paraproduct

u2 =
(
OpBW (2u)

)
u + R(u)u

and R(u) ∈ R−ρ
1 for any ρ in particular ∥R(u)u∥2s− 1

2−
≲ ∥u∥2s

u2 =
∑
n

∑
n1+n2=n

un1un2e
inx =

∑
n

∑
n1+n2=n,|n1|≤δ|n2|

un1un2e
inx

︸ ︷︷ ︸
=OpBW (u)u

+
∑
n

∑
n1+n2=n,|n2|≤δ|n1|

un2un1e
inx

︸ ︷︷ ︸
=OpBW (u)u

+
∑
n

∑
n1+n2=n,δ|n2|<|n1|<δ−1|n2|

un1un2e
inx

︸ ︷︷ ︸
=:R(u)u
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Para-linearization of composition operator

Composition operator
u(x) 7→ f (u)(x) := f (u(x))

Bony para-linearization

Let f ∈ C∞, f (0) = f ′(0) = 0, and u ∈ Hs . Then

f (u) = OpBW (f ′(u))u + R(u)u

where R(u)u ∈ H2s− 1
2−. Actually R(u) ∈ R−ρ: for all s > σ

∥R(u)v∥s+ρ ≲s ∥u∥s∥v∥σ + ∥u∥σ∥v∥s
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Example with derivatives

u2x = OpBW (2ux)[ux ]︸ ︷︷ ︸
=OpBW (2ux )OpBW (iξ)[u]

+ R(u)[u]︸ ︷︷ ︸
=−

∑
j1+j2=j
|j1|∼|j2|

j1j2uj1uj2 e
ijx

= OpBW (2ux iξ +
1

2i
{2ux , iξ}︸ ︷︷ ︸
=uxx

)[u] + R(u)[u]

= OpBW ( a(u; x , ξ)︸ ︷︷ ︸
2ux iξ+uxx∈Γ1

1

)[u] + R(u)[u]︸ ︷︷ ︸
∈R−ρ,∀ρ>0

since
max{|j1|, |j2|, |j |} ∼ max

2
{|j1|, |j2|, |j |}

Indeed

max{|j1|, |j2|, |j |} ≲ max{|j1|, |j2|} ∼ max
2

{|j1|, |j2|} ≤ max
2

{|j1|, |j2|, |j |} ≤ max{|j1|, |j2|, |j |}

Remark: Arbitrariness in the cut-off : where to insert smoothing terms
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Paralinearize a PDE

Paralinearize an equation

∂tU = X (U) , U :=

(
u(x)
ū(x)

)
means

∂tU = OpBW (A(U; x , ξ))U + R(U)[U]︸ ︷︷ ︸
=X (U)

,

where A(U; x , ξ) is a matrix of symbols and R(U) are smoothing operators

Remark: The algebraic properties are preserved by paralinearization.

If X is real-to-real, i.e. X leaves invariant subspace of U :=

(
u(x)
ū(x)

)
, then

A(U; x , ξ) =

(
a(U; x , ξ) b(U; x , ξ)

b(U; x ,−ξ) a(U; x ,−ξ)

)
indeed

OpBW (a(x , ξ)) = OpBW (a(x ,−ξ))
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Hamiltonian and linearly Hamiltonian structure

Hamiltonian vector field

X (U) = Jc∇(u,ū)H(u, ū) =

(
−i∂ūH
i∂uH

)
, Jc :=

(
0 −i
i 0

)

Linearly Hamiltonian structure of X (U) = OpBW (A(U ; x , ξ))U + R(U)[U]

A(U; x , ξ) = JcS(U) , S(U) :=

(
a(U; x , ξ) b(U; x , ξ)

b(U; x ,−ξ) a(U; x , ξ)

)
, OpBW (S) = (OpBW (S))⊤

OpBW (a) = OpBW (a)⊤, a(U; x , ξ) = a(U; x ,−ξ), OpBW (b) = OpBW (b)∗, b(U; x , ξ) ∈ R

transpose with respect to real scalar product:〈(
v+
1

v−
1

)
,

(
v+
2

v−
2

)〉
r
:= ⟨v+

1 , v+
2 ⟩L̇2

r
+ ⟨v−

1 , v−
2 ⟩L̇2

r
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Paradifferential Hamiltonian : S(U) matrix of symbols in Γmp

H(U) :=
1

2

〈
OpBW (S(U))U,U

〉
r

Then its gradient
∇H(U) = OpBW (S(U))U + R(U)U

where R(U) is a real-to-real matrix of smoothing operators for any ρ ≥ 0

dH(U)[V ] =
〈
OpBW (S(U))U,V

〉
r
+
〈
OpBW

(
1
2dUS(U)[V ]

)
U︸ ︷︷ ︸

=:L(U)V

,U
〉
r

⇒ ∇H(U) = OpBW (S(U))U + L(U)⊤U

key property

Transposed map L(U)⊤ is a smoothing operator for any ρ ≥ 0

Delort, Feola-Iandoli
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Holds for more general

Spectrally localized maps Sm
p

S(U)v =
∑

(j1,...,jp),j,k,(σ1,...,σp)

S
σ1,...,σp

j1,...,jp,j,k
uσ1

j1
. . . u

σp

jp
vje

ikx

for some µ > 0

|Sσ1,...,σp

j1,...,jp,j,k
| ≲ max

2
(|j1|, . . . , |jp|, |j |)µ max(|j1|, . . . , |jp|, |j |)m

1 |j1|, . . . , |jp| ≤ δ|j |,
2 k = σ1j1 + . . .+ σpjp + j (translation invariance)

3 |j | ∼ |k|

S(U)v = OpBW (a(U; x , ξ))v
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L(u, . . . , u︸ ︷︷ ︸
p

)v =:= pS(v , u, . . . , u︸ ︷︷ ︸
p−1

)u

Matrix entries

L(u)v =
∑

k=j1+...+jq+j

Lȷ⃗p,j,kuj1 . . . ujpvje
ikx , Lȷ⃗p,j,k =

〈
L
(
eij1x , . . . , eijpx

)[
eijx

]
, e−ikx

〉
r

Transpose

(L⊤)ȷ⃗p,j,k =
〈
L⊤

(
eij1x , . . . , eijpx

)[
eijx

]
, e−ikx

〉
r

=
〈
eijx , L

(
eij1x , . . . , eijpx

)[
e−ikx

]〉
r

=
〈
L
(
eij1x , . . . , eijpx

)[
e−ikx

]
, eijx

〉
r
= Lȷ⃗p,−k,−j
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[L⊤]ȷ⃗p,j,k = Lȷ⃗p,−k,−j =
〈
L
(
eij1x , . . . , eijpx

)[
e−ikx

]
, eijx

〉
r

= p
〈
S
(
e−ikx , eij1x , . . . , eijp−1x

)[
eijpx

]
, eijx

〉
r

= p S−k,j1,...,jp−1,jp,−j ̸= 0

for indices satisfying

max{|k|, |j1|, . . . , |jp−1|} ≤ δ|jp| , |jp| ∼ |j | ⇒

The operator L⊤(U) is smoothing for any ρ

max(|j1|, . . . |jp−1|, |jp|, |j |) ≲ max(|jp|, |j |) ∼ max2(|jp|, |j |) ≲ max2(|j1|, . . . , |jp|, |j |)
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Outline

1 Paradifferential calculus

2 Birkhoff normal form for Hamiltonian Quasi-linear PDEs
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Main steps

Hamiltonian paradifferential Birkhoff normal form procedure:

1 Paralinearization of the PDE

2 Paradifferential linearly Hamiltonian normal form reduction
transform the water waves equations to a
diagonal, constant coefficients in x paradifferential system
up to smoothing remainders

preserving the Linearly Hamiltonian structure

3 Symplectic correction up to homogeneity N

4 Hamiltonian paradifferential Birkhoff normal form
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Today: steps 1 and 2
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Step 1: paralinearization of water waves: Alazard-Metivier, Alazard-Burq-Zuily,
Berti-Delort, we add vorticity

∂tU = JcOpBW

(
A 3

2
(U; x)ω(ξ)

)
U +

γ

2
G (0)∂−1

x U

+JcOpBW

(
A1(U; x , ξ) + A 1

2
(U; x , ξ) + A

(2)
0 (U; x , ξ)

)
U + R(U)U︸ ︷︷ ︸

Hamiltonian vector field Jc∇H

where

ω(j) =

√
|j | tanh(h|j |)

(
g + κj2 + γ2

4
G(j)
j2

)

A 3
2
(U; x) :=

 f (U; x)︸ ︷︷ ︸
even in ξ

1 + f (U; x)︸ ︷︷ ︸
real

1 + f (U; x) f (U; x)

 , f (U; x) = O(∥U∥)

A1(U; x , ξ) :=

iB(U; x)|ξ|︸ ︷︷ ︸
even in ξ

−V (U; x)ξ︸ ︷︷ ︸
real

V (U; x)ξ −iB(U; x)|ξ|


A 1

2
(U; x , ξ) are symbols of order 1/2

A
(2)
0 (U; x , ξ) are symbols of order 0 and R(U) are smoothing operators
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Most complicated step paralinearization of Dirichlet-Neumann operator

We have to recognize the linearly Hamiltonian structure of the sysmbols
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2) Paradifferential linearly Hamiltonian normal form reduction

W =

(
w
w̄

)
= Φ(U)U , Φ(U) : Ḣs(T,C2) → Ḣs(T,C2)︸ ︷︷ ︸

linear operator

, U =

(
u
ū

)
, ∥W (t)∥s ∼s ∥U(t)∥s

Symmetrization and Reduction to constant coefficient symbols up to
smoothing remainders (Alinhac good unknown, paracomposition, ...)

∂tw = i OpBW

(
m 3

2
(W ; ξ)

)
︸ ︷︷ ︸
paradifferential operator

w + R(W )︸ ︷︷ ︸
smoothing

w

m 3
2
(W ; ξ) := − (1 + ζ(W ))ω(ξ)− γ

2

G(ξ)

ξ︸ ︷︷ ︸
modification of dispersion

− V(W )ξ︸ ︷︷ ︸
transport

−b 1
2
(W )|ξ| 12 − b0(W ; ξ)︸ ︷︷ ︸

0 order terms

m 3
2
(W ; ξ) is x-independent

m 3
2
(W ; ξ) is real (up to a 0-order symbol, technical reasons)
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Linear Hamiltonian structure

Φ is a linearly symplectic map

Φ(U)⊤ Ec Φ(U) = Ec + E>N(U) , Ec :=

[
0 −i
i 0

]
, E>N(U) = O(∥U∥N+1)

[remark: symplectic means (dU(Φ(U)U))⊤ Ec dU(Φ(U)U) = Ec ] ⇒

the transformed system is linearly Hamiltonian (but not Hamiltonian)

∂tw = iOpBW

(
m 3

2
(W ; ξ)

)
︸ ︷︷ ︸

self−adjoint

w + R(W )w , i.e. m 3
2
(W ; ξ) is real

Local existence energy estimate for ∥w∥s
The PDE neglecting R

∂tw = iOpBW

(
m 3

2
(W ; ξ)

)
w

preserves all Hs norms ∥ ∥s

Question: What happens adding R(W )?
Make Birkhoff normal form transformations on the symbols and on the smoothing

remainder
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The Φ(U) are time 1-flow Ψτ (U) of a linearly Hamiltonian paradiff operator

∂τΨ
τ (U) = Jc OpBW (B(τ,U; x , ξ))Ψτ (U), Ψ0(U) = Id ,

where OpBW (B) = OpBW (B)
⊤

of 1-order (linear hyperbolic PDEs). For example

B(τ,U; x , ξ) :=

(
0 b(τ,U; x)ξ

−b(τ,U; x)ξ 0

)
, b(τ,U; x) :=

β(U; x)

1 + τβx(U; x)
,

which is the flow of the transport equation ∂τu = OpBW (ib(τ,U; x)ξ)u

Ψτ (U) : Hs → Hs , ∀s
Ψτ (U) is linearly symplectic;

Ψτ (U) preserve paradifferential structure (next slide)

BUT Ψτ (U)U it is NOT symplectic =⇒ we have LOST the Hamiltonian structure
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Transformation rules

Paradifferential equation

∂tU = OpBW (A(U; x , ξ))U + R(U)U

Paradifferential flow change of variable:

W = Ψτ (U)U ⇐⇒ U = (Ψτ (U))−1W

∥W ∥Hs ∼ ∥U∥Hs

New PDE (it is still in paradifferential form)

∂tW = Ψτ (U)
[
OpBW (A(U; x , ξ)) + R(U)

]
(Ψτ (U))−1︸ ︷︷ ︸

conjugation of space

W + ∂tΨ
τ (U)

(
Ψτ (U)

)−1︸ ︷︷ ︸
conjugation of time

W

= Ψτ (U)
[
OpBW (A(U; x , ξ))

]
(Ψτ (U))−1W + ∂tΨ

τ (U)
(
Ψτ (U)

)−1
W + R(U)W

= OpBW (A1(U; x , ξ))W + R(U)W

New PDE is still in paradifferential form : Lie expansion or Egorov type analysis
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One step: highest order

Model WW

ut = iOpBW ((1 + ζ(U; x))ω(ξ) + + . . .)u + R(u)[u]

1 ω(ξ) =
√
κ|ξ|3/2 + ...

2 ζ(U; x) ∈ R

We show how to reduce it to constant coefficients
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Reduction to constant coefficients in x at the highest order

ut = iOpBW ((1 + ζ(U; x))|ξ|3/2)u

Idea: use a change of variable x 7→ x + β(U; x), a diffeomorphism of T1, so that
ξ 7→ (1 + βx)ξ, and the PDE transforms into

Transformed PDE

ut = iOpBW ((1 + βx(U; x))3/2(1 + ζ(U; x))
√
κ|ξ|3/2 + . . .)u

Choice of β(U ; x)

(1 + βx(U; x))3/2(1 + ζ(U; x)) = c(U)

βx(U; x) =
( c(U)

1 + ζ(U; x)

) 2
3 − 1 =⇒ determines c(U) and β(U; x)
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We can not use

Composition operator

Φβ : u(x) 7→ u(x + β(x))

because the conjugated vector operator

(Φβ)
−1 ◦

(
OpBW (1 + ζ(U; x))|ξ|3/2)

)
◦ Φβ

would not be any more in paradifferential form

We use a ”Paracomposition operator”
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A definition of paracomposition operator

We regard the change of variable u(x) → u(x + β(x)) as a flow

Homotopy

u(x) → u(x + τβ(x)) , τ ∈ [0, 1]

This path is the flow of

linear transport equation

∂τu = b(U; τ, x)∂xu , b(U; τ, x) = β(U;x)
1+τβx (U;x)

∂θu = Op(ib(U; τ, x)ξ)u

Paracomposition operator Φ⋆
βU ; := Φβ(1): time one flow of

∂τu = iOpBW (b(U; τ, x)ξ)u , u(τ) = Φβ(U; τ)u(0)
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Proposition, Berti-Delort
1 Assuming ∥β∥Hs0 < 1/2 then

Φ⋆
β : Hs → Hs , ∀s , ∥Φ⋆

βu∥s ≤ C∥u∥s

2 Paradifferential analogue of Egorov theorem

(Φ⋆
β)

−1
(
OpBW a(U; x , ξ)

)
Φ⋆

β = OpBW
(
α(U; x , ξ)

)
+ R(U)

where
α(U; x , ξ) = a

(
U; x + β(U; x), ξ(1 + β̆y (U; y))|y=x+β(U;x)

)
+ . . .

y = x + β(U; x) ⇐⇒ x = y + β̆(U; y)

and R(U) ∈ R−ρ
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Proof. The conjugated vector field

P(τ) := Φβ(τ) ◦OpBW
(
a(U; x , ξ)

)
◦ Φβ(τ)

−1

satisfies the Heisenberg equation

∂θP(τ) =
[
iOpBW (b(U; τ, x)ξ),P(τ)

]
, P(0) = OpBW

(
a(U; x , ξ)

)
Solution in decreasing symbols

P(U; τ) = OpBW (q(U; τ, x , ξ) + . . .)

∂τq(U; τ, x , ξ) = {b(U; τ, x)ξ, q(U; τ, x , ξ)} , q(0, x , ξ) = a(U; x , ξ)

q(U; τ, x , ξ) = a(x + τβ(U; x), ξ(1 + β̆y (U; y)|y=x+β(U;x)))

Weyl quantization is convenient
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Conjugation of ∂t

proposition

Φ⋆
β ◦ ∂t ◦ (Φ⋆

β)
−1 = ∂t +Φ⋆

β(Φ
⋆
β)

−1

= ∂t +OpBW (ig(U; ·))ξ + R(U)

where R(U) is a smoothing operator in R−ρ.

The conjugation with ∂t gives a lower order term, transport order 1,

All the transformations are determined by the spatial operator since ω(ξ) ∼ |ξ|3/2 is
superlinear
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Flow and Taylor expansion

Φτ (U) : Hs → Hs , ∥Φτ (U)V ∥s ∼ ∥V ∥s
but a Taylor expansion gives unbounded operators

Φτ (U) = Id+OpBW (B(U))︸ ︷︷ ︸
order 1

U +
1

2
OpBW (B(U))OpBW (B(U))︸ ︷︷ ︸

order 2

U + . . .

Example ∂τu = OpBW (ib(τ,U; x)ξ︸ ︷︷ ︸
=B(U)

)u of transport

Key example: composition

u(x + β(x)) = u(x) + ux(x)︸ ︷︷ ︸
∂x

β(x)︸︷︷︸
smallness

+
1

2
uxx(x)︸ ︷︷ ︸

∂2
x

β2(x)︸ ︷︷ ︸
smallness2

+ . . .
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Next goal: recover nonlinear Hamiltonian structure of the paradifferential normal
form

1 WW are quasi-linear PDEs ⇒ require paradifferential calculus to prove energy
estimates (for local existence theory)

2 Usual paradifferential calculus does not preserve Hamiltonian structure

Goal :

Preserve Hamiltonian structure in paradifferential calculus,
at least up to homogeneity N
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2) Symplectic correction up to homogeneity N

Hamiltonian paradifferential normal form

There is a symplectic map up to homogeneity N

Z =

(
z
z̄

)
= (Id + R≤N(·)︸ ︷︷ ︸

smoothing

) ◦ Φ(U)U︸ ︷︷ ︸
=W

such that
∂tz = −iΩ(D)z +OpBW

(
− i(m̆ 3

2
)≤N(Z ; ξ)

)
z + R≤N(Z )Z︸ ︷︷ ︸

i∇z̄H(Z)

is Hamiltonian up to homogeneity N

Thanks to the fact that the symplectic corrector is

Id + R≤N(·)︸ ︷︷ ︸
smoothing

the paradifferential PDE structure is the same ⇒ good energy estimates
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THANKS for the ATTENTION!!
next episode at the Workshop...
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