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@ Lecture 1. The water waves equations, Hamiltonian formulation. Results based on
Hamiltonian and reversible structure. Long time existence results.

@ Lecture 2. Hamiltonian Birkhoff normal form : finite dimensional systems and
semilinear PDEs

@ Lecture 3 and talk at workshop. Hamiltonian Birkhoff normal form for quasi-linear
PDEs . Paradifferential calculus, paradifferential normal form and the symplectic
corrector

based on paper

Hamiltonian Birkhoff normal form for gravity-capillary water waves
with constant vorticity: almost global existence,

M. Berti, A. Maspero and F. Murgante, arxiv 2022

Stockholm, September 2023

Massimiliano Berti, SISSA



o Lecture 1. Space-periodic Gravity-Capillary Water Waves with constant vorticity
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The water waves equations

Time evolution of space periodic water waves in Trieste gulf:

o T HPERC T Dis
— _\-..t‘: — _J‘_;,-—'_ — J..:H-_ - o _I_ =g

—— — i )

KFEEC (Frae surfscs)

In section it is described by a bidimensional fluid, periodic in x
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Water Waves: one of the fundamental equations of Mathematical Physics

Incompressible Euler equations, 1757. Mémoires de |'Académie des Sciences
de Berlin, " Principes généraux du mouvement des fluides”

Laplace: 1776. Suite des récherches sur plusieurs points du systéme du

monde. Acad. R. Sci. Inst. France. Lagrange: 1781, 1786. Mémoire sur la
théorie du mouvement des fluides. Nouv. Mém. Acad. Berlin.
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Water Waves : Euler equations for an incompressible fluid with constant
vorticity 7 in D,(t) = {—h <y <n(t,x)} under gravity and capillarity

Equation of motions for i’ = (5) in —h <y <n(t,x)

Ol 4+ - Vii=—-VP — ge,

divi =0 =0 e~
rotld = vx — Uy =1
WHTER

Boundary conditions: A}J:

ne =V — unx at y =n(t, x)

. T)x — —
P+/18X(W> =Py aty=n(t x) .
v=0 at y = —h (3‘”@ — ;r,///,,l/*
P A / " Bofto .
g = gravity, k = surface tension coefficient, v = vorticity

P = pressure of fluid, Pp = atmospheric pressure, Curvature = BX( Il
V142

X=2T

free surface y = n(t, x) and the velocity field (¢, x, y)
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Hodge decomposition: & is the sum of a Couette flow and of an irrotational flow

(t,x,y) = (gy + Vo | ®(t,x,y) = velocity potential
N—— lrrotational
vorticity ~y

u(t, x, y) is completely determined by n(t, x) and 1(t, x) = ®(t, x, n(t, x)) J

/}%f’;&'l’j
>X
i) = Jix)
AdP=0 in —h<y<n(tx)
b= at y = n(t, x)
0,®=0 aty=—h Ageo

—_— Ve f
IO ———— SIS

(3:/’_§ IJQ /// //// X:,nr/’/ P

Bollok

Reformulate the equations in terms of (n, )
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Zakharov-Craig-Sulem-Constantin-Wahlén formulation of WW with vorticity

ne = G(n) + vy«

2 2
e =—gn— ' + BGEEL k(A=) i+ 90 G ()Y

Dirichlet—Neumann operator

G(MY(x) = /1 + 02 0pPly=n) = (Py — 1xPx)y=n(x)

@ G(n) is linear in v, non-local,

@ self-adjoint with respect to L?(T,)

@ G(n) >0, G(n)[1] =0

@ 7 — G(n) nonlinear, smooth,

@ G(n) is pseudo-differential, G(n) = Dtanh(hD) + OPS~>°

Calderon, Craig, Lannes, Metivier, Alazard, Burq, Zuily, Delort...
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Hamiltonian formulation

0 Id
o, <Z> =L VH(n, ), Jy:= (—Id 7351)

Hamiltonian
1 1 y
Hoo) =5 [wemvaxe 5 [etaxrn [ VTR ] [ (oot + o) b
T
kinetic energy potential energy capillary energy vorticity energy

Wahlen coordinates (7, () are Darboux coordinates:

o a1

n\ _ (0 I
0. (1) = b, 2= (G )
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Hamiltonian warming up

Symplectic 2-form

o ((h)(2)= (e () (7)), &=(% )

symplectic tensor

Hamiltonian vector field

dH(n, )] = Q0 (Xu(n,¢),) =

_ -1 0 Id
Xl ) =, I ), =7 = (S i)

L2—gradient

| N,

Poisson tensor

A\

Pull-back 2-form under a linear transformation B

#a((2)(5) = (o) 2 (2)=| e=e (2)-(2)

new symplectic tensor 12
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Whalén transformation B : (1, () — (1, %)

(d o0 T (il —307t
B = (gaxl Id>’ B = (o Id

BTEB = E — <0 —Id)

Id 0

standard symplectic tensor
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Symmetries and prime integrals

Translation invariance

Hore=H,  7c: (n,Q)(x) = (n,Q)(x +¢)

= by Noether theorem

Jr G (x)n(x) dx

EXERCISE 1: the transformations 7. are symplectic
T =Q, <<= 1 En=E

EXERCISE 2: the Hamiltonian vector field generated by the momentum is the generator
of the translations, and thus has flow 7.
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Reversibility

HoS =H, Involution: S : (1,¢)(x) = (7, —¢)(—x), S?*=1d

Reversible vector field Xy = JVH

XyoS=-SoXy <+— q)f_IOS:So(D;t

Equivariance under the Z/(2Z)-action of the group {Id, S}

Recommended book: Moser-Zehnder: Lectures in Dynamical Systems
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If v =0 : Standing Waves : Invariant subspace: functions even in x

n(=x) =n(x), P(=x)=1v(x)

!
'y

13

A

\ 7”5 Z(Jd }‘ : { ' Standing waves

wa}x: K(=>) b Fluid confined
§(_>((é\; §(x,g)+ T between two walls

= —_— —— T

T \ >
Gl //////X:_Tr‘ x
Slog)=0 =
= w‘zs
NOT for v #0
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Standing Waves

Invariant subspace: functions even in x

n(=x) =n(x), P(=x) =P(x)

Thus the velocity potential
O(—x,y) =®(x,y) = &.(0,y)=0
and, using also 27 periodicity,
—Ou(m,y) = Ou(—T,y) = Ou(m,y) = Ou(m.y)=0

= no flux of fluid outside the walls {x = 0} and {x = 7}.

Neumann boundary conditions at x =0 and x =7

nX(O) = 17X(71‘) = 07 1/&(0) = wx(’ﬂ') =0
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/ n(x) dx = const.
T

n € H3(T) := {n € H*(T) : / n(x)dx =0}
T
ue H(T) & u(x)= Z e Z luk|2 (k)% = |Jul|3s < +o0
kEZ kEZ

The variable ¢ is defined modulo constants: only the velocity field V ,® has physical
meaning:

¢ € H(T) = H5(T)/ ~ u(x) ~v(x) <= u(x)—v(x)=c
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Recent results on periodic water waves

Hamiltonian and reversible nature of water waves equation only recently effectively
exploited

@ Existence of time quasi-periodic solutions. KAM for water waves
Baldi, Berti, Feola, Franzoi, Giuliani, Haus, Maspero, Montalto, since 2015
prior results of periodic solutions: Toland, Plotnikov, looss, Alazard, Baldi

@ Long time existence results. Birkhoff normal form for water waves
Berti, Delort, Feola, Franzoi, Maspero, Murgante, Pusateri, since 2016

© Benjamin-Feir instability of Stokes waves
Berti, Maspero, Ventura, since 2022

Remarks:
@ key role in dynamical systems of XX century;

o In R less relevant as dispersion prevails (but also here useful for local existence)
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Expected scenario for nearly-integrable Hamiltonian systems close to an
elliptic equilibrium

KAM Torus

Eltiptic F¢

Hyperbolic FP

@ KAM results: These are solutions defined for all times

Definition: quasi-periodic solution with n frequencies

u(t,x) = U(wt, x) where U(p, x) : T" x T — R,
w € R"(= frequency vector) is irrational w - k # 0, Yk € Z" \ {0}
— the linear flow {wt};cr is DENSE on T”

selection of “initial conditions” giving rise to global solutions
@ Long time existence: solution of size ¢ does it exists and remain in an
O(¢)-ball for all |t| < cs=N. For exponential times ?
© Arnold diffusion: What about a solution which does not start on a KAM torus for
times |t| > ce=N7?
Chaos? Growth of Sobolev norms?

In these lecture item 2 : long time existence results and Birkhoff normal form
Massimiliano Berti, SISSA Stockholm, September 2023 18 /44



© Linear water waves
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Linear water waves theory

Linearized system at (7,¢) = (0,0)

8 = G(0)¢ + 2G(0)a; 1,
¢ = —gn + i + 2071 G(0)C + (3)° 971 G(0)07 M

Dirichlet-Neumann operator at the flat surface n =0 is

G(0) = Dtanh(hD) = |D|tanh(h|D]), D = %

Fourier multiplier notation: given m:Z — C
m(D)h = Op(m)h =3, m(j)hjeV,  h(x) = dicz hje'
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Exercise: computation of the Dirichlet-Neumann operator G(0)

The solution of the elliptic problem:
Ad=0in{-h<y<0}, Ply—o=%, O, =0aty=—h

where ¥(x) = Zjez¢1 is

Z cos h Cosh(J(y +h))eV J

Thus
G(0)y := (9,®)(x,0) = Y _ jtanh(nj)is;e” =: Dtanh(nD)y

JEZ
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Complex variable

G(0) )%
kD2 4 g — L0x 1 G(0)0k !

u= (MO +M(D))). M(D):= (

Linear Water Waves
up = iIQ(D)u

Dispersion relation

Q&) = \/(Kfz +g+ V%%)ftanh(hﬁ) + 3 tanh(h¢)

Linear solutions: infinitely many harmonic oscillators

0 =iQi(k)y;  all solutions:  u(t,x) = Y 1;(0)e ¥ el
jez\{0}

are periodic, quasi-periodic, almost periodic

The Sobolev norm is constant
JuCts Mre = [lu(0, )1
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Linear frequencies of oscillations

Q) = \/(,-;52 tg+ fw)gtanh(h@ + X tanh(n¢)
4 ¢ 2
even in & odd in &

@ For £ > 0 (superliner)

Q(€) ~ VEIE]F as €] = +oo

@ x €T and u(x) zero average = |£| > 1
@ For v = 0 the dispersion relation is EVEN Q(§) = Q(—¢€)
on the subspace of even functions the frequencies (j) are simple
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© Long time existence results
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Nonlinear water waves

Main question:

o for which time intervals (— Tinax, Tmax) solutions of the nonlinear water waves
equations exist?

Major difficulties:
Quasi-linear PDEs

uy = iQ(D)u + N(u, @), Q(D)~ |D*/?
N = quadratic nonlinearity with derivatives of order N(|D[*/?u)

Local existence. Hidden hyperbolic structure, with or without capillarity.
Nalimov, Yosihara, Craig,

S. Wu = initial data of arbitrary size in Sobolev spaces, 1999

Lindblad, Beyer-Gunther, Coutand-Shkroller, Shatah-Zeng,
Lannes, Alazard-Burg-Zuily —Alinhac “good unknown”—
Schweizer, Ifrim-Tataru, ...
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For global existence huge difference between x € R? and x € T¢

Periodic boundary conditions x € T

NO dispersive effects of the linear PDE as for x € R?, x € R and data decaying at infinity:
Global well-posedness: S.Wu, Germain-Masmoudi-Shatah, lonescu-Pusateri,
Alazard-Delort, Ifrim-Tataru, Alazard-Burg-Zuily

Not available conserved quantities controlling high Sobolev norms

Stockholm, September 2023
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Main result: almost global existence

Theorem (M. Berti, A. Maspero, F. Murgante 2022)

For any value of the gravity g > 0, depth h € (0, +o0] and vorticity v € R, there is a zero
measure set K C (0,+00) such that, for any surface tension coefficient r € (0, +o0) \ K,
for any N in Ng := N U {0}, there is sy > 0 and, for any s > sy, there are

g0 > 0,c > 0,C > 0 such that, for any 0 < € < €g, any initial datum

(110, %0) € HT¥(T,R) x H5~%(T,R)  with |l

ot + [|1%0]

1 < g,

H ™4
the gravity-capillary-vorticity water waves equations have a unique classical solution
(n,9) € C°<[f T., To], ST (T, R) x HS*%(T,R)) with T. > ce N1,

satisfying the initial condition n|i—o = no, ¥|t=0 = 0. Moreover

sup  ([Imll .
te[—T.,T.] ( Ho

3+ Dl

1) < Ce

Massimiliano Berti, SISSA
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@ This theorem extends Berti-Delort 2017 :

(i) non zero vorticity ~;
(i) it is new also for -y = 0 since [BD] holds for initial data (7o, 10) even in x

@ Restriction on parameters to ensure the absence of N-wave resonant interactions:
Q5 (k) + .+ Q (K) = Qi (8) = = Qi (6)] Z max(al, - lin) 7
among integers ji, ..., jp, jp+1, - - - »jn Which are not super-action preserving, namely

{lls- s Lply 7 {lpsals - Uinl}

Tool: sub-analytic functions Delort-Szeftel '03
@ Key energy estimate for |67, ¥)llx- = Inll .y + 1,y 2
0

r

() (O x> S 1(m, )OI + /Ot 1(m, w)() 1% d7

Highly non trivial facts: same X* and N + 3
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4) Time of existence

Q@ T. > ce !, local existence theory, S. Wu., Lindblad, Beyer-Gunther,
Coutand-Shkroller, Lannes, Shatah-Zeng, Alazard-Burg-Zuily, Ifrim-Tataru, ...

@ 7. > ce 2, S. Wu, Ifrim-Tataru, in cases there are no 3-wave interactions: e'%tel®x

No integer solutions ji, j2,j3 € Z \ 0 of
{Qh e sz + Qj3 =0

hEtpEtj3=0

Pure capillary, h = +00. Q; = L/|%
Pure gravity, h = +o00. Q; = |j|%
© Gravity-capillary irrotational even in x waves T. > ce N, VN, Berti-Delort '17, we
erase parameters (g, <) to avoid multiple wave interactions
Q+...£Q,,=0
AE.. £ =0

Stockholm, September 2023
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Theorem (Berti-Feola-Franzoi, '19)
For any value of g = gravity, k = capillarity, h = depth, the solutions of gravity-capillary

irrotational water waves exist for T. > ce 2

Q= \/jtanh(hj)(g + Kkj?)

There are 3-waves resonances (Wilton-ripples)

j17j27j3 €7 \ 07

le + sz + QJ'3 =0
hEtpEtjz=0

Key: Finitely many + Hamiltonian Birkhoff normal form

Theorem (Berti, Feola, Pusateri, '18) Conjecture of Zakharov-Dyachenko '94

The irrotational gravity water waves equations in deep water h = 400 are an integrable
system up to quartic terms O(u*) and T. > ce 3

NO PARAMETERS . Linear frequencies Q(j) = g+//|

Recent extensions : S. Wu and Deng-lonescu-Pusateri
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Remark 5) Reversible and Hamiltonian structure

Algebraic property to exclude “growth of Sobolev norms”
@ Hamiltonian
@ Reversibility

Dynamical systems heuristic explanation:
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Water waves

ur =iQ(D)u + No(u, @), No(u,d) = O(v?)

Fourier and Action-Angle variables (¢, /)

u(x) = Tjeg e,y = /e

Sobolev norm |[ul|?, = > ezl + 72

Small amplitude solutions

Rescaling u +— cu
us = iQ(D)u + £O(v?)
in action-angle variables reads

%Ij = efi(e,0,1), %Gj = Q(j) +egj(e, 0,1)

angles 6; = Q(j)t “rotate fast”, actions /;(t) “slow” variables
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“Averaging principle”:

The effective dynamics of the actions is expected to be governed by

Sh=elf)en). )= [0 nd

the average with respect to 6 = (0;)jcz

If (f)(e,1) # 0 = [;(t) diverges ("secular terms” of Celestial mechanics)

Necessary condition for QP solutions and long time existence
(f)(1) =0
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The condition (f;)(/) = 0 is implied by

Hamiltonian case: 7(0,1) = (0pH)(0,1)

= (0oH)(0,1)d0 =0
'JTOO

Reversible vector field (Moser)
40 =g(1,0), %1=Ff(1,0), f(I,0)oddin, g(/,0)even inf

— /f(a,/)dezo
TOO

Reversible vector field

X(0,1) = (g.£)(0,1), XoS=-SoX, S:(0,1) (-0,
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The water waves equations (written in complex variables) are reversible with respect to
the involution

S u(x) — d(x)

that on the subspace of even functions

u(—x) =u(x), u(x)= ZjeZ e = ZjeZ \ﬁeigjeijxv

Moser reversibility

0,1 — (-6,

Alinhac “good unknown” which has to be introduced to get energy estimates
(local existence theory) preserves the reversible structure, not the Hamiltonian one

Massimiliano Berti, SISSA
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Why Need of

preserving the
Hamiltonian structure




Poincaré-Birkhoff normal form in case of simple eigenvalues

u; = iQju; + a|uk|2uj : VjeZ
—_——

Poincare’ — Birkhoff resonant

@ Reversible structure :  vector field f(u) := ([f(u)];) with [f(v)]; := aluk|?y;
foS=-Sof, S5:(uy)w—(7)
implies
a=-a = a=if,B8€R,
Q=
%Iujl2 = %(Uﬁj) = 0T + uly
= [ + Blu)us | T + | = iy + Blu)z] = 0

= |u;|? are prime integrals [Berti-Delort]
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False in presence of multiple eigenvalues

Birkhoff-resonant: Q; = Q_;

U_j =iQ_ju_j + buu—yuy;
u; :inuj—i— augUu_gU_;

Poincare’ — Birkhoff resonant

@ Reversible structure implies a, b € iR;

e does not imply boundedness of the solutions

e Hamiltonian: augu_yu_; =i0zH, buxu_xu; =i0;_ H = a = —b

a__ _ a
H = -ugu_ju_;juj + ( - |u - u-ju;
i i

“super-action” J = |uj|? + |u_j|> are prime integrals
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@ All the paradifferential transformations performed to prove local existence —as the
celebrated Alinhac good unknown— are NOTsympIectic

@ In the last 2 papers (Berti-Feola-Franzoi '19) e (Berti-Feola-Pusateri '18) an
a-posteriori identification argument implies that the quadratic and cubic
Poincaré-Birkhoff normal forms are nevertheless Hamiltonian.

This argument does NOT work for any N

recover, in paradifferential calculus, the nonlinear Hamiltonian structure,
at any degree of homogeneity N

Develop a systematic paradifferential approach to
Hamiltonian Birkhoff normal form for
quasi-linear Hamiltonian PDEs

Massimiliano Berti, SISSA
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A symplectic Alinach good unknown up to homogeneity N

The nonlinear Alinach good unknown map [Alazard-Metivier, Alazard-Burg-Zuily]

9(1) = ey 1) ()= s o)
V) \=Tswmy 1d)\¥ —Ta@mp)n+ 1

is NOt symplectic. Tg paraproduct

Teu:= Y B(k—j)a(j)e™

li—kl<alj|
for the function B(n,v)(x) := ®,(x,n(x)). However

Theorem: Symplectic good unknown up to homogeneity N

Let N € N. There exists a pluri-homogeneous smoothing operator R<(-) in Z{Vﬁgé’ for
any o > 0 such that

D<n(n,¥) :== (Id + R<n(:)) 0 G(n, %)

is symplectic up to homogeneity N, namely

[der.oy D<n(n, )] Eo [dig,inDen(n, )] = Eo -+ O((m, 9)¥*), By = (121 _éd>

Massimiliano Berti, SISSA
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Idea: perturbative Darboux theorem. Lecture 3

Linearly Symplectic map : the matrix of operators ( TId I(c)l) is linearly
— 'B(n4)

.
Id 0 Id 0

E —E

<—TB(n,w) 1d> °<—Ts(n,w) Id) °

Symplectic map : the nonlinear map
(1)~ (e ) ()
v Ty 1d)\¥
diy)G(n,)" Eo iy, ¥) # Eo

/0 0 0\ (1
GG 0) = (— Ta(n.4) Id) - (—d(n,w) o] 0) <¢>

symplectic namely

is not symplectic :
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6) Global existence?

Question: Do these solutions exist for all times?
We do not know. Maybe not

Craig-Workfolk: for k = 0, h = 400 the water-waves PDEs are not integrable at the fifth
order Birkhoff normal form

(could be Chaotic but with well defined flow)
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Hamiltonian methods in water waves

Mittag-Leffler, Stockholm 7-8 September 2023

Massimiliano Berti, SISSA
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Hamiltonian Birkhoff normal form

© Finite dimensional case
@ Semilinear PDEs
© Quasi-linear PDEs
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Finite dimensional Hamiltonian systems and semi-linear PDEs

@ H. Hofer, E. Zehnder, Symplectic invariants and Hamiltonian dynamics, Birkhauser,
Chapter 1

@ B. Grebért, Birkhoff normal form and Hamiltonian PDEs, Lecture notes
© D. Bambusi, An introduction to Birkhoff normal form, Lecture notes
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Classical Hamiltonian system

Phase space R?" with coordinates (q, p) = (q1,-- -, qn; P1;-- -5 Pn)

Hamiltonian H : R?*" > R
('U:aij, pj:—aqu, j:l,...,n

Hamiltonian vector field

Xu = IV g mH, J:( 0 Id>

—-Id 0

Symplectic form
dH[1 = Q(Xw,), Q=37,dpAdg, Qvi,v2)=(Ev,vo)per, E=J71=—J

symplectic tensor E non-degenerate, i.e. E invertible, and antisymmetric, i.e. ET = —E

Poisson bracket

{F,G} =0, 8, F04,G — 8, G0y F = X, Xc)
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Harmonic oscillators

Hamiltonian

P+
H(q,p) = ZJ",=1 Wj~5

Hamilton’s Equation of motion
g =wipj, Ppj=-wjq, Jj=1,...,n

" p,+

The "actions i are prime-integrals. Orbits included in tori:
g

() = p7(t) ; q7 (t) _ p7(0) J2r q7(0)

Massimiliano Berti, SISSA Stockholm, September 2023



Harmonic oscillator Hamiltonian

2 2
_ n 'Pj+qj
H = Zj:l Wj=>

-angle variables

G = V2hcos()),  p = —/2]sin(6))

Symplectic form

Q=dlrnd)=3"

7 dl; A db;

Hamiltonian

H=w-1=%" wl, w:=(wi,...,w,) frequency vector

. . 0=0H, [=-0yH,
0j=wj, =0, 6;(t) = 0;(0) +wjt, [;(t) = ;(0)

actions (/;)j=1,....» introduced as coordinates, angles (6;);=1,...., rotate with frequencies w;
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complex variables

symplectic form

1 -
Q:T J{’:lde/\de

Poisson bracket

| \

{F,G} = ;Zle (04, F05,G — 9,,GOg,F)

1

Harmonic oscillators

| \,

H2 = ZFII WJ'UJ'FJ‘, UJ = iijj, uj(t) = uj(o)eiwjt

\

motion = rotation in the complex plane of angle w;t
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Transformation law of Hamiltonian vector fields

Hamiltonian vector field Xy
uy = Xp(u)

® is a Symplectic diffeomorphism v = ®(v)

d*Q = Q, i.e. Q(d¢(v)\71, dq)(V)OQ) = Q(\’}l, \72), V\’}l, \72,
(do(v))" Edd(v) = E

New Hamiltonian system
vi =Xk(v), K=Hoo
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Dynamics close to an elliptic equilibrium

H=H® +HO® L H® 4
—_———

=P
where
2) .y 2 _ _
HC) .= > j—1wilul Hm) = Za,ﬁEN”,|a|+|6|:m Ca,pud’
is a polynomial of order m
wed? = o ued L aP, a=(oa,...,a,) €N, Jal=a1+...+a,

Remark: if VH(0) = 0 and d?H(0) is positive definite, there exists a symplectic linear
change of variables in which the Hamiltonian assumes this form (Weirstrass, see
Hofer-Zehnder)

Question: Is there a canonical change of variables in which the Hamiltonian assumes a
simpler form? For example is it possible to remove the cubic terms? and the fourth order
ones? etc
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Hamiltonian Birkhoff normal form theorem

Assume H = H® 4+ P with P smooth and vanishing in a cubic way at the origin u = 0.
For any r > 3, there exists a symplectic change of coordinates (® — Id)(u, &) = O(|u|?),
defined in a small neighborhood of 0, such that

Hod=H® +Z+R
where Z is a polynomial of order r such that

{H® z} =0

and R vanishes in (u, &) with order r +1

{H® u*dP} =iw - (a — B)u®d” = Z =3 (a—p)=0 Ca,pU" ¥ g

Remark: advantage of complex coordinates : Adype = {H , } has elgenvectors u>i?
with eigenvalues iw - (o — 3)
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Normal form : non-resonant case

Non resonant case

w-k#0forany 0< [k|<r=w-(a—pB)=0onlyifa=p8=

Z = anu a” H|uj|2°‘f

Jj=1

depends only on the actions /; := |u;|?

Dynamical consequence:
7, ={,H? + 7} =0

= I; are prime-integrals of Z
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Long time stability

r+1

d 1
EJZ{O7H(2)+Z+R}={/j,R}=0(|/| 2)

r41
2 dr

(2] < |/(0)|+c/0 (7)

There exists ¢ > 0 such that if /(0) = 2 then |/(t)] < 2¢% for any 0 < t < ce= ("1

Boostrap argument:
E;:{t>o : |I(t)|§252}, E#0, T:=supE>0

Or T =400 or T < +00. Claim 3¢ > 0 such that T > ce= "1 If not V¢ > 0 we have
T <ce (1 g0

;
[I(T)| < |1(0)] + c/ [(7)|F dr < e + TC(26%)F < &2+ ce’ 1C(2e2)F < Z¢&2
0

N W

for ¢ > 0 small enough. Contradict that T = sup E

A
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Multiple frequencies

@ If there are multiple frequencies :
what about stability of the dynamics of the normal form ?

Q case (wl :w27(wj)3g§n> non-resonant. Then

wi(ar — 1+ az — o) +wi(az — B3) + ... +walay — Bn) =0

ifandonlyifogy — 1 +a2 — =0, a;=p;forj=3,...,n

Super-action

5 :=/1+/2:|U1|2+|U2|2, Ij:|uj|27j:3v"'v”

i, By ..., 1, are prime integrals of normal form Z

%Jl = {Jl, Ualjﬂ} = {|U1|2 + |U2|2, Ualjﬂ} = i(al — b1+ ax— 52)(1‘1176 =0
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Can be generalized

@ Our case Q; = Q_; for any j € Z, double frequencies
@ Thus we require (€);) are non-resonant

@ Restriction on parameters to ensure the absence of N-wave resonant interactions:
|9 (1) + o+ Qi (K) = Qi () — . = Qy (6)] 2 max(lil, -, Linl) "
among integers ji, ..., jp, jp+1 - - - »jnu Which are not super-action preserving, namely

{‘J1‘|JP|} 7& {UP+1

,‘j/v|}

o If N odd we eliminate all the monomials,
o If N even we keep only the super-action preserving monomials; for example if N = 4

luiPluel?,  |uPu@,  uT ud %
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Proof of Birkhoff Theorem:

The flow ®F at time T of a Hamiltonian vector field Xg

Pe(r) : R 5 RY, Op(7)[uo] = u(r), ®£(0)=1d

diTu(T) = Xe(u(r)), u(0) = uo,

is symplectic.

— it is sufficient to transform the Hamiltonian

HOCDF(T)
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Lie expansion

Set AdgH = {F, H}

Lemma (Lie expansion)

L 1
1 1
Ho®p(1) = E e—Adf_—H 0 /0 (1 —7)LAdEH o ®p(7) dr

:H+{F,H}—|—%{F,{F,H}}+...

Proof: Taylor expansion of H o ®¢(7) at 7 = 0. We have

%HO¢F(T) = {F, H}O(DF(T) = AdF(H) Oq)F(T).

Iterating
d@

S Ho®r(r) = AdEH o Of(7)
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Eliminate cubic monomials of H = H® + H®) + H®) 4+

3) = -3 ._ TN o Trn =B
HO = 301 i51=s Capt®d®, wod® =TI, 0 T,

Take an auxiliary cubic Hamiltonian

FO— 3 fgud
la|+18]=3

Transformed Hamiltonian under the flow of X

H+{FO H} + LFO {FO H}} + ...
= H® + HO + {FO) H®)} 4 quartic monomials

new cubic term

H® 4+ (FO HO} =37 (HE), +iw - (o — B)FL))uod®

a!‘

o,
if 0 th F(3) R HS,)B
Imw - (a - ﬁ) 76 then B T T iw-(a—pB)

Higher orders: by induction.

Massimiliano Berti, SISSA Stockholm, September 2023



@ The subsequent transformations are closer and closer to identity and do not change
the lower order normal form

@ In the non-resonant case the normal form is unique.

Important: thus whatever is the method and order of Birkhoff transformations the
normal form is uniquely determined
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Exponential time of stability

w non-resonant at any order, diophantine
-k > @, Vk €27\ {0},

Compute the dependence of constants on r and optimize

Time of stability for any r e N

T == 6 = C(r)y=r+)  —

C Stirling  e"(T*1)

szgr—1(r!)f+1 = (e

1 _ (.
r=e ™ — T,<e P
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Next problem: PDEs

All previous estimates depend on n and for PDEs n = +c0

In finite dimension

H=> wuyt+H® + H® + .
j=1

we used non-resonance condition for w = (w1, ...,w,) € R™

w-k#0,YO< |k|<r, keZ" = min |w- k| >0
0<|k|<r

For infinitely many frequencies (wj)jcz € R”, in general

inf |lw- k| =0
0<|k|<r,kezZ>

Example r = 3. Klein — Gordon : wj = \/j2+ m = j + O(Jl-),j >0

Wj — Wj, — Wj :.jl _j2 _j3 + O(Jll) + O(le) + O(J%)
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Birkhoff normal form theory for PDEs

@ Hamiltonian semilinear PDEs
uy +1Q(D)u = f(u), f(u) no derivatives of u
Bambusi, Grébert, Delort, Szeftel, '03, '06, '07 J

Examples:

Hamiltonian Wave equation
Yee — Yo + V(X)y = g(x,u), x€T

Hamiltonian Schodinger
ivy = Ot + V(X)u+ 0:G(x,u, i), x€T
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Phase space: Sobolev spaces

H(T) = {u(x) = jeq e : U2 i= e |02} < +oo}
() = max{L,|j]}

Identify u(x) with the sequence (uj)jez

Hamiltonian equation 0;u = iV;H(u, )

Uj = (XH)j = iﬁng, Vj €7

Example : cubic NLS

H(u, ) = / |ux|2dx—|—%/ lu|*dx
T T
Ol + il = i|u|2u

o o .
Oruj +1ij u; =1 E uj, j, uj,
h—hti=]
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Are the Birkhoff transformations well defined?

Is the auxiliary flow which generates the Birkhoff transformations
Oru = Xe(u)

well defined in H*?

Example: to remove the cubic Hamiltonian
(3) = T
. ) ) ) H - Zj17j27j3eZ HJ17127J3 uj, uj, Ujs

the auxiliary Hamiltonian is
Hlest

FG) —
(le + sz - Qfs)

; uj Uj, Ujs
J1u2.3EL

© Which growth conditions for Hj, j, i, in ji1,j2, /37
@ Which lower bounds for |, + €, — Q| ?
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Semi-linear Hamiltonians

i7) — @ilpoao@pp . @7l Tp S - _ =
H(u, ) = g Hjl,A..,jV uitewt, ot =u,uT =1
Giserdp) EZP (1, 0p) E{E}P
o1j1t+...+opjp=0

for some u > 0,
O1y.eeyO o .
M7 < Cmax{lil, - )

maxs{ny, ..., np} := third largest among integers ny, ..., n,

Key properties

@ The Hamiltonian vector field Xy is bounded on H* for any s > s
@ Stable class under solution of homological equation
© contains

H(u, o) = /E |u|*dx = Z uj, Oj, Uy, 0j,

Ji—Jotj3—ja=0
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Boundedness of Xy

There exists s > 0 such that the Hamiltonian vector field

XH:HS—>HS, Vs > sg

Example: Cubic Hamiltonian

— +,+,— . .07
H = Z Hi o Uit Gj

Jitj2—j=0
. _ . =
b =[Xulj, Xulj=1 > Hiuu,,
Jith=j

|H]T:j::j/_| 5 m:?X(|j1|a |.j2|v |./D#

VjEeZ

max(ljl; Uzl: i) = min(lal, U2l i) < min(lal, l2]) = max(|al, &2])

Massimiliano Berti, SISSA
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Convolution of sequences

usv=((uxv)j)jez, (uxv); Z Up Vi, = Zujlvj_jl

hti=j hEZ

Young inequality

lusvie < [ullalvie

PROOF.

1 1 2
Jus v = Z|Zuﬂvj_ﬂ < w1l

JEL JEZ JLEZ

< Z (Z i) Z|uh||v,_,1|2 = Juller > Jup Iy
Jsh
= ||U||141 Z Ju | Z i 2 = B lIvIZ
J1 J
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Exercise: ¢ is an algebra

Jus v < flulle,[[vile

Young inequality and algebra of ¢! imply

Exercise: iterated Young inequality

||u(1) % ..o & u(”)||@z < ||u(1)||¢1 . Hu(”’1)||p||u(")\|gz

Sobolev embedding: for s > 1/2

e = 1wl < (S 100%) (260-%)" S Nl

JEZL JEZ JEZ
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Boundedness of Xy =} ;[Xu]je”™

S0P D il max(Ga), Ga). G))* )’

[ Xk (u
JEZ Nth=j
%OZ( S (), o))l s max((i), (2’
JEZ  j+j=j

< (1) + (1) where

=Y ¥ Gl Dulter) <

J =),k <l
oung

G211y ()

1

2
il (207,

2
< | cwytun]]

Sobolev embedding

lullZlullf

~S

the contribution (I1) is similar =

[Xu(u)lls Ss lullsllulls, Vs >so:=p+1

Stockholm, September 2023
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Stability under solution of Homological equation

01,02,03
01,02,03 __ J1:J25J3

wE (01 + 029, + 030,)

Small divisors

Cc

0182, + 0282, + 038, > 1l, 2],
BN s, R AN ARG

| 0’17‘72703| < |H0170'27‘73|
~

1o s 1 o max{ |ja|, |, Us|}™ < max{|jl. |12l lia|}**"

<maxz{|jl,lj2l,lj3| }*
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Quasi-linear PDEs?

@ If the nonlinearity f(u) contains derivatives then f(u) is unbounded

Hamiltonians with m-derivatives

757 < Cmax{lil, - Lpl Y max{lial, -, Lipl}”

Xy :H = H™™ m>0

In general 0,u = Xy(u, &) does not define a flow
@ What to do with only weak non-resonance conditions

v
max (|, -, Ljp])"

Q... £Q;) >

which are small in the biggest frequency! (loss of derivatives)
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Normal form for quasi-linear PDEs

CHANGE OF PARADIGM

@ Not reduce first the nonlinearity in sizes of u but in decreasing orders of operators:

u?(x) O is much bigger that u(x) dcu acting on ¥ for j > 1
—— ~—

€2 €
New procedure:

@ Paradifferential normal form:
transform the water waves equations to a
diagonal, constant coefficients in x paradifferential system
up to smoothing remainders
e Originated in KAM for quasi-linear PDEs, Berti, Baldi, Montalto. Reduction in order of

linearized operator;
o Nonlinear version: para-linearization of vector field; Berti-Delort,

@ Then implement "semilinear” normal form transformations which reduce the size of
the nonlinear terms

Stockholm, September 2023
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Example: quasi-linear perturbation of KdV

_ 3
Ut = Uxxx + uxxx

Quasi-linear, duhamel iteration fails. Use Nash-Moser

Linearized equation

he = (1 + 3o (£, %)) hox
Strategy 1. Do at black-board. Reduce to constant coefficients

hy = (1 + m3)hyx + lower order terms

In this new coordinates it is constant coefficients. The transformations are composition
operators: x + 3(t, x). Linearly symplectic version (1 + Bx(x))u(x + B(x))

Paralinearize

ue = Op®(1 + 3uZ, )(i€)*)u + R(u)[u]
smoothing

similarly reduce to constant coefficients. Paracomposition.

Massimiliano Berti, SISSA
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@ Paradifferential calculus
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Paradifferential calculus : nonlinear version of pseudo-differential calculus

Symbols a € T’. m = order of symbol, p = size in O(|ul|?)

Q a(u;x,§&) = ZN ! aq(u; x,€) + an(u; x,€) with ag € T and ay = O(||ul|")
@ Homogeneous symbol.

. . J1,...,0q o1 0q Ji(o1ji+...+0qjg)x
ag(u; x, &) = § a, (f)uj1 e afa
(,jl7---7jq)Equ(0'l7---a°'q)€{:|:}q

for some u >0, VB € N,
02375 57(E)] < ClGj, -« - )l (€)™

© Non-homogeneous symbol : Vo, in N, with a < s — 55

10200 a(u; x, €)| < (&)™ P|lul| & |ulls

Exercise 1: acl? — 0&aecl] dacly?

Exercise 2 : u2(x)i¢ is a symbol in I3, u2(x)i§ = =i, ; jijouj ujEetit)x
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Bony-Weyl quantization
O™ (a(u; x,€)) = Op" (ay, (u; x, €))

where
) L 0'1, -0q Iq i(oc11+...+0qjq)X
ay,(u;x,8) = E Ly ello1n afa)
1+ Jq) €29, (01 ....oq)E{ £},
il i) <58

Weyl quantization

u(x) = 7= Tjez tie”
“(a(x, &) = 7= Ty (X, 8k —J, S )uy)et

Advantage of Weyl (Op8%(a))* = (Op®%(3))

Standard quantization

Op(a(x, &))u = 7= 52y ( X, 8k — o j)uy)e

Massimiliano Berti, SISSA Stockholm, September 2023



Bony-Weyl paradifferential operators

noa (JTK -
Op®Y (a(u; x, €))v = Z a;:m’j:"( )uj‘-:1 .. u}:"vjelkx
Juseendaid k
0 ‘Jl‘,7|./q| S 5|_/‘v 5<< ]-,
@ k=011 + ...+ 0qjg +j (translation invariance)
Q [j| ~ k|

Notation: a7'""”*(¢) = aZ(¢)
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Action on Sobolev spaces of a para-differential operator

Let a € 7. Then, 3sp > 1/2, such that for any s € R,

10" (a(u; ) Vlls—m < CllullglIvlls
k€EZ Jj~k

(Y fug )’
S (U )

KEZ ok

<S8 i)

keZ 01j1+...+0'qjq:k

JOp™ (a(u; NVIZ < D 1K (3

= ety = = sy = i)

Young + ¢* is algebra

< QDG v 1112
Sobolev embedding
= lullg v
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Smoothing operators

Smoothing operators Y R.”, p > 0

R(u)v = S22 Ry(u)v + Ru(u)v

q=p

@ Homogeneous smoothing operators

. O1,..,0q o1 Oq., Ai(oLji+...+0qjgt+i)x
Rq(u)v = E : RJl,-quvJ Uj - U Vi€
(jh"'ajq):ji(o-l?'-wo'q)

for some >0

R i LS max(Uil, - Ll L max(lial, - Ligl, i) ™"

@ Non-homogeneous smoothing operators R™°. 30 > u : Yu,v € H®, s+ p > 0,

IR(W)Vlls+p Ss [lullglivis lulld fullsv]lo
—— —_— ——

it max(julse gl D=Ll i max(|jls..., lglsLil)=max(ljtl;---; ial)
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Two types of smoothing operators

Q R(u) = 0p®Y(a(u; x,£)) with a symbol a(u; x, €) € ry’

e (it K T 3
for()l=c Wi o
=maxa([il-ligl U =max(lieo ol 1)~

Arise as remainders of composition operators: see next slide

(2] |RJTJ:J‘7| S max(|l, .-, lgls j])™ with support condition

max (il - als i) ~ max(lal, - ligl, Ul)

Ry 57 < max(l, - gl DT ~ max(Uial. - Ul D™ max(Uil, - Ligl, L)~

= that R(u) is smoothing for any p > 0, with i = 7 + p, thus estimates for o ~ p

Arise for example as remainders of Bony paradroducts : see later slide
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Symbolic calculus

Composition of paradifferential operators

Letac XI™ be XT™. Then
Op®*(a) 0 Op°Y(b) = Op™*((a#b),) + R

where
(a#tb), = ab+ 3-{a, b} + ... last term ~ dfadgb

—p+m+m’
and RE€E YR,

[0p®Y(a),0p®" (b)] = Op®"(3{a, b} + r_3) + R
where the Poisson bracket

{a, b} := D¢adib — Oxadeb

m+m’ —3
and r3 € XM )

This is the other main advantage of Weyl
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Paraproduct

u? = (OpBW(2u))u + R(v)u

and R(u) € Ry " for any p in particular [R(u)ulls—1- S [|ul?

u2 _ E § Up, Un, einx

n m-+n=n

Massimiliano Berti, SISSA

§ § inx
= Unp, Un2e
n - m+4ny=n,|n|<8|ny|
=0pBW(u)u
+ § : § : Uny Un, RIS
nni+m=n,|np| <8|m|
=0pBY (u)u
+ E Upy Up, €™

N mA4m=n,8|n|<|n <571 |

=:R(u)u
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Para-linearization of composition operator

Composition operator

u(x) = fu)(x) = f(u(x))

Bony para-linearization
Let f € C=, £(0) = '(0) =0, and u € H*. Then

f(u) = OpBY(f'(u))u + R(uv)u

where R(u)u € H?~2~. Actually R(u) € R°: forall s > o

IR(u)Vls+p Ss llullslivile +[lullsIvils
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Example with derivatives

2= OpPQu)w] + R[]
—_—— —— '
=0pBW(2u,)OpBY (ig)[u] =-3C ‘Jlrrfz‘:_j‘ Jraujy uj €%
1~ 12

= 0p®V (2u,i¢ + %{QUX, iE})[u] + R(u)[u]
—_——

=Uxx
= Op®Y( a(u;x, &) )ul + R(u)[u]
——— ——
2uXi§+uXXEF{ ER—PNp>0
since
max{|j1|, |j2|a |J‘} ~ m2ax{|j1|, |j2|7 |J‘}
Indeed

max{|il, |l i1} S max{lil, Lol } ~ max{lil, L2} < max{ljil; L2l i} < max{ljal; [z}, [j]}

@ Remark: Arbitrariness in the cut-off : where to insert smoothing terms
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Paralinearize a PDE

Paralinearize an equation
_ _ (u(x)
oU=XU), U:= (E(x))

means
;U = Op®Y(A(U; x,€))U + R(U)[U],

=X(U)

where A(U; x, &) is a matrix of symbols and R(U) are smoothing operators

Remark: The algebraic properties are preserved by paralinearization.
If X is real-to-real, i.e. X leaves invariant subspace of U := (u(x)) then

a(x)

[ aUix, &) b(U;x.€)
A(U; x,€) = <b(U;X,—§) a(U;X,—§)>

indeed

Op®"(a(x, £)) = 0p""(a(x, ¢))
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Hamiltonian and linearly Hamiltonian structure

Hamiltonian vector field

— —iagH 0 —i
X(U) = SV H(u, @) = ( i8uH> e (i 0)

Linearly Hamiltonian structure of X(U) = Op®Y(A(U; x, &)U + R(U)[U]

A(U;x,€) = J.S(U), S(U) := (b?(UUXng) SEZ)X(E;) OpBW(S) = (0pBY(5))T

0p©Y(a) = 0p°"(a)", a(Ui x,€) = a(Ui x, —€), Op®*(b) = Op°"(b)", b(U; x,€) €R |

transpose with respect to real scalar product:

+ +
() (), = v + v
v Vs, r + ;

Stockholm, September 2023
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Paradifferential Hamiltonian : S(U) matrix of symbols in '}

H(U) = S0P (S(U)U, U),

Then its gradient
VH(U) = 0pBY(S(U))U + R(U)U

where R(U) is a real-to-real matrix of smoothing operators for any p > 0

.

dH(U)[V] = (OpBW(S(U))U, V) + <OpBW(%dUS(U)[V])U, U>r
=L(U)V

=  VH(U) = 0pBY(S(U)U + L(U)TU

key property

Transposed map L(U)T is a smoothing operator for any p > 0

Delort, Feola-landoli
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Holds for more general

Spectrally localized maps S

S(U)v = > STyt P viet
p

J1seeeadpad kT Ji
(1s---sdp)sd sk (01,-00,0p)
for some u > 0

|SJ'T71~7».-.7.J::J?,I<| 5 m2ax(|j1|, coog |.jP|7 |./|)M max(|j1|, coog |jP|7 |./|)m

Q il -, lipl < 4lil,
@ k=011 + ...+ 0pjp +j (translation invariance)
© j| ~ ||

S(U)v = 0pP%(a(U; x, €))v

Massimiliano Berti, SISSA Stockholm, September 2023



P p—1
L(U)V = Z L]-'mj’kuj'l 000 Ujp\/jeikx 9 LJ-‘WJ',;( = <L(eijlx7 coop eijpx) [eijx] 9 e—ikx>r

k=j1+...+jg+J

o
(LT)j‘pJ,k = <LT (eijlx’ o eijpx) [eijx] 7 e—ikx>
<eijx, L(eijlx, e eipr) [e—ikx] >r

= (L(e",... %) [e™™], ") =15 4_;

r
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[LT]fp,j,k = /_fp,fk,fj = <L(eij1x’ o eijpx) [efikx] ’ eijx>r
= p(S(e M, ) ], )

=PS kjirprijpr—i 7 0

r

for indices satisfying

max{|k|7|j1|ﬂ"'7|jpfl|}S(Sljp‘? |JP|N‘./| =

The operator LT (U) is smoothing for any p

max(ljil; - - Lp—1l, lpl: Ul) S max(Upl, [jl) ~ maxa(ljp, 1) S maxa(lil, - -, Ljpl: lil)
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e Birkhoff normal form for Hamiltonian Quasi-linear PDEs
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Hamiltonian paradifferential Birkhoff normal form procedure:

@ Paralinearization of the PDE

@ Paradifferential linearly Hamiltonian normal form reduction
transform the water waves equations to a
diagonal, constant coefficients in x paradifferential system
up to smoothing remainders
preserving the Linearly Hamiltonian structure

© Symplectic correction up to homogeneity N

@ Hamiltonian paradifferential Birkhoff normal form
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Today: steps 1 and 2




Step 1: paralinearization of water waves: Alazard-Metivier, Alazard-Burq-Zuily,

Berti-Delort,

8:U = J.Op™" (A%(U;x)w(f)) U+ %G(O)@;lU

+J.0p™" (Al(U; X,€) + A1 (U x,€) + AP(U; x,§)> U+ R(U)U

Hamiltonian vector field J.NVH

where

o W) = U tannali) (& + 7 + 5 <2

f(U; x) 1+ f(U;x)
Ag(u;x);—( o *H) (Usx) = O(1Ul)

even in & real

1+ f(U;x) f(U; x)

B(U;x)l§] - —V(U;x)¢
Al(U;X7£) = ( even in & real )
V(U;ix)s  —iB(U;x)[¢]

A%(U;x,ﬁ) are symbols of order 1/2
A(()2)(U; x, &) are symbols of order 0 and R(U) are smoothing operators
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@ Most complicated step paralinearization of Dirichlet-Neumann operator

@ We have to recognize the linearly Hamiltonian structure of the sysmbols
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2) Paradifferential linearly Hamiltonian normal form reduction

W= (ﬁ) = ®(U)U, ®(U) : H(T,C?) — HX(T,C%), U = () W s ~s [U(E)])s

linear operator

Symmetrization and Reduction to constant coefficient symbols up to

smoothing remainders (Alinhac good unknown, paracomposition, ...)

Orw = iOpBW(m;(W;f)) w+ R(W) w
2 ——

paradifferential operator e

- g(f) — V(W) by (W)[el® — bo(W:€)
N—— —

transport 0 order terms

ms(W;€) i= — (L + ((W))w(€)

modification of dispersion

° (W; ) is x-independent

m
o m3(W;§) is real (up to a 0-order symbol, technical reasons)

Nlw  NIw
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Linear Hamiltonian structure

® is a linearly symplectic map

V) EOU) =+ EnlV), Ei=[] 5] Ev)=O(IUI)

[remark: symplectic means (dy(®(U)U))" E. dy(®(U)U) = E]] =

the transformed system is linearly Hamiltonian (but not Hamiltonian)

8tW:iOpBW(m%(W;€))W—I—R(W)W, ie. my(W;€) is real

self —adjoint

o Local existence energy estimate for ||w||s
@ The PDE neglecting R
Orw = iOpBW(m%(W; §)) w

preserves all H® norms || ||s

Question: What happens adding R(W)?
Make Birkhoff normal form transformations on the symbols and on the smoothing
remainder
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The ®(U) are time 1-flow W (U) of a paradiff operator
OV (U) = J Op™ (B(7, Ui x, ))WT(U),  WO(U)=1d,
where Op®" (B) = Op™" (B) ' of 1-order (linear hyperbolic PDEs). For example

. L 0 b(r, U; x)¢ B(U; x)
B(t, U; x,§) :== <—b(T, U: x)¢ 0 ) ,  b(r,U;x) = Wx()’

which is the flow of the transport equation d,u = Op®" (ib(r, U; x)€)u

o VT(U): H®* — H°, Vs
e V7 (U) is linearly symplectic;
@ W7 (U) preserve paradifferential structure (next slide)
BUT W7 (U)U it is NOT symplectic => we have LOST the Hamiltonian structure
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Transformation rules

Paradifferential equation
9:U = OpBY (A(U; x,€))U + R(U)U

Paradifferential flow change of variable:
W=vT(U)U < U= (U)W
[W|[tz ~ [[U[ e

New PDE (it is still in paradifferential form)

B W = (V) [opBW(A(U; x,€)) + R(U)} (W (U)) 2 W+ 8w (U) (W (U)W

conjugation of space conjugation of time

= u (U) [OpBY (A(U; x,€)| (W7 (U) "1 W + B (U) (W7 (U)) ' W + R(U)W
= 0p®"(Ai(U; x, ) )W + R(U)W

New PDE is still in paradifferential form : Lie expansion or Egorov type analysis
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One step: highest order

uy = i0pBY (1 4 ¢(U; x))w(€) + + ... u + R(u)[u]

0 w(§) = VrlEPP + ...
Q ((U;x) eR

We show how to reduce it to constant coefficients
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Reduction to constant coefficients in x at the highest order
ue = 10p°Y (1 + ((U: x))[¢/?)u

Idea: use a change of variable x — x + 3(U; x), a diffeomorphism of T, so that
&= (14 Bx)E, and the PDE transforms into

Transformed PDE
up = 10pPY (1 + By(U; X)) 2(1 + {(U; X)) VEIEP2 + .. u

Choice of 5(U; x)

(1+ Bu(U;x))*2(1 + (Ui x)) = (V)

Bx(U; x) = (l—i-cg((Uljx))3 —1 = determines c(U) and S(U; x)
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We can not use

Composition operator

&5 u(x) = u(x + B(x))

because the conjugated vector operator
(®5) "o (OpPY (14 ¢(U;x))IEP?)) o g
would not be any more in paradifferential form

We use a " Paracomposition operator”
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A definition of paracomposition operator

We regard the change of variable u(x) — u(x + 8(x)) as a flow

Homotopy

u(x) = u(x+78(x)), 7€][0,1]

This path is the flow of

linear transport equation

d-u= b(U;7,x)0u, b(U;T,x)= 2L

1+76x(U;x)

Opu = Op(ib(U; 1, x)&)u

Paracomposition operator ®5U; := ®5(1): time one flow of

dr-u =1i0pBY (b(U; 7, x)€)u, u(r) = ®5(U; 7)u(0)
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Proposition, Berti-Delort
Q@ Assuming ||3||no < 1/2 then

% H® — H°, Vs, ||¢‘EU||5 < C|lulls
@ Paradifferential analogue of Egorov theorem
(®5) 71 (0P a(U; x, €)) 05 = Op™Y (a(U; x, €)) + R(V)

where 5
a(U; x,€) = a(Us x + B(U; x),&(1 + By (Us ¥))ly=x+8(Ux)) + - --
y =x+ B(U;x) — x:y+5’(U;y)
and R(U) e R~*
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PROOF. The conjugated vector field
P(7) i= ®5(7) 0 Op®" (a(U; x, €)) 0 ®5(r)

satisfies the Heisenberg equation

9pP(7) = [10p®" (b(U; 7, x)€), P(7)],  P(0) = Op®" (a(U; x, )

Solution in decreasing symbols

P(U;7) = Op®W(q(U; 7, x,€) +...)
8TCI(U;T7X, f) = {b(U;ﬂX)g, Q(U;T7X, 5)}7 q(O7X, 5) = a(U;x,f)
q(U; 7,x,€) = a(x + 7B(U; x), (1 + By (U; ) jy=xt8(U:x)))

Weyl quantization is convenient
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Conjugation of 0;

proposition

®% 08, 0 (P5) 1 =0, + Py(df)
= 0+ Op™"(ig(U; )¢ + R(U)

where R(U) is a smoothing operator in R 7.

@ The conjugation with O; gives a lower order term, transport order 1,

o All the transformations are determined by the spatial operator since w(&) ~ [£]3/2 is
superlinear
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Flow and Taylor expansion

OT(U) - H* = H*, (|07 (U)V s ~ [IV]s

but a Taylor expansion gives unbounded operators

®7(U) =1d + Op®"(B(U)) U + %OpBW(B(U))OpBW(B(U)) U+...
N————

order 1 order 2

Example 8,u = Op®Y (ib(r, U; x)€)u of transport
—_————

=B(U)

Key example: composition

u(x + B(x)) = u(x) + ux(x) B(x) —|—% Uy (X) ,Bz(x) +...
— 22—

Oy smallness 92 smallness?
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Next goal: recover nonlinear Hamiltonian structure of the paradifferential normal

form

@ WW are quasi-linear PDEs = require paradifferential calculus to prove energy
estimates (for local existence theory)

@ Usual paradifferential calculus does not preserve Hamiltonian structure

Goal :

@ Preserve Hamiltonian structure in paradifferential calculus,
at least up to homogeneity N
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2) Symplectic correction up to homogeneity N

Hamiltonian paradifferential normal form

There is a symplectic map up to homogeneity N

N—— ~——
smoothing =W

Z= C) = (Id+ Ren(")) 0 O(U)U

such that
drz = —iQ(D)z + Op®" ( — i(ih3)<n(Z; €))z + Ren(Z)Z

iVzH(Z)

is Hamiltonian up to homogeneity N

Thanks to the fact that the symplectic corrector is

Id + RSN(')
~——

smoothing

the paradifferential PDE structure is the same = good energy estimates
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THANKS for the ATTENTION!
next episode at the Workshop...
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