
IML NOTES: QUANTUM CORRELATIONS

VERN I. PAULSEN

Abstract. The first section is intended to give operator algebraists
a brief introduction to entanglement and some of its uses. The sec-
ond section is to show the connections between purification notions in
physics and dilation theory in operator theory. Those only interested in
quantum correlations can skip directly to section 3.

1. Composite Systems, Entanglement and Joint Probabilities

Let HA be the state space for Alice’s lab and {Xk}k,
∑

kX
∗
kXk = IHA

be a measurement system on HA and let HB be the state space for Bob’s
lab and {Y`}`,

∑
` Y
∗
` Y` = IHB

be a measurement system on HB. Suppose
ψ ∈ HA ⊗ HB such that ‖ψ‖ = 1. If pA(k) and pB(`) respectively de-
note the probability that Alice gets outcome k in the combined lab and the
probability that Bob gets outcome ` in the combined lab, then

pA(k) = ‖(Xk ⊗ I)ψ‖2 and pB(`) = ‖(I ⊗ Y`)ψ‖2.

If Alice’s outcome is k, then the state becomes

(Xk ⊗ I)ψ

‖(Xk ⊗ I)ψ‖
.

Similarly if Bob’s outcome is `, then the state becomes

(I ⊗ Y`)ψ
‖(I ⊗ Y`)ψ‖

.

The joint probability of getting outcome k for Alice and outcome ` for Bob,
denoted by pA,B(k, `), is given by

pA,B(k, `) = ‖(Xk ⊗ Y`)ψ‖2.

We can also use the notion of conditional probabilities in the quantum
setting. The conditional probability that Bob gets outcome `, given that
Alice got outcome k is given by

p(B = `|A = k) =
‖(I ⊗ Y`)(Xk ⊗ I)ψ‖2

‖(Xk ⊗ I)ψ‖2
=
p(B = `, A = k)

p(A = k)
,
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2 V. I. PAULSEN

since if Alice has already got the outcome k, that is, A = k then the state is
(Xk⊗I)ψ
‖(Xk⊗I)ψ‖ , so that the probability of getting outcome ` for Bob given that

A = k is computed as in the usual definition of conditional probability.
Note: We use A = k to mean “A gets the outcome k.”

Definition 1.1. A state ψ ∈ HA ⊗ HB is said to be separable if it is of
the form ψ = γ ⊗ φ for some γ ∈ HA and φ ∈ HB; that is to say, ψ is an
elementary tensor (without loss of generality, by scaling, each of γ and φ are
norm 1). If ψ is not of this form, we say that ψ is entangled.

It is worth noticing how separable states behave in a combined lab. In-
deed, if ψ = γ ⊗ φ is separable with ‖γ‖ = ‖φ‖ = 1, then one has

pA(k) = ‖(Xk ⊗ I)(γ ⊗ φ)‖2 = ‖Xkγ ⊗ φ‖2 = ‖Xkγ‖2‖φ‖2 = ‖Xkγ‖2,

while the joint probability becomes

p(B = `, A = k) = ‖(Xk ⊗ Y`)(γ ⊗ φ)‖2

= ‖Xkγ ⊗ Y`φ‖2 = ‖Xkγ‖2‖Y`φ‖2

= pA(k) · pB(`).

Recall that in probability, events E1, E2 are independent if Prob(E1∩E2) =
Prob(E1) · Prob(E2), so we infer that A = k and B = ` are independent
then and only then

p(B = `|A = k) =
‖(Xk ⊗ Y`)(γ ⊗ φ)‖2

‖(Xk ⊗ I)(γ ⊗ φ)‖2

=
‖Xkγ‖2‖Y`φ‖2

‖Xkγ‖2

= ‖Y`φ‖2

= p(B = `).

Thus in case of separable states, the quantum probabilities exactly reflect
independent classical probabilities.

Definition 1.2. The state ψ = 1√
2
(e0 ⊗ e0 + e1 ⊗ e1) ∈ C2 ⊗ C2 is called

the Einstein-Poldosky-Rosen (EPR) state.

Example 1.3 (Quantum Teleportation). Let E00, E11 be the diagonal ma-
trix units in M2. Then E∗00E00+E∗11E11 = E2

00+E2
11 = IHA

where HA = C2,
so this is a measurement system. Suppose Bob has the same measurement
system (in a different lab) so that HA = HB = C2. In the combined lab,
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the probabilities are as follows:

pA(0) = pA(A = 0) = ‖(E00 ⊗ I)ψ‖2

= ‖(E00 ⊗ I)(
1√
2

)(e0 ⊗ e0 + e1 ⊗ e1)‖2

=
1

2
‖e0 ⊗ e0‖2 =

1

2
.

Similarly, one can check that pA(1) = 1
2 , while pB(0) = pB(1) = 1

2 .
If A observes the outcome 0, then the state changes to

(E00 ⊗ I)( 1√
2
)(e0 ⊗ e0 + e1 ⊗ e1)

‖(E00 ⊗ I)( 1√
2
)(e0 ⊗ e0 + e1 ⊗ e1)‖

= e0 ⊗ e0.

Now suppose B performs a measurement. B has measurement operators
I ⊗ E00 and I ⊗ E11. We know that (I ⊗ E11)(e0 ⊗ e0) = 0, so B cannot
possibly measure the outcome 1. Therefore, if A measures 0, then B must
measure 0 with probability 1. The same analysis works if A measures 1. This
demonstrates that entangled systems, to some degree, behave like dependent
events. We confirm this with the computations below.

p(B = 0|A = 0) = ‖(I ⊗ E00)(e0 ⊗ e0)‖2 = ‖e0 ⊗ e0‖2 = 1 6= pB(0) =
1

2
,

p(B = 1|A = 0) = ‖(I ⊗ E11)(e0 ⊗ e0)‖2 = 0 6= pB(1) =
1

2
.

This shows that there is a large amount of dependence here. This is the
basis for “spooky action at a distance”, or “quantum teleportation”.

Example 1.4 (Super Dense Coding). The idea is the following: If Alice
has states in C2, we know that we can only make two states perfectly dis-
tinguishable. Consider the EPR state ψ = 1√

2
(e0 ⊗ e0 + e1 ⊗ e1). Consider

the matrices that were used to form the 1-Pauli’s, given by

I =

(
1 0
0 1

)
, X =

(
0 1
1 0

)
, Y =

(
0 i
−i 0

)
, and Z =

(
1 0
0 −1

)
.

Then Alice, after applying these operations on the EPR state, has

(I ⊗ I)ψ =
1√
2

(e0 ⊗ e0 + e1 ⊗ e1)

(X ⊗ I)ψ =
1√
2

(e1 ⊗ e0 + e0 ⊗ e1)

(Y ⊗ I)ψ =
1√
2

(e0 ⊗ e1 − e1 ⊗ e0)

(Z ⊗ I)ψ =
1√
2

(e0 ⊗ e0 − e1 ⊗ e1)

four outcomes that are orthonormal and hence perfectly distinguishable!
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Discussion: Suppose Alice and Bob start with the EPR state ψ =
1√
2
(e0 ⊗ e0 + e1 ⊗ e1) and Alice performs one of the four above mentioned

operations on the state of the photon in its lab and sends that single photon
to Bob via a quantum channel. Bob now has access to both the photons
(actually the access to two states, one EPR and one which he received from
Alice, since the above four states are perfectly distinguishable and hence
there exists a measurement system that tells Bob which state he received.)
This allows Bob to know precisely which operation Alice performed. Moral:
Alice only needed to send one photon to communicate four pieces of infor-
mation. Similarly, in Cd, with basis e0, . . . , ed−1, consider the EPR state
ψ = 1√

d
(e0 ⊗ e0 + · · · + ed−1 ⊗ ed−1). Then there exist d2 unitaries, Ui, in

Cd such that (Ui ⊗ I)ψ is orthogonal to (Uj ⊗ I)ψ for any i 6= j. Again, if
B keeps half of the photons, then A can communicate d2 pieces of informa-
tion.This example shows the existence of a way (entanglement) to boost the
capacity of the quantum channel in question.

Definition 1.5. An ensemble of states {ψi, pi}, ψi ∈ HA ⊗HB, pi > 0 and∑
i pi = 1 is called separable if each ψi ∈ HA ⊗HB is separable. A density

matrix P ∈ L(HA ⊗HB) is called separable if it is the density matrix of a
separable ensemble.

Proposition 1.6. Let P ∈ L(HA ⊗ HB) be a density matrix. Then the
following are equivalent.

(1) P is separable.
(2) There exist density matrices Ri ∈ L(HA) and Qi ∈ L(HB) and

pi > 0 with
∑

i pi = 1 such that P =
∑

i piRi ⊗Qi.
(3) There exist Ei ∈ L(HA) and Fi ∈ L(HB) that are rank one projec-

tions, along with pi > 0 with
∑

i pi = 1, such that P =
∑

i piEi⊗Fi.

2. Dilations: State Purification, POVM’s vs. PVM’s

The idea of dilation is to make things simpler by representing them on a
larger space.

Example 2.1. Suppose we want to find a formula for cos(α+β). The easiest
way is to think of eiα = cos(α) + i cosβ so that cos(θ) = Re(eiθ). (Here, we
are in a sense dilating to a form of R2, namely C.) Now the problem is very
easy, since

cos(α+ β) = Re(ei(α+β))

= Re(eiαeiβ)

= Re((cosα+ i sinα)(cosβ + i sinβ))

= cosα cosβ − sinα sinβ.
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Example 2.2. Consider the Fibonacci numbers given by f1 = f2 = 1 and
fn+2 = fn+1 + fn. Then these numbers are really satisfying the equation(

0 1
1 1

)(
fn
fn+1

)
=

(
fn+1

fn+2

)
.

Let R =

(
0 1
1 1

)
. Then Rn

(
1
1

)
=

(
fn+1

fn+2

)
. Now, R = R∗ is diag-

onalizable with eigenvalues 1±
√

5
2 . Hence, for some unitary U , we have

R = U∗

(
1+
√

5
2 0

0 1−
√

5
2

)
U . It follows that

(
fn+1

fn+2

)
= U∗

(1+
√

5
2

)n
0

0
(

1−
√

5
2

)n
U

(
1
1

)
.

This gives a nice explicit formula!

Example 2.3. (Halmos Dilation) Let C ∈ L(H) with ‖C‖ ≤ 1. Consider

the operator matrix

(
C

√
I − CC∗√

I − C∗C −C∗
)
∈ L(H⊕H). One can check

that this is a unitary, while C is just a corner of the matrix.

2.1. State Purification. In the quantum setting, this idea of dilation is
essentially what Physicists refer to as state purification. To be more precise,
consider a measurement system {Xi}mi=1 with each Xi : HA → K, so that∑m

i=1X
∗
iXi = IA. Consider an ensemble {vk, pk}rk=1 where vk ∈ HA with

‖vk‖ = 1 and
∑r

k=1 pk = 1. Let ρ =
∑r

k=1 pkvkv
∗
k be the density matrix of

the ensemble. Recall that the probability of getting outcome i is

r∑
k=1

pk‖Xivk‖2 = tr(XiρX
∗
i ).

Suppose we are only interested in the probabilities. Then we can replace ρ
by a pure state on a larger space. We will see this in two ways.

The first way to see the above is by letting

v =


√
p1v1
...√
prvr

 ∈ HA ⊗ Cr where r = rank(ρ).

One can see that v is a unit vector. Now replace Xi by X̃i : HA ⊗ Cr →
K⊗ Cr, with

X̃i =

Xi

. . .

Xi

 = Xi ⊗ Ir.
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Then it follows that

m∑
i=1

X̃∗i X̃i = IHA
⊗ Ir =

IHA

. . .

IHA

 .

Hence, {X̃i}mi=1 is a measurement system on HA⊗Cr. Moreover, it is readily
checked that

‖X̃iv‖2 =
r∑

k=1

pk‖Xivk‖2,

which is the same probability as before (for getting outcome i). Hence, if
we only care about probabilities, then we may replace our ensemble with a
pure state.

The second way to obtain the above is more canonical. Let HA = Cn and

L(HA) = Mn ' Cn2
which is a Hilbert space. Given Xi ∈ L(HA) = Mn, we

may obtain a “new map” X̃i : Mn →Mn, defined by

X̃i(Y ) = XiY =
(
Xiy1

... · · ·
... Xiyn

)
,

where Y =
(
y1

... · · ·
... yn

)
∈Mn. Then

X̃iY '

Xi

. . .

Xi


y1

...
yn

 .

Given a density matrix ρ ∈Mn, the probability of obtaining outcome i is

tr(XiρX
∗
i ) = tr((Xiρ

1
2 )(ρ

1
2X∗i )) = tr((ρ

1
2X∗i )(Xiρ

1
2 )) = 〈X̃i(ρ

1
2 )|X̃i(ρ

1
2 )〉Mn .

Since ρ
1
2 is a vector in Mn, we obtain

‖ρ
1
2 ‖2Mn

= ρ
1
2 |ρ

1
2 raMn = tr((ρ

1
2 )∗(ρ

1
2 )) = tr(ρ) = 1.

It follows that ρ
1
2 is a unit vector, hence a pure state in the Hilbert space

Mn. (So, when physicists replace ρ by
√
ρ
√
ρ, they actually consider

√
ρ to

be a pure state in space Mn.)

3. POVM’s and PVM’s

With this in mind, we will now talk about positive operator-valued mea-
sures (POVM’s). If we are only interested in probabilities in the context of a
measurement system {Xi}i and a state h, then the probability of obtaining
outcome i is ‖Xih‖2 = 〈Xih|Xih〉 = 〈h|X∗iXih〉. The probability, then only
really depends on Ri = X∗iXi ≥ 0, while I =

∑m
i=1X

∗
iXi =

∑m
i=1Ri.

Definition 3.1 (POVM). An m-outcome positive operator-valued measure
(POVM) on a Hilbert space HA is a set {Ri}mi=1 ⊆ L(HA) with Ri ≥ 0 and∑m

i=1Ri = I.
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Definition 3.2 (PVM). An m-outcome projection-valued measure (PVM)
on a Hilbert space HA is a set of projections {Pi}mi=1 in L(HA) such that∑m

i=1 Pi = IHA
.

Obviously, every PVM is a POVM. Note that each PVM corresponds to
decomposing the Hilbert space H into a direct sum of its subspaces. Namely,
H = H1 + · · ·+Hn, where Hi is a subspace of H and Hi ⊥ Hj , for i 6= j.

Proposition 3.3. Let {Ri}mi=1 be a POVM on H. Then there is a PVM
{Pi}mi=1 on H⊗Cm and an isometry V : H → H⊗Cm such that Ri = V ∗PiV
for all 1 ≤ i ≤ m.

Proof. As usual, we identify

H⊗ Cm ∼= H⊕ · · · ⊕ H︸ ︷︷ ︸
m times

.

Let Pi = IH⊗Eii, the m×m matrix over L(H) with IH in the (i, i)-position
and 0 everywhere else. That is, each Pi is the projection onto the i-th copy
of H in H⊗ Cm which means

Pi


h1

...
hn


 =


0
...
hi
...
0

 .
Then clearly Pi = P ∗i = P 2

i and
∑m

i=1 Pi = IH ⊗ Im = IH⊗Cm . Hence,

{Pi}mi=1 is a PVM. Define V : H → H ⊗ Cm by V h =
∑m

i=1(R
1/2
i h) ⊗ ei =

(R
1
2
1 h, ..., R

1
2
mh). This is linear, with

‖V h‖2 =

m∑
i=1

〈R
1
2
i h|R

1
2
i h〉 =

m∑
i=1

〈h|Rih〉 = 〈h, h〉 = ‖h‖2.

Therefore, V is an isometry. Finally, we see that

〈h|V ∗PiV h〉 = 〈V h|(0, ..., 0, R
1
2
i h︸︷︷︸

i-th slot

, 0, ..., 0)〉

= 〈(R
1
2
1 h, ..., R

1
2
i h, ..., R

1
2
mh)|(0, ..., 0, R

1
2
i h, 0, ..., 0)〉

= 〈R
1
2
i h|R

1
2
i h〉

= 〈h|Rih〉,
which implies that Ri = V ∗PiV . �

Regarding the previous proposition, a few notes are in order:

(1) If h ∈ H, then

〈h|Rih〉Ḩ = 〈h|V ∗PiV h〉H = 〈V h|Pi(V h)〉H⊗Cm ,
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so with h̃ = V h, we have

‖h̃‖ = ‖h‖ and prob(i) = 〈h|Rih〉 = 〈h̃|Pih̃〉.
So, to summarize, when we are given a POVM {Ri}ni=1 on H and a
state h ∈ H, we may regard the pair as the PVM {Pi}ni=1 on a larger

Hilbert space H⊗Cn together with the state h̃ = V h ∈ H⊗Cn with
the same probabilities of outcomes.

(2) Note that Ri, Rj , R
2
i can be anything and there is no reason to have

RiRj = RjRi. But, for a PVM, the fact that the projections add
to the identity implies that their ranges are pairwise orthogonal, so
that PiPj = 0 for i 6= j. Hence, the computations with a PVM are
much better than the computations with a POVM.

Remark 3.4. This proposition actually is a special case of the Stinespring’s
dilation theorem. Let l∞n = C({1, . . . , n}) be the abelian C*-algebra gen-
erated by the functions δi given by δi(j) = δij . Thus a complex-valued
function f on Cn can be regarded as (λ1, . . . , λn), where λi = f(i), and we
identify f =

∑n
i=1 λiδi. Hence each δi corresponds to the basis vector ei for

l∞n .
We can then define a completely positive map Φ: l∞n → L(H) by Φ(δi) =

Ri, so Φ((λ1, . . . , λn)) =
∑n

i=1 λiRi. There is also a map π : l∞n → L(H⊗Cn)
by π(δi) = Pi, π((λ1, . . . , λn)) =

∑n
i=1 λiPi. Since the Pi’s are orthgonal

projections,

π((λ1, . . . , λn) · (µ1, . . . , µn)) =
n∑
i=1

λiµiPi = (
n∑
i=1

λiPi)(
n∑
j=1

µjPj)

= π((λ1, . . . , λn))π((µ1, . . . , µn)).

Readers can check that π preserves the unit and adjoints. Hence π is indeed
a unital ∗-homomorphism. Moreover,

V ∗π((λ1, . . . , λn))V = V ∗(

n∑
i=1

λiPi)V =

n∑
i=1

λiV
∗PiV

=

n∑
i=1

λiRi = Φ((λ1, . . . , λn)).

3.1. POVM’s and PVM’s in multiexperiment settings. Now what
if we have more than one measurement system? Suppose that Alice’s state
space is HA. Suppose that she has a whole family of experiments from which
she could choose. Each one is represented by a POVM {Rt,i}mi=1 where t ∈ T
and T is the set of experiments.

(Note that in complicated situation each experiment in the family may
have different number of outcomes. However, we can get rid of that by
adding extra outcomes when necessary with 0 probabilities and assuming
that all experiments have same number of outcomes; the number being that
of the highest-outcome experiment.)
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The next theorem tells us that we can again dilate this family of POVM’s
into a family of PVM’s simultaneously; that is, using only one isometry V
that works for all v ∈ V.

Later we will present another proof of this fact that invokes a theorem of
Boca. But for now this will give us a concrete introduction to the construc-
tions involved in the proof of Boca’s theorem.

Theorem 3.5. Let {Rt,i}mi=1 be a family of POVM’s on H, indexed by t ∈ T
with |T | = n (we only consider the case where |T | is finite). Then there is
a Hilbert space K and a family of PVM’s {Pt,i}mi=1 on K for t ∈ T , and
an isometry V : H → K such that V ∗Pt,iV = Rt,i for all i, t. Moreover, if
dim(H) <∞, then dim(K) <∞.

Proof. We just proved the case for n = 1, so we proceed by induction.
Assume that we can do this for |T | = n. Now suppose we have n + 1
experiments. We know that there exists a Hilbert space K1, an isometry
V1 : H → K1 and PVM’s {Pt,i}mi=1 for 1 ≤ t ≤ n such that V ∗1 Pt,iV1 = Rt,i
for all i and for all 1 ≤ t ≤ n. Let R̃n+1,i = V1Rn+1,iV

∗
1 ∈ L(K1). Then

R̃n+1,i ≥ 0 and

m∑
i=1

R̃n+1,i = V1

(
m∑
i=1

Rn+1,i

)
V ∗1 = V1V

∗
1 ,

which is a projection. Adjust R̃n+1,1 by setting R̃n+1,1 = V1Rn+1,1V
∗+(I−

V1V
∗

1 ), so that {R̃n+1,i}mi=1 are a POVM on K1.

On K1, we have PVM’s {Pt,i}mi=1 for 1 ≤ t ≤ n and a POVM {R̃n+1,i}mi=1.
Let K = K1 ⊗ Cm, and define V2 : K1 → K by

V2k = ((R̃n+1,1)
1
2k, ..., (R̃n+1,m)

1
2k).

Then V2 is an isometry. Set Pn+1,i = IK1 ⊗ Eii, for 1 ≤ i ≤ m. Then

{Pn+1,i}mi=1 is a PVM and V ∗2 Pn+1,iV2 = R̃n+1,i. Now set Qt,j = V2Pt,jV
∗

2 ∈
L(K) for 2 ≤ j ≤ m, and set Qt,1 = V2Pt,1V

∗
2 +(I−V2V

∗
2 ), for all 1 ≤ t ≤ n.

It is easy to see that V ∗2 Qt,jV2 = Pt,j . We need to see that {Qt,i}mi=1 for
1 ≤ t ≤ n are PVM’s and not just POVM’s. Note that {Pn+1,i}mi=1 is a
PVM. For the other ones, we will see that Q2

t,j = Qt,j and hence they must

be PVM’s (for i ≥ 2). Note that

Q2
t,j = (V2Pt,jV

∗
2 )(V2Pt,jV

∗
2 ) = V2P

2
t,jV2 = V2Pt,jV2 = Qt,j .

Finally,

Q2
t,1 = [V2Pt,1V

∗
2 + (I − V2V

∗
2 )][V2Pt,1V

∗
2 + (I − V2V

∗
2 )]

= V2Pt,1V
∗

2 + (I − V2V
∗

2 ) = Qt,1.

�

To motivate the concept of quantum probabilities, we will talk about
finite input-output games in the next subsection.
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3.2. Classical Densities. We suppose that Alice and Bob share some prob-
ability space (Ω, µ) and that for each input a ∈ IA, Alice has a function
fa : Ω→ OA such that µ({w : fa(w) = x}) is the probability that Alice pro-
duces output x, given that she received input a. Similarly, we suppose that
for each b ∈ IB Bob has a function gb : Ω→ OB such that µ({w : gb(w) = y}
is the probability that Bob produces output y, given that he received input
b. In this case, we have

p(x, y|a, b) = µ({w : fa(w) = x, gb(w) = y}).

The set of all such p(x, y|a, b) is called the set of all local densities. When
IA = IB,OA = OB, |IA| = n and |OB| = k, then these are n2k2-tuples of
real numbers. We denote this set by LOC(n, k) = Cloc(n, k).

3.3. Quantum Densities. The idea is that for each input, Alice has a dif-
ferent experiment with |OA| outcomes. There is a state space HA(dimHA <
∞), and for each a ∈ IA, there is a POVM, {Ea,x}x∈OA

(so Ea,x ≥ 0 and∑
xEa,x = I), such that if we are in state ψ ∈ HA, then 〈ψ|Ea,xψ〉 =

pA(x|a). Similarly, for each input b ∈ IB, Bob also has a quantum experi-
ment with |OB| outcomes. These correspond to POVM’s {Fb,y}y∈OB

(where
Fb,y ≥ 0 and

∑
y Fb,y = I) on HB(dimHB <∞).

The strategy is the following: Pick a state ψ ∈ HA ⊗HB (often this will
be entangled) such that p(x, y|a, b) = 〈ψ|Ea,x⊗Fy,b(ψ)〉. The set of all such
tuples when IA = IB, |IA| = n,OA = OB, and |OB| = k is denoted by
Q(n, k) = Cq(n, k).

Other Versions of Quantum Densities There is more than one defi-
nition of a quantum density. Other versions include (but may not be limited
to):

(1) The same as above except drop the requirement of HA and HB being
finite-dimensional, that is, drop the condition dim(HA),dim(HB) <
∞ and let the unit vector ψ belong to the Hilbert space HA ⊗HB.
Recall that this space is the completion of the algebraic tensor prod-
uct of the two spaces and that given orthonormal bases {eα} for
HA and {fβ} for HB the vector ψ has a square summable series
expansion

ψ =
∑
α,β

zα,βeα ⊗ fβ.

Such vectors can have an infinite amount of entanglement. The
resulting set is denoted by Cqs(n, k).

(2) Another axiomatic description is that there is a universal state space
H and all of the Ea,x, Fb,y act on this space and commute with each
other, for all choices of a, x, b, y. (This reflects the fact that the
labs are different. Indeed, in the case of different labs, the opera-
tors would look like Ea,x ⊗ I and I ⊗ Fb,y and these always com-
mute.) In this case, there is a state ψ ∈ H such that p(x, y|a, b) =
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〈ψ|Ea,xFb,yψ〉. The set of all such quantum densities will be denoted
by Cqc(n, k).

It is clear that

Cloc(n, k) ⊆ Cq(n, k) ⊆ Cqs(n, k) ⊆ Cqc(n, k) ⊆ Rn
2k2 .

Thanks to the work of W. Slofstra, it is now known that Cq(n, k) is not
closed, so let us define

Cqa(n, k) := Cq(n, k).

Slofstra’s proof showed that Cq(n, k) is not closed for a relatively large
value of n. Later results showed that it was not closed for relatively small
values.

Next, suppose we had the commuting model with all the Ea,x’s and Fb,y’s
being projections, and ψ ∈ H with ‖ψ‖ = 1, then the vectors va,x = Ea,xψ
satisfy

va,x ⊥ va,x′ for x 6= x′, while
∑
x

va,x =

(∑
x

Ea,x

)
ψ = ψ.

Similarly, with wb,y = Fb,yψ we have

wb,y ⊥ wb,y′ for y 6= y′, while
∑
y

wb,y = ψ.

Moreover, since Ea,x’s and Fb,y’s commute, we have,

〈va,x|wb,y〉 = 〈Ea,xψ|Fb,yψ〉 = 〈ψ|Ea,xFb,yψ〉 = p(x, y|a, b) ≥ 0.

Definition 3.6. The set Cvect(n, k) is the set of all probability densities
p(x, y|a, b) of the form p(x, y|a, b) = 〈va,x|wb,y〉 for some set of vectors
{va,x, wb,y} satisfying ∑

x

va,x =
∑
y

wb,y := ψ, ∀a, b

where

• ψ is some vector in H with ‖ψ‖ = 1,

• va,x ⊥ va,x′ for x 6= x′,

• wb,y ⊥ wb,y′ for y 6= y′, and

• 〈va,x, wb,y〉 ≥ 0.

Definition 3.7. We define NSB(n, k) = Cnsb(n, k) as the set of all n2k2-
tuples p(x, y|a, b) such that

(1) p(x, y|a, b) ≥ 0 for all x, y, a, b.
(2)

∑
x,y p(x, y|a, b) = 1.

(3)
∑

y p(x, y|a, b) =
∑

y p(x, y|a, b′), for all b, b′. (We denote this com-

mon value by PA(x|a).)
(4)

∑
x p(x, y|a, b) =

∑
x p(x, y|a′, b) for all a, a′. (We denote this com-

mon value by PB(y|b).
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Probability densities with these properties are called non-signalling boxes.
Axiom 3 and 4 are non-signalling conditions. Indeed, suppose we had∑

y p(x, y|a, b) 6=
∑

y p(x, y|a, b′) for some x, b, b′. This means that if Al-
ice runs experiment a and computed the probability of getting the outcome
x, then she would get different probabilities depending on whether Bob runs
experiment b or b′. This means that Bob could “signal” which experiment
he ran, to Alice. (In most models, the axioms don’t allow this to happen)

Theorem 3.8. For each k, n ∈ N, we have the sequence of inclusions

Cloc(n, k) ⊆ Cq(n, k) ⊆ Cqs(n, k) ⊆ Cqa(n, k)

⊆ Cqc(n, k) ⊆ Cvect(n, k) ⊆ Cnsb(n, k) ⊆ Rn
2k2 .

Next suppose we are given a finite input-output game G =
(IA, IB,OA,OB, λ) where |IA| = |IB| = n, |OA| = |OB| = k, λ : IA × IB ×
OA ×OB → {0, 1} and t ∈ {loc, q, qs, qa, qc, vect, nsb}, we say that G has a
perfect t-strategy if there exists p ∈ Ct(n, k) such that λ(a, b, x, y) = 0 =⇒
p(x, y|a, b) = 0.

Given a probability density π : IA×IB → [0, 1] and t as above, the t-value
of G is defined as

ωt(G, π) = sup

 ∑
x,y,a,b

π(a, b)p(x, y|a, b)λ(a, b, x, y) : p ∈ Ct(n, k)

 .

The idea is that we could distinguish among the sets Ct(n, k) by either
finding games with perfect strategies for one t but not another t, or we
could show that the value of the game depends (non-trivially) on the choice
of t.

Theorem 3.9 (JNPPSW, Ozawa). Connes Embedding Conjecture (from
operator algebras) is true if and only if Cqa(n, k) = Cqc(n, k) for all k, n ∈ N.

3.4. Disambiguation Theorems. In the literature, some authors define
the sets Cq(n, k), Cqc(n, k) using POVM’s; others define using PVM’s. In
this subsection, we aim to show that no matter which is used in defining
these, we end up getting the same sets both ways.

These results appear in JNPPSW[?] and T. Fritz[?].
For the sake of proof, let us write Cq(n, k) and Cqc(n, k) to be the sets

when we use POVM’s in the definition, and let C̃q(n, k) and C̃qc(n, k) be
the sets when we use PVM’s in the definition. Since every PVM is also a
POVM, we have C̃q(n, k) ⊆ Cq(n, k) and C̃qc(n, k) ⊆ Cqc(n, k).

Proposition 3.10. C̃q(n, k) = Cq(n, k).

Proof. Let p(a, b|x, y) ∈ Cq(n, k). Then there exist Ex,a ≥ 0 on HA with
dim(HA) <∞ and

∑
aEx,a = I, and Fy,b ≥ 0 on HB with

∑
b Fy,b = I (and

dim(HB) <∞) and ψ ∈ HA⊗HB such that p(a, b|x, y) = 〈ψ|(Ex,a⊗Fy,b)ψ〉
for each x, y, a, b.
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By the dilation theorem, there is a Hilbert space H̃A that is finite-dimensional
and projections Px,a on H̃A such that

∑
a Px,a = I and an isometry VA :

HA → H̃A such that Ex,a = V ∗APx,aVA for all x, a. One can do the same

for Bob and obtain a Hilbert space H̃B of finite dimension, along with pro-
jections Qy,b such that

∑
bQby,b = I and an isometry VB : HB → H̃B such

that V ∗BQy,bVB = Fy,b for all b, y. Now define ϕ = (VA⊗VB)(ψ) ∈ H̃A⊗H̃B.

Then 〈ϕ, Px,a ⊗Qy,bϕ〉 ∈ C̃q(n, k), while

〈ϕ, Px,a ⊗Qy,bϕ〉 = 〈(VA ⊗ VB)ψ, (Px,a ⊗Qy,b)(VA ⊗ VB)ψ〉
= 〈ψ|(V ∗APx,aVA)⊗ (V ∗BQy,bVB)ψ〉
= p(x, y|a, b).

Therefore, Cq(n, k) ⊆ C̃q(n, k). �

Proposition 3.11. C̃qs(n, k) = Cqs(n, k).

Proof. The proof is the same as above, except that we may not have HA
and HB finite-dimensional. We hence assume that HA and HB are not
necessarily finite dimensional and mimick the proof. Interestingly, the spaces
H̃A and H̃B will still exist, and the rest of the proof will be the same. �

The last equality if hardest and many proofs rely on a result of F. Boca,
which we will discuss later. Here we sketch a direct proof.

Theorem 3.12. C̃qc(n, k) = Cqc(n, k)

Proof. So let us assume that p(a, b|x, y) ∈ Cqc(n, k) given by

p(a, b|x, y) = 〈ψ|Ex,aFy,bψ〉,
where the E’s and F’s are POVM’s and Ex,aFy,b = Fy,bEx,a, ∀x, y, a, b.

Let us fix one value x1. Recall the way that we dilated Ex1,a to a PVM,

on H⊗Ck gave us ˆEx1,a := Px1,a = IH⊗ δa,a as the projection onto the a-th

copy of H and an isometry V : H → H⊗ Ck with V h =
∑

aE
1/2
x1,ah⊗ ea.

For each Fy,b set ˆFy,b =
∑

a Fy,b ⊗ δa,a, i.e., the diagonal operator matrix
with Fy,b for the constant diagonal entry.

Also for each x 6= x1 set ˆEx,a to be the operators on H⊗Ck described in
the proof of Theorem 3.5. Note that in this construction, all of the entries of
the operator matrix ˆEx,a belong to the C*-algebra generated by the positive
operators Ex,a and so these entries all commute with each of Fy,b.

Now all one needs to observe is that because ˆFy, b’s are all constant diag-
onal matrices, these operator matrices commute with the operator matrices

ˆEx,a, that is, they all commute as operators on H⊗ Ck.
One then proceeds inductively, dilating a new value of x and lifting to

commuting positive operators on the larger space. Keeping track of the fact
that if somethinbg was a projection in one stage of the process, that its lift
remains a projection.

�
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We now will move towards showing that Cloc(2, 2) 6= Cq(2, 2) (so these
sets are different even in the small cases). We first need the Clauser-Horne-
Shimony-Holt inequality.

Let IA = {a, a′} and IB = {b, b′}. Let OA = OB = {+,−}, and let

p ∈ Cloc(2, 2) ⊆ R22·22 = R16, say p(±,±|r, s) for r = a, a′ and s = b, b′.
Set σa,b(p) = p(+,+|a, b) + p(−,−|a, b)− p(+,−|a, b)− p(−,+|a, b). Given
fa, fa′ , gb, gb′ : Ω → {−1,+1} (where (Ω, µ) is a probability space) such
that p(+,+|a, b) = µ({t : fa(t) = 1, gb(t) = −1}) and p(−,−|a, b) = µ({t :
fa(t) = −1, gb(t) = −1}), then∫

Ω
fa(t)gb(t) dµ(t) = p(+,+|a, b) + p(−,−|a, b)− p(+,−|a, b)− p(−,+|a, b)

= σa,b(p).

Theorem 3.13 (CHSH-inequality). Let p ∈ Cloc(2, 2). Then

−2 ≤ σa,b(p) + σa,b′(p) + σa′,b(p)− σa′,b′(p) ≤ 2.

Proof. By the above work, letting M = σa,b(p)+σa,b′(p)+σa′,b(p)−σa′,b′(p),
we have

M =

∫
Ω

(fa(t)[gb(t) + gb′(t)] + fa′(t)[gb(t)− gb′(t)]) dµ(t).

Note that gb(t) + gb′(t) ∈ {−2, 2} if and only if gb(t)− gb′(t) = 0 (both take
values in {−1, 1}), while gb′(t)−gb′(t) ∈ {−2, 2} if and only if gb(t)+gb′(t) =
0. Looking the integrand and noting that fa(t), fa′(t) ∈ {−1, 1}, it follows
that

−2 ≤ fa(t)[gb(t) + gb′(t)] + fa′(t)[gb(t)− gb′(t)] ≤ 2, ∀t.

Since µ is a probability measure, integrating gives −2 ≤M ≤ 2, as desired.
�

Now let us look at some special elements of Cq(2, 2). Let ψ = 1√
2
(e0 ⊗

e0 + e1 ⊗ e1) ∈ C2 ⊗ C2. Given an angle θ, let vθ = (cos θ, sin θ)t. Then
define

Pθ = vθv
∗
θ =

(
cos2(θ) cos θ sin θ

cos θ sin θ sin2(θ)

)
.

It follows that I − Pθ = P⊥θ =

(
sin2(θ) − cos(θ) sin(θ)

− cos(θ) sin(θ) cos2(θ)

)
. Given

θa, θb, θa′ , θb′ , define Ea,+ = Pθa , Ea,− = P⊥θa , Ea′,+ = Pθa′ , Ea′,− = P⊥θa′
,

Fb,+ = Pθb , Fb,− = P⊥θb , Fb′,+ = Pθb′ , Fb′,− = P⊥θb′
. Then the probability
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arising from this for +,+, a, b is

p(+,+|a, b) = 〈ψ|(Ea,+ ⊗ Fb,+ψ〉

=
1

2
〈e0 ⊗ e0 + e1 ⊗ e1|(cos2 θae0 + cos θa sin θae1)⊗ (cos2 θbe0 + cos θb sin θbe1)

+ (cos θa sin θae0 + sin2(θa)e1)⊗ (cos θb sin θbe0 + sin2 θbe1)〉

=
1

2
[cos2 θa cos2 θb + 2 cos θa sin θa cos θb sin θb + sin2 θa sin2 θb]

=
1

2
(cos θa cos θb + sin θa sin θb)

2

=
1

2
cos2(θa − θb).

Through a similar calculation we have p(−,−|a, b) = 1
2 cos2(θa − θb), while

p(+,−|a, b) = p(−,+|a, b) =
1

2
sin2(θa − θb).

It follows that

σa,b(p) = cos2(θa − θb)− sin2(θa − θb) = cos(2(θa − θb)).
Hence, we have

σa,b(p) + σa,b′(p) + σa′,b(p) + σa′,b − σa′,b′(p) = cos(2θa − 2θb) + cos(2θa − 2θb′)

+ cos(2θa′ − 2θb)− cos(2θa′ − 2θb).

Set θa′ = π
4 , θb′ = 0 and θa = θb = π

8 . Then the above expression becomes

cos(0) + cos
(π

4

)
+ cos

(π
4

)
− cos

(π
2

)
= 1 +

√
2 > 2.

This violates the CHSH inequality, so that p 6∈ Cloc(2, 2). It follows that
Cloc(2, 2) ( Cq(2, 2).

Problem 3.14. Find and justify

max{cos(θa−θb)+cos(θa−θb′)+cos(θa′−θb)−cos(θa′−θb′) : θa, θb, θa′ , θb′}.

Proof. Homework problem 16; due 15th March, Tuesday. �

Next recall that p(x, y|a, b) ∈ Cnsb if and only if
∑

y p(x, y|a, b) =
∑

y p(x, y|a, b′) :=

pA(x|a) and
∑

x p(x, y|a, b) =
∑

x p(x, y|a′, b) = pB(y|b).

Problem 3.15. Prove that if p ∈ Cvect(2, 2), then

σa,b + σa,b′ + σa′,b − σa′,b′ < 4,

and conclude that Cnsb(2, 2) 6= Cvect(2, 2). (Hint: Prove by the method of
contradiction, i.e., assume that one of them has quantity 4 above and arrive
at a contradiction.)

Problem 3.16. Prove that Cvect(n, k) ⊆ Cnsb(n, k) for every n, k.
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We stated in Theorem ?? that for each k, n ∈ N, we have the sequence of
inclusions

Cloc(n, k) ⊆ Cq(n, k) ⊆ Cqs(n, k) ⊆ Cqa(n, k)

⊆ Cqc(n, k) ⊆ Cvect(n, k) ⊆ Cnsb(n, k) ⊆ Rn
2k2 .

We will try and prove some of these inclusions. But before that let’s recall
and state the key conjectures as problems:

Proposition 3.17. For any n, k ∈ N, Cloc(n, k) ⊆ Cqc(n, k).

Proof. Let fa, gb : Ω→ {1, ..., k} for 1 ≤ a, b ≤ m be such that p(x, y|a, b) =
µ({t ∈ Ω : fa(t) = x, gb(t) = y}) for all x, y. Let us define

Ωa,i = {t : fa(t) = i}

and

Ω′b,j = {t : gb(t) = j}.
We observe that

k⋃
i=1

Ωa,i =
k⋃
j=1

Ω′b,j = Ω.

We further define

χa,i(t) =

{
1 if t ∈ Ωa,i

0 if t 6∈ Ωa,i.

Similarly, we define

χ′b,j(t) =

{
1 if t ∈ Ω′b,j
0 if t 6∈ Ω′b,j .

Note that

p(i, j|a, b) = µ(Ωa,i ∩ Ω′b,j) =

∫
Ωa,i∩Ω′

b,j

1 dµ =

∫
Ω
χa,iχ

′
b,j dµ.

We then define H = L2(Ω, µ). For this Hilbert space let Ea,i = Mχa,i , which

denotes multiplication by χa,i on L2(Ω, µ). Then
∑k

i=1Ea,i is multiplication

by
∑k

i=1 χa,i = 1, so that
∑k

i=1Ea,i = M∑k
i=1 Ea,i

= M1 = I. Similarly, if

Fb,j = Mχ′
b,j

, then
∑k

j=1 Fb,j = I. Whenever h ∈ H, we have

〈h|Ea,ih〉 =

∫
Ω
h(Ea,ih) dµ =

∫
Ωa,i

|h|2 dµ ≥ 0,

so that Ea,i ≥ 0. It is easy to see that E2
a,i = Mχ2

a,i
= Mχa,i = Ea,i

so each Ea,i is a projection (similarly, the Fb,j ’s are projections). All of
these operators (Ea,i’s, Fb,j ’s), being multiplication operators, commute with
each other (and hence each Ea,i commutes with each Fb,j). Finally, we set
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ψ = 1 ∈ H. Then ‖ψ‖2 =
∫

Ω 1 dµ = µ(Ω) = 1 so ψ is a state. We observe
that for each a, b, i, j, we have

〈ψ|Ea,iFb,jψ〉 =

∫
Ω

1(Mχa,iMχ′
b,j
· 1) dµ

=

∫
Ωa,i∩Ω′

b,j

1 dµ

= µ(Ωa,i ∩ Ω′b,j) = p(i, j|a, b).

It follows that Cloc(n, k) ⊆ Cqc(n, k). �

This leads us to,

Corollary 3.18. Cqc(n, k) ⊆ Cvect(n, k).

Proof. Let p(x, y|a, b) ∈ Cqc(n, k). Then Theorem ?? guarantees the exis-
tence of projections Pa,x and Qb,y on a Hilbert space H with

∑
x Pa,x =∑

y Qb,y = I such that Pa,xQb,y = Qb,yPa,x on H for all a, b, x, y. Moreover,

there is ψ ∈ H with ‖ψ‖ = 1 such that p(x, y|a, b) = 〈ψ|Pa,xQb,yψ〉. Set
ha,x = Pa,xψ and kb,y = Qb,yψ. Then

∑
x ha,x = ψ for all a and

∑
y kb,y = ψ

for all b. Since Pa,xPa,x′ = 0 (because they are orthogonal to each other as
projections), we have ha,x ⊥ ha,x′ for x 6= x′, and similarly kb,y ⊥ kb,y′ for
y 6= y′.

Finally, 〈ha,x|kb,y〉 ∈ Cvect(n, k) but 〈ha,x|kb,y〉 = 〈Pa,xψ|Qb,yψ〉, but this
is equal to 〈ψ|Pa,xQb,yψ〉 = p(x, y|a, b). Therefore, Cqc(n, k) ⊆ Cvect(n, k).

�

Notice that in the proof above, the product Pa,xPa,x′ had no reason to
vanish if we have had merely positive operators. This is where we made use
of the fact that these are actually orthogonal projections.

We end this subsection by proving an important theorem for finite input-
output games.

Theorem 3.19. Let G = (IA, IB,OA,OB, λ) where λ is the rule function
as before. Then G has a perfect loc-strategy if and only if G has a perfect
deterministic strategy.

Proof. If G has a perfect deterministic strategy, then this means that there
are functions f : IA → OA and g : IB → OB such that λ(a, b, f(a), g(b))
never violates the rule, which implies that λ(a, b, f(a), g(b)) = 1 for all a, b.
(The reason we are not able to see the probability space is because it has
got only one point!) Let Ω = {t0} and fa : Ω → OA and gb : Ω → OB be
given by fa(t0) = f(a) and gb(t0) = g(b). Suppose that λ(a, b, x, y) = 0. We
must show that µ({t : fa(t) = x, gb(t) = y}) = 0. Note that for t0 we have
λ(a, b, fa(t0), gb(t0)) = λ(a, b, f(a), g(b)) = 1 so that {t : fa(t) = x, gb(t) =
y} = ∅, and has measure zero. It follows that G has a perfect loc-strategy.

Conversely, suppose that G has a perfect loc-strategy. Then there is a
probability space (Ω, µ) and functions fa : Ω → OA and gb : Ω → OB such
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that whenever λ(a, b, x, y) = 0, we have µ({t : fa(t) = x, gb(t) = y}) = 0.
Set Ωa,x = {t : fa(t) = x}. These sets are pairwise disjoint with union equal
to Ω. Similarly, if Ω′b,y = {t : gb(t) = y}, then the sets {Ω′b,y} are pairwise

disjoint with union equal to Ω. Then µ(Ωa,x ∩ Ω′b,y) = 0. Define

N =
⋃

a,b,x,y
λ(a,b,x,y)

(Ωa,x ∩ Ω′b,y),

which is a finite union of sets of measure zero, so that µ(N ) = 0. Therefore,
N 6= Ω. Pick t0 ∈ Ω \ N . Define f : IA → OA and g : IB → OB by f(a) =
fa(t0) and g(b) = gb(t0). By definition, since t0 6∈ N , we must have t0 6∈
Ωa,x∩Ω′b,y for all a, x, b, y. Therefore, if we had λ(a, b, f(a), g(b)) = 0 for some

a, b, then with x = fa(t0) and y = gb(t0), we would have λ(a, b, x, y) = 0.
Hence, t0 ∈ Ωa,x∩Ω′b,y which is a contradiction. Hence, λ(a, b, f(a), g(b)) = 1
for all a, b. Therefore, G has a perfect deterministic strategy. �

Like the situation where loc strategies don’t fool the referee in any way
(since the colouring number stays the same), if we allow any non-signalling
box strategy, then the situation becomes much less interesting.

Proposition 3.20 (Paulsen-Todorov). Let G be a graph on n ≥ 2 vertices.
Then χnsb(G) = 2.

Proof. For 1 ≤ i, j ≤ 2, we set

p(i, j|v, v) =

{
1
2 if i = j

0 if i 6= j
.

For v 6= w, set

p(i, j|v, w) =

{
0 if i = j
1
2 if i 6= j.

We claim that p ∈ Cnsb(n, 2) and p is a perfect nsb-strategy. Indeed, if
i 6= j then p(i, j|v, v) = 0 so the first rule is satisfied. For the second rule,
whenever v ∼ w and i = j we have p(i, j|v, w) = 0 so the second rule is
satisfied. Therefore, p is a perfect strategy. It is easy to check that∑

i,j

p(i, j|v, w) = 2 · 1

2
= 1;

2∑
j=1

p(i, j|v, w) =
1

2
for all w, and

2∑
i=1

p(i, j|v, w) =
1

2
for all v.

Hence, p ∈ Cnsb(n, 2). This completes the proof. �
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4. The Group Algebra Approach to Densities

Definition 4.1 (Unital ∗-Representation). Let A be a unital C∗-algebra
and H be a Hilbert space. A unital ∗-representation of A on H is a map
π : A → B(H) such that

(1) π(1) = I (unital)
(2) π is linear
(3) π(XY ) = π(X)π(Y ).
(4) π(X∗) = π(X)∗.

With all of these properties together, π is a ∗-homomorphism.

What follows next is a celebrated theorem from the theory of C∗-algebras.
This is essential for moving further.

Theorem 4.2 (Gelfand-Naimark-Segal Construction). Let A be a unital
C∗-algebra and s : A → C be a state. Then there is a Hilbert space Hs, a
vector ϕ ∈ Hs of norm 1 and a unital ∗-representation πs : A → B(Hs) such
that

(1) s(X) = 〈ϕ|πs(X)ϕ〉.
(2) {π(X)ϕ : X ∈ A} is dense in Hs.

This is called the GNS representation of s.

Theorem 4.3. Let G = (I,O, λ) be a synchronous game. Then G has a
perfect qc-strategy if and only if there is a unital C∗-algebra generated by
projections {Evi : v ∈ I, i ∈ O}, and a tracial state τ on this C∗-algebra
such that

(1)
∑

iEvi = I for all v.
(2) If λ(v, w, i, j) = 0 then Ev,iEw,j = 0.

Proof. For this proof we assume that |I| = n and |O| = k. Suppose we have a
unital C∗-algebra and tracial state with the properties above. Then if τ is our
tracial state, by the previous theorem we may set p(i, j|v, w) = τ(Ev,iEw,j) ∈
Csqc(n, k). If λ(v, w, i, j) = 0 then p(i, j|v, w) = τ(Ev,iEw,j) = τ(0) = 0 by
assumption. Hence, G has a perfect qc-strategy.

Conversely, suppose that p(i, j|v, w) ∈ Csqc(n, k) is a perfect qc-strategy
for G. We saw that if we took the representation p(i, j|v, w) = 〈ψ|Ev,iFw,jψ〉
of p(i, j|v, w) and let A be the C∗-algebra generated by {Ev,i}v,i, then
p(i, j|v, w) = τ(Ev,iEw,j) gives rise to a trace on A. If λ(v, w, i, j) = 0 then
τ(Ev,iEw,j) = 0, and we want to show that Ev,iEw,j = 0. Take any X ∈ A;
thenX∗X ≤ ‖X‖2I. Hence, E∗w,jE

∗
v,i(X

∗X)Ev,iEw,j ≤ ‖X‖2E∗w,jE∗v,iEv,iEw,j .
Taking traces we obtain

0 ≤ τ(E∗w,jE
∗
v,iX

∗XEv,iEw,j) ≤ ‖X‖2τ(E∗w,jEv,iEw,j) = ‖X‖2τ(Ev,iEw,j) = 0.

Therefore, τ(E∗w,jE
∗
v,iX

∗XEv,iEw,j) = 0. Switching some variables around
shows that

τ(XEv,iEw,jE
∗
w,jE

∗
v,iX

∗) = 0.
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For convenience, let A = XEv,iEw,j , so that AA∗ = XEv,iEw,jE
∗
w,jE

∗
v,iX

∗.

Then by the GNS construction, on some Hilbert space (and for some unit
vector ϕ), we have

0 = τ(AA∗) = 〈ϕ|πτ (AA∗)ϕ〉
= ‖πτ (A∗)ϕ‖
= ‖πτ (E∗w,jE

∗
v,iX

∗)ϕ‖

= ‖Ẽw,jẼv,iπτ (X∗)ϕ‖

But using GNS, {πτ (X∗) : X ∈ A} is dense in the new Hilbert space, so

that Ẽw,jẼv,i = 0. Hence, Ẽv,iẼw,j = 0 as desired. �

Note that in the above proof, Ẽv,i’s are not Alice’s original projections.

Corollary 4.4. Let G be a graph. Then χqc(G) ≤ k if and only if there is a
unital C∗-algebra A with trace and projections {Ev,i}1≤i≤k, 1≤v≤n in A with∑k

i=1Ev,i = I for all v such that v ∼ w implies that Ev,iEw,i = 0 for all
1 ≤ i ≤ k.

It is worthwhile noticing that Ev,i’s, in above corollary, can’t be any
projections in any C∗-algebra. They have to be projections a C∗-algebra
which has got a trace.

We next discuss the characterization of a synchronous game with a perfect
q-strategy. We need the following theorem about finite-dimensional C∗-
algebra before proceeding into this discussion.

Theorem 4.5. Let A be a finite-dimensional C∗-algebra. Then there are
n1, ..., nL ∈ N and a unital ∗-isomorphism π : A →Mn1 ⊕ · · · ⊕MnL. That
is to say, A 'Mn1 ⊕ · · · ⊕MnL.

5. Tsirelson’s Correlation Matrices

Tsirelson’s idea was to work with self-adjoint unitaries (popularly known
as reflections) on the set set {+1,−1} under the multiplication operation
instead of working with projections on the set {0, 1} under the addition
operation. Recall that the spectrum of projections consists of 0 and 1, and
the spectrum of self-adjoint unitaries consists of 1 and −1.

Definition 5.1 (Quantum Correlation Matrix). An n×n matrix (cs,t)
n
s,t=1

of real numbers is called a quantum correlation matrix if there exists As =
A∗s ∈ Mp with −I ≤ As ≤ I and there exists Bt = B∗t ∈ Mq with −I ≤
Bt ≤ I, along with the existence of ψ ∈ Cp ⊗ Cq such that ‖ψ‖ = 1 and
cs,t = 〈ψ|(As⊗Bt)ψ〉. Let Corq(n) ⊆Mn(R) be the set of all such matrices.
Similarly, let Corqc(n) ⊆Mn(R) be the set of all matrices of the form (cs,t) ∈
Mn, where cs,t = 〈ψ|(As ⊗ Bt)ψ〉 for some As = A∗s, Bt = B∗t ∈ B(H) with
−I ≤ As ≤ I and −I ≤ Bt ≤ I and ψ ∈ H with ‖ψ‖ = 1, such that
AsBt = BtAs for all s, t.
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Proposition 5.2 (Disambiguation). A matrix (cs,t)
n
s,t=1 is in Corq(n) if

and only if there are matrices As = A∗s ∈ Mp and Bt = B∗t ∈ Mq with
A2
s = I and B2

t = I, along with ψ ∈ Cp ⊗ Cq with ‖ψ‖ = 1, such that
cs,t = 〈ψ|As ⊗Btψ〉.

Remark 5.3. The above proposition tells us that no matter whether we
choose projections or self-adjoint unitaries, the sets we get is the same.

Proof. We use the Halmos trick. For H = H∗ and −I ≤ H ≤ I, we may set

U =

(
H

√
I −H2

√
I −H2 −H

)
so that U = U∗ and U2 = I. We now set

Us =

(
As

√
I −A2

s√
I −A2

s −As

)
and Vt =

(
Bt

√
I −B2

t√
I −B2

t −Bt

)
.

Then U2
s = I and V 2

t = I. Let ψ̃ =

(
ψ
0

)
, so that 〈ψ|As ⊗Btψ〉 = 〈ψ̃|(Us ⊗

Vt)ψ̃〉. The other inclusion of sets is obvious, so we are done. �

We will see that in the context of working with reflections, we actually
have Corq(n) = Corqc(n). First, we need a bit of background on Clifford
unitaries.

Definition 5.4 (Clifford Unitaries). A family of n× n self-adjoint unitary
matrices that anti-commute is described as Clifford unitaries.

So, a set of matrices {X1, ..., Xm} is Clifford unitaries if we have Xi = X∗i ,
X2
i = I for every i and XiXj = −XjXi for all i 6= j. For the sake of

completeness, here is a construction of such a set of unitaries. Let

X =

(
0 1
1 0

)
, Z =

(
1 0
0 −1

)
,

so that

XZ =

(
0 −1
1 0

)
and ZX = −XZ.

This set consists of m = 2 self-adjoint unitaries that anti-commute and hence
is a set of Clifford unitaries. Suppose m > 2 and we want to construct a set
of Clifford unitaries that has cardinality m. Then we let,

C1 = Z ⊗ I2 ⊗ · · · ⊗ I2︸ ︷︷ ︸
m−1 times

,

C2 = X ⊗ Z ⊗ I2 ⊗ · · · ⊗ I2.

Similarly, for any i we let

Ci = X ⊗ · · · ⊗X︸ ︷︷ ︸
i−1 times

⊗Z ⊗ I2 ⊗ · · · ⊗ I2︸ ︷︷ ︸
m−i times

.
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Then each Ci = C∗i and C2
i = I. If i < j, then

CiCj = X2 ⊗ · · · ⊗X2 ⊗ ZX ⊗X ⊗ · · · ⊗X ⊗ Z ⊗ I...
and

CjCi = X2 ⊗ · · · ⊗X2 ⊗XZ ⊗X ⊗ ...⊗X ⊗ Z ⊗ I...
so that CiCj = −CjCi. (Note that all the Ci’s are real matrices and hence
Ci = Cti for every i.)

Lemma 5.5. If A,B ∈ Md and ψ = 1√
d
(e1 ⊗ e1 + · · · + ed ⊗ ed), then

〈ψ|(A⊗B)ψ〉 = tr(ABt). (Note: “tr” denotes normalized trace.)

Proof. Let A = (aij) and B = (bij). Then

〈ψ|(A⊗B)ψ〉 =
1

d

d∑
i,j=1

〈ei ⊗ ei|(A⊗B)ej ⊗ ej〉

=
1

d

d∑
i,j=1

〈ei|Aej〉〈ei|Bej〉

=
1

d

d∑
i,j=1

aijbij =
1

d
tr(ABt).

Hence, 〈ψ|(A⊗B)ψ〉 = tr(ABt). �

Theorem 5.6 (Tsirelson, 1987). Let C = (cs,t)
n
s,t=1 be a real n× n matrix.

The following are equivalent.

(1) C ∈ Corq(n).
(2) There is m and vectors xs, yt ∈ Rm with ‖xs‖ ≤ 1 and ‖yt‖ ≤ 1 such

that C = (〈xs, yt〉). Moreover, m can always be taken to be m = 4n.

Consequently, Corq(n) = Corqc(n) = {(〈xs, yt〉) : xs, yt ∈ R4n, ‖xs‖ ≤
1, ‖yt‖ ≤ 1}.

Proof. Let us show that (i) implies (ii). Write cs,t = 〈ψ|(As ⊗ Bt)ψ〉 =
〈(As ⊗ I)ψ|(I ⊗ Bt)ψ〉. Let x′s = (As ⊗ I)ψ and y′t = (I ⊗ Bt)ψ. Then
‖x′s‖ ≤ 1 and ‖y′t‖ ≤ 1, while cs,t = 〈x′s, y′t〉. Now, span{x′s, y′t}ns,t=1 is m-

dimensional where m ≤ 2n. Identify this subspace of C2n with Cm, and
write x′s = (x′s(1), ..., x′s(m)) and y′t = (y′t(1), ..., y′t(m)). Then write x′s(k) =
as(k) + ibs(k) where as, bs ∈ R. Similarly, write y′t(k) = αt(k) + iβt(k).
Then define xs = (as(1),−bs(1), ..., as(m),−bs(m)) ∈ R2m and define yt =
(αt(1), βt(1), ..., αt(m), βt(m)) ∈ R2m. Then ‖xs‖ = ‖x′s‖ and ‖yt‖ = ‖y′t‖.
Finally, since 〈x′s, y′t〉 ∈ R we still have 〈x′s, y′t〉 = 〈xs, yt〉. Note that 2m ≤
4n, but by adding 0’s we can always make these vectors into (4n)-tuples, as
desired.

Now we show that (ii) implies (i). Let xs, yt ∈ Rm for s, t = 1, ..., n be
such that ‖xs‖ ≤ 1, ‖yt‖ ≤ 1 and cs,t = 〈xs, yt〉. Now we have to build
self-adjoint operators and a unit vector. Write xs = (xs(1), ..., xs(m)) and
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yt = (yt(1), ..., yt(m)). Take m Clifford unitaries C1, ..., Cm on Cd, and set
As =

∑m
i=1 xs(i)Ci. Let Bt =

∑m
i=1 yt(i)Ci, so that As = A∗s and Bt = B∗t .

Note that

A2
s =

m∑
i,j=1

xs(i)xs(j)CiCj

=

m∑
i=1

xs(i)
2C2

i +
∑
i<j

(xs(i)xs(j)− xs(i)xs(j))CiCj

=

(
m∑
i=1

xs(i)
2C2

i

)
≤ I.

Hence, σ(As) ⊆ [−1, 1] so that −I ≤ As ≤ I. Similarly, −I ≤ Bt ≤ I.
Denote by DT the transpose of a matrix D. Then

AsB
T
t =

m∑
i,j=1

xs(i)yt(j)CiC
T
j =

[
m∑
i=1

xs(i)yt(i)CiC
T
i

]
+
∑
i 6=j

xs(i)yt(j)CiCj .

Thus, AsB
T
t =

∑m
i=1 xs(i)yt(i)I + stuff. Taking the normalized trace gives∑m

i=1 xs(i)yt(i) + stuff. Now note that if i 6= j, then tr(CiCj) = tr(CjCi)
and tr(CiCj) = tr(−CjCi) = −tr(CjCi) so that tr(CiCj) = 0. Hence,
tr(AsB

T
t ) =

∑m
i=1 xs(i)yt(i) = 〈xs, yt〉. By the lemma, if ψ = 1√

d
(e1 ⊗ e1 +

· · · + ed ⊗ ed) then 〈xs, yt〉 = 〈ψ|(As ⊗ Bt)ψ〉, and this gives the desired
result. �

Now, let us go back to the other situation and see how things differ. Let
us consider the sets Cq(n, 2) and Cqc(n, 2). In this case Alice has PVM’s
{Es,0, Es,1}1≤s≤m with Es0 +Es1 = I, and Bob has PVM’s {Ft,0, Ft,1}1≤t≤n
with Ft0+Ft1 = I. If we hadAs = A∗s withA2

s = I andB∗t = Bt withB2
t = I,

then σ(As), σ(Bt) ⊆ {±1}. In this case we let Es0 = I+As
2 , Es1 = I−As

2 ,

Ft0 = I+Bt
2 , Ft1 = I−Bt

2 , so that

Esi =
I + (−1)iAs

2
, Ftj =

I + (−1)jBt
2

.

We obtain p(i, j|s, t) ∈ Cq(n, 2) given by

p(i, j|s, t) = 〈ψ|(Esi⊗Ftj)ψ〉 =
1

4
〈ψ|(I+(−1)iAs⊗I+(−1)jI⊗Bt+(−1)i+jAs⊗Bt)ψ〉.

If we use the Clifford construction from earlier, then

p(i, j|s, t) =
1

4
tr(I + (−1)iAs + (−1)jBT

t + (−1)i+jAsB
T
t )

=
1

4
(1 + 0 + 0 + (−1)i+j〈xs, yt〉) =

1

4
+

1

4
(−1)i+j〈xs, yt〉,

since As and Bt are linear combination of Clifford unitaries and we know that
the Clifford unitaries constructed earlier are of trace zero thereby rendering
the trace of As and trace of Bt zero.
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The above discussion can be summarized into the following theorem.

Theorem 5.7. Let xs, yt be vectors in Rm for 1 ≤ s, t ≤ n with ‖xs‖ ≤ 1 and
‖yt‖ ≤ 1, such that 〈xs, yt〉 ∈ R for all s, t. Then there exists p(i, j|s, t) ∈
Cq(n, 2) such that p(i, j|s, t) = 1

4 [1 + (−1)i+j〈xs, yt〉].

Note that if p is as in the theorem, then p(0, 0|s, t) = p(1, 1|s, t) and
p(0, 1|s, t) = p(1, 0|s, t) for all s, t.

Theorem 5.8. Let p(i, j|s, t) ∈ Cvect(n, 2) be such that p(0, 0|s, t) = p(1, 1|s, t)
and p(0, 1|s, t) = p(1, 0|s, t) for all s, t. Then

(1) There exist vectors xs, yt for 1 ≤ s, t ≤ n such that ‖xs‖, ‖yt‖ ≤ 1
and p(i, j|s, t) = 1

4 [1 + (−1)i+j〈xs, yt〉].
(2) p(i, j|s, t) ∈ Cq(n, 2).

Proof. The second claim follows from the first by the previous theorem. To
show (1), note that since p ∈ Cvect(n, 2), there exist vectors vs0, vs1, wt0, wt1
such that vs0 ⊥ vs1 and wt0 ⊥ wt1 for all s, t, and there exists a vector ψ of
norm 1 such that vs0 + vs1 = wt0 + wt1 = ψ for all s, t, while p(i, j|s, t) =
〈vsi, wtj〉 ≥ 0. (The idea behind this is: if we have two orthogonal projections
applied to a state vector, then the image will consist of two vectors which
will add up to the state vector.) Note that

1 =
∑

i,j∈{0,1}

p(i, j|s, t) = 2(p(0, 0|s, t) + p(1, 0|s, t))

= 2[〈vs0, wt0〉+ 〈vs1, wt0〉]
= 2[〈ψ,wt0〉]
= 2〈wt0, wt0〉.

Hence, ‖wt0‖2 = 1
2 . Similarly, ‖wt1‖2 = ‖vs0‖2 = ‖vs1‖2 = 1

2 . Now set

xs = vs0 − vs1 and set yt = wt0 − wt1. Then ‖xs‖2 = ‖vs0‖2 + ‖vs1‖2 = 1,
and similarly, ‖yt‖2 = 1. To see that p is of the desired form, we can compute

1

4
[1 + 〈xs, yt〉] =

1

4
[1 + 〈vs0 − vs1, wt0 − wt1〉]

=
1

4
[1 + 〈vs0, wt0〉+ 〈vs1, wt1〉 − 〈vs1, wt0〉 − 〈vs0, wt1〉]

=
1

4
[1 + 2p(0, 0|s, t)− (1− 2p(0, 0|s, t))]

= p(0, 0|s, t) = p(1, 1|s, t).

Therefore,

p(0, 0|s, t) = p(1, 1|s, t) =
1

4
[1 + (−1)i+j〈xs, yt〉],

when (i, j) = (0, 0) or (i, j) = (1, 1).
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Now suppose that (i, j) = (1, 0) or (i, j) = (0, 1). Then similarly, one can
check that

1

4
[1− 〈xs, yt〉] =

1

4
[1 + 2p(1, 0|s, t)− (1− 2p(1, 0|s, t))]

= p(1, 0|s, t) = p(0, 1|s, t)

Therefore, (1) holds. �

Theorem 5.9. Let G be an n-input, XOR game, with rule function V (i, j|s, t) ∈
{0, 1}. The following are equivalent.

(1) G has a perfect q-strategy.
(2) G has a perfect vect-strategy.
(3) There are vectors xs, yt with ‖xs‖, ‖yt‖ ≤ 1 such that 〈xs, yt〉 ∈ R

and such that whenever V (i, j|s, t) = 0, then 〈xs, yt〉 = (−1)i+j+1.

Proof. Clearly (1) implies (2). Assume that (2) holds, and let p(i, j|s, t) ∈
Cvect(n, 2) be perfect; i.e. whenever V (i, j|s, t) = 0 then p(i, j|s, t) = 0. Let

p̃(i, j|s, t) =
1

2
[p(i, j|s, t) + p(i+ 1, j + 1|s, t)].

Since p(i, j|s, t), p(i + 1, j + 1|s, t) ∈ Cvect(n, 2), and Cvect(n, 2) is convex,
we have p̃(i, j|s, t) ∈ Cvect(n, 2). If λ(i, j|s, t) = 0 then λ(i + 1, j + 1|s, t) =
0. Therefore, p̃(i, j|s, t) = 0 so that p̃ is a perfect vect-strategy. More-
over, p̃(0, 0|s, t) = p̃(1, 1|s, t) and p̃(1, 0|s, t) = p̃(0, 1|s, t). Thus, there are
xs, yt with ‖xs‖, ‖yt‖ ≤ 1 such that p̃(i, j|s, t) = 1

4 [1 + (−1)i+j〈xs, yt〉]. If

λ(i, j|s, t) = 0, then 1
4 [1 + (−1)i+j〈xs, yt〉] = 0. Thus, 〈xs, yt〉 = (−1)i+j+1.

This gives (3).
If (3) holds, then given such vectors xs, yt, we may set p(i, j|s, t) = 1

4 [1 +

(−1)i+j〈xs, yt〉] ∈ Cq(n, 2). One can check that this gives a perfect q-strategy
by the same calculation as above. Hence, (1) holds. �

Remark 5.10. Since ‖xs‖, ‖yt‖ ≤ 1 as above and 〈xs, yt〉 = (−1)i+j+1, we
must have ‖xs‖ = ‖yt‖ = 1 and hence yt = (−1)i+j+1xs by the Cauchy-
Schwarz inequality.

Lemma 5.11. Let S and T be operator systems and let s : S⊗c T → C be a
state. Then there exists a Hilbert space H, unital completely positive maps,
φ : S → B(H), ψ : T → B(H) with commuting ranges and a unit vector
ξ ∈ H, such that s(x⊗ y) = 〈φ(x)ψ(y)ξ, ξ〉.

Proof. We have that S ⊗c T ⊂coi C
∗
u(S)⊗max C

∗
u(T ). Thus, we may extend

the state s to a state, still denoted by s, on this C*-algebra. The rest follows
from considering the GNS representation of the states. �

Lemma 5.12. Let Ai and Bj be unital C*-algebras, i = 1, . . . , n, j =
1, . . . ,m, and set S = A1⊕1 · · ·⊕1An, T = B1⊕1 · · ·⊕1Bm, A = A1∗· · ·∗An,
and B = B1 ∗ · · · ∗ Bm. Then S ⊗c T ⊆coi A⊗max B.
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Proof. Let φ : S → B(H) and ψ : T → B(H) be unital completely positive
maps with commuting ranges. It suffices to show that there exists a unital
completely positive map Γ : A ∗ B → B(H) extending the map φ · ψ :
S ⊗c T → B(H) defined by φ · ψ(x⊗ y) = φ(x)ψ(y).

We identify S with the linear span of A1, . . . ,An inside A; similarly,
we identify T with the linear span of B1, . . . ,Bm inside B. The map φ is
determined by a family (φi)

n
i=1 of unital completely positive maps (where

φi maps Ai into B(H)) via the rule φ(a1 + · · · an) = φ1(a1) + · · ·φn(an),
ai ∈ Ai, i = 1, . . . , n. By [?], there exists a unital completely positive map

φ̃ : A → B(H) given by φ̃(ai1 · · · aik) = φi1(ai1) · · ·φik(aik), where ail ∈ Ail
for each l, and i1 6= i2 6= · · · 6= ik.

Similarly, ψ is determined by a family (ψj)
m
j=1, where ψj is a map from

Bj into B(H); moreover, φi(Ai) commutes with ψj(Bj) for every pair i, j of

indices. Let ψ̃ : B → B(H) be the unital completely positive map given by

ψ̃(bj1 · · · bkk) = ψj1(bj1) · · ·ψjk(bjk), where bjl ∈ Bjl for each l, and j1 6= j2 6=
· · · 6= jk. Since the linear span of free words are dense in the corresponding
free products A and B, we have that φ̃(A) and ψ̃(B) commute. It is now
clear that the unital completely positive map Γ : A∗B → B(H) arising from

φ̃ and ψ̃ in a similar fashion [?] extends φ · ψ. �
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