IML NOTES: QUANTUM CORRELATIONS

VERN 1. PAULSEN

ABSTRACT. The first section is intended to give operator algebraists
a brief introduction to entanglement and some of its uses. The sec-
ond section is to show the connections between purification notions in
physics and dilation theory in operator theory. Those only interested in
quantum correlations can skip directly to section 3.

1. COMPOSITE SYSTEMS, ENTANGLEMENT AND JOINT PROBABILITIES

Let Ha be the state space for Alice’s lab and { Xy}, > XiXk = Ip,
be a measurement system on H4 and let Hp be the state space for Bob’s
lab and {Y;},, >, Y,"Ys = I3, be a measurement system on Hp. Suppose
Y € Ha ® Hp such that |[¢|| = 1. If pa(k) and pp(¢) respectively de-
note the probability that Alice gets outcome & in the combined lab and the
probability that Bob gets outcome ¢ in the combined lab, then

pa(k) = [(Xp ® Dy[* and pp(f) = (I ® Yo)u|*.
If Alice’s outcome is k, then the state becomes

(X @)Y
[(Xg @ I)ap||

Similarly if Bob’s outcome is ¢, then the state becomes

(I ® Yoy
I @ Yool

The joint probability of getting outcome k for Alice and outcome ¢ for Bob,
denoted by pa p(k,£), is given by

paB(k,0) = ||(Xk ® Y)u|>.

We can also use the notion of conditional probabilities in the quantum
setting. The conditional probability that Bob gets outcome ¢, given that
Alice got outcome k is given by

[Y)(Xp Y|P _p(B={(A=k)

I
PB=UA=h =" e~ pA=F
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2 V. I. PAULSEN

since if Alice has already got the outcome k, that is, A = k then the state is
%, so that the probability of getting outcome ¢ for Bob given that
A = k is computed as in the usual definition of conditional probability.

Note: We use A =k to mean “A gets the outcome k.”

Definition 1.1. A state ¢ € H4 ® Hp is said to be separable if it is of
the form ¢ = v ® ¢ for some v € H4 and ¢ € Hp; that is to say, ¢ is an
elementary tensor (without loss of generality, by scaling, each of v and ¢ are
norm 1). If ¢ is not of this form, we say that 1 is entangled.

It is worth noticing how separable states behave in a combined lab. In-
deed, if ¢ = v ® ¢ is separable with ||| = ||¢|| = 1, then one has

pa(k) = [[(Xx @ D)y @ O)|* = | Xy @ 8II* = | Xr|Pll¢l* = | Xxr |,

while the joint probability becomes

p(B=0A=k)=|(Xp®Yy)(y® )|
= | Xpy @ Yeol1? = | Xiv [P Yool ?
=pa(k) - pa(f).

Recall that in probability, events Ey, Fy are independent if Prob(Ey N Ey) =
Prob(E7) - Prob(FE3), so we infer that A = k and B = ¢ are independent
then and only then

_ Xk @ Y)(y @ 9)I1?
(X @ I)(y @ ¢)|?
_ X P 1Yesll?
(| X2
= || Yzo|?
=p(B =1).

p(B = (A =k)

Thus in case of separable states, the quantum probabilities exactly reflect
independent classical probabilities.

Definition 1.2. The state ¢ = %(eo ®ep+er ®er) € C?2®C?is called
the Finstein-Poldosky-Rosen (EPR) state.

Example 1.3 (Quantum Teleportation). Let Fyg, E11 be the diagonal ma-
trix units in My. Then EjyEoo+ E} E11 = E§0+E%1 = Iy, where Hy = C?,
so this is a measurement system. Suppose Bob has the same measurement
system (in a different lab) so that H4 = Hp = C2. In the combined lab,



the probabilities are as follows:

pa(0) = pa(A=0) = ||(Egp @ 9|

= [[(Eoo ® I (e0®eg +e1® el

1

)(75)
1 1

= §H€0 ® eol” = 5

Similarly, one can check that pa(1) = 3, while p(0) = pp(1)
If A observes the outcome 0, then the state changes to

-1
= 3.

(Eoo ®I)(%)(€o ®eg+ e ®eq)
1(Eoo ® I)(5)(e0 ® €0 + e1 @ en)|

= ey X eg.

Now suppose B performs a measurement. B has measurement operators
I ® Eg and I ® E1;. We know that (I ® E11)(ep ® eg) = 0, so B cannot
possibly measure the outcome 1. Therefore, if A measures 0, then B must
measure 0 with probability 1. The same analysis works if A measures 1. This
demonstrates that entangled systems, to some degree, behave like dependent
events. We confirm this with the computations below.

P(B =014 = 0) = (T ® Eon)(eo @ eo) | = lleo ® eoll® = 1 # pi(0) = 5,
p(B=1A=0)= (I ® Eu)(eo ® eo)|> = 0 # p(1) = .

This shows that there is a large amount of dependence here. This is the
basis for “spooky action at a distance”, or “quantum teleportation”.

Example 1.4 (Super Dense Coding). The idea is the following: If Alice
has states in C?, we know that we can only make two states perfectly dis-
tinguishable. Consider the EPR state ¢ = %(eo ® eg + e1 ® e1). Consider

the matrices that were used to form the 1-Pauli’s, given by

10 0 1 0 ¢ 1 0
=5 9)x= (1) r=(" o) maz=(5 %)

Then Alice, after applying these operations on the EPR state, has

(@D = \2(60®€0+61®61)
(X = \}5(61®€0+60®61>
Yoy = \2(6()@61 —e1 ®e)
(Ze 1)y = i(60®60—61®€1)

N

four outcomes that are orthonormal and hence perfectly distinguishable!
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Discussion: Suppose Alice and Bob start with the EPR state ¢ =
%(eo ® eg + €1 ® e1) and Alice performs one of the four above mentioned
operations on the state of the photon in its lab and sends that single photon
to Bob via a quantum channel. Bob now has access to both the photons
(actually the access to two states, one EPR and one which he received from
Alice, since the above four states are perfectly distinguishable and hence
there exists a measurement system that tells Bob which state he received.)
This allows Bob to know precisely which operation Alice performed. Moral:
Alice only needed to send one photon to communicate four pieces of infor-
mation. Similarly, in C%, with basis eq,...,eq_1, consider the EPR state

P = %(eo ®ep+ -+ eq-1 ®eq—1). Then there exist d? unitaries, U;, in
C? such that (U; ® I)v is orthogonal to (U; ® I)i for any i # j. Again, if
B keeps half of the photons, then A can communicate d? pieces of informa-
tion.This example shows the existence of a way (entanglement) to boost the
capacity of the quantum channel in question.

Definition 1.5. An ensemble of states {u;,p;}, ¥i € Ha ® Hp, p; > 0 and
>, pi = 1is called separable if each 1); € Ha ® Hp is separable. A density
matrix P € L(Ha ® Hp) is called separable if it is the density matrix of a
separable ensemble.

Proposition 1.6. Let P € L(Ha ® Hp) be a density matriz. Then the
following are equivalent.

(1) P is separable.

(2) There exist density matrices R; € L(Ha) and Q; € L(Hp) and
pi >0 with ), p; =1 such that P =), piR; ® Q.

(3) There exist E; € L(Ha) and F; € L(Hp) that are rank one projec-
tions, along with p; > 0 with Y, p; = 1, such that P =), p;E; ® F;.

2. DILATIONS: STATE PURIFICATION, POVM’s vs. PVM’s

The idea of dilation is to make things simpler by representing them on a
larger space.

Example 2.1. Suppose we want to find a formula for cos(a+ /). The easiest
way is to think of ¢’® = cos(a) + i cos 3 so that cos(f) = Re(e'?). (Here, we
are in a sense dilating to a form of R?, namely C.) Now the problem is very
easy, since

cos(a + ) = Re(e' @A)
= Re(e®e)
= Re((cos a + isina)(cos § + isin f))

= cos . cos § — sin arsin f3.



5

Example 2.2. Consider the Fibonacci numbers given by fi = fo = 1 and
fnt2 = fne1 + fn- Then these numbers are really satisfying the equation

()
L 1) \for1) \Un+2/)’

Let B = (O 1), Then mo (1) = (f+1). Now, R = R* is diag-
11 1 fn+2

onalizable with eigenvalues Lz‘/g Hence, for some unitary U, we have

1+V/5 0
R=U" (2) 1_y5 | U- It follows that

2

)
()= (U5 (i) O)

This gives a nice explicit formulal

/~
=
+
S

Example 2.3. (Halmos Dilation) Let C € L(H) with ||C| < 1. Consider

. C VI—-CC*
the operator matrix (m o ) € L(H@H). One can check

that this is a unitary, while C' is just a corner of the matrix.

2.1. State Purification. In the quantum setting, this idea of dilation is
essentially what Physicists refer to as state purification. To be more precise,
consider a measurement system {X;}, with each X; : H4 — K, so that
Yoty X X; = I4. Consider an ensemble {vy, pi}}._, where vy € Ha with
|vg|| =1 and >y pr = 1. Let p = > _; prvgvj be the density matrix of
the ensemble. Recall that the probability of getting outcome 1 is

T
> ol Xivel* = tr(XipX7).
k=1

Suppose we are only interested in the probabilities. Then we can replace p
by a pure state on a larger space. We will see this in two ways.
The first way to see the above is by letting

V/P1v1
v= : € Ha ® C" where r = rank(p).

\/]T’/‘Ur

One can see that v is a unit vector. Now replace X; by Xi tHARC —
K ® C", with

Xz: '.. :XZ®I7~.
X
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Then it follows that

mo I'HA
Y XiXi=Iy, 01 =
i=1 I,

Hence, {Xz}?ll is a measurement system on H 4 ® C". Moreover, it is readily
checked that

.
IXol> = prll Xovell?,
k=1

which is the same probability as before (for getting outcome 7). Hence, if
we only care about probabilities, then we may replace our ensemble with a
pure state.

The second way to obtain the above is more canonical. Let H4 = C™ and
L(HA) = M, ~ C™ which is a Hilbert space. Given X; € L(H ) = M, we
may obtain a “new map” X; : M,, — M, defined by

L) =X = (X1 © o X))
where Y = <y1 o yn) € M,,. Then
Xi Y1
XlY ~ :
Xi Yn

Given a density matrix p € M, the probability of obtaining outcome 7 is
tr(XipX7) = tr((Xip?) (02 X)) = tr((p? X7)(Xip?)) = (Xi(p?)|Xi(p?)) u,
Since p% is a vector in M,,, we obtain

19213, = pElpErans, = tr((p3)"(p2)) = tr(p) = 1.

It follows that ,0% is a unit vector, hence a pure state in the Hilbert space
M,,. (So, when physicists replace p by /p,/p, they actually consider ,/p to
be a pure state in space M,.)

3. POVM’s AND PVM’s

With this in mind, we will now talk about positive operator-valued mea-
sures (POVM’s). If we are only interested in probabilities in the context of a
measurement system {X;}; and a state h, then the probability of obtaining
outcome i is || X;h||? = (X;h|X;h) = (k| X} X;h). The probability, then only
really depends on R; = X X; >0, while I =", X X; =" R;.

Definition 3.1 (POVM). An m-outcome positive operator-valued measure
(POVM) on a Hilbert space H 4 is a set {R;}"; C L(H ) with R; > 0 and
SR = 1
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Definition 3.2 (PVM). An m-outcome projection-valued measure (PVM)
on a Hilbert space H4 is a set of projections {P;}/"; in L(H4) such that

Zinil Pi=1Iy,.

Obviously, every PVM is a POVM. Note that each PVM corresponds to
decomposing the Hilbert space H into a direct sum of its subspaces. Namely,
H =Hi+ -+ Hy,, where H; is a subspace of H and H; L H,;, for i # j.

Proposition 3.3. Let {R;}", be a POVM on H. Then there is a PVM
{P}, on HRC™ and an isometry V : H — H®C™ such that R; = V*P;V
foralll <i<m.

Proof. As usual, we identify

HRC"=2He---BH.
—_——
m times
Let P; = I3 ® Ej;, the m x m matrix over L(H) with Iy in the (i, 4)-position
and 0 everywhere else. That is, each P; is the projection onto the i-th copy
of H in H ® C™ which means

0
hy

P; : = |hi
hn f

L0

Then clearly P; = P’ = Pf and Z:il P = Iy ® I, = Iygcem. Hence,
(P}, is a PVM. Define V: H — H®C™ by Vh = X7 (RV*h) @ ¢; =
1 1

(Rih,...,Rph). This is linear, with

m 1 1 m

IVAI? = (RZhIR?h) =) (h|Rih) = (h,h) = ||h]*.

i=1 =1

Therefore, V' is an isometry. Finally, we see that
1
(B V*P;Vh) = (Vh|(O,...,0, R?h ,0,...,0))
—~—
i-th slot
1 1 1 1
=((R{h,...,R?h,....,R3N)|(0,...,0,R’P,0,...,0))
1 1

= (R?h|R}h)

= (h|Rsh),
which implies that R; = V*E,V. O

Regarding the previous proposition, a few notes are in order:
(1) If h € H, then
(h]Rih)ﬂ = (h|V*P,Vh)y = (VRIP;(Vh))uecm,
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so with & = Vh, we have
Ihll = [[p| and prob(i) = (h|R;h) = (h|P:h).

So, to summarize, when we are given a POVM {R;}" ; on H and a
state h € H, we may regard the pair as the PVM {F;}"_, on a larger
Hilbert space H ® C™ together with the state h = Vh € H®C" with
the same probabilities of outcomes.

(2) Note that R;, Rj, R? can be anything and there is no reason to have
R;R; = R;R;. But, for a PVM, the fact that the projections add
to the identity implies that their ranges are pairwise orthogonal, so
that P;P; = 0 for i # j. Hence, the computations with a PVM are
much better than the computations with a POVM.

Remark 3.4. This proposition actually is a special case of the Stinespring’s
dilation theorem. Let [° = C({1,...,n}) be the abelian C*-algebra gen-
erated by the functions ¢; given by d;(j) = ¢;;. Thus a complex-valued
function f on C" can be regarded as (A1,...,A,), where A\; = f(i), and we
identify f = >"" , X\id;. Hence each d; corresponds to the basis vector e; for
[5°.

We can then define a completely positive map ®: I5° — L(H) by ®(6;) =
Ri, 50 ®((A1,...,An)) = > iy AiR;. Thereis also a map m: [5° — L(H®C")
by 7(0;) = Pi, m((A1,..., ) = Diq AiP;. Since the P;’s are orthgonal
projections,

(A An) = (1)) = XipaPi = (O NP i Py)
i=1 i=1 j=1

= 7T(<)‘1’ EE) /\n))ﬂ'((ﬂl, e nu'n))'

Readers can check that 7 preserves the unit and adjoints. Hence 7 is indeed
a unital x-homomorphism. Moreover,

V(A )V =V NPV =) NV*RYV
i=1 =1

i=1

3.1. POVM’s and PVM’s in multiexperiment settings. Now what
if we have more than one measurement system? Suppose that Alice’s state
space is H 4. Suppose that she has a whole family of experiments from which
she could choose. Each one is represented by a POVM {R; ;}!" | wheret € T
and T is the set of experiments.

(Note that in complicated situation each experiment in the family may
have different number of outcomes. However, we can get rid of that by
adding extra outcomes when necessary with 0 probabilities and assuming
that all experiments have same number of outcomes; the number being that
of the highest-outcome experiment.)
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The next theorem tells us that we can again dilate this family of POVM’s
into a family of PVM’s simultaneously; that is, using only one isometry V'
that works for all v € V.

Later we will present another proof of this fact that invokes a theorem of
Boca. But for now this will give us a concrete introduction to the construc-
tions involved in the proof of Boca’s theorem.

Theorem 3.5. Let {R;;}™, be a family of POVM’s on H, indexed by t € T
with |T| = n (we only consider the case where |T| is finite). Then there is
a Hilbert space K and a family of PVM’s {P;;}", on K fort € T, and
an isometry V : H — K such that V*P,;V = Ry; for all i,t. Moreover, if
dim(H) < oo, then dim(K) < oo.

Proof. We just proved the case for n = 1, so we proceed by induction.
Assume that we can do this for |T| = n. Now suppose we have n + 1
experiments. We know that there exists a Hilbert space K1, an isometry
Vi:H — Ky and PVM’s {P,;}1", for 1 <t < n such that V]*P,;Vi = Ry ;
for all 7 and for all 1 < t < n. Let Rn+1’i = ViRp41,:V* € L(K1). Then

R,11,;>0and

ZRnHJ =W (Z Rn+1,z‘> Vit =W Vy,
=1 i—1

which is a projection. Adjust Rn+1,1 by setting Rn+1,1 =ViRpp V*+ (I —
ViVi), so that {R, 11}, are a POVM on K.

On K1, we have PVM’s { P, ;}7, for 1 <t <n and a POVM {Rn+1,i}?i1-
Let K =K1 ® C™, and define V5 : K1 — K by

Vak = (Rut11) 2k, ooy (Ros1m)2K).

Then V5 is an isometry. Set P,y1; = Ix, ® Ey, for 1 < i < m. Then
{Pn+17i}?;1 is a PVM and VQ*PnJrLiVQ = RnJrLZ'. Now set Qtuj = VvZPt,j‘/Q* €
L(K) for2 <j <m,andset Qi1 = VoP, V5 + (I —VoVy), forall 1 <t <n.
It is easy to see that V5'Q: Vo = P, ;. We need to see that {Q;}7", for
1 <t < nare PVM’s and not just POVM’s. Note that {FP,41,;}/"; is a
PVM. For the other ones, we will see that Q?’j = (Q¢,; and hence they must
be PVM’s (for ¢ > 2). Note that

sz = (VQPt,J"@*)(V?Pt,sz*) = ‘/QPtQ,jVQ =VoP jVo = Q4.
Finally,
Q71 = VaPiVs + (I = VaVy)|[VaPia Vs + (I — VaV3)]
=VoP Vo + (I —VoVy) = Q1.
([

To motivate the concept of quantum probabilities, we will talk about
finite input-output games in the next subsection.
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3.2. Classical Densities. We suppose that Alice and Bob share some prob-
ability space (€, ) and that for each input a € I4, Alice has a function
fa : 2 — Oy such that pu({w : fo(w) = x}) is the probability that Alice pro-
duces output z, given that she received input a. Similarly, we suppose that
for each b € Ip Bob has a function g : Q@ — Op such that p({w : g»(w) = y}
is the probability that Bob produces output y, given that he received input
b. In this case, we have

p(x,yla,b) = p{w : fa(w) =z, go(w) = y}).

The set of all such p(x,yla,b) is called the set of all local densities. When
Iy = Ig,04 = Op,|I4] = n and |Op| = k, then these are n?k>-tuples of
real numbers. We denote this set by LOC(n, k) = Cioc(n, k).

3.3. Quantum Densities. The idea is that for each input, Alice has a dif-
ferent experiment with |O4| outcomes. There is a state space Ha(dimH 4 <
00), and for each a € Iy, there is a POVM, {E;;}zc0, (s0 Eqy > 0 and
> wFEaz = I), such that if we are in state ¢ € Ha, then (Y|Eq ) =
pa(x|a). Similarly, for each input b € Iz, Bob also has a quantum experi-
ment with |Op| outcomes. These correspond to POVM’s {F},  }yco, (where
Fyy>0and ) Fyy=1) on Hp(dimHp < 00).

The strategy is the following: Pick a state ¢ € Ha ® Hp (often this will
be entangled) such that p(z,yla,b) = (V|Eqqr @ Fy 4(1)). The set of all such
tuples when Iy = Ip,|Ia| = n,04 = Op, and |Op| = k is denoted by
Q(n7 k) = Cq(na k)

Other Versions of Quantum Densities There is more than one defi-
nition of a quantum density. Other versions include (but may not be limited
to):

(1) The same as above except drop the requirement of H 4 and Hp being
finite-dimensional, that is, drop the condition dim(#4),dim(Hp) <
oo and let the unit vector 1 belong to the Hilbert space H4 ® Hp.
Recall that this space is the completion of the algebraic tensor prod-
uct of the two spaces and that given orthonormal bases {e,} for
Ha and {fsg} for Hp the vector ¢ has a square summable series
expansion

dj - Zza,ﬁea & fﬂ~
a76

Such vectors can have an infinite amount of entanglement. The
resulting set is denoted by Cys(n, k).

(2) Another axiomatic description is that there is a universal state space
‘H and all of the E, ;, I}, , act on this space and commute with each
other, for all choices of a,z,b,y. (This reflects the fact that the
labs are different. Indeed, in the case of different labs, the opera-
tors would look like E,, ® I and I ® Fy, and these always com-
mute.) In this case, there is a state ¢ € H such that p(z,yla,b) =
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(Y| EqzFpy1). The set of all such quantum densities will be denoted
by Cye(n, k).
It is clear that
Cloc(n, k) C Cy(n,k) C Cys(n k) C Cye(n, k) C R™F,

Thanks to the work of W. Slofstra, it is now known that Cy(n, k) is not
closed, so let us define

Coa(n, k) := Cy(n, k).

Slofstra’s proof showed that Cy(n, k) is not closed for a relatively large
value of n. Later results showed that it was not closed for relatively small
values.

Next, suppose we had the commuting model with all the E, ,’s and F, ,,’s
being projections, and 1 € ‘H with |[¢|| = 1, then the vectors vy, = Eq 21
satisfy

Vg L Vg for x # ', while ZUWE = (Z Ea’$> Y = .
X xr

Similarly, with wy,, = F} 4 we have

wp,y L wy,y for y #y', while E Wpy = 1.
Y
Moreover, since E,;’s and Fj,’s commute, we have,

<Ua,x|wb,y> = <Ea,x¢|Fb,y¢> = <¢’Ea,bu7y1/}> = p(z,yla,b) > 0.

Definition 3.6. The set Cyect(n, k) is the set of all probability densities
p(x,yla,b) of the form p(z,yla,b) = (vau|ws,) for some set of vectors

{Va,e, wpy} satisfying
Zva,m = Zwb,y =1, Va,b
x y

where

1 is some vector in H with ||¢| =1,
® Uy L vy forx # o,

o wy, L wpy, fory#y, and

® (Vo Why) = 0.

Definition 3.7. We define NSB(n,k) = Cps(n, k) as the set of all n?k>-
tuples p(z,yla,b) such that
(1) p(z,yla,b) > 0 for all z,y,a,b.
(2) >, p(z,yla,b) = 1.
(3) >, p(x,yla,b) = >, p(x,yla,b'), for all b,b'. (We denote this com-
mon value by Py(z|a).)
(4) >, p(z,yla,b) = > p(z,yld’,b) for all a,a’. (We denote this com-
mon value by Pg(y|b).
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Probability densities with these properties are called non-signalling bozes.
Axiom 3 and 4 are non-signalling conditions. Indeed, suppose we had
>, p(@,yla,b) # >, p(x,yla,b’) for some x,b,0'. This means that if Al-
ice runs experiment a and computed the probability of getting the outcome
x, then she would get different probabilities depending on whether Bob runs
experiment b or b’. This means that Bob could “signal” which experiment
he ran, to Alice. (In most models, the axioms don’t allow this to happen)

Theorem 3.8. For each k,n € N, we have the sequence of inclusions
Cloc(na k) g Cq(na k) g Cqs(na k) g an(na k)
g ch(n7 k) g Cvect(n) k) g Cnsb(”y k) g RanQ'

Next suppose we are given a finite input-output game G =
([A,IB,OA,OB,A) where |IA| = ’IB‘ =n, ’OA| = ‘OB’ = k, A IA X IB X
04 x Op — {0,1} and t € {loc, ¢, gs, qa, qc, vect, nsb}, we say that G has a
perfect t-strategy if there exists p € Ci(n, k) such that A(a,b,z,y) =0 =
p(s,yla,b) = 0.

Given a probability density 7 : I4 x Ig — [0, 1] and ¢ as above, the t-value
of G is defined as

wi(G,m) =sup{ > m(a,b)p(z, yla,b)A(a,b,z,y) : p € Cy(n, k)
z,y,a,b

The idea is that we could distinguish among the sets Cy(n, k) by either
finding games with perfect strategies for one ¢ but not another ¢, or we
could show that the value of the game depends (non-trivially) on the choice
of t.

Theorem 3.9 (JNPPSW, Ozawa). Connes Embedding Conjecture (from
operator algebras) is true if and only if Cyq(n, k) = Cye(n, k) for all k,n € N.

3.4. Disambiguation Theorems. In the literature, some authors define
the sets Cy(n, k), Cye(n, k) using POVM’s; others define using PVM’s. In
this subsection, we aim to show that no matter which is used in defining
these, we end up getting the same sets both ways.

These results appear in JNPPSW|[?] and T. Fritz[?].

For the sake of proof, let us write Cy(n, k) and Cy.(n, k) to be the sets

when we use POVM’s in the definition, and let C,(n, k) and Cye(n, k) be
the sets when we use PVM’s in the definition. Since every PVM is also a
POVM, we have Cy(n, k) C Cy(n, k) and Cye(n, k) C Cye(n, k).
Proposition 3.10. Cy(n, k) = Cy(n, k).
Proof. Let p(a,blz,y) € Cy(n,k). Then there exist E,, > 0 on H with
dim(Ha) <ocand ), Fyq=1,and Fy, > 0on Hp with ), Fy, = I (and
dim(Hp) < o0) and ¢ € H4 ®Hp such that p(a, bz, y) = (V|(Er,a® Fyp)¥)
for each z,v,a,b.
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By the dilation theorem, there is a Hilbert space H 4 that is finite-dimensional
and projections P, , on H a such that > P,, = I and an isometry Vj :
Ha — Ha such that E;o = ViP;,Va for all z,a. One can do the same
for Bob and obtain a Hilbert space Hp of finite dimension, along with pro-
jections @y such that ), Qpyp = I and an isometry Vp : Hp — Hp such
that V5Q, Vs = F, for all b,y. Now define p = (Va®Vz)(¥) € Ha®Hp.
Then (p, Py o @ Q) € Cy(n, k), while

<‘107 Px,a & Qy,b(p> <(VA & VB) ( T,a X Qy,b)(VA & VB)¢>
<'¢’(VAPQE aVA) (Vng,bVB)¢>
p(x,yla,b).
Therefore, Cy(n, k) C Cy(n, k). O
Proposition 3.11. Cys(n, k) = Cys(n, k).

Proof. The proof is the same as above, except that we may not have H4
and Hp finite-dimensional. We hence assume that H4 and Hp are not
necessarily finite dimensional and mimick the proof. Interestingly, the spaces
H A and H B will still exist, and the rest of the proof will be the same. [

The last equality if hardest and many proofs rely on a result of F. Boca,
which we will discuss later. Here we sketch a direct proof.

Theorem 3.12. Cy.(n, k) = Cye(n, k)

Proof. So let us assume that p(a,blz,y) € Cye(n, k) given by

pla,blz,y) = (Y| EvaFypt),
where the E’s and F’s are POVM’s and E, Fy, = Fy By o, V2,9, 0,b.

Let us fix one value 1. Recall the way that we dilated F,, , to a PVM,
on H ® CF gave us Ea;w = Py, .0 = Iy{ ® 04,4 as the projection onto the a-th
copy of H and an isometry V : H — H ® CF with Vh = Do E;{?ah ® eq.

For each Fy; set F;,b =>. Fyp ® 64,4, i-e., the diagonal operator matrix
with Fy; for the constant diagonal entry.

Also for each = # z1 set E;Va to be the operators on H ® C* described in
the proof of Theorem 3.5. Note that in this construction, all of the entries of
the operator matrix E;Va belong to the C*-algebra generated by the positive
operators E, , and so these entries all commute with each of F .

Now all one needs to observe is that because F' y;, b’s are all constant diag-
onal matrices, these operator matrices commute with the operator matrices
Eg;a, that is, they all commute as operators on H ® CF.

One then proceeds inductively, dilating a new value of x and lifting to
commuting positive operators on the larger space. Keeping track of the fact
that if somethinbg was a projection in one stage of the process, that its lift
remains a projection.

O



14 V. I. PAULSEN

We now will move towards showing that Cio(2,2) # Cy(2,2) (so these
sets are different even in the small cases). We first need the Clauser-Horne-
Shimony-Holt inequality.

Let T4 = {a,d’} and Ip = {b,b'}. Let Oy = Op = {+,—}, and let
p € Cie(2,2) C R2*2* = RI6 say p(+,+|r,s) for r = a,a’ and s = b,V'.
Set o4 p(p) = p(+, +|a,b) + p(—, —|a, b) — p(+, —|a,b) — p(—, +|a,b). Given
fas fars gy g+ Q@ — {—=1,41} (where (2, ) is a probability space) such
that p(++]a,b) = ([t : fult) = 1, gb(t) = ~1}) and p(—, —|a,b) = u({t :
fa(t) = =1, gy(t) = —1}), then

/Q fa(t)gb(t) dﬂ(t) = p(+7 +|CL, b) + p(_a _|a’7 b) - p(+7 _|a’7 b) - p(_7 +|a7 b)
= Ua,b(p)-

Theorem 3.13 (CHSH-inequality). Let p € Cjoe(2,2). Then

=2 < 04p(p) + o0y (P) +0up(P) — o0y (p) < 2.

Proof. By the above work, letting M = 044(p) +04p (P) + 00 5(P) — a1 (P),
we have

M = /Q (fa(D)gs(t) + gy ()] + far () (t) — gur (£)]) dpa(t).

Note that g,(t) + g (t) € {—2,2} if and only if g5(¢) — gy (t) = 0 (both take
values in {—1,1}), while gy (t) — gi () € {—2,2} if and only if g,(t) + gp () =
0. Looking the integrand and noting that f,(¢), fo(t) € {—1,1}, it follows
that

=2 < fa(t)[g6(t) + gu ()] + fur (D)gn(t) — g (t)] < 2, VE.

Since p is a probability measure, integrating gives —2 < M < 2, as desired.
O

Now let us look at some special elements of Cy(2,2). Let ¢ = %(eo ®
eo +e1 ®ep) € C2® C2 Given an angle 6, let v9 = (cosf,sinf)!. Then
define
cos?(f)  cosfsin 9)

Fo = vovy = <cos€sin6’ sin?(0)

. 2 .
b _ pl _ sin®(0) —cos(#) sin(6) .
It follows that I — Py = Py = <_ cos(8) sin(6) cos?(6) . Given
eaaebaea/aeb’a define Ea,+ = Peaa an, = PQJ;a Ea/,-i— = Pea/a Ea’7— = Pj,v
For =Py, By = PQLb, Fy =Py, Fy_ = P(}b/. Then the probability
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arising from this for 4+, +, a, b is
p(+7 _Hav b) = <7,[)|(an+ ® Fb,+¢>

1
= 5(60 Reyg+e R 61|(C082 Oae0 + cos b, sinfue;) ® (cos2 Opep + cos Oy sin Opeq)

+ (cos @, sinOgep + sin? (0a)e1) ® (cos Oy sin Opey + sin? Oper))

1
=3 [cos2 0, cos 0, + 2 cos 0, sin 6, cos B sin 0, + sin? 6, sin® O]

1
=3 (cos 8, cos 6 + sin 0, sin 9b)2

1
=3 cos?(0, — 6y).

Through a similar calculation we have p(—, —|a,b) = %COSQ(QG — 6), while

p(+, —la,b) = p(—, +|a,b) = %sinz(Ga —6y).
It follows that
ap(p) = cos? (0, — 0p) — sin2(9a —6y) = cos(2(0, — 6p)).
Hence, we have
0ab(P) + 00y (P) + 0arp(p) + O p — Ourpr (p) = c08(204 — 20) + cos(20,, — 20y )
+ cos(20, — 20y) — cos(20, — 20;).

Set 0y = %, 0y =0 and 0, = 0, = §. Then the above expression becomes
T

cos(0) + cos (%) + cos (Z) — cos (g) =1+v2>2

This violates the CHSH inequality, so that p &€ Cioc(2,2). It follows that
Coc(2,2) € Cg(2,2).
Problem 3.14. Find and justify
max{cos(0g —0p) +cos(0, — Oy ) +cos(0, — Op) —cos(0yr — Oy ) = O, Op, 0ar, O }.
Proof. Homework problem 16; due 15th March, Tuesday. ([l

Next recall that p(z, y|a, b) € Cpngp if and only if 3, p(z,yla,b) =3, p(x,yla,b') :=
pa(zla) and 32, p(x,yla,b) = 32, p(x, yla’,b) = pp(ylb).
Problem 3.15. Prove that if p € Cyect(2,2), then

Tap+ Oap + 00 p — Oy <4,

and conclude that Cypsp(2,2) # Chpect(2,2). (Hint: Prove by the method of
contradiction, i.e., assume that one of them has quantity 4 above and arrive
at a contradiction.)

Problem 3.16. Prove that Cyect(n, k) C Crsp(n, k) for every n, k.
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We stated in Theorem ?? that for each k,n € N, we have the sequence of
inclusions

Cioc(n, k) C Cy(n, k) C Cys(n, k) C Cyq(n, k)
C Cyeln k) C Crect(n,k) C Crgp(n, k) C R™F.

We will try and prove some of these inclusions. But before that let’s recall
and state the key conjectures as problems:

Proposition 3.17. For any n,k € N, Cjoe(n, k) C Cye(n, k).

Proof. Let fa,gp: Q2 — {1,...,k} for 1 < a,b <m be such that p(z,y|a,b) =
uw({t € Q: fo(t) =z, gp(t) = y}) for all x,y. Let us define

Qo = {t: fult) =1}
and

by = 1t g(t) = j}.

We observe that
k k
Qui =Y, =0
i=1 j=1

We further define

lift € Qg
Xa,i(t) - . ’
0ift & Qg

Similarly, we define

1ifte Q) .
Xg,j(t) = { B.d

0ift & Qg]
Note that
p(i, jla, b) = p(Qai Ny ;) =/ Ldp = / Xa,iXb,j Ah-
Qa,iND, Q

We then define % = L*(€2, y1). For this Hilbert space let E,; = M, ,, which
denotes multiplication by x,; on L2(€, 11). Then Ele E,; is multiplication
by 3% Xai = 1, s0 that 25 | B,y = Mew = M; = I. Similarly, if

i=1"a

Fy; = MX/b’j, then Z?:l F,j = 1. Whenever h € H, we have

(h|E, ;h) :/h(Ew-h) dﬂz/ \h|?du >0,
Q .

a,i

so that F,; > 0. It is easy to see that Egz = sz‘ = M,y,, = Eu;

so each E,; is a projection (similarly, the Fy ;’s are projections). All of
these operators (Eq;’s, Fy, ;’s), being multiplication operators, commute with
each other (and hence each F,; commutes with each F} ;). Finally, we set
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¢ =1¢€H. Then |[¢|? = [ 1du = p(Q) = 1 so ¢ is a state. We observe
that for each a,b,1, j, we have

(Y| EaiFbj10) = /Ql(an,ing,j 1) dp

= / 1dp
Qa,imgg’j

= 1(Qai N Qéj) = p(i,jla,b).
It follows that Cioe(n, k) C Cye(n, k). O
This leads us to,
Corollary 3.18. Cyc(n, k) C Cyect(n, k).

Proof. Let p(z,yla,b) € Cye(n, k). Then Theorem ?? guarantees the exis-
tence of projections P,, and @, on a Hilbert space H with ) P, ., =
Zy Qby = I such that P, ;Qpy = QpyPusr on H for all a,b,x,y. Moreover,
there is ¢ € H with ||¢)|| = 1 such that p(x,y|a,b) = (V| Py 2Qpy0). Set
haz = Pygztp and kyy = Qp 0. Then Y hg . = for all a and Zy Koy =1
for all b. Since P, P, = 0 (because they are orthogonal to each other as
projections), we have hg, L hq . for z # 2/, and similarly &y, L ks, for

y#y.
Finally, (haz|kby) € Cvect(n, k) but (hao|ksy) = (Paos®|Qpyt), but this
is equal to (Y|P, Qpy) = p(x,yla,b). Therefore, Cyc(n, k) C Cyect(n, k).
O

Notice that in the proof above, the product F, P, . had no reason to
vanish if we have had merely positive operators. This is where we made use
of the fact that these are actually orthogonal projections.

We end this subsection by proving an important theorem for finite input-
output games.

Theorem 3.19. Let G = (Ia,1p,04,0p,\) where X is the rule function
as before. Then G has a perfect loc-strateqy if and only if G has a perfect
deterministic strategy.

Proof. If G has a perfect deterministic strategy, then this means that there
are functions f : I4 — O4 and g : Ip — Op such that \(a,b, f(a),g(b))
never violates the rule, which implies that A(a,b, f(a),g(b)) =1 for all a,b.
(The reason we are not able to see the probability space is because it has
got only one point!) Let = {tp} and f, : @ = O and g, : @ — Op be
given by fo(to) = f(a) and gy(t9) = g(b). Suppose that A(a,b, x,y) = 0. We
must show that p({t: f.(t) =z, g»(t) = y}) = 0. Note that for ty we have
)\(CL, b, fa(t(]),gb(to)) = )‘(aa bvf(a)7g(b)) = 1 so that {t : fa(t) =z, gb(t) =
y} = 0, and has measure zero. It follows that G has a perfect loc-strategy.
Conversely, suppose that G has a perfect loc-strategy. Then there is a
probability space (€2, u) and functions f, : @ — Oy4 and g, : Q2 — Op such
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that whenever \(a,b,z,y) = 0, we have p({t : fo(t) = x, g(t) = y}) = 0.
Set Q40 = {t: fo(t) = x}. These sets are pairwise disjoint with union equal
to Q. Similarly, if = {t : gy(t) = y}, then the sets {{; } are pairwise
disjoint with union equal to €. Then p(Qq, N €Y, ) = 0. Define

N= |J Qu.n0,),
a,b,z,y
Aa,b,z,y)

which is a finite union of sets of measure zero, so that u(N) = 0. Therefore,
N #£ Q. Pick tg € Q\ N. Define f: Iy = Oy and g : Ip — Op by f(a) =
fa(to) and g(b) = gs(tp). By definition, since ty ¢ N, we must have ty &
Qa’mﬁQg’y for all a, x, b, y. Therefore, if we had A(a, b, f(a), g(b)) = 0 for some
a,b, then with x = f,(tp) and y = gs(to), we would have A(a,b, z,y) = 0.
Hence, g € Q4,2N8Y,, which is a contradiction. Hence, A(a, b, f(a), g(b)) =1
for all a,b. Therefore, G has a perfect deterministic strategy. O

Like the situation where loc strategies don’t fool the referee in any way
(since the colouring number stays the same), if we allow any non-signalling
box strategy, then the situation becomes much less interesting.

Proposition 3.20 (Paulsen-Todorov). Let G be a graph on n > 2 vertices.
Then xnsp(G) = 2.

Proof. For 1 <i,j <2, we set

i) {2112
For v # w, set

pww)_{mf@:j

T it # .

We claim that p € Cpq(n,2) and p is a perfect nsb-strategy. Indeed, if
i # 7 then p(i,j|v,v) = 0 so the first rule is satisfied. For the second rule,
whenever v ~ w and ¢ = j we have p(i, jlv,w) = 0 so the second rule is
satisfied. Therefore, p is a perfect strategy. It is easy to check that

1
> plijlo,w) =25 =1;
i

2

1
Zp(z’,j\v,w) =3 for all w, and
j=1

2 1
Zp(i,j\v,w) =3 for all v.
i=1

Hence, p € Cps(n,2). This completes the proof. O
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4. THE GROUP ALGEBRA APPROACH TO DENSITIES

Definition 4.1 (Unital *-Representation). Let A be a unital C*-algebra
and H be a Hilbert space. A wunital x-representation of A on H is a map
m: A — B(H) such that

(1) m(1) = I (unital)

(2)  is linear

(3) 7(XY) =n(X)n(Y).

(4) m(X*) = m(X)".
With all of these properties together, 7 is a *-homomorphism.

What follows next is a celebrated theorem from the theory of C*-algebras.
This is essential for moving further.

Theorem 4.2 (Gelfand-Naimark-Segal Construction). Let A be a unital
C*-algebra and s : A — C be a state. Then there is a Hilbert space Hs, a
vector o € Hs of norm 1 and a unital x-representation ws : A — B(Hs) such
that

(1) s(X) = (p|ms(X)ep).

(2) {m(X)p: X € A} is dense in Hs.
This is called the GNS representation of s.

Theorem 4.3. Let G = (1,0, \) be a synchronous game. Then G has a
perfect qc-strategy if and only if there is a unital C*-algebra generated by
projections {Ey; : v € I, 1 € O}, and a tracial state T on this C*-algebra
such that

(1) >, Epi =1 for all v.

(2) If Mv,w,1i,j) =0 then E,;E, ; = 0.

Proof. For this proof we assume that |I| = n and |O| = k. Suppose we have a
unital C*-algebra and tracial state with the properties above. Then if 7 is our
tracial state, by the previous theorem we may set p(%, jlv, w) = 7(Ey ;i Ey ;) €
Coe(n, k). If Mo, w,i,j) = 0 then p(i, jlv,w) = 7(Ey i Eywj;) = 7(0) = 0 by
assumption. Hence, G has a perfect gc-strategy.

Conversely, suppose that p(i, jlv,w) € Cj.(n, k) is a perfect gc-strategy
for G. We saw that if we took the representation p(i, j|v, w) = (Y| Ey i Fy ;1)
of p(i,jlv,w) and let A be the C*-algebra generated by {E,;},, then
p(i, jlv,w) = 7(Ey:Ey ;) gives rise to a trace on A. If A(v,w,,j) = 0 then
T(EyiEy ;) =0, and we want to show that E, ;F,, ; = 0. Take any X € A;
then X*X < ||X|]*I. Hence, E, E} (X*X)EyiEyj < | X|[E} Bl By i -
Taking traces we obtain

0 < 7(E} By X*XEy;iEyj) < | X|P1(E} jEviEuw;) = || X*T(EyiEw;) = 0.
Therefore, T(E;’jE:’iX *XE,iFEy ) = 0. Switching some variables around

shows that
T(XEMEM,]-E;;,JE:JX*) =0.
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For convenience, let A = XE,;F, ;, so that AA* = XEv,Z-EwJE;JE:’iX*.
Then by the GNS construction, on some Hilbert space (and for some unit
vector ¢), we have

0 =7(AA") = (plm-(AA")p)

= [ (A7)l
= [lmr (B s By i X7

= ”Ew,jENv,iWT(X*)SDH

But using GNS, {7 (X*) : X € A} is dense in the new Hilbert space, so
that Fy, ;E,; = 0. Hence, E, ;F,, ; = 0 as desired. O

Note that in the above proof, Ev,i’s are not Alice’s original projections.

Corollary 4.4. Let G be a graph. Then xq.(G) < k if and only if there is a
unital C*-algebra A with trace and projections {Ey i <i<k, 1<v<n 0 A with
Zle E,; = I for all v such that v ~ w implies that E,;E,; = 0 for all
1<i<k.

It is worthwhile noticing that FE,;’s, in above corollary, can’t be any
projections in any C*-algebra. They have to be projections a C*-algebra
which has got a trace.

We next discuss the characterization of a synchronous game with a perfect
g-strategy. We need the following theorem about finite-dimensional C*-
algebra before proceeding into this discussion.

Theorem 4.5. Let A be a finite-dimensional C*-algebra. Then there are
ni,...,nr, € N and a unital x-isomorphism 7: A — My, & --- @ M,,. That
is to say, A~ My, @&--- S M,,.

5. TSIRELSON’S CORRELATION MATRICES

Tsirelson’s idea was to work with self-adjoint unitaries (popularly known
as reflections) on the set set {+1,—1} under the multiplication operation
instead of working with projections on the set {0,1} under the addition
operation. Recall that the spectrum of projections consists of 0 and 1, and
the spectrum of self-adjoint unitaries consists of 1 and —1.

Definition 5.1 (Quantum Correlation Matrix). An n X n matrix (cst)5,-q
of real numbers is called a quantum correlation matriz if there exists Ag =
A% € My, with —1 < Ay < I and there exists B; = Bf € M, with —I <
B, < I, along with the existence of ¢ € CP ® C? such that ||¢/|] = 1 and
st = (Y|(As @ By)y). Let Corg(n) € M,(R) be the set of all such matrices.
Similarly, let Corge(n) € M, (R) be the set of all matrices of the form (¢ ;) €
M, where cs; = (Y|(As ® By)y) for some Ay = A%, B, = Bf € B(H) with
—] < As < T and —I < B; < I and ¢ € H with ||¢|| = 1, such that
Ath = BtAs for all S, t.
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Proposition 5.2 (Disambiguation). A matriz (cs¢)?,—; is in Corg(n) if
and only if there are matrices As = A} € M, and B, = Bf € M, with
A% = I and B? = I, along with ¢ € CP @ C? with ||v|| = 1, such that
Cst = <¢|As & Btw>

Remark 5.3. The above proposition tells us that no matter whether we
choose projections or self-adjoint unitaries, the sets we get is the same.

Proof. We use the Halmos trick. For H = H* and —I < H < I, we may set

H I — H?
U_< I — H? —-H )
so that U = U* and U? = I. We now set
— A2 Y
U, = A, VI — A2 and V; = By VI — B; '
VI — A2 —A, I — Bf —By

Then U2 =T and V2 =I. Let ¢) = (15), so that (1)|A, ® Bap) = (4|(Us ®

Vi)w). The other inclusion of sets is obvious, so we are done. (]

We will see that in the context of working with reflections, we actually
have Cory(n) = Corge(n). First, we need a bit of background on Clifford
unitaries.

Definition 5.4 (Clifford Unitaries). A family of n x n self-adjoint unitary
matrices that anti-commute is described as Clifford unitaries.

So, a set of matrices { X1, ..., X;, } is Clifford unitaries if we have X; = X,
X2 =TI for every i and X;X; = —X;X; for all i # j. For the sake of
completeness, here is a construction of such a set of unitaries. Let

0 1 10
(o)l b))

X7 = <0 _01> and ZX = —XZ.

so that

1

This set consists of m = 2 self-adjoint unitaries that anti-commute and hence
is a set of Clifford unitaries. Suppose m > 2 and we want to construct a set
of Clifford unitaries that has cardinality m. Then we let,

01:Z®12®"'®127
————
m—1 times
Co=XRZRLH® @ Is.
Similarly, for any i we let

Ci=X® XRZQL® - Q.

~~

i—1 times m—1 times
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Then each C; = Cf and C? = I. If i < j, then
CiCi=X’®-- 2X’0ZXX® - 9X®Za]..

and

CiCi=X*® - 2X’0XZ20X®.0XR2Zx1..
so that C;C; = —C;C;. (Note that all the C;’s are real matrices and hence
C; = C! for every i.)
Lemma 5.5. If A,B € My and b = ﬁ(el ®ep+ -+ eq @ eq), then
(Y|(A® B)Y) = tr(AB?!). (Note: “tr” denotes normalized trace.)

Proof. Let A = (a;;) and B = (b;;). Then

d

1

(W(A® B)y) =7 Z (ei ®eil(A® B)ej ®ej)

) o

=7 Z (ei|Aej){ei| Bej)

L

a Z CLZ] i = ABt)
,j=1

Hence, (¢|(A ® B)y) = tr(ABY). O

Theorem 5.6 (Tsirelson, 1987). Let C' = (cs¢)5,—q be a real n X n matriz.
The following are equivalent.
(1) C € Cory(n).
(2) There is m and vectors xs,y; € R™ with ||xs|| < 1 and ||y¢]] < 1 such
that C = ({xs,y)). Moreover, m can always be taken to be m = 4n.

Consequently, Corg(n) = Corge(n) = {((zs, ) : Ts,yt € R, ||lzg| <
L flyell < 13

Proof. Let us show that (i) implies (ii). Write ¢5; = (¢|(As ® By)y) =
(As @ DY|(I @ B)y). Let 2, = (A; @ Y and y, = (I ® By)y. Then
|z,|| <1 and |y < 1, while ¢s¢ = (2}, v;). Now, span{xg,yé}?ytzl is m-
dimensional where m < 2n. Identify this subspace of C?" with C™, and
write af, = (2/(1),...,25(m)) and y; = (y;(1), ..., y;(m)). Then write =, (k) =
as(k) + ibs(k) where as,bs € R. Similarly, write y;(k) = au(k) + iB:(k).
Then define z5 = (as(1), —bs(1), ..., as(m), —bs(m)) € R*™ and define y; =
(0(1), Bu(1), -y (), B (m)) € RE™. Then [lz,]| = 24 and llyell = [l
Finally, since (2%, y;) € R we still have (2, y;) = (zs,y). Note that 2m <
4n, but by adding 0’s we can always make these vectors into (4n)-tuples, as
desired.

Now we show that (ii) implies (i). Let x5,y € R™ for s, = 1,...,n be
such that ||z]] < 1, |lye|| < 1 and ¢s¢ = (x5, ;). Now we have to build
self-adjoint operators and a unit vector. Write z; = (z5(1),...,z5(m)) and
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ye = (y¢(1),...,y:(m)). Take m Clifford unitaries C1, ..., Cy, on C?, and set
Ay =31 25(0)Cy. Let By = 1" ye(4)Cy, so that A; = A% and B, = By.
Note that

m

A2 =" w(Dzs()CiCy

ij=1

=Y 2, (i)’C} + > (wa(i)as(j) — 2s(i)74(§)) CiC;
i=1

i<j

- <Zm:a:5(i)2 3) <I
=1

Hence, 0(As) C [-1,1] so that —I < A, < [. Similarly, -1 < B; < I.
Denote by DT the transpose of a matrix D. Then

ABl = Z s (1) () CiC = st(i)yt(i)CiCZT +Zﬂfs(i)yt(j)0i0j-
ij=1 i=1 ij

Thus, AsBI = S 25(i)y:(i)I + stuff. Taking the normalized trace gives
Yot ws(i)ye (i) + stuff. Now note that if ¢ # j, then ¢r(C;C;) = tr(C;C;)
and tr(C;C;) = tr(—C;C;) = —tr(C;C;) so that tr(C;C;) = 0. Hence,
tr(ABT) = X7 2 (i)r(D) = (@erye). By the lemma, if § = (e @1 +
o4 eq ® eq) then (zg,y) = (Y|(As ® By)v), and this gives the desired
result. O

Now, let us go back to the other situation and see how things differ. Let
us consider the sets Cy(n,2) and Cye(n,2). In this case Alice has PVM’s
{E570, Es,l}lgsgm with FEso+ Es1 = I, and Bob has PVM’s {Ft7(), Ft,l}lgtgn
with Fyo+Fy; = I. If we had A = A% with A2 = [ and B} = B, with B? = I,
then o(As),0(B;) C {£1}. In this case we let Ey = HQAS, Eq = %’
Fiyo = IJrth, Fy = IiQBt, so that

I+ (—1)"Aq
2
We obtain p(i, j|s,t) € Cy(n,2) given by

I+(-1)YB,

Esz' = 2

ath:

- 1 i j itj
p(is jls,t) = W(Es®@Fy)P) = 2@ (I+(=1)" AT +(=1) T@ Bit-(—1)"7 A,@ B)).
If we use the Clifford construction from earlier, then

1 . . o
p(i,jls, t) = Jtr(l + (=1)"As + (=1 B + (-1)""7A,B])

1 o 1 1 o
= Z<1+0+0+(_1)l+j<xsayt>) = 1 1(_1)Z+]<x87yt>7
since Ag and By are linear combination of Clifford unitaries and we know that
the Clifford unitaries constructed earlier are of trace zero thereby rendering

the trace of Ag and trace of B; zero.
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The above discussion can be summarized into the following theorem.

Theorem 5.7. Let xg, y; be vectors in R™ for 1 < s,t < n with ||xs|| < 1 and
lyell < 1, such that (xs,y) € R for all s,t. Then there exists p(i, j|s,t) €
Cy(n,2) such that p(i,j|s,t) = %[1 + (=) (xg, )]

Note that if p is as in the theorem, then p(0,0|s,t) = p(1,1]s,t) and
p(0,1|s,t) = p(1,0]s,t) for all s,t.

Theorem 5.8. Let p(i, j|s,t) € Cyect(n, 2) be such that p(0,0]s,t) = p(1,1]s,t)
and p(0,1|s,t) = p(1,0]s,t) for all s,t. Then
(1) There exist vectors xs,ys for 1 < s,t < n such that |z, [lye]] <1
and p(i, j|s,t) = 3[1 + (=1)"*{zs, yi)].
(2) p(i, j|s, t) € Cq(n,2).

Proof. The second claim follows from the first by the previous theorem. To
show (1), note that since p € Cyect(n,2), there exist vectors vsg, vs1, Wi, Wi
such that vy L vs1 and wyg L wyy for all s, ¢, and there exists a vector ¥ of
norm 1 such that vs + vs1 = wyg + wy = ¥ for all s, ¢, while p(i, j|s, t) =
(vsi, wy;) > 0. (The idea behind this is: if we have two orthogonal projections
applied to a state vector, then the image will consist of two vectors which
will add up to the state vector.) Note that

L= > p(i,jls:t) = 2(p(0,0]s, ) + p(1,0]s, 1))

i,je{0,1}
= 2[(vs0, wi0) + (vs1, Wio)]
= 2[{), wio)]
= 2(wio, wio)-
Hence, ||wy? = &. Similarly, [|wa? = [jvsol|? = [lva1]|*> = 5. Now set
Ts = vgo — vs1 and set y = wyp — wyr. Then ||ag||? = |lvsol|® + |lval]? = 1,
and similarly, ||y¢||> = 1. To see that p is of the desired form, we can compute
1 1
gLz yn)] = 7 [1+ (vs0 — vs1, wio — wi)]
1
= 11+ (vs0, wio) + {1, wer) — (vs1, weo) — (vs0, we)]
1
= p(0,0[s,t) = p(1,1]s,t).
Therefore,

g

p(0,0ls,t) = p(1, 1[s,8) = S [1+ (=1)" (x5, i),

when (4, 5) = (0,0) or (,5) = (1,1).
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Now suppose that (i,7) = (1,0) or (i,5) = (0,1). Then similarly, one can
check that

1 1
i[l - <x87yt>] = Z[l + 2p(170|57t) - (1 - 2]9(1,0’8,0)}
= p(17 O’S, t) = p(07 1|5a t)
Therefore, (1) holds. O

Theorem 5.9. Let G be an n-input, XOR game, with rule function V (i, j|s,t) €
{0,1}. The following are equivalent.

(1) G has a perfect q-strategy.

(2) G has a perfect vect-strategy.

(3) There are vectors xg,y with ||zs|, ||yl < 1 such that (xs,y¢) € R
and such that whenever V (i, j|s,t) = 0, then (s, y) = (—1)77 L,

Proof. Clearly (1) implies (2). Assume that (2) holds, and let p(i, j|s,t) €
Cyect(n, 2) be perfect; i.e. whenever V (i, j|s,t) = 0 then p(i, j|s,t) = 0. Let

. 1. .. ) .
p(i, jls,t) = §[p(27j\8,t) +p(i+ 1,75+ 1]s,t)].

Since p(i,j|s,t),p(i + 1,5 + 1]s,t) € Cyect(n,2), and Cyect(n,2) is convex,
we have p(i, j|s,t) € Cyect(n,2). If A(4,j|s,t) = 0 then A\(i+ 1,75 + 1]s,t) =
0. Therefore, p(i,7|s,t) = 0 so that p is a perfect vect-strategy. More-
over, p(0,0]s,t) = p(1,1]s,t) and p(1,0[s,t) = p(0,1]s,t). Thus, there are
ws,ye with [Jasl, [lyell < 1 such that p(i, jls,t) = z[1 + (=1)+ (zs,y)]. If
A(i,j]s,t) = 0, then F[1 + (—1)"(z,, y;)] = 0. Thus, (zs,ye) = (—1)7FL
This gives (3).

If (3) holds, then given such vectors zs, y;, we may set p(i, j|s,t) = %[1 +
(—1)" (x5, y:)] € Cy(n,2). One can check that this gives a perfect g-strategy
by the same calculation as above. Hence, (1) holds. O

Remark 5.10. Since ||zs], [ly:|| < 1 as above and (zs,y:) = (=) we
must have ||z;]| = ||y]| = 1 and hence 3, = (—1)" 12, by the Cauchy-
Schwarz inequality.

Lemma 5.11. Let S and T be operator systems and let s : S®.T — C be a
state. Then there exists a Hilbert space H, unital completely positive maps,
¢:S — B(H), v : T — B(H) with commuting ranges and a unit vector

§ € H, such that s(x ® y) = (¢(x)1(y)¢, &)

Proof. We have that S ®@; T Ccoi Cpi(S) @max Cyi (T). Thus, we may extend
the state s to a state, still denoted by s, on this C*-algebra. The rest follows
from considering the GNS representation of the states. O

Lemma 5.12. Let A; and B; be unital C*-algebras, i = 1,...,n, j =
1,...,m, and set S = A1®1---®1 A, T =B1®1-- - @18, A= A% -xA,,
andB:Bl**Bm Thens@chcoiA®maXB-
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Proof. Let ¢ : S — B(H) and ¢ : T — B(H) be unital completely positive
maps with commuting ranges. It suffices to show that there exists a unital
completely positive map I' : A x B — B(H) extending the map ¢ - ¢ :
S ®.T — B(H) defined by ¢ - ¢(z ®@y) = ¢(x)(y).

We identify S with the linear span of Aj,..., A, inside A; similarly,
we identify 7 with the linear span of Bi,...,B,, inside B. The map ¢ is
determined by a family (¢;)? ; of unital completely positive maps (where
¢; maps A; into B(H)) via the rule ¢(a; + -+ an) = ¢1(a1) + -+ dn(an),
a; € A;, i =1,...,n. By [?], there exists a unital completely positive map
¢ : A— B(H) given by ¢(ai, -~ ai,) = ¢ (ai,) - - - dy, (ay, ), where a;, € Aj,
for each [, and i1 # i9 # - - - # ig.

Similarly, ¢ is determined by a family (¢;)jL,, where 1; is a map from
B; into B(H); moreover, ¢;(A;) commutes with 1;(B;) for every pair 4, j of
indices. Let ¢ : B — B(H) be the unital completely positive map given by
1/)(()]‘1 s bkk) = wjl (bj1) ce wjk (bjk)7 where bjl S le for each [, and j; # jo #
-+« 2 jr.. Since the linear span of free words are dense in the corresponding
free products A and B, we have that ¢(A) and ¥ (B) commute. It is now
clear that the unital completely positive map I" : Ax B — B(H) arising from

é and 9 in a similar fashion [?] extends ¢ - 1. O
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